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1. Introduction. The theorem of van der Waerden, about which
we are going to discuss here, is one among the ‘pearls’ that Khinchin
presented [17] in his ‘Three pearls of Number Theory’. As we shall see
in this small expository article, this result has led to many interesting
developments in Combinatorics and Number Theory.

Let Z+, be the set of positive integers.

If one considers the partition Z+ = X ∪ Y , where

X =
{
n ∈ Z+ : n ∈ [2r, 2r+1) for some even integer r

}
and

Y =
{
n ∈ Z+ : n ∈ [2r, 2r+1) for some odd integer r

}
,

then it is clear that neither X nor Y will contain an infinite arithmetic
progression.

However, we have the following [29]:

Theorem (van der Waerden). Given positive integers k and r,
there exists a positive integer W (k, r) such that for any r-colouring
of {1, 2, . . .W (k, r)}, there is a monochromatic arithmetic progression
(A.P.) of k terms.

Here an r-colouring of a set S is a map χ : S → {c1, . . . , cr}. Writing
S = χ−1(c1)∪χ−1(c2)∪. . .∪χ−1(cr), an r-colouring of a set S is nothing
but a partition of S into r parts where elements belonging to the same
part receive the same colour. A subset A of S is called monochromatic
if A ⊂ χ−1(ci) for some i ∈ {1, 2, . . . , r}. Thus given an r-colouring
χ : Z+ → {c1, . . . , cr}, an A.P. a, a+b, . . . , a+kb will be monochromatic
if χ(a) = χ(a+ b) = · · · = χ(a+ kb).

The above theorem implies that for any finite partition Z+ = X1 ∪
X2∪ · · ·∪Xr of Z+, at least one Xi will contain arithmetic progression
of any given length.
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We should remark that van der Waerden’s Theorem is a Ramsey-
type theorem. Ramsey Theory can be characterized as the subject
dealing with results that talk about the phenomena of ‘large’ substruc-
tures of certain structures retaining certain regularities. Most often,
we come across results saying that if a large structure is divided into
finitely many parts, at least one of the parts will retain certain regu-
larity properties of the original structure.

To our readers we recommend van der Waerden’s personal account
[30] of finding its proof. It contains the formulation of the problem
with the valuable suggestions due to Emil Artin and Otto Schreier and
depicts how the sequence of basic ideas occurred as an elaboration of
the psychology of invention. It should also be mentioned that the result
was originally (see [12] for instance) conjectured by Schur; since van
der Waerden came to know it through Baudet, he calls it Baudet’s
conjecture.

At this point, it will be appropriate to mention one of the early
Ramsey-type results due to Schur [24]:

Theorem (Schur). For any r-colouring of Z+, ∃ a monochromatic
subset {x, y, z} of Z+ such that x + y = z. (The situation is described
by saying that the equation x+ y = z has a monochromatic solution.)

One observes that a three term arithmetic progression x < y < z is
a solution of the equation x+ z = 2y and by van der Waerden’s theo-
rem, for any finite colouring of Z+, this equation has a monochromatic
solution. We remark that, in this direction, successful investigations of
Rado ([20], [21], [22]) provided necessary and sufficient conditions for
a system of homogeneous linear equations over Z to possess monochro-
matic solutions for finite colouring of Z+. One may look into [12] for
Rado’s theorem and some related results.

The following result [2] (see also [18], [1]) generalizes van der Waer-
den’s Theorem to higher dimensions.

Theorem (Grünwald). Let d, r ∈ Z+, the set of positive integers.
Then given any finite set S ⊂ (Z+)d, and an r-colouring of (Z+)d,
there exists a positive integer ‘a’ and a point ‘v’ in (Z+)d such that the
set aS + v is monochromatic.

Remark. We note that when d = 1, one derives van der Waerden’s
Theorem by taking S = {1, . . . , k}, in the above theorem.

In the next section we give an account of further developments along
this theme. In the final section, we shall give a proof of Grünwald’s
Theorem.
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2. Further developments. First, we discuss the theorem of
Hales and Jewett [15] which reveals the combinatorial nature of van
der Waerden’s theorem. As has been said in [12]:

“the Hales-Jewett theorem strips van der Waerden’s theorem of its
unessential elements and reveals the heart of Ramsey theory”.

So, this ‘pearl of number theory’ belongs to the ancient shore of
Combinatorics! Indeed, van der Waerden’s theorem was a prelude to a
very important theme where interplay of several areas of Mathematics
would be seen. Development of this theme, saw the results of Roth and
Szemerédi and a number of different proofs of these results including
the ergodic proof of Szemeredi’s theorem due to Furstenberg. And,
in the recent years, we have the results of Gowers and the Green-Tao
Theorem.

We need some definitions before we can state Hales-Jewett Theorem.

Write

Cn
t = {x1x2 . . . xn : xi ∈ {1, 2, . . . t}}.

In other words, Cn
t is the collection of words of length n over the

alphabet of t- symbols 1, 2, . . . t.

Then, by a combinatorial line in Cn
t we mean a set of t points in

Cn
t ordered as X1, X2, . . . , Xt where Xi = xi1xi2 . . . xin such that for

j belonging to a nonempty subset I of {1, . . . n} we have xsj = s for
1 ≤ s ≤ t and x1j = · · · = xtj = cj for some cj ∈ {1, . . . t} for j
belonging to the complement (possibly empty) of I in {1, . . . n}.

For example, for t = 3 and n = 5, the following is a combinatorial
line in C5

3 :

11122
21222
31322

Theorem (Hales-Jewett).Given any two positive integers r and t,
there exists a positive integer n = HJ(r, t) such that if Cn

t is r-coloured
then there exists a monochromatic combinatorial line.

Observing the above example of the combinatorial line in C5
3 , and

identifying the collection of words in C5
3 with the set of integers in their

usual expression in decimal system, it is easy to see that the above
combinatorial line corresponds to a three term arithmetic progression
with common difference 10100.

Thus, if we consider an r-colouring of Cn
t (with suitably large t),

induced from a given r-colouring of the integers which have base d
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representation with d ≥ t, Hales-Jewett Theorem would imply the
existence of a monochromatic arithmetic progression of t terms.

It was felt that, in the case of van der Waerden’s theorem, while
considering finite partition of Z+, only the ‘size’ of the part matters.
Indeed, Erdős and Turan [6] conjectured that any subset of Z+ with
positive upper natural density contains arithmetic progressions of ar-
bitrary length, where, for A ∈ Z+, the upper natural density d̄(A) of A
is defined by

d̄(A) = lim sup
N→∞

|A ∩ [N ]|
N

,

where [N ] denotes the set {1, 2, . . . , N}.
We remark that in connection with Schur’s theorem, the situation

is quite different; though the set of even integers and the set of odd
integers have the same upper natural density 1/2 in Z+, there is no
solution of x+ y = z in the subset of odd positive integers.

Towards the above mentioned conjecture of Erdős and Turan, in 1953
Roth [23] proved that any subset A of the set Z+ of positive integers
with positive upper natural density will always contain a three-term
arithmetic progression. Later, Szemerédi first improved [25] Roth’s
result to that of A possessing a four-term arithmetic progression and
finally in 1974, in a famous paper [26] proved the general Erdös-Turan
conjecture by a sophisticated combinatorial argument. Later, Fursten-
berg [7] gave an ergodic theoretic proof of Szemerédi’s theorem which
opened up the subject of Ergodic Ramsey Theory (see [8], [3] and [19]).
There have been other important proofs of Szemerédi’s theorem since
then.

The area of Ergodic Ramsey Theory has many important develop-
ments which include the density version of the Hales-Jewett theorem
by Furstenberg and Katznelson [9] and the polynomial extension of
Hales-Jewett theorem by Bergelson and Leibman [4]. An expository
account of the Bergelson-Leibman result is available in [3].

Defining rk(n) to be the smallest integer such that whenever A ⊂ [n]
satisfies |A| > rk(n), A contains an arithmetic progression of k terms,
Szemerédi’s result [26] implies that

rk(n) = o(n).

For the case k = 3, Roth’s proof [23] gave r3(n) = O
(

n
log logn

)
; suc-

cessive improvements in this direction were obtained by Heath-Brown
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[16], Szemerédi [27] and Bourgain [5], the result of Bourgain being

r3(n) = O

(
n ·

√
log log n

log n

)
.

Regarding estimates of rk(n) for k > 3, Gowers [10] has made a
remarkable breakthrough while establishing

r4(n) <
n

(log log n)d
for some absolute constant d > 0,

where the method seems to go through for rk(n) for k ≥ 4.

Apart from the original paper [10], we recommend the two beautiful
articles [11] and [5] for getting an idea as well as the background of the
proof.

The following conjecture of Erdős is still open.

Conjecture (Erdős). If A ⊂ Z+ satisfies∑
a∈A

1

a
=∞,

then A contains arithmetic progressions of arbitrary length.

Recently, in the Green-Tao Theorem [14] we have seen a major break-
through. Green and Tao showed that the set of primes contains arith-
metic progressions of arbitrary length.

We refer to [28] and [13] for an accessible account of the recent de-
velopments in the area of Additive Combinatorics; the reader will find
the extensive bibliography provided in those volumes very helpful.

3. Proof of Grünwald’s Theorem. We work with fixed d.
Now, the theorem will be proved if we prove the following statement
for all finite sets S ⊂ (Z+)d.

A(S): For each k ∈ Z+, ∃ n = n(k) such that for every k-colouring

of Bn
def
= {(a1, . . . , ad) : ai ∈ Z+, 1 ≤ ai ≤ n}, Bn contains a monochro-

matic subset of the form aS + v for some a ∈ Z+ and v ∈ Bn.

We remark that the above statement not only proves the theorem,
given the number of colours used and the given set S, it tells us (as
in our statement of van der Waerden’s theorem) about the size of the
finite cube where the monochromatic subset of the form aS + v can be
found. In fact, by the ‘Compactness Principle’ (see [12], for instance),
the above statement is equivalent to the statement in the theorem; we
shall not go into this.
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Since A(S) is obviously true if |S| = 1, it is enough to show that
A(S)⇒ A(S ∪ {s}) for any s ∈ (Z+)d.

For the induction procedure, once A(S) is established for a given S,
we prove the the following intermediate statement C(p) corresponding
to a positive integer p. Once C(p) is established for any positive integer
p, it will lead to the statement A(S ∪ {s}) and we shall be through.

C(p): Let S ⊂ (Z+)d be fixed for which A(S) is true. Then for
given k ∈ Z+ and s ∈ (Z+)d, ∃n = n(p, k, s) ∈ Z+ such that for each
k-colouring of Bn, there are positive integers a0, a1, . . . , ap and a point
u ∈ (Z+)d such that the each of the (p+ 1) sets

Tq
def
= u+

∑
0≤i<q

aiS +

(∑
q≤i≤p

ai

)
s, 0 ≤ q ≤ p,

are monochromatic subsets of Bn.

C(0) holds trivially and we have to show that C(p)⇒ C(p+ 1).

Let n = n(p, k, s) be the integer specified for C(p). Now, given a
k-colouring of (Z+)d, we define the associated colouring of (Z+)d such
that two points u and v will have the same colour in this new colouring
iff the lattice points in the cubes u + Bn and v + Bn are identically
coloured in the original k- colouring of (Z+)d.

Clearly, this associated colouring of (Z+)d is a k′- colouring where

k′
def
= kn

d
.

Now, from A(S), it follows that ∃ an integer n′ = n′(k′) such that
for every k′-colouring of Bn′ , Bn′ contains a monochromatic subset of
the form a′S + v′ for some a′(6= 0) ∈ Z+ and v′ ∈ Bn′ .

Let N = n + n′ + 1. Let a k-colouring of BN be given. In an
arbitrary way we extend this to a k-colouring of (Z+)d. Now, cor-
responding to the associated k′- colouring of (Z+)d, Bn′ contains a
monochromatic subset of the form a′S + v′. This means that the |S|-
cubes Bn + a′t + v′, t ∈ S are coloured identically in the original k-
colouring. We observe that all these cubes lie in BN . By C(p), for any
t ∈ S, the cube Bn + a′t+ v′ contains monochromatic sets

Tq(t) = a′t+ v′ + u+
∑
0≤i<q

aiS +

(∑
q≤i≤p

ai

)
s, 0 ≤ q ≤ p.

Setting b0 = a′ and bi = ai−1, 1 ≤ i ≤ p+ 1, we claim that the sets

T ′q = (v′ + u) +
∑
0≤i<q

biS +

( ∑
q≤i≤p+1

bi

)
s, 0 ≤ q ≤ p+ 1
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are monochromatic.

For q = 0,

T ′0=(v′ + u) +

( ∑
0≤i≤p+1

bi

)
s

is a singleton and the claim is established.

For q ≥ 1, T ′q = ∪t∈STq−1(t). Since Bn + a′t + v′ are identically
coloured for different t’s belonging to S, it follows that the monochro-
matic sets Tq−1(t) are of the same colour and hence T ′q = ∪t∈STq−1(t)
is a monochromatic subset of BN .

Thus C(p+ 1) holds with n(p+ 1, k, s) = N .

Now that C(p) is established for all integers p ≥ 0, the particular
case p = k gives us an integer n = n(k, k, s) such that given any k-
colouring of Bn, ∃(k + 1) monochromatic sets T0, . . . , Tk in Bn. By
pigeonhole principal, two of these sets, say Tr, Tq with r < q are of the
same colour.

Writing

Tr = u+
∑
0≤i<r

aiS +

(∑
r≤i<q

ai

)
s+

( ∑
q≤i<k+1

ai

)
s

and

Tq = u+
∑
0≤i<r

aiS +
∑
r≤i<q

aiS +

( ∑
q≤i<k+1

ai

)
s,

and choosing s0 ∈ S (S being nonempty), it follows that the set

T = u+

(∑
0≤i<r

ai

)
s0 +

(∑
r≤i<q

ai

)
(S ∪ {s}) +

( ∑
q≤i<k+1

ai

)
s

is contained in BN and is monochromatic.

Setting a =
∑

r≤i<q ai and v = u+
(∑

0≤i<r ai
)
s0 +

(∑
q≤i<k+1 ai

)
s,

T = a(S ∪ {s}) + v and this establishes A(S ∪ {s}).
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