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Plan of lecture 3

1. Problem and models

2. Rewriting P.D.E. as control systems

3. Stabilizability of linearized models

4. Feedback stabilization of linearized models

5. Local feedback stabilization of nonlinear models
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1. Problem and models

e We consider a fluid flow governed by the N.S.E.

e Given an unstable stationary solution ws.

¢ Find a Dirichlet boundary control u in feedback form
u(t) = K(w(t) — ws)

able to stabilize w(t) — ws exponentially when w(0) = w;s + 2,
provided that z, is small enough.

For regular domain with Dirichlet B.C., see Barbu, Lasiecka, Triggiani,
Fursikov, Badra, Raymond, Rowley, Sipp...

Numerical Algorithms, see Benner, Styckel, Mermann...



The case of the flow around a cylinder with an outflow boundary
condition — 2D domain

Ip

d
o fN
AN

Boundary conditions

Lgp!

Z=Us on Tgx(0,00), z=0 on [Igx(0,00),
z=Mu on T;x(0,00),

u%—pnzo or o(z,p)n=0 on Ty x(0,00).
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Control of the wake behind an obstacle — Re = u,Diam/v

Flow x velosiy (u).y vlocity ()]

5 < Re <50

A fixed pair of vortices

50 < Re < 150

Vortex street




The unstable stationary solution w; of the N.S.E.
—vAWs + (Ws - V)Ws + Vps =0, inQ,
dvws=0 inQ, ws=usonl, + OtherB.C. onT\l,.
The stabilization problem
Find u infeedback form u(t) = K(w(t) — ws),
st |w(t)—ws|—0 ast — oo,

aa—VtV—VAW+(W~V)W+Vq:0, dvw=0 inQ,

W=usonX,="Igx(0,00), w=MuonX,="T;x(0,00),

+ Other B.C. on X\ (X UX,), w(0) = wp in Q.
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Set z=w — ws, p = g — ps- The linearized (resp. nonlinear) equation
is

0
a—j—qu+(WS~V)z+(z~V)WS+(z-V)2+Vp:0,

dvz=0 inQ, z=Mu onZX,
+ Other B.C. on X\ (X UX,), z(0)=2z inQ.

with u(t) = Kz(t) and
suppM cC ..
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2. Rewriting the P.D.E. as a control system

In the case of an internal control we can write the controlled
Navier-Stokes system as

Z =Az+Bu+F(z), z(0)=2z, F(0)=F'(0)=0.

e (A,D(A)) is the Oseen operator and Bu stands for the internal
control operator. The pressure is eliminated with the Leray projector
M. We are in the case when z =Tz.

With non homogeneous Dirichlet B.C., we obtain a system of the form
Nz =Alz+Bu+ F(Nz+(I-M)z), z(0)=2z, F(O)=F'(0)=0,

(I-Mz=(/-N)DMu.



The Helmholtz decomposition in the case of mixed D/N
boundary conditions

VoL (Q) = {z e 2R | divz=0, z-n=0on rD},
L2(;RY) = VO, (Q) @ grad H! (Q),

grad H (Q) = {p € H'(Q) | plr,, = 0}

n: L2(QRY) — VS’FD(Q).

To define the Stokes operator, we need

Vi(Q) = {z e H'(QRY) N VO, (Q)|z=00n rD},

V() = VRr, () = Vi I(Q) = (VL (@)
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The Helmholtz projector I
Nnf=f-vVp-Vvaq,
Ap=divfe HT'(Q), pe H(Q),

dq

Aq=0, on

=(f-=Vp)-n onlp, g=0 only.
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The Stokes operator (Ay, D(Ap)) in the case of Mixed D/N B.C. with
a junction between the Dirichlet and the Neumann condition

D(A0) = {z € Vi,(9) |
Jp € L2(Q) s. t. divo(z, p) € L2(Q; RY)
and o(z,p)n=0 on FN},

Aoz = Ndive(z,p) (does not depend on p).
The Oseen operator (A, D(A)) is defined by

D(A) = D(Ay) and Az =Apz+N((ws-V)z+(z-V)ws).
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In the 3D case with a right angle junction, we have
D(Ao) C H¥/2%5(Q;RY) forsome ¢ > 0.
(See Maz’ya and Rossmann, 2007.)

Theorem. The operator (A, D(A)) is the infinitesimal generator of an
analytic semigroup on V,?ID(Q). Its resolvent is compact.

Proof. ]
(Mol — A)z, 2) > EHZH%/PD(ﬂ) vz € D(A),

with A\g > 0 big enough.

Consequence. The spectrum of A is contained in a sector. The
eigenvalues are isolated, pairwise conjugate when they are not real,
and of finite multiplicity.
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Spectrum of A.

Re = u, Diam/v = 80 (Cylinder)
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Spectrum of A with Re = 200
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Spectrum of A.
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Rewriting the Oseen and N.S. equations as a control system. For the
Stokes equation, see lecture 2. We look for (z, p) in the form

z=y+w and p=qg+p,

where (w, p) is a lifting of the B.C. z = Mu on I';,. We define
DMu(t) = w(t) by

Aow(t) — vAw(t) + (ws - VIw(t) + (w(t) - V)ws + Vp(t) =0,

divw(t)=0, w(t)=Mu(t) onlTp, o(w(t),p(t))n=0 on Ty.

The equation for y is:

%:uAy—(Ws-V)y—(y~V)WS—Vq—W’+>\ow, divy =0,

y=0 onXp, o(y,q)n=0 onXxy, y(0)= 2z —w(0).



Evolution equation satisfied by y:
y'(t) = Ay —Nw'(t) + doMw(t),  y(0) = N(z0 — w(0)).

With the Oseen semigroup we obtain
t
y(t) = e(20 — w(0)) - / =4 (MW (7) — AoMw(r)) dr.
0
Integrating by parts

t
y(t) = ez + / (hof — A)el=IANw(r) dr — Nw(t).
0
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Therefore
t
Nz(t) = y(t) + Nw(t) = ez + / (Mol — A)e=ANDMu(r) dr.
0

This means that
Nz’ = ANz + (Aol — ANDMu,  Nz(0) = z.

(we have to extend the semigroup to (D(A*))’)

What is the equation satisfied by (/ — M)z ?
(I=mz(t) = (I —Mw(t) = (/| — N)DMu(t).
The system satisfied by z is finally :

Nz' = ANz + (Ao/ — A)NDMu, MNz(0) = zo,

(I—M)z = (I—MDMu = (I — M)D(Mu - nn).
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3. Stabilizability of the linearized N.S.E.

i. Null controllability results. (Fernandez-Cara, Guerrero,
Imanuvilov, Puel 04, Immanuvilov and Fursikov, 96—01) (Carleman
inequality)

ii. Linear independence of the generalized eigenfunctions of A*
restricted to the control zone, associated to the unstable eigenvalues,
implies the stabilizability of the L.N.S.E.. (Fursikov 01, 04,
Barbu-Triggiani 04), 02 is regular and B.C. are of Dirichlet type.
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iii. To stabilize the L.N.S.E. up to a decay rate —w, it is sufficient to
stabilize the finite dimensional systems obtained by projecting the
L.N.S.E. onto the unstable subspace.

The stabilizability of the projected system is equivalent to the linear
independence of the images by B* of the bases of eigenfunctions
associated to each unstable eigenvalues. (Fattorini, Triggiani,
Badra-Takahashi 10, JPR 11.)

Theorem. Assume that the semigroup generated by (A, D(A)) is
analytic on Y, the resolvent of A is compact,
(Mol — A)*~'B € L(U, Y), and the spectrum of A obeys

... <ReAy,4+1 < —w < ReAy, < Reldy,_1 <... < Rels.
For1 <j < Ny, let (@fhgkg(} be a basis of Ker(A* — \;/).
The pair (A + wl, B) is stabilizable iff, for all 1 < j < N, the family
(B* ¢ 1<k,

is linearly independent.



Proof of the stabilizability.

A =\¢ and B¢ = M(a(¢,w)n+ W - n¢) —0,
implies that ¢ =0 .
We can invoque the unique continuation results by Fabre-Lebeau.

If
Ao —vAp — (Ws - V)p+ (VWs) ¢+ Vip =0,

dveg=0 inQ, ¢=0 onlp,
and
o(g,V)n+ws-np=0 on [cClp,

then
¢=0 and v =0.
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2.2. Stabilizability — Feedback controls of minimal norm for the
infinite dimensional system

The spectrum of A obeys
... <ReAy,4+1 < —w < ReAy, < Rely,—1 <... <Rels.
We can decompose Z and Z* = Z as follows
L=2,sD Loy, Zou= @II-V:“1 Gr(N), Zos= DN, +1 Gr(),

Zr = Zw*,s D ch,u’ Zuiu = EB//'V:u1 GIT&(/\/)? Zo:k,s = @fiNu+1 GIE(/\/)'

Gr();) is the real generalized eigenspace for A.

Gg () is the real generalized eigenspace for A*.

Let 7, , the projection onto Z, , along Z,, s and set 7, s = [ — 7w, 4.

Similarly let 7, , the projection onto Z; , along Z; ¢ and set
e = (I —Twu)
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There exist bases (e1,--- , ex) of Z, , and of (&1,--- ,&k) of Z , s. t

K K

mouf = (f.&)e and w7 ,f= (f.e)s VieZ

i=1 i=1
(e,,{,-) :5,'7/' forall1 <i< K, 1<j<K,
where §;; is the Kroenecker symbol. Thanks to these formula we can
extend the operators m,, , and 7, , to L2(Q; R?) by setting

K K
mouf =Y (f.6)e and o} f=Y (f,e), Vfel’(QR?).
i=1

i=1
By using this extension, we notice that
Twuf = mo Nf VF € L2(Q;R?).
We can also extend =, , to (D(A*))’ by setting
K
7Tw,uf = Z<f7 §i>ei Vf S (D(A*))I7
i=1
K K
mouANz =Y (Nz,A*¢)e; and 7, ,Bu=>_ (u,B'E)e;.
i=1 i=1



The pair (A + wl, B) satisfies the FCC in Z with controls in U when

Vzo € Z, u € L3(0, o0, U), such that the solution to
2 = (A+wl)z+Bu, 2(0) = z, obeys / 122, 030t < 0.
0

The following conditions are equivalent

e The pair (A + wl, B) satisfies the FCC in Z with controls in U.

e The pair (A+ wl, B) satisfies the FCC in Z with controls in U with
Up = vect UM", (ReB*E*(\)) UImB*E*())). E*())) = Ker(A* — \;).

e The pair (A+ wl, B) is stabilizable by feedback in Z with controls in
Up.

e The pair (Ay,,u + who,us Bou) = (mw,u(A + wl), 7, ,B) satisfies the
FCC in Z, , with controls in Uy

e Forall 1 <j < Ny, Ker(\;/ — A*) N Ker(B*) = {0}.
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e The extended Gramian
W, 5 = / e "B, B e u at
0

is invertible.
The operator

Pow=W% 5., €L(ZowZ5y), Pouw=P5,>0,

w, U

provides a stabilizing feedback for (A, v, B, u)

Auu— BuuBj, yPuu is exponentially stable on Z,, ..
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The operator P, , satisfies the following Algebraic Bernoulli equation
(a degenerate Algebraic Riccati equation)

Pou€ L(Zou, Z5y), Pow=Ph, >0,
Pw,qu,u + AZ,qu,u — Pw,u Bw,uB:,,qu’u = 0,
P, isinvertible.
This equation is equivalent to
(Pw,qu,Uy)Z)Z + (A:;,UP(;J,Uy, Z)Z - (B;7qu,uy7 B:J,UPLU,UZ)U — 07

forally e Z,,andall z € Z, ,. To determine P, , it is sufficient to
determine the image of a basis of Z, , by P, , because Z, , is of
finite dimension. Thus this equation can be written as a matrix
equation.

We use this choice of stabilizing control for finding the best control
location, but other choice of feedback are possible.



The operator P =}, P, u7,.u € L£(Z) provides a stabilizing
feedback for (A + wl, B)

A+ wl— BB*P is exponentially stable on Z.
And P is the unique solution to the A.R.E.
PecL(Z), P=P >0, PA+wl)+(A*+wlP—-PBB*P=0.

A+ wl— BB*P is exponentially stable on Z.
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4. Feedback stabilization of the linearized and nonlinear systems
Nnz' = Alz + Bu, Mz(0) = Nz = z.

We look for a feedback by solving the optimal control problem

S 1 [~ 1 [~
Minimize J(z,u) = E/o |cCnz|3 + 2/0 lullZeqre)
Nz = Afz + Bu, Nz(0) =z =Nz .
where C € £(Z, Y). The value function of this problem is

20 — J(NZzu, , Uz) = 3 (P20, 20) 2
and
Uz (1) = —=B* Pz, () = KNzy (1),

where P is the solution to the A.R.E.

PeL(Z,Z), P=P >0, PA+A*P—-PBB*P+C*C=0.
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To find the control u, we have to solve
Nz =(A-BB*P)Nz+ F(Nz+ (I -N)z), NMz(0) = Nzy = 2o,
(I-Mz=—(-N)DMB*PNz,

We shall say that K = —B*P also stabilizes the nonlinear system if
the solution to the closed loop nonlinear system obeys

lz(t)| < C(llzoll) e, &> 0.



How to choose C so that K also stabilizes the nonlinear
system ?

If we look for z € S, we have to identify the space F, where
S — F
z — F(2).

with
IF(2)l7 < Clzls-

We have to verify that the solution z to the closed loop
nonhomogeneous linear system

Nz’ = (A—- BB*P)Nz + f, Mz(0) = Nzy = 2,
(I-Mz=—(/-N)DMB*PTz,

obeys
Izlls = C(llzollz + [ ]| F)-

20/47



21/47

Strategy 1. High gain functional. Choose C ’strong enough’ (C may
be unbounded) so that the value function of the control problem is a
Lyapunov function of the closed loop nonlinear system.

e Tangential control. N = 2,3, C = (—A)%/*<. Barbu, Lasiecka,
Triggiani 06. The operator P is unbounded and does not satisfy a
standard Riccati equation.

Strategy 2. Low gain functional. Choose C 'weak enough’ so that
MNe L(Y,D(A)) asmoothing operator.

Tangential and normal controls. N =2, C =/ (R. 06, SICON).
N=2,3,C=(-A)""2(R. 07, JMPA).

N = 2, Cis of finite rank, C is a projector onto a finite dimensional
space (R.-Thevenet 09, DCSD). N =2, 3, C = 0, Kesavan, R. 09., R.
11.



When C = =, 4, the projection onto the finite dimensional unstable
subspace for A + w/, we have

Minimize J(z,u) = % /:o Imwuz|Pe + 15 /0 luler
nz' = (A+wlNz+ Bu, Nz(0)=z.
Only the equation
TwuZ = Tpu(A+ whry, uz + 7, uBuU, Tw,uZ(0) = 7y w20,
is taken into account.

When C = 0, the problem is

e 1 [
Minimize 5/0 lullZ (e
nz'=(A+wlNz + Bu, MNz(0) = zo,
with the constraint z € L?(0, oo; 2).
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Advantages of this new approach

o If we take C as the projector onto the unstable subspace of the
dynamical system and we choose controls of finite dimension —
The corresponding Riccati equation is of finite dimension.

Numerical viewpoint
e The discretization is needed to compute the unstable eigenvalues
and the corresponding eigenfunctions.
e Error estimates on the optimal control depend only on error
estimates on the unstable eigenvalues and the corresponding

eigenfunctions.

e The Riccati equation being of small dimension, its solution can be
calculated accurately.
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5. Feedback stabilization of the N.S.E.

The issues
o Regularity of functions belonging to D(A) and to D(A*)
e Regularity of B*Prl1z

e Regularity of solutions to the closed loop linear and nonlinear
systems (by a fixed point method)



We start with

% +(Ws-V)Z+ (2-V)Ws —wz —dive(z,p) = —€“(z-V)z =,
divz=0 in Q. =x(0,00),

z=Mu on %IJ,

o(z,p)n=0 on X =Ty x(0,00),

z(0)=2z on Q.

We rewrite the equation as

/
Zou= Aw,uzw,u + Bw,uu + 7Tw,ufa Zw,u(o) = Tw,u0,

ZL:;75 = Aw,szw,S+Bw,Su+7Tw,Sf7 Zw,s(o) - Trw,SZOa
Zou = Twul, Zws= TwsZ, Nz = Zuu + Zu,s5

(I-Mz=—-({-N)DMu.
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We choose the feedback control law
U(t) = _Bz’upw’uzw’u(t)
for the equation satisfied by z,, ,. The control is of finite dimension.

The full system is

/

Zu.),u = (Aw.u - Bw,UB:F_;"qu,U)Zw,U + 7Tw,ufa Zw,u(o) - 7TLAJ,UZO7
Z(ij}s = Aw,szw,s_Bw,SB:;,u,Pw,uzw,u'i_Ww,sﬂ Zw,s(o) = 7Tw7SZO;
Zou=TwuZ, Zws=TwsZ, Nz = Zyu+t Zus,

(I - H)Z = _(I - H)B;ufpwfuzw.w
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We can follow the same approach when only D.B.C. are involved in
the system

The closed loop nonlinear system — Dirichlet B.C.

To study the closed loop nonlinear system we have to study closed
loop nonhomogeneous linear system and use a fixed point argument.

%—qu—wz+(WS-V)Z+(Z-V)WS+Vp:—(Z-V)z7

dvz=0 inQ, z=-B;,PoutwuZ ONXp=1,
z(0)=2z inQ,

In that case, we can choose
S = L3(0,00; V5 (Q)) N L2(0,00; V(). Zo = V3(Q),

F=12(0,00; V7(Q)), e ¥z -V)ze L30,00; V- 1(Q)).
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Another choice is
S =13(0,00; V§™(Q)) N L=(0,00; V5(Q)), Z = V5(Q),
with 0<e<1/2,

F =12(0,00; V-115(Q)), e “!(z-V)z e L3(0,00; V1t(Q)).

Theorem. Let ¢ belongto [0,1/2). There exists po > 0 and a
nondecreasing function n from R* into itself, such that if u € (0, uo)
and || 20|l v:(@) < n(w), then the nonlinear closed loop system admits a
unique solution in the set

D, = {Z [ 1162 20,002 = @)L (0001 v (@) = “}'

In particular
1Z(B)llve@) < Clu)e™".



The closed loop nonlinear system — Mixed B.C.

For the cylinder, we have

9]
8—? —VAZ —wz+ (Ws-V)z+(2-V)Ws +Vp=—e“(z-V)z,
dvz=0 inQ,

z=-B}, ,PuumwuZ ONXp,
o(z,p)n=0 on Xy,
z(0)=2z inQ,

We cannot take

8 = L2(0,00; Vi, (Q))) N L2(0,00: V2r,),  Zo = V2

nlp>

F =L%0,00; V[ (Q), e “(z-V)z ¢ L*0,00; Vi, (Q)).
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Indeed

<(z~V)z¢>=—/ﬂ(z-V)¢z+/ (z-n)(z-0)

My

and
¢'—> <(ZV)Z>¢>

cannot be identified with an element in V- '(Q).
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The domain of the Oseen operator obeys
D(A) c H¥?+=0(Q;R?) for some o € (0,1/2).
The main tools

S = L3(0,00; D((No! — A)V/EFE/2)) 0 H'/2T4/2(0, 00; V21 ()
+H1 (07 00: H3/2+50(Q; RZ))’

Zo = V5 (),
F = L3(0,00; H"*(Q)).
Needed results

D((hol — A)'/%) = V] (Q), D((hol — A*)'?) = V()
and (D((Aol — A%)'72)) = V(Q).
D((Nol — A)1/2+</2) ¢ VI IE)(Q) = V] (@) N H+ile0) (0 R2).

with n(e, e0) = 5 + €<o.
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Theorem. Let ¢ belong to (0, 1/2). There exists pp > 0 and a

nondecreasing function n from R* into itself, such that if u € (0, o)

and [|zo]|ve,. (o), then the nonlinear closed loop system admits a
np

unique solution in the set

D.= {Z|

t
162l 20, 00:D((ro1—A)! /202 /2 1122 12(0,0032 - (@)+H (0,00iH 210 (@82)) < “}'

In particular
1Z(B)llve@) < Clu)e™".
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Conclusion

o Local feedback stabilization of the N.S.E. in 2D with a Dirichlet B.C.
in the case of mixed Dirichlet/Neumann B.C. The 3D case is under
investigation.

e The boundaries I'p and Iy, at the junction, make a right angle.

e The control is of finite dimension.

e The Riccati equation used to calculate the feedback is of finite
dimension.
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