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@ Multilinear polynomial - every variable has degree at most one in any
monomial. E.g.: det, is multilinear.

@ Syntactic Multilinear ABP (smABP): along any path a variable as an
edge label appears atmost once.
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e
@ Alon et al. (2017) showed Q (m;%) size lower bound for smABPs

computing an explicit n-variate multilinear polynomial.

@ Goal: Prove super-polynomial lower bounds for smABPs.
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@ Arithmetic Formulas - circuits whose underlying graph is tree.
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@ Multilinear formula : every gate computes a multilinear polynomial.
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@ Arithmetic Formulas - circuits whose underlying graph is tree.
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@ Multilinear formula : every gate computes a multilinear polynomial.

@ Raz (2009) showed that multilinear formulas computing det, or
perm, must have size nf2(og")
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Goal: Prove super-polynomial lower bounds for smABPs.
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smABPs to multilinear formula

An smABP of size N°() computing an N-variate polynomial f can be
converted into multilinear formula of size NO(°&N) computing f.

Possible Approaches to prove smABP Lower Bounds

1. Convert an smABP into multilinear formula of size N°(°gN) _ Raz's
Nog N) |ower bound is sufficient.

2. Prove N@(ogN) |ower bound for multilinear formulas - The above
conversion is sufficient.

Both these approaches seem difficult with the current techniques!
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Preliminaries - Partial Derivative Matrix

Let f € Fy1,...,¥Ym, 21, -.,2m] be a multilinear polynomial.
Me[p, q] = A iff Ais the coefficient of monomial pg in f.
@ rank(Mrig) < rank(Mr) + rank(My); rank(Myg) < rank(Ms) - rank(My).
e Eg : f=(x1+x)03+x) - (xn—1+ xn);
X={x,....,xn Y =1{,  synph Z={z1,- ., Zn/2}-
Consider p, ¢’ : X - YU Z.
Fo = (1 +2)2+2) - (ynj2 + 2n)2), rank(Mge) = 2N/2
Fo =1+ )21+ 22) - (Ynjo + 2n)2), rank(Myp) = 1
o When ¢ has |Y| = |Z| = |X|/2, rank(Mg,) < 2N/2.
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Formulas obtained from smABPs

@ The multilinear formula obtained from an smABP has more structure
than an arbitrary multilinear formula of super-polynomial size.

@ This talk: A finer analysis of techniques developed by Raz(2009) for
these multilinear formulas.

@ Upper bounding rank of the partial derivative matrix of a polynomial
computed by an smABP seems to be difficult.

@ ldentify limitations of the formula from smABPs to prove upper
bound on the rank of the partial derivative matrix of f under a
random partition of the variables.

@ We know hard polynomials that have full rank under any partition of
the variables.
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Central Signatures in a multilinear formula ¢

o f,:polynomial computed at v, X,:variables in formula rooted at v.
Here, X,, € X,, € ... C X,,.

e For any path p = (vi,...,w), signature(p) = (Xy,, ..., Xy,).
o A signature is central if | X,,,,| < 2|X,| forall i € [¢ —1].

@ There is at least one central signature in .
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High Imbalance implies Low Rank

@ Forany p: X - YUZ, W(W’):
e(X,)eYUZ. !

@ A central signature is k-unbalanced
w.r.t ¢ if for some i € [{],
||‘p(Xv;) N Y| - |§0(le') N ZH > k.

o Let f = (x1 +x2)(x3 + x4) and ¢, ¢’ be partitions.
f? = (y1+y2)(y3 + ya), imbalance = 4, rank(Mr.) = 1.
f? =(y1+ z1)(y2 + z2), imbalance = 0, rank(Ms,) = 4.

o & is k-weak w.r.t. ¢ if every central signature in ® is k-
w.r.t. ¢.

o If & is k-weak w.r.t. ¢, then rank(Mse) is low.

unbalanced

Theorem
If & is k-weak w.r.t o, then rank(Mge) < |®| - 2N/2=k/2,
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Super-polynomial Lower bounds for smABPs

Approach 1 : Via Central Signatures

Step 1 Convert size S smABP P into SO°8N) size multilinear formula .

Step 2 D be distribution of partitions with |Y| = |Z| = |X|/2 and ¢ ~ D.
® is k-weak w.r.t ¢ = rank(Mge) < |®] - 2N/2=K/2,

Step 3

Pr[® is not k-weak] < Pr[3 central signature not k-unbalanced]
p~D

< (4 of central signatures) - Prlcentral sign. not k-unbalanced]

- —_————
Nu(log N)
when S = N° N0 N) for | = N1/5
1 (via. hypergeometric distribution)
<

Step 4 With prob. 1 — o(1), ® is k-weak w.r.t. .

With prob. 1 — o(1), rank(Mgs) < 2N/2,

(=< as P computed a full rank polynomial) . § = N1,
Need: “small” formulas have “small”

number of central signatures.
Roadblock: For ROABPs, #central signatures could be NS(log N) J
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The Case of ROABPs

f= ijjl[s,ui] X [ug, t]

é{xlv"w‘r]\’}

{z1,...,2N

Tl Ty... TNj2 TNj241--- TN

ROABP size S /
{z1,...,xn/2} {Zn/241, - TN}

[, v]= polynomial computed by subprogram {57 Ul} [Ul, t] [S, Uu;}[uzm t]

with source u and sink v
{zn/241, - an o, 2Ny}

Formula & size SOUogN)
@ For gate v in ®,let S, be interval assoc. with gate v. Note, X, C S,,.
e Whenv=vi+---+4+v,S5=5,=---=5,.
e When v =v; X v, |S/| = 2|Sy,| and |S,| = 2|S,,].
e For a path p = (v1,...,v), ext-sign(p) = (Sv;, Sv,,---» Sy,)-
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Extended central signatures in ®

e Foranyie[l—1], |S,,, |=]S,| or
|Sv..1| = 2|Sy,|. Every ext-signature is
central.

@ For any ¢ obtained from ROABP,
Hext-sign = 20(logN) — O(N).

Theorem

Let fi,...fyn be polynomials computed by ROABPs of size S1,...,5n.
There is an explicit polynomial g such that if g = 1 + - - - + f, then either
m = N¥Y) or there is an i € [m] such that S; = QN1

@ Exponential lower bounds for sum of ROABPs is known.
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Covering central signatures

~>hon-central signatures

@ Let P be smABP and ® be multilinear R
formula obtained from P. Let R be the pivoal signatures
set of central signatures in ®.

o Find aset R’ C R s.t.
Vy € R/, v is k-unbalanced = V+' € R, v is (k — §)—unbalanced.
@ Need a “small” set of central sign. that “cover” all central signatures.

Signature Cover C of ¢

For every central sign. v in ®, either v € C or there
is a 7' € C such that the paths meet at x gate. ©

Theorem
If there exists a signature cover C of ® s.t. every central sign. in C is
k-unbalanced w.r.t. ¢ then rank(Mg.) < |®] - oN/2—k/2
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Clustering central signatures

Let C be a signature cover of ®. If every central signature in C is
k-unbalanced then rank is low.

@ Define a measure of “closeness” among central

signatures in C.
\ -—
\ -

Signature Cover of ¢
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Clustering central signatures

Let C be a signature cover of ®. If every central signature in C is
k-unbalanced then rank is low.

o A(G, CJ) = MaXye[g] A(Ximxjk)

For § > 0, a d-cluster of C is a set of signatures in C s.t. for every C € C,
there is a C; € C with A(C, () < 0. J

Observation:If all central sign. in d-cluster of C are k-unbalanced, then
every signature in C is at least kK — 2d-unbalanced.

@ Enough to find a signature cover with a “small” d-cluster in ®.
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Show that every smABP of size S can be converted to a multilinear
formula of size SO(°8N) sych that there is a d-cluster of a signature cover
with at most S°(°eN) signatures for any § << N/5.




Lower bounds for smABPs

Approach via Central Signatures

Show that every smABP of size S can be converted to a multilinear
formula of size SO(°8N) sych that there is a d-cluster of a signature cover
with at most S°(°eN) signatures for any § << N/5.

Challenge

Are there multilinear formulas of size S where any d-cluster of a signature
cover has S2°eN) signatures ?
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Super-polynomial Lower bounds for smABPs
Approach 2 : Via Ordered Algebraic Branching Programs

@ Along any path in an smABP a variable appears at most once.

@ The variables on s ~ t paths are permutations(orders) in S,,.

o L-ordered ABPs : Given £ permutations in S,, every path reads
variables in one of the £ orders.

o l-ordered ABPs =p ROABP [Jansen et. al 2008]

Lower bound for L-ordered ABPs [R.,Raghavendra Rao 2018]

1/2—e¢

Let £L <27 ,e>0and fi,...,f, be L-ordered ABPs of size
S1,...,Sm. There exists an explicit polynomial g such that if
g=Ff+ + o m=2%N") or 3j € [m] with 5; = 22N"/*),

@ How many orders can a poly(N) size smABP admit ?
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smABP P
size n
compuitng f
n variables

[Agrawal-Vinay 2008]
[Tavenas 2013]

SIOWMITIIO(W)]

multilinear formula
size 20(v/nlogn)
computing f
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Low-depth formulas

smABP P sievmlsoGm]
size n multilinear formula
Conlpuitng f [Agraﬂ/al—vin‘&y 2008] SiZe 20(\/5102, 7l)
[Tavenas 2013] computing f

n variables

o In TNOMIEIOWA] the polynomials computed by bottom sum
gates are of degree O(1/n) in n variables.

@ Can we ensure that the bottom sum gates compute polynomials in
smaller number of variables say O(y/n) ?



Super-polynomial Lower bounds for smABPs

Approach 3 : Via Depth-Reduction
Theorem [R.,Raghavendra Rao 2018]
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ete 0] multilinear formula
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computing f size 2 s
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Theorem [R.,Raghavendra Rao 2018]

smABP P
size n€0)
computing f
n-variate

—
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Super-polynomial Lower bounds for smABPs
Approach 3 : Via Depth-Reduction

Theorem [R.,Raghavendra Rao 2018]

smABP P
size n€0)
computing f
n-variate

—

ZH[O(\/E)]@H)O(\/E)
multilinear formula
size 20(vVnlog?n)

computing f

SIOVAISITOWA - sum of products of O(y/n) polynomials each O(y/n)-variate

Corollary

9w(vilog?n) ower hound
for RITOWVMI(ST)OV)
multilinear formulas

—

1@ Jower bound
for smABPs

o Kumar, Saraf (2015) and Kayal,Saha (2015) showed a 2(v7log")
lower bound for XNCWMI(Z MO circuits.



Super-polynomial Lower bounds for smABPs
Approach 3 : Via Depth-Reduction

Theorem [R.,Raghavendra Rao 2018]

smABP P

n-variate

swe il | I
computing f

ZH[O(ﬁ)]@H)O(ﬁ)
multilinear formula
size 20(vVnlog?n)

computing f

SIOVAISITOWA - sum of products of O(y/n) polynomials each O(y/n)-variate

Corollary

2+(Vmlog®n) Jower hound
for SIOWMI(SIT)OWM)

multilinear formulas

—

1@ Jower bound
for smABPs

o Kumar, Saraf (2015) and Kayal,Saha (2015) showed a 2(v7log")
lower bound for XNCWMI(Z MO circuits.
@ A similar depth reduction for multilinear circuits is known [Kumar et.

al 2019



Summary

Approach 1 : Via Central Signatures

Approach 2 : Via Ordered ABPS\ ;

pproach 3: Via Depth-reductior

Proving super-polynomial lower bound for smABPs

Thank You !



