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Plan of lecture 3

1. Problem and models

2. Rewriting P.D.E. as control systems

3. Stabilizability of linearized models

4. Feedback stabilization of linearized models

5. Local feedback stabilization of nonlinear models
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1. Problem and models

•We consider a fluid flow governed by the N.S.E.

• Given an unstable stationary solution ws.

• Find a Dirichlet boundary control u in feedback form

u(t) = K (w(t)− ws)

able to stabilize w(t)− ws exponentially when w(0) = ws + z0,
provided that z0 is small enough.

For regular domain with Dirichlet B.C., see Barbu, Lasiecka, Triggiani,
Fursikov, Badra, Raymond, Rowley, Sipp...

Numerical Algorithms, see Benner, Styckel, Mermann...
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The case of the flow around a cylinder with an outflow boundary
condition – 2D domain

C
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ΓD

Boundary conditions

z = us on Γe × (0,∞), z = 0 on Γd × (0,∞),

z = Mu on Γc × (0,∞),

ν
∂z
∂n
− pn = 0 or σ(z,p)n = 0 on ΓN × (0,∞).
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Control of the wake behind an obstacle – Re = ueDiam/ν

5 < Re < 50 A fixed pair of vortices

50 < Re < 150 Vortex street
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The unstable stationary solution ws of the N.S.E.

−ν∆ws + (ws · ∇)ws +∇ps = 0, in Ω,

div ws = 0 in Ω, ws = us on Γe + Other B.C. on Γ \ Γe.

The stabilization problem

Find u in feedback form u(t) = K (w(t)− ws),

s.t. |w(t)− ws|L2 −→ 0 as t −→∞,

∂w
∂t
− ν∆w + (w · ∇)w +∇q = 0, div w = 0 in Q,

w = us on Σe = Γe × (0,∞), w = Mu on Σc = Γc × (0,∞),

+ Other B.C. on Σ \ (Σe ∪ Σc), w(0) = w0 in Ω.
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Set z = w − ws, p = q − ps. The linearized (resp. nonlinear) equation
is

∂z
∂t
− ν∆z + (ws · ∇)z + (z · ∇)ws + (z · ∇)z +∇p = 0,

div z = 0 in Q, z = Mu on Σc ,

+ Other B.C. on Σ \ (Σe ∪ Σc), z(0) = z0 in Ω .

with u(t) = Kz(t) and
supp M ⊂ Γc .
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2. Rewriting the P.D.E. as a control system

In the case of an internal control we can write the controlled
Navier-Stokes system as

z ′ = Az + Bu + F (z), z(0) = z0, F (0) = F ′(0) = 0.

• (A,D(A)) is the Oseen operator and Bu stands for the internal
control operator. The pressure is eliminated with the Leray projector
Π. We are in the case when z = Πz.

With non homogeneous Dirichlet B.C., we obtain a system of the form

Πz ′ = AΠz + Bu + F (Πz + (I − Π)z), z(0) = z0, F (0) = F ′(0) = 0,

(I − Π)z = (I − Π)DMu.
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The Helmholtz decomposition in the case of mixed D/N
boundary conditions

V 0
n,ΓD

(Ω) =
{

z ∈ L2(Ω;Rd ) | div z = 0, z · n = 0 on ΓD

}
,

L2(Ω;Rd ) = V 0
n,ΓD

(Ω)⊕ grad H1
ΓN

(Ω),

grad H1
ΓN

(Ω) = {p ∈ H1(Ω) | p|ΓN = 0}.

Π : L2(Ω;Rd ) 7−→ V 0
n,ΓD

(Ω).

To define the Stokes operator, we need

V 1
ΓD

(Ω) =
{

z ∈ H1(Ω;Rd ) ∩ V 0
n,ΓD

(Ω) | z = 0 on ΓD

}
,

V 1
ΓD

(Ω) ↪→ V 0
n,ΓD

(Ω) ↪→ V−1
ΓD

(Ω) = (V 1
ΓD

(Ω))′.
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The Helmholtz projector Π

Πf = f −∇p −∇q,

∆p = div f ∈ H−1(Ω), p ∈ H1
0 (Ω),

∆q = 0,
∂q
∂n

= (f −∇p) · n on ΓD, q = 0 on ΓN .
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The Stokes operator (A0,D(A0)) in the case of Mixed D/N B.C. with
a junction between the Dirichlet and the Neumann condition

D(A0) =
{

z ∈ V 1
ΓD

(Ω) |

∃p ∈ L2(Ω) s. t. divσ(z,p) ∈ L2(Ω;Rd )

and σ(z,p)n = 0 on ΓN

}
,

A0z = Πdivσ(z,p) (does not depend on p).

The Oseen operator (A,D(A)) is defined by

D(A) = D(A0) and Az = A0z + Π ((ws · ∇)z + (z · ∇)ws) .
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In the 3D case with a right angle junction, we have

D(A0) ⊂ H3/2+ε(Ω;Rd ) for some ε > 0.

(See Maz’ya and Rossmann, 2007.)

Theorem. The operator (A,D(A)) is the infinitesimal generator of an
analytic semigroup on V 0

n,ΓD
(Ω). Its resolvent is compact.

Proof. (
(λ0I − A)z, z

)
≥ 1

2
‖z‖2

V 1
ΓD

(Ω) ∀z ∈ D(A),

with λ0 > 0 big enough.

Consequence. The spectrum of A is contained in a sector. The
eigenvalues are isolated, pairwise conjugate when they are not real,
and of finite multiplicity.
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Spectrum of A. Re = ue Diam/ν = 80 (Cylinder)
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Spectrum of A with Re = 200

14/47



Spectrum of A. Re = ue × hcavity/ν = 7500 (Cavity)
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Rewriting the Oseen and N.S. equations as a control system. For the
Stokes equation, see lecture 2. We look for (z,p) in the form

z = y + w and p = q + ρ,

where (w , ρ) is a lifting of the B.C. z = Mu on Γc . We define
DMu(t) = w(t) by

λ0w(t)− ν∆w(t) + (ws · ∇)w(t) + (w(t) · ∇)ws +∇ρ(t) = 0,

div w(t) = 0, w(t) = Mu(t) on ΓD, σ(w(t), ρ(t))n = 0 on ΓN .

The equation for y is:

∂y
∂t

= ν∆y − (ws · ∇)y − (y · ∇)ws −∇q − w ′ + λ0w , div y = 0,

y = 0 on ΣD, σ(y ,q)n = 0 on ΣN , y(0) = z0 − w(0).
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Evolution equation satisfied by y :

y ′(t) = Ay − Πw ′(t) + λ0Πw(t), y(0) = Π(z0 − w(0)).

With the Oseen semigroup we obtain

y(t) = etA(z0 − w(0))−
∫ t

0
e(t−τ)A (Πw ′(τ)− λ0Πw(τ)) dτ.

Integrating by parts

y(t) = etAz0 +

∫ t

0
(λ0I − A)e(t−τ)A Πw(τ) dτ − Πw(t).
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Therefore

Πz(t) = y(t) + Πw(t) = etAz0 +

∫ t

0
(λ0I − A)e(t−τ)A ΠDMu(τ) dτ.

This means that

Πz ′ = AΠz + (λ0I − A)ΠDMu, Πz(0) = z0.

(we have to extend the semigroup to (D(A∗))′)

What is the equation satisfied by (I − Π)z ?

(I − Π)z(t) = (I − Π)w(t) = (I − Π)DMu(t).

The system satisfied by z is finally :

Πz ′ = AΠz + (λ0I − A)ΠDMu, Πz(0) = z0,

(I − Π)z = (I − Π)DMu = (I − Π)D(Mu · n n).
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3. Stabilizability of the linearized N.S.E.

i. Null controllability results. (Fernandez-Cara, Guerrero,
Imanuvilov, Puel 04, Immanuvilov and Fursikov, 96–01) (Carleman
inequality)

ii. Linear independence of the generalized eigenfunctions of A∗

restricted to the control zone, associated to the unstable eigenvalues,
implies the stabilizability of the L.N.S.E.. (Fursikov 01, 04,
Barbu-Triggiani 04), ∂Ω is regular and B.C. are of Dirichlet type.

19/47



iii. To stabilize the L.N.S.E. up to a decay rate −ω, it is sufficient to
stabilize the finite dimensional systems obtained by projecting the
L.N.S.E. onto the unstable subspace.

The stabilizability of the projected system is equivalent to the linear
independence of the images by B∗ of the bases of eigenfunctions
associated to each unstable eigenvalues. (Fattorini, Triggiani,
Badra-Takahashi 10, JPR 11.)

Theorem. Assume that the semigroup generated by (A,D(A)) is
analytic on Y , the resolvent of A is compact,
(λ0I − A)α−1B ∈ L(U,Y ), and the spectrum of A obeys

. . . < ReλNu+1 < −ω < ReλNu ≤ ReλNu−1 ≤ . . . ≤ Reλ1.

For 1 ≤ j ≤ Nu, let (φk
j )1≤k≤`j be a basis of Ker(A∗ − λj I).

The pair (A + ωI,B) is stabilizable iff, for all 1 ≤ j ≤ Nu, the family

(B∗φk
j )1≤k≤`j

is linearly independent.
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Proof of the stabilizability.

A∗φ = λφ and B∗φ = M
(
σ(φ, ψ)n + ws · n φ

)
= 0,

implies that φ = 0 .

We can invoque the unique continuation results by Fabre-Lebeau.

If
λφ− ν∆φ− (ws · ∇)φ+ (∇ws)Tφ+∇ψ = 0,

div φ = 0 in Ω, φ = 0 on ΓD,

and

σ(φ, ψ)n + ws · n φ = 0 on ΓC ⊂ ΓD,

then
φ = 0 and ψ = 0.
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2.2. Stabilizability – Feedback controls of minimal norm for the
infinite dimensional system

The spectrum of A obeys

. . . < ReλNu+1 < −ω < ReλNu ≤ ReλNu−1 ≤ . . . ≤ Reλ1.

We can decompose Z and Z ∗ ≡ Z as follows

Z = Zω,s ⊕ Zω,u, Zω,u = ⊕Nu
j=1GR(λj ), Zω,s = ⊕∞j=Nu+1GR(λj ),

Z ∗ = Z ∗ω,s ⊕ Z ∗ω,u, Z ∗ω,u = ⊕Nu
j=1G∗R(λj ), Z ∗ω,s = ⊕∞j=Nu+1G∗R(λj ).

GR(λj ) is the real generalized eigenspace for A.

G∗R(λj ) is the real generalized eigenspace for A∗.

Let πω,u the projection onto Zω,u along Zω,s and set πω,s = I − πω,u.

Similarly let π∗ω,u the projection onto Z ∗ω,u along Z ∗ω,s and set
π∗ω,s = (I − πω,u)∗.
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There exist bases (e1, · · · ,eK ) of Zω,u and of (ξ1, · · · , ξK ) of Z ∗ω,u s. t.

πω,uf =
K∑

i=1

(f , ξi )ei and π∗ω,uf =
K∑

i=1

(f ,ei )ξi , ∀f ∈ Z ,

(ei , ξj ) = δi,j for all 1 ≤ i ≤ K , 1 ≤ j ≤ K ,

where δi,j is the Kroenecker symbol. Thanks to these formula we can
extend the operators πω,u and π∗ω,u to L2(Ω;R2) by setting

πω,uf =
K∑

i=1

(f , ξi )ei and π∗ω,uf =
K∑

i=1

(f ,ei )ξi , ∀f ∈ L2(Ω;R2).

By using this extension, we notice that

πω,uf = πω,uΠf ∀f ∈ L2(Ω;R2).

We can also extend πω,u to (D(A∗))′ by setting

πω,uf =
K∑

i=1

〈f , ξi〉ei ∀f ∈ (D(A∗))′,

πω,uAΠz =
K∑

i=1

(Πz,A∗ξi ) ei and πω,uBu =
K∑

i=1

(u,B∗ξi ) ei .
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The pair (A + ωI,B) satisfies the FCC in Z with controls in U when

∀z0 ∈ Z , ∃u ∈ L2(0,∞,U), such that the solution to

z ′ = (A + ωI)z + Bu, z(0) = z0 obeys
∫ ∞

0
|zz0,u|2Z dt <∞.

The following conditions are equivalent

• The pair (A + ωI,B) satisfies the FCC in Z with controls in U.

• The pair (A + ωI,B) satisfies the FCC in Z with controls in U0 with

U0 = vect ∪Nu
j=1 (ReB∗E∗(λj ) ∪ ImB∗E∗(λj )). E∗(λj ) = Ker(A∗ − λj I).

• The pair (A + ωI,B) is stabilizable by feedback in Z with controls in
U0.

• The pair (Aω,u + ωIω,u,Bω,u) = (πω,u(A + ωI), πω,uB) satisfies the
FCC in Zω,u with controls in U0

• For all 1 ≤ j ≤ Nu, Ker(λj I − A∗) ∩ Ker(B∗) = {0}.
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• The extended Gramian

W∞
−Aω,u ,Bω,u

=

∫ ∞
0

e−tAω,u Bω,u B∗ω,ue−tA∗ω,u dt

is invertible.

The operator

Pω,u = (W∞
−Aω,u ,Bω,u

)−1 ∈ L(Zω,u,Z ∗ω,u), Pω,u = P∗ω,u ≥ 0,

provides a stabilizing feedback for (Aω,u,Bω,u)

Aω,u − Bω,uB∗ω,uPω,u is exponentially stable on Zω,u.
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The operator Pω,u satisfies the following Algebraic Bernoulli equation
(a degenerate Algebraic Riccati equation)

Pω,u ∈ L(Zω,u,Z ∗ω,u), Pω,u = P∗ω,u ≥ 0,

Pω,uAω,u + A∗ω,uPω,u − Pω,u Bω,uB∗ω,uPω,u = 0,

Pω,u is invertible.

This equation is equivalent to

(Pω,uAω,uy , z)Z + (A∗ω,uPω,uy , z)Z − (B∗ω,uPω,uy ,B∗ω,uPω,uz)U = 0,

for all y ∈ Zω,u and all z ∈ Zω,u. To determine Pω,u it is sufficient to
determine the image of a basis of Zω,u by Pω,u because Zω,u is of
finite dimension. Thus this equation can be written as a matrix
equation.

We use this choice of stabilizing control for finding the best control
location, but other choice of feedback are possible.
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The operator P = π∗ω,uPω,uπω,u ∈ L(Z ) provides a stabilizing
feedback for (A + ωI,B)

A + ωI − BB∗P is exponentially stable on Z .

And P is the unique solution to the A.R.E.

P ∈ L(Z ), P = P∗ ≥ 0, P(A + ωI) + (A∗ + ωI)P − PBB∗P = 0.

A + ωI − BB∗P is exponentially stable on Z .
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4. Feedback stabilization of the linearized and nonlinear systems

Πz ′ = AΠz + Bu, Πz(0) = Πz0 = z0.

We look for a feedback by solving the optimal control problem

Minimize J(z,u) =
1
2

∫ ∞
0
‖C Πz‖2

Y +
1
2

∫ ∞
0
‖u‖2

L2(ΓC )

Πz ′ = AΠz + Bu , Πz(0) = z0 = Πz0 .

where C ∈ L(Z ,Y ). The value function of this problem is

z0 7−→ J(Πzz0,uz0
,uz0 ) = 1

2 (Pz0, z0)L2

and

uz0 (t) = −B∗P Πzz0 (t) = K Πzz0 (t),

where P is the solution to the A.R.E.

P ∈ L(Z ,Z ′), P = P∗ ≥ 0, PA + A∗P − PBB∗P + C∗C = 0.
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To find the control u, we have to solve

Πz ′ = (A− BB∗P)Πz + F (Πz + (I − Π)z), Πz(0) = Πz0 = z0,

(I − Π)z = −(I − Π)DMB∗P Πz,

We shall say that K = −B∗P also stabilizes the nonlinear system if
the solution to the closed loop nonlinear system obeys

‖z(t)‖ ≤ C(‖z0‖) e−δt , δ > 0.
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How to choose C so that K also stabilizes the nonlinear
system ?

If we look for z ∈ S, we have to identify the space F , where

S 7−→ F

z 7−→ F (z).

with
‖F (z)‖F ≤ C ‖z‖S .

We have to verify that the solution z to the closed loop
nonhomogeneous linear system

Πz ′ = (A− BB∗P)Πz + f , Πz(0) = Πz0 = z0,

(I − Π)z = −(I − Π)DMB∗P Πz,

obeys
‖z‖S ≤ C (‖z0‖Z0 + ‖f‖F ).
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Strategy 1. High gain functional. Choose C ’strong enough’ (C may
be unbounded) so that the value function of the control problem is a
Lyapunov function of the closed loop nonlinear system.

• Tangential control. N = 2,3, C = (−A)3/4+ε. Barbu, Lasiecka,
Triggiani 06. The operator P is unbounded and does not satisfy a
standard Riccati equation.

Strategy 2. Low gain functional. Choose C ’weak enough’ so that

Π ∈ L(Y ,D(A)) a smoothing operator.

Tangential and normal controls. N = 2, C = I (R. 06, SICON).
N = 2,3, C = (−A)−1/2 (R. 07, JMPA).
N = 2, C is of finite rank, C is a projector onto a finite dimensional
space (R.-Thevenet 09, DCSD). N = 2,3, C = 0, Kesavan, R. 09., R.
11.
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When C = πω,u, the projection onto the finite dimensional unstable
subspace for A + ωI, we have

Minimize J(z,u) =
1
2

∫ ∞
0
‖πω,uz‖2

L2 +
1
2

∫ ∞
0
‖u‖2

L2(ΓC )

Πz ′ = (A + ωI)Πz + Bu , Πz(0) = z0 .

Only the equation

πω,uz ′ = πω,u(A + ωI)πω,uz + πω,uBu , πω,uz(0) = πω,uz0,

is taken into account.

When C = 0, the problem is

Minimize
1
2

∫ ∞
0
‖u‖2

L2(ΓC )

Πz ′ = (A + ωI)Πz + Bu , Πz(0) = z0,

with the constraint z ∈ L2(0,∞; Z ).
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Advantages of this new approach

• If we take C as the projector onto the unstable subspace of the
dynamical system and we choose controls of finite dimension −→
The corresponding Riccati equation is of finite dimension.

Numerical viewpoint

• The discretization is needed to compute the unstable eigenvalues
and the corresponding eigenfunctions.

• Error estimates on the optimal control depend only on error
estimates on the unstable eigenvalues and the corresponding
eigenfunctions.

• The Riccati equation being of small dimension, its solution can be
calculated accurately.
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5. Feedback stabilization of the N.S.E.

The issues

• Regularity of functions belonging to D(A) and to D(A∗)

• Regularity of B∗PΠz

• Regularity of solutions to the closed loop linear and nonlinear
systems (by a fixed point method)
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We start with

∂z
∂t

+ (ws · ∇)z + (z · ∇)ws − ωz − divσ(z,p) = −eωt (z · ∇)z = f ,

div z = 0 in Q∞ = Ω× (0,∞),

z = Mu on Σ∞D ,

σ(z,p)n = 0 on Σ∞N = ΓN × (0,∞),

z(0) = z0 on Ω.

We rewrite the equation as

z ′ω,u = Aω,uzω,u + Bω,uu + πω,uf , zω,u(0) = πω,uz0,

z ′ω,s = Aω,szω,s+Bω,su+πω,sf , zω,s(0) = πω,sz0,

zω,u = πω,uz, zω,s = πω,sz, Πz = zω,u + zω,s,

(I − Π)z = −(I − Π)D M u.
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We choose the feedback control law

u(t) = −B∗ω,uPω,uzω,u(t)

for the equation satisfied by zω,u. The control is of finite dimension.
The full system is

z ′ω,u = (Aω,u − Bω,uB∗ω,uPω,u)zω,u + πω,uf , zω,u(0) = πω,uz0,

z ′ω,s = Aω,szω,s−Bω,sB∗ω,uPω,uzω,u+πω,sf , zω,s(0) = πω,sz0,

zω,u = πω,uz, zω,s = πω,sz, Πz = zω,u + zω,s,

(I − Π)z = −(I − Π)B∗ω,uPω,uzω,u.
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We can follow the same approach when only D.B.C. are involved in
the system

The closed loop nonlinear system – Dirichlet B.C.

To study the closed loop nonlinear system we have to study closed
loop nonhomogeneous linear system and use a fixed point argument.

∂z
∂t
− ν∆z − ωz + (ws · ∇)z + (z · ∇)ws +∇p = −(z · ∇)z,

div z = 0 in Q, z = −B∗ω,uPω,uπω,uz on ΣD = Σ,

z(0) = z0 in Ω ,

In that case, we can choose

S = L2(0,∞; V 1
0 (Ω)) ∩ L∞(0,∞; V 0

n (Ω)), Z0 = V 0
n (Ω),

F = L2(0,∞; V−1(Ω)), e−ωt (z · ∇)z ∈ L2(0,∞; V−1(Ω)).
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Another choice is

S = L2(0,∞; V 1+ε
0 (Ω)) ∩ L∞(0,∞; V ε

n (Ω)), Z0 = V ε
n (Ω),

with 0 < ε < 1/2,

F = L2(0,∞; V−1+ε(Ω)), e−ωt (z · ∇)z ∈ L2(0,∞; V−1+ε(Ω)).

Theorem. Let ε belong to [0,1/2). There exists µ0 > 0 and a
nondecreasing function η from R+ into itself, such that if µ ∈ (0, µ0)
and ‖z0‖Vε

n (Ω) ≤ η(µ), then the nonlinear closed loop system admits a
unique solution in the set

Dµ =
{

z | ‖eωtz‖L2(0,∞;V 1+ε
0 (Ω))∩L∞(0,∞;Vε

n (Ω)) ≤ µ
}
.

In particular
‖z(t)‖Vε(Ω) ≤ C(µ)e−ωt .
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The closed loop nonlinear system – Mixed B.C.

For the cylinder, we have

∂z
∂t
− ν∆z − ωz + (ws · ∇)z + (z · ∇)ws +∇p = −e−ωt (z · ∇)z,

div z = 0 in Q, z = −B∗ω,uPω,uπω,uz on ΣD,

σ(z,p)n = 0 on ΣN ,

z(0) = z0 in Ω ,

We cannot take

S = L2(0,∞; V 1
ΓD

(Ω))) ∩ L∞(0,∞; V 0
n,ΓD

), Z0 = V 0
n,ΓD

,

F = L2(0,∞; V−1
ΓD

(Ω)), e−ωt (z · ∇)z 6∈ L2(0,∞; V−1
ΓD

(Ω)).
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Indeed 〈
(z · ∇)z φ

〉
= −

∫
Ω

(z · ∇)φ z +

∫
ΓN

(z · n) (z · φ)

and
φ 7−→

〈
(z · ∇)z , φ

〉
cannot be identified with an element in V−1

ΓD
(Ω).
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The domain of the Oseen operator obeys

D(A) ⊂ H3/2+ε0 (Ω;R2) for some ε0 ∈ (0,1/2).

The main tools

S = L2(0,∞;D((λ0I − A)1/2+ε/2)) ∩ H1/2+ε/2(0,∞; V 0
n,Γd

(Ω))

+H1(0,∞; H3/2+ε0 (Ω;R2)),

Z0 = V ε
n,Γd

(Ω),

F = L2(0,∞; H−1+ε
Γd

(Ω)).

Needed results

D((λ0I − A)1/2) = V 1
Γd

(Ω), D((λ0I − A∗)1/2) = V 1
Γd

(Ω)

and (D((λ0I − A∗)1/2))′ = V−1
Γd

(Ω),

D((λ0I − A)1/2+ε/2) ⊂ V 1+η(ε,ε0)
Γd

(Ω) = V 1
Γd

(Ω) ∩ H1+η(ε,ε0)(Ω;R2).

with η(ε, ε0) = ε
2 + εε0.
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Theorem. Let ε belong to (0,1/2). There exists µ0 > 0 and a
nondecreasing function η from R+ into itself, such that if µ ∈ (0, µ0)
and ‖z0‖Vε

n,ΓD
(Ω), then the nonlinear closed loop system admits a

unique solution in the set

Dµ =
{

z |

‖eωtz‖L2(0,∞;D((λ0I−A)1/2+ε/2))∩H1/2+ε/2(0,∞;V 0
n,Γd

(Ω))+H1(0,∞;H3/2+ε0 (Ω;R2)) ≤ µ
}
.

In particular
‖z(t)‖Vε(Ω) ≤ C(µ)e−ωt .
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Conclusion

• Local feedback stabilization of the N.S.E. in 2D with a Dirichlet B.C.
in the case of mixed Dirichlet/Neumann B.C. The 3D case is under
investigation.

• The boundaries ΓD and ΓN , at the junction, make a right angle.

• The control is of finite dimension.

• The Riccati equation used to calculate the feedback is of finite
dimension.
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