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c= {1 far. 1}

For simplicity, denote f = fx.

 VP: Polynomials computed by poly(n) size, poly(n)
degree arithmetic circuits.

* Depth-A: Polynomials computed by poly(n) size,
ooly(n) degree, and depth-A arithmetic circuits.

* Many more such as VF, VBP, VNP...
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* Let f =g°h, gisirreducible and ¢, h coprime.
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» Closure problem: If f € C, does g € C'?

* Applications:
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— Hardness versus Randomness.

5



Polynomial Factorization (Closure Problem)

Goal: If f € Cthen g €’



Polynomial Factorization (Closure Problem)

Goal: If f € C then g€ C’

existential ]




Polynomial Factorization (Closure Problem)

Goal: If f € C then g€ C’

existential ]

C C’
[Kal89] VP VP




Polynomial Factorization (Closure Problem)

Goal: If f € C then g€ C’

existential ]
C C’
[Kal89] VP VP
IDSYQ9, U Depth*-A U Depth-A
CKS18] AEN A€EN

* There are some degree constraints.




Polynomial Factorization (Closure Problem)

Goal: If f € C then g€ C’

existential ]
C C’
[Kal89] VP VP
[DSY09, | ) Depth*-A | ) Depth-A
CKS18] AEN A€EN
[DSS18, VE(n'*")) VE(n'¢"))
CKS18] (resp. VBP(n'8™), VNP(n'°¢™)) (resp. VBP(n'°8™), VNP(n'°8™))

* There are some degree constraints.




Polynomial Factorization (Closure Problem)

Goal: If f € C then g€ C’

existential ]

C C’
[Kal89] VP VP
IDSY09, U Depth*-A U Depth-A
CKS18] AEN A€EN
[DSS18, VF(n'°e™)) VF (n'°8™))
CKS18] (resp. VBP(n'8™), VNP(n'°¢™)) (resp. VBP(n'°8™), VNP(n'°8™))
[CKS18] VNP VNP

* There are some degree constraints.



Polynomial

-actorization (Closure Problem)

Goal: If f € C then g€ C’

existential ]
C C’
[Kal89] VP VP
[DSYO9, Depth*-A Depth-A
CKS18 ALGJN ALEJN
[DSS18, VF(n'°8™)) VE(n'°8™))

[CKS18]

\

CKS18] (resp. VBP(n'°¢™), VNP (n'°¢™)) (resp. VBP(n!°¢"™), VNP (n'°¢"))

* There are some degree constraints.



Application:

Hardness versus Randomness



Hardness versus Randomness

Hardness Randomness



Hardness versus Randomness

Lower

Bound PIT



Hardness versus Randomness

Lower
Bound




Hardness versus Randomness

Lower
Bound

e [KIO4]: Permanent not in VP => PIT for VP



Hardness versus Randomness

Lower
Bound

=) oo

e [KIO4]: Permanent not in VP => PIT for VP

multilinear with bounded individual degree

+ [DSY09]: w(poly(n)) for Depth-A => PIT for Depth-A — 5



Hardness versus Randomness

Lower
Bound

= A

e [KIO4]: Permanent not in VP => PIT for VP

multilinear with bounded individual degree

+ [DSY09]: w(poly(n)) for Depth-A => PIT for Depth-A — 5

multilinear with degree O(log” n/ log” logn)

« [CKS18]: w(poly(n)) for Depth-A => PIT for Depth-A — 5
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Goal: Given f € C, determine whether f = 0.

* Easy when using randomness: Schwartz-Zippel.

sub-exponential time

« No non-trivial deterministic PIT for VP and Depth-A.

g @ PIT = Hitting Set

P is a hitting set for C if for any non-zero f € C
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P|T (Randomness)

Goal: Explicitly construct a hitting set P for C.

e Running time is poly(n, |P|).

* No sub-exponential size hitting set for VP, Depth-A.

g @ PIT = Hitting Set )

P is a hitting set for C if for any non-zero f € C
Ja e P, f(a) #0.
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Hardness versus Randomness framework
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Bound * Hitting Set
) 4 . )
Nisan-Wigderson Schwartz-Zippel
lemma
. generator y .
Reduce #variables Brute-force to find

from n — ¢ hitting set in time @°®

11



Reducing

Variables

12



Reducing #Variables

[Goal: Hitting set P C F" for C]

12



RedUCiﬂg Variab‘es [Goal: Hitting set P C F™ for C]

12



RedUCiﬂg Variab‘es [Goal: Hitting set P C F" for C)

12



RedUCiﬂg Variab‘es (Goal: Hitting set P C F" for C]

Niean.,

Wigderson
Design Yy




RedUCiﬂg Variab‘es (Goal: Hitting set P C F" for C)

yls, y|s, Yls,

Sl SQ S’n

Nisan- ]>

Wigderson
Design Yy




RedUCiﬂg Variab‘es (Goal: Hitting set P C F" for C]

e { =0(m?/logn)
¢ |S;NS;| <logn

........................................................................................ n,
Y|s, Y|s. yls,
Sl SQ S”
Nisan- ]>
Wigderson [ LI L HE A HE A g e /
Design Yy

12



RedUCiﬂg Variab‘es [Goal: Hitting set P C F" for C)

e { =0(m?/logn)
¢ |S;NS;| <logn

12



RedUCiﬂg Variab‘es [Goal: Hitting set P C F" for C)

e { =0(m?/logn)
¢ |S;NS;| <logn

12



RedUCiﬂg Variab‘es (Goal: Hitting set P C F" for C}

e { =0(m?/logn)
¢ |15;NS;| <logn

y

Qly) =q(f(yls:): f[(¥]ss)s---» f(¥ls,))

~

.

Lemma [Schwartz, Zippel] A
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degree d /-variate polynomials. y
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Q) = a(f(yls)s f(¥]ss)s-- - F(¥]s.))

Goal: If ¢ Z0, then@ # 0.

p

~

roof structure:

Suppose ) = 0, then f can be computed by a
small circuit.

\_ _/

To show f having a small circuit, we need polynomial
factorization!
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Example: For any P(z,y) € VP such that P(z, f(z)) = 0.
Show that f € VP,

* P as an univariate polynomial: P(z Z C;(z

» Derivative does not vanish: 9£(0, f(0)) — 540

Oy '
Induction hypothesis:
Maintain h; € VP for ¢ = 0,1,...,d = deg(f) such that
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Goal: ng[hz] = ’ng[f] and h; € VP.

Base case: hg € IF, hg € VP.
P(Z, hi_l(Z))
S .
* (h; € VP): There’s only additive poly(n,s,d) blow-up.

Induction step: h, = h,_;

o (H<;lhi| = H<;|f]): Taylor's expansion.

CWant hz — hz’—l — /H@[f — hz’—l] )
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Pf: By Taylor's expansion.
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(Sloppy Hensel Lifting)

In the following,

we ignore z for simplicity.

H,; [P(E/, h¢—1(z))]_

Lemma: H;|f — h;_1| =

Pf: By Taylor's expansion.

0

By induction

deg(f — hz‘—l) > — 1.

N/

0= P(hi—1) + - P(hi-1) - (f = hi-1)
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In the following,
we ignore z for simplicity.

H,; [P(E/, h¢—1(z))]_

Lemma: H;|f — h;_1| =

Pf: By Taylor's expansion.

0=H<;|P(hi—1)| +H<i
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In the following,
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Lemma: H;|f — h;_1| =

Pf: By Taylor's expansion.

0=H<;|P(hi—1)| +H<i

H,; [P(E/, h¢—1(z))]_

= H<i |[P(hi—1)] + Ho
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Lemma: H;[f — hi_1] =

Pf: By Taylor's expansion.

0=H<;|P(hi—1)| +H<i

O (

(hi—1) - (f — hz‘—l)-

By induction
deg(f —h;—1) > — 1.
L \/ J

= H<; [P(hz_1)] + Ho _P(hz’—l)- - Hi [(f - hi—l)]

21



Key Idea: Newton lteration
(Sloppy Hensel Lifting)

we
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ignore z for simplicity.

Lemma: H;|f — h;_1| =

Pf: By Taylor's expansion.
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H,; [P(E/, h¢—1(z))]_

= H<i |[P(hi—1)] + Ho
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—xtend to Other Circuit Classes”?

C C’
[Kal89] VP VP
Depth-A
[DSYOQ] with bounded individual degree Depth_A _I_ 3
[DSS18, VF(n'°8™)) VF(n'°e™))
CKS18] (resp. VBP(n'°8™), VNP (n'°¢™)) (resp. VBP(n!°¢"), VNP (n'°8™))
[CKS18] Depth-A Depth-A + 3

with degree O(log” n/log”logn)

[CKS18] VNP VNP

22
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Recall that we have

Hilf — hi] = -2 (2)]
- Y
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—xtend to Other Circuit Classes”?

Issue: How to efficiently implement the update step”’

g )

Recall that we have

Hilf — hi—1] = Hi[P(Z’éhi—l(Z))].
- Y

Example: Does H;|P(z, h;_1)| have a small constant-
depth circuit?

Key: Avoid recursion!

22



Generator Lemma [DSY09, CKS18]

Goal: Efficiently implement H;[P(z, h;_1)].
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where P ZC [ Individual degree ]
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Goal: Efficiently implement H;[P(z, h;_1)].

Lemma [DSYO09]: Foreach:=1,2,...,d = deg(f),
there exists polynomial A; of size poly(s, d) such that

Hilf] = H<z'[A'(COaCIa - O],

[ Individual degree ]

where P(z Z C;(z

C{Ci}can be reused and efficiently extracted from PD

23



Generator Lemma [DSY09, CKS18]

Lemma [DSY09]: Foreach ¢t =1,2,...,d = deg(f),
there exists polynomial A; of size poly(s, d)such that

H<ilf] = H<ilAi(Co, C, - .., Ck)].
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there exists polynomial A; of size poly(s, d)such that

H<ilf] = H<ilAi(Co, C, - .., Ck)].

Lemma [CKS18]: Foreachi=1,2,...,d = deg(f),
there exists polynomial A; of size O(d?7) such that

H<ilf] = H<ilAi(90,915---,94d)

where
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Generator Lemma |

DSY09, CKS18]

Lemma [DSY09]: Foreach ¢t =1,2,...,d = deg(f),
there exists polynomial A; of size poly(s, d)such that

., Cr)l.

H<ilf] = H<ilAi(Co, Ch, ..

Lemma [CKS18]: Foreachi=1,2,...,d = deg(f),
there exists polynomial A; of size O(d?7) such that

7_[<Z[f] — HS’L'[Ai(g()vgla RN

where
g; = H<d

/\

- 5

Oy

Pz, H[f])

Efficiently extracted from P ]
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Generator Lemma |

Lemma [DSY09]: For each
there exists polynomia

H<ilf] = H<ilAi(Co, Ch, ..

Lemma [CKS18]: For e 1 =1.2.....d
( (

there exists polynomial(A; of size O

H<z[f] — Hgi[Ai(gOagla ax

where
g; = H<d

/\

- 5

Oy

Pz, H|f])

Efficiently extracted from P ]

24

— H,

DSY09, CKS18]

., Cr)l.
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= deg(f),

d2i) such that
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Generator Lemma [DSY09, CKS18]

Lemma [CKS18]: For eachi =1,2,...,d = deg(f),
there exists polynomial A of size O(d?i) such that

f=A(90,91,---,94)
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there exists polynomial A of size O(d?) such that
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Generator Lemma [DSY09, CKS18]

Lemma [CKS18]: For eachi =1,2,...,d = deg(f),
there exists polynomial A of size O(d?) such that

f — A(g())gla”'agd)
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Closure for Bounded Depth Circuits

[CKS18]

PN

A g1

20

g Depth reduction

[GKKS13]
e gjze S
 degree d

4

¢ Sjze (snd)O(\/E)

. e depth 3, i.e., XIIY
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Closure for Bounded Depth Circuits

[CKS18]

>

20

g Depth reduction A
[AV08, Koi12, Tav15]

e gjze S
 degree d

4

+ size (snd)O @)

e depth 2k

J
R

* size has polynomial blowup

Interpolation

e depth has O(1) blowup
\_ J




Closure for Bounded Depth Circuits

[CKS18]

f

PN

bh

X

~

>

Depth reduction
[AV08, Koi12, Tav15]
e gjze S
 degree d

4

o size (snd)°@"")
e depth 2k

~

Interpolation

J
~

* size has polynomial blowup
( depth has O(1) blowup

J

(The factor f has a small bounded depth CircuitD
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Theorem (Valiant): For every f having circuit of size s
and degree d, there’s formula Q of size poly(s, d) s.t.

f(x) = Z Q(x,c)
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Closure for VNP [CKS18]

Definition (VNP): We say f € VNP if AQ) € VP s.t.
fx)= ) Q)
cc{0,1}1! Vixponential sum ]

Theorem (Valiant): For every f having circuit of size s
and degree d, there’s formula Q of size poly(s, d) s.t.

f(x) = Z Q(x,c)

c6{0,1}|b’|

CFormuIa IS useful for composing exponential sumD
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g Valiant Theorem \
e gjze S
f A e degree d

4
> Q(z,c)* SZ€ poly(s, d)

e Qisformula
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exponential sum

> Y

28



Closure for VNP [CKS18]

g Valiant Theorem )
e gjze S
f Alz)  degree d

4
> Q(z,c)* SZ€ poly(s, d)
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NN
B Interpolation for

exponential sum

X * size has polynomial blowup
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f

PN

P [CKS18]
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X

g Valiant Theorem )
e gjze S
Alz)  degree d
3

S Qzc)t Sizepoly(s, )

a

ce{0,1}1 * (@ is formula

Interpolation for A
exponential sum

* size has polynomial blowup

\_

(The factor f has a small exponential sumD
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Proof of Generator Lemma

Lemma [CKS18]: For eachi=1,2,...,d = deg(f),
there exists polynomial 4; of size O(d?#) such that

H<@[f] — %gi[Ai(g()vgla S 7gd)]

where

) 5)@ il ) 5)7,
P(z — .
( 7H[f])_ %O _8yz

9i = H<d P(ZaH[f])_ -
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where
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Lemma [CKS18]: For eachi=1,2,...,d = deg(f),
there exists polynomial 4; of size O(d?#) such that

ng[f] — %gi[Ai(gOagla S 7gd)]
where
e | Z Pt - Ho | L P@l)
gi = 71<d Dy , _ 0 Dy : -
fNotation: Let hy = Ai(90,91,---,9d)-

\_

Goal: Show that A; is small and H<;|h;| = H<;|f].
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Proof of Generator Lemma

Lemma [CKS18]: For eachi=1,2,...,d = deg(f),
there exists polynomial 4; of size O(d?#) such that

H<z[f] — %gi[Ai(gOagla S 7gd)]

where
e | L i) - o | 2 Pl
gi = 71<d Dy ; _ O_@yi ; |
FNotation: Let hz S Ai(go, g o0 ,gd). w

Goal: Show that A; is small and H<;|h;| = H<;|f].
I P(h;_1)

5

-—

Induction step: H<;[f| = H<i |hi—1
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motation: | et hz — Ai(go,gl, e ,gd).

Qduction step: H<;|f] = H<; [hi_l — P

hg_l)]_

J

1. Write h;_1 = fo + h and apply Taylor’s exp

have

P(hi—1) = fo + %P(fo)il-i-"'-}—
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Proof of Generator Lemma

motation: | et hz = Ai(go, g1, ... ,gd). \
Qduction step: H<;[f] = H; [hi_l - P(hg_l)]. j

1. Write h;_1 = fo + h and apply Taylor’s expansmn on P(h;—1), we

have 5
P(hi_1) = fo+ —P(fo)h + - P(fo)h*

y

2. As deg(h) > 1, we have

O ~

HeilP(hi-1)] = H<i {fo +H<d [@P(fo)] h+-+H<a [ A

P ||
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Proof of Generator Lemma

motation: | et hz = Ai(go,gl, e ,gd).

Qduction step: H<;|f] = H<i [hi_l -

P(hi_l)

0

|

J

1. Write h;_1 = fo + h and apply Taylor’s expansmn on P(h;—1), we

have

P(hi_1) = fo+ gypuo

2. As deg(h) > 1, we have

)h+...

HailP(his)] = Hes | fo + Hea | 2-PU) | B+

3. Thus, A; can be written as circuit over {A4;-1, g0, - - -

30
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Proof of Generator Lemma

motation: Let h; = Ai(90,91,---,94d). \

P(hi_l)] | y

Qduction step: H<;|f] = H<; [hi—l — 5

1. Write h;_1 = fo + h and apply Taylor’s expansnon on P(h;—1), we
have

P(hi-1) = fo + (%P(fo)h‘i' 2 P(fo)h'
2. As deg(h) > 1, we have
H<i[P(hi—1)] = H<; [fo + H<d [ (fo)} o+ Hea [ A P(fo)] ] -
3. Thus, A; can be written as circuit over {4i—1, 9o, - - ., 9i} of size O(d?).

4. As the size blow-up from A;—1 is additive, A; has circuit of size O(d*3).
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Conclusion

* Closure for bounded depth poly-log degree circuit
+ New hardness versus randomness connection.

e Closure for VNP

+ Note that it VNP is not closed under factoring, then
VP # VNP.

e Key technique

+ A more efficient generator lemma.
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Open Problems & Future Directions

Thank yo,,
e Bounded depth circuits

+ Remove the degree conditions in [DSY09,CKS18]?
e Formulas and Branching programs

+ Remove the quasi-poly blow up in [DSS18]7?
* High-degree regime

+ Factoring conjecture [Burgisser 00]: Let f = gh

have poly(n) size circuit, does its low-degree
factor also have small circuit too”
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