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Algebraic Complexity Classes

•      : Polynomials computed by poly(n) size, poly(n) 
degree arithmetic circuits.

•               : Polynomials computed by poly(n) size, 
poly(n) degree, and depth-    arithmetic circuits.

• Many more such as VF, VBP, VNP…

C =
n
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o
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For simplicity, denote            .f = fn
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Hardness versus Randomness

• [KI04]: Permanent not in       => PIT for 

• [DSY09]:                   for                => PIT for   

• [CKS18]:                   for                => PIT for 

Lower
Bound PIT

with bounded individual degree 

!(poly(n)) Depth-� Depth-�� 5

VPVP

multilinear

!(poly(n)) Depth-� Depth-�� 5

multilinear with degree O(log2 n/ log2 log n)
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PIT (Randomness)

PIT  =  Hitting Set
is a hitting set for     if for any non-zeroP C f 2 C

9a 2 P, f(a) 6= 0.

CP

poly(n, |P|)

Goal: Explicitly construct a hitting set     for   .

• Running time is                   .

• No sub-exponential size hitting set for      ,              .Depth-�VP
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Hardness versus Randomness framework 
[KI04, DSY09, CKS18]

Nisan-Wigderson
generator

Schwartz-Zippel
lemma

Reduce #variables 
       from n ! `

  Brute-force to find 
hitting set in time dO(`)

Lower
Bound Hitting Set
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Proof structure: 

Suppose            , then    can be computed by a 
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To show    having a small circuit, we need polynomial 
factorization!
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Key Idea: Newton Iteration  
(Sloppy Hensel Lifting)

Example: For any                       such that                       . 
Show that            .

• P as an univariate polynomial: 

• Derivative does not vanish: 

Induction hypothesis:  
Maintain                                                          such that

P (z, y) 2 VP P (z, f(z)) = 0
f 2 VP

P (z, y) =
kX

i=0

Ci(z)y
i.

@P (0, f(0))

@y
= � 6= 0.

Hi[hi] = Hi[f ].

hi 2 VP for i = 0, 1, . . . , d = deg(f)
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Extend to Other Circuit Classes?

[Kal89]

[DSY09] with bounded individual degree

[DSS18, 
CKS18]

[CKS18]
      with degree          

[CKS18]

C C0

Depth-� Depth-�+ 3

(resp. VBP(nlogn), VNP(nlogn))
VF(nlogn))

(resp. VBP(nlogn), VNP(nlogn))
VF(nlogn))

Depth-� Depth-�+ 3
O(log2 n/ log2 log n)
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Generator Lemma [DSY09, CKS18]
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Goal: Efficiently implement                          .

Individual degree

can be reused and efficiently extracted from    !
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[GKKS13]
• size  
• degree d

s

• size  
• depth 3, i.e., 

(snd)O(
p
d)

⌃⇧⌃
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Definition (VNP): We say                 if                 s.t. 

                                                                .

Theorem (Valiant): For every    having circuit of size 
and degree   , there’s formula     of size                 s.t. 

                                                                .

Formula is useful for composing exponential sum!

Exponential sum
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Proof of Generator Lemma

Notation: Let                                     . 

Induction step:                                                    .

1. Write                        and apply Taylor’s expansion on              , we 
have

2. As                  , we have

3. Thus,      can be written as circuit over                             of size          .

4. As the size blow-up from         is additive,      has circuit of size           .
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Conclusion

•  Closure for bounded depth poly-log degree circuit 

✦ New hardness versus randomness connection.

• Closure for VNP 

✦ Note that if VNP is not closed under factoring, then  
                   .

•  Key technique 

✦ A more efficient generator lemma.
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✦ Remove the degree conditions in [DSY09,CKS18]?

• Formulas and Branching programs 

✦ Remove the quasi-poly blow up in [DSS18]?

• High-degree regime 

✦ Factoring conjecture [Bürgisser 00]: Let  
 have              size circuit, does its low-degree  
 factor also have small circuit too?

Thank you!


