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Many-body quantum systems out of equilibrium.
Time-independent Hamiltonians.

Questions:

Ø What are the time scales involved in relaxation process?
(long time scales) 
*) time for the properties of the spectrum to get manifested
*) time to reach equilibrium

Ø How does the self-averaging behavior depend on?
*) quantity
*) model  (chaos does not imply self-averaging)
*) time scale

Time Scales and Self-Averaging

ArXiv: 1906.11856

PRB 99, 174313 (2019)

ArXiv: 1910.11332
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Coherent Evolution in Experiments

Ions trapped via electric and magnetic fields.
Laser used to induce couplings.
Isolated from an external environment.

Monroe (Maryland)

Blatt (Innsbrück)

Ion Traps

They are collectively addressed with magnetic pulses;
Slow relaxation

NMR Ultracold Gases
Dynamics under designed potentials.

Ø highly controllable systems – interactions, 
level of disorder, 1,2,3D    (simple models)

Ø quasi-isolated -- study evolution for very long time

Bloch (Max Planck)
Esslinger (ETH)
Schmiedmayer (Wien)

Greiner (Harvard)
Weiss (Penn Sate)

Li, Fan, Wang, Zeng et al (Beijing, Anhui, Hubei)
Levstein, Pastawski (Cordoba)
Cory (Waterloo)
Cappellaro (MIT)

〈W +(t)V (0)+W (t)V (0)〉
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Equilibration
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Time-independent Hamiltonian

H α = Eα α

Cα
ini = α Ψ(0)

|Ψ(t)〉 = Cα
ini

α

∑ e−iEαt |α〉

|Ψ(t)〉 = e−iHt |Ψ(0)〉
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H α = Eα α

Cα
ini = α Ψ(0)

|Ψ(t)〉 = Cα
ini

α

∑ e−iEαt |α〉

|Ψ(t)〉 = e−iHt |Ψ(0)〉

〈O(t)〉 = 〈Ψ(t) |O |Ψ(t)〉 = Cβ
ini*

α≠β

∑ Cα
iniei (Eβ−Eα )tOβα + |Cα

ini

α

∑ |2 Oαα
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Ψ(t) = Cβ
ini*

β

∑ eiEβt β

Time-independent Hamiltonian
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Equilibration

Equilibration in 
an isolated many-body quantum system

H α = Eα α

Cα
ini = α Ψ(0)

〈O(t)〉 = 〈Ψ(t) |O |Ψ(t)〉 = Cβ
ini*

α≠β

∑ Cα
iniei (Eβ−Eα )tOβα + |Cα

ini

α

∑ |2 Oαα

Proximity to equilibrium for the majority of time

Fluctuations decay exponentially with system size.
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Zangara et al,
PRE 88, 032913 (2013)
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Thermalization

〈O(t)〉 = 〈Ψ(t) |O |Ψ(t)〉 = Cβ
ini*

α≠β

∑ Cα
iniei (Eβ−Eα )tOβα + |Cα

ini

α

∑ |2 Oαα

〈O(t)〉 ≡ |Cα
ini

α

∑ |2 Oαα
=?← →' Omicro ≡

1
NE0 ,ΔE

Oαα
α

|E0−Eα |<ΔE

∑

depends on the initial conditions depends only on the energy

Infinite time average Thermodynamic average

O↵↵ = h↵|O|↵i
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Quantum chaos and thermalization in isolated systems of interacting particles
Borgonovi, Izrailev, LFS, Zelevinsky

Physics Reports 626, 1 (2016)

From quantum chaos and eigenstate thermalization to statistical mechanics and thermodynamics, 
L. D’Alessio, Y. Kafri, A. Polkovnikov, and M. Rigol, 

Adv. Phys. 65, 239 (2016)
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Chaos in Realistic
Many-Body Quantum Systems
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Full Random Matrices vs Realistic Models

Full random matrices Realistic chaotic models:

*) Spin models
*) Bose Hubbard model

*) Embedded Random Ensembles
(= SYK model)

*) Wigner Banded Random MatricesWigner-Dyson distribution
(time reversal symmetry)

÷÷
ø

ö
çç
è

æ
-=

4
exp

2
)(

2sssPWD
pp

Correlated eigenvalues
(level repulsion)

121 EEs -=

232 EEs -=
343 EEs -=

454 EEs -=

1E

2E
3E
4E
5E

Level spacing distribution
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Full Random Matrices vs Two-Body Interaction
Density of States  (Energy Distribution)

EEαWigner (1957)

Full random matrices: semicircular

ρ

French & Wong, PLB (1970)

Two-body interactions: Gaussian

Eα

ρ
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Full Random Matrices vs Two-Body Interaction
Density of States  (Energy Distribution)

EEαWigner (1957)

Full random matrices: semicircular

ρ

French & Wong, PLB (1970)

Two-body interactions: Gaussian

Eα

ρ

Participation Ratio

PR(α ) ≡ 1

| ci
(α ) |4

i=1

D

∑

ψ (α ) = ci
(α )φi

i=1

D

∑

PR

Eα

Basis
dependent

PR ' Dim

3
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DYNAMICS
and

TIME SCALES

• Manifestations of spectral correlations in the time domain

• Dynamics in the many-body Hilbert space
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H = H0 +V

Dynamics

H0| (0)i = E| (0)i
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(very strong perturbation)
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H = H0 +V

Dynamics

H0| (0)i = E| (0)i
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Energy of the initial state:
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PRB 97, 060303 (R) (2018)
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Disordered Spin Model
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Survival Probability
Chaotic h=0.5J

g(t) = [(Γt)2 + A(eΓ
2t2 −1)] / (1+ A)

Schiulaz, Torres-Herrera & LFS, 
PRB 99, 174313 (2019)
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Coefficients
Eigenvalues
Coupling parameters
No assumptions
No approximations
Exact
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Survival Probability

SP(t) = Ψ(0) |Ψ(t)〉
2
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ini

α

∑
2
δ(E −Eα )

of the weighted energy distribution of the initial state
of the LDOS (local density of states)

Fourier transform
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Full Random Matrices vs Two-Body Interaction

Density of States  (Energy Distribution)

EEαWigner (1957)

Full random matrices: semicircular

ρ

French & Wong, PLB (1970)

Two-body interactions: Gaussian

Eα

ρ

DOS =
X

↵

�(E � E↵)
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Full Random Matrices vs Two-Body Interaction

Local Density of States

Full random matrices: semicircular Two-body interactions: Gaussian
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LDOSNOT universal

General:
• Chaotic many-body systems 

with 2-body interactions
• Perturbed far from equilibrium
• Initial state close to middle
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Initial Fast Decay

Full Random Matrices Spin Model
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Power-law Decay

Full Random Matrices Spin Model
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Power-law Decay

Full Random Matrices Spin Model
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Survival Probability
Chaotic h=0.5J
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Survival Probability

Spectral autocorrelation function

shape correlations
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Survival Probability

SP(t) = Cα
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Correlation hole:

Ø Long times

Ø Direct manifestation of level repulsion
in the time domain
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Correlation Hole

GOE FRM
(semicircle)

Chaotic spin model
(Gaussian)

Two-level form factor
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Survival Probability
Time Scales
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Time to Reach the Minimum of the Hole
Chaotic h=0.5J
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D: dimension of Hilbert space
L: number of sites

1� 2�tp
2⇡D

<latexit sha1_base64="uKZ0ExQYgO9kSzEN4sgAvqze8rU=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFN5akCLosKuiygr1AU8pkOmmHziRx5kQoIU/gxldx40IRt67d+TZO2yy09YeBj/+cw5nz+7HgGhzn21paXlldWy9sFDe3tnd27b39po4SRVmDRiJSbZ9oJnjIGsBBsHasGJG+YC1/dDmptx6Y0jwK72Acs64kg5AHnBIwVs8uu/gEe4EiNK1610RKggFnqafvFaRV7MU8w1dZzy45FWcqvAhuDiWUq96zv7x+RBPJQqCCaN1xnRi6KVHAqWBZ0Us0iwkdkQHrGAyJZLqbTs/JcNk4fRxEyrwQ8NT9PZESqfVY+qZTEhjq+drE/K/WSSA476Y8jBNgIZ0tChKBIcKTbHCfK0ZBjA0Qqrj5K6ZDYrIBk2DRhODOn7wIzWrFNXx7Wqpd5HEU0CE6QsfIRWeohm5QHTUQRY/oGb2iN+vJerHerY9Z65KVzxygP7I+fwD6rZrR</latexit><latexit sha1_base64="uKZ0ExQYgO9kSzEN4sgAvqze8rU=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFN5akCLosKuiygr1AU8pkOmmHziRx5kQoIU/gxldx40IRt67d+TZO2yy09YeBj/+cw5nz+7HgGhzn21paXlldWy9sFDe3tnd27b39po4SRVmDRiJSbZ9oJnjIGsBBsHasGJG+YC1/dDmptx6Y0jwK72Acs64kg5AHnBIwVs8uu/gEe4EiNK1610RKggFnqafvFaRV7MU8w1dZzy45FWcqvAhuDiWUq96zv7x+RBPJQqCCaN1xnRi6KVHAqWBZ0Us0iwkdkQHrGAyJZLqbTs/JcNk4fRxEyrwQ8NT9PZESqfVY+qZTEhjq+drE/K/WSSA476Y8jBNgIZ0tChKBIcKTbHCfK0ZBjA0Qqrj5K6ZDYrIBk2DRhODOn7wIzWrFNXx7Wqpd5HEU0CE6QsfIRWeohm5QHTUQRY/oGb2iN+vJerHerY9Z65KVzxygP7I+fwD6rZrR</latexit><latexit sha1_base64="uKZ0ExQYgO9kSzEN4sgAvqze8rU=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFN5akCLosKuiygr1AU8pkOmmHziRx5kQoIU/gxldx40IRt67d+TZO2yy09YeBj/+cw5nz+7HgGhzn21paXlldWy9sFDe3tnd27b39po4SRVmDRiJSbZ9oJnjIGsBBsHasGJG+YC1/dDmptx6Y0jwK72Acs64kg5AHnBIwVs8uu/gEe4EiNK1610RKggFnqafvFaRV7MU8w1dZzy45FWcqvAhuDiWUq96zv7x+RBPJQqCCaN1xnRi6KVHAqWBZ0Us0iwkdkQHrGAyJZLqbTs/JcNk4fRxEyrwQ8NT9PZESqfVY+qZTEhjq+drE/K/WSSA476Y8jBNgIZ0tChKBIcKTbHCfK0ZBjA0Qqrj5K6ZDYrIBk2DRhODOn7wIzWrFNXx7Wqpd5HEU0CE6QsfIRWeohm5QHTUQRY/oGb2iN+vJerHerY9Z65KVzxygP7I+fwD6rZrR</latexit><latexit sha1_base64="uKZ0ExQYgO9kSzEN4sgAvqze8rU=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFN5akCLosKuiygr1AU8pkOmmHziRx5kQoIU/gxldx40IRt67d+TZO2yy09YeBj/+cw5nz+7HgGhzn21paXlldWy9sFDe3tnd27b39po4SRVmDRiJSbZ9oJnjIGsBBsHasGJG+YC1/dDmptx6Y0jwK72Acs64kg5AHnBIwVs8uu/gEe4EiNK1610RKggFnqafvFaRV7MU8w1dZzy45FWcqvAhuDiWUq96zv7x+RBPJQqCCaN1xnRi6KVHAqWBZ0Us0iwkdkQHrGAyJZLqbTs/JcNk4fRxEyrwQ8NT9PZESqfVY+qZTEhjq+drE/K/WSSA476Y8jBNgIZ0tChKBIcKTbHCfK0ZBjA0Qqrj5K6ZDYrIBk2DRhODOn7wIzWrFNXx7Wqpd5HEU0CE6QsfIRWeohm5QHTUQRY/oGb2iN+vJerHerY9Z65KVzxygP7I+fwD6rZrR</latexit>

SP (t) =
1� SP

D � 1

"
D
e��2t2

(�t)2
g(t)� b2

✓
�tp
2⇡D

◆#
+ SP

<latexit sha1_base64="sErHtGC8bk34QFXJlskEiKuF5Xs="></latexit><latexit sha1_base64="sErHtGC8bk34QFXJlskEiKuF5Xs="></latexit><latexit sha1_base64="sErHtGC8bk34QFXJlskEiKuF5Xs="></latexit><latexit sha1_base64="sErHtGC8bk34QFXJlskEiKuF5Xs="></latexit>
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Time to Reach the Minimum of the Hole 

GOE full random matrix
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<latexit sha1_base64="snaIHaedcVt824X7iGcK8gcuDAo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0uigh6LXjxWsR/QxrLZbtqlm03Ynagl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fiy4Bsf5tgpLyyura8X10sbm1vaOvVtu6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJHVxO/9cCU5pG8g3HMvJAMJA84JWCknl2G+/T4NMPdWz4YAlEqeuzZFafqTIEXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzUTTSLCR2RAesYKknItJdOb8/woVH6OIiUKQl4qv6eSEmo9Tj0TWdIYKjnvYn4n9dJILjwUi7jBJiks0VBIjBEeBIE7nPFKIixIYQqbm7FdEgUoWDiKpkQ3PmXF0nzpOo6VffmrFK7zOMoon10gI6Qi85RDV2jOmogip7QM3pFb1ZmvVjv1sestWDlM3voD6zPH6WklC4=</latexit><latexit sha1_base64="snaIHaedcVt824X7iGcK8gcuDAo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0uigh6LXjxWsR/QxrLZbtqlm03Ynagl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fiy4Bsf5tgpLyyura8X10sbm1vaOvVtu6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJHVxO/9cCU5pG8g3HMvJAMJA84JWCknl2G+/T4NMPdWz4YAlEqeuzZFafqTIEXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzUTTSLCR2RAesYKknItJdOb8/woVH6OIiUKQl4qv6eSEmo9Tj0TWdIYKjnvYn4n9dJILjwUi7jBJiks0VBIjBEeBIE7nPFKIixIYQqbm7FdEgUoWDiKpkQ3PmXF0nzpOo6VffmrFK7zOMoon10gI6Qi85RDV2jOmogip7QM3pFb1ZmvVjv1sestWDlM3voD6zPH6WklC4=</latexit><latexit sha1_base64="snaIHaedcVt824X7iGcK8gcuDAo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0uigh6LXjxWsR/QxrLZbtqlm03Ynagl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fiy4Bsf5tgpLyyura8X10sbm1vaOvVtu6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJHVxO/9cCU5pG8g3HMvJAMJA84JWCknl2G+/T4NMPdWz4YAlEqeuzZFafqTIEXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzUTTSLCR2RAesYKknItJdOb8/woVH6OIiUKQl4qv6eSEmo9Tj0TWdIYKjnvYn4n9dJILjwUi7jBJiks0VBIjBEeBIE7nPFKIixIYQqbm7FdEgUoWDiKpkQ3PmXF0nzpOo6VffmrFK7zOMoon10gI6Qi85RDV2jOmogip7QM3pFb1ZmvVjv1sestWDlM3voD6zPH6WklC4=</latexit><latexit sha1_base64="snaIHaedcVt824X7iGcK8gcuDAo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0uigh6LXjxWsR/QxrLZbtqlm03Ynagl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fiy4Bsf5tgpLyyura8X10sbm1vaOvVtu6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJHVxO/9cCU5pG8g3HMvJAMJA84JWCknl2G+/T4NMPdWz4YAlEqeuzZFafqTIEXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzUTTSLCR2RAesYKknItJdOb8/woVH6OIiUKQl4qv6eSEmo9Tj0TWdIYKjnvYn4n9dJILjwUi7jBJiks0VBIjBEeBIE7nPFKIixIYQqbm7FdEgUoWDiKpkQ3PmXF0nzpOo6VffmrFK7zOMoon10gI6Qi85RDV2jOmogip7QM3pFb1ZmvVjv1sestWDlM3voD6zPH6WklC4=</latexit> tTh ∝
D2/3

Γ

Realistic CHAOTIC spin-1/2 model

t�2 )
<latexit sha1_base64="RcLnn9w6ynhX45PHMbl+Ij52XYE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0tSBD0WvXisYj+gjWWz3bRLN5uwO1FLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz/FhwDY7zbRVWVtfWN4qbpa3tnd09e7/c0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr6Z++4EpzSN5B5OYeSEZSh5wSsBIfbsM9+lpLcO9Wz4cAVEqeuzbFafqzICXiZuTCsrR6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzUSzSLCR2TIesaKknItJfObs/wsVEGOIiUKQl4pv6eSEmo9ST0TWdIYKQXvan4n9dNILjwUi7jBJik80VBIjBEeBoEHnDFKIiJIYQqbm7FdEQUoWDiKpkQ3MWXl0mrVnWdqntzVqlf5nEU0SE6QifIReeojq5RAzURRU/oGb2iNyuzXqx362PeWrDymQP0B9bnD6QTlC0=</latexit><latexit sha1_base64="RcLnn9w6ynhX45PHMbl+Ij52XYE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0tSBD0WvXisYj+gjWWz3bRLN5uwO1FLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz/FhwDY7zbRVWVtfWN4qbpa3tnd09e7/c0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr6Z++4EpzSN5B5OYeSEZSh5wSsBIfbsM9+lpLcO9Wz4cAVEqeuzbFafqzICXiZuTCsrR6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzUSzSLCR2TIesaKknItJfObs/wsVEGOIiUKQl4pv6eSEmo9ST0TWdIYKQXvan4n9dNILjwUi7jBJik80VBIjBEeBoEHnDFKIiJIYQqbm7FdEQUoWDiKpkQ3MWXl0mrVnWdqntzVqlf5nEU0SE6QifIReeojq5RAzURRU/oGb2iNyuzXqx362PeWrDymQP0B9bnD6QTlC0=</latexit><latexit sha1_base64="RcLnn9w6ynhX45PHMbl+Ij52XYE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0tSBD0WvXisYj+gjWWz3bRLN5uwO1FLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz/FhwDY7zbRVWVtfWN4qbpa3tnd09e7/c0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr6Z++4EpzSN5B5OYeSEZSh5wSsBIfbsM9+lpLcO9Wz4cAVEqeuzbFafqzICXiZuTCsrR6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzUSzSLCR2TIesaKknItJfObs/wsVEGOIiUKQl4pv6eSEmo9ST0TWdIYKQXvan4n9dNILjwUi7jBJik80VBIjBEeBoEHnDFKIiJIYQqbm7FdEQUoWDiKpkQ3MWXl0mrVnWdqntzVqlf5nEU0SE6QifIReeojq5RAzURRU/oGb2iNyuzXqx362PeWrDymQP0B9bnD6QTlC0=</latexit><latexit sha1_base64="RcLnn9w6ynhX45PHMbl+Ij52XYE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0tSBD0WvXisYj+gjWWz3bRLN5uwO1FLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz/FhwDY7zbRVWVtfWN4qbpa3tnd09e7/c0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr6Z++4EpzSN5B5OYeSEZSh5wSsBIfbsM9+lpLcO9Wz4cAVEqeuzbFafqzICXiZuTCsrR6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzUSzSLCR2TIesaKknItJfObs/wsVEGOIiUKQl4pv6eSEmo9ST0TWdIYKQXvan4n9dNILjwUi7jBJik80VBIjBEeBoEHnDFKIiJIYQqbm7FdEQUoWDiKpkQ3MWXl0mrVnWdqntzVqlf5nEU0SE6QifIReeojq5RAzURRU/oGb2iNyuzXqx362PeWrDymQP0B9bnD6QTlC0=</latexit>
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<latexit sha1_base64="ktYc7CRg+G3W5cRHvONon1O8VRE="></latexit><latexit sha1_base64="ktYc7CRg+G3W5cRHvONon1O8VRE="></latexit><latexit sha1_base64="ktYc7CRg+G3W5cRHvONon1O8VRE="></latexit><latexit sha1_base64="ktYc7CRg+G3W5cRHvONon1O8VRE="></latexit>
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GOE full random matrix
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<latexit sha1_base64="snaIHaedcVt824X7iGcK8gcuDAo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0uigh6LXjxWsR/QxrLZbtqlm03Ynagl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fiy4Bsf5tgpLyyura8X10sbm1vaOvVtu6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJHVxO/9cCU5pG8g3HMvJAMJA84JWCknl2G+/T4NMPdWz4YAlEqeuzZFafqTIEXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzUTTSLCR2RAesYKknItJdOb8/woVH6OIiUKQl4qv6eSEmo9Tj0TWdIYKjnvYn4n9dJILjwUi7jBJiks0VBIjBEeBIE7nPFKIixIYQqbm7FdEgUoWDiKpkQ3PmXF0nzpOo6VffmrFK7zOMoon10gI6Qi85RDV2jOmogip7QM3pFb1ZmvVjv1sestWDlM3voD6zPH6WklC4=</latexit><latexit sha1_base64="snaIHaedcVt824X7iGcK8gcuDAo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0uigh6LXjxWsR/QxrLZbtqlm03Ynagl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fiy4Bsf5tgpLyyura8X10sbm1vaOvVtu6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJHVxO/9cCU5pG8g3HMvJAMJA84JWCknl2G+/T4NMPdWz4YAlEqeuzZFafqTIEXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzUTTSLCR2RAesYKknItJdOb8/woVH6OIiUKQl4qv6eSEmo9Tj0TWdIYKjnvYn4n9dJILjwUi7jBJiks0VBIjBEeBIE7nPFKIixIYQqbm7FdEgUoWDiKpkQ3PmXF0nzpOo6VffmrFK7zOMoon10gI6Qi85RDV2jOmogip7QM3pFb1ZmvVjv1sestWDlM3voD6zPH6WklC4=</latexit><latexit sha1_base64="snaIHaedcVt824X7iGcK8gcuDAo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0uigh6LXjxWsR/QxrLZbtqlm03Ynagl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fiy4Bsf5tgpLyyura8X10sbm1vaOvVtu6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJHVxO/9cCU5pG8g3HMvJAMJA84JWCknl2G+/T4NMPdWz4YAlEqeuzZFafqTIEXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzUTTSLCR2RAesYKknItJdOb8/woVH6OIiUKQl4qv6eSEmo9Tj0TWdIYKjnvYn4n9dJILjwUi7jBJiks0VBIjBEeBIE7nPFKIixIYQqbm7FdEgUoWDiKpkQ3PmXF0nzpOo6VffmrFK7zOMoon10gI6Qi85RDV2jOmogip7QM3pFb1ZmvVjv1sestWDlM3voD6zPH6WklC4=</latexit><latexit sha1_base64="snaIHaedcVt824X7iGcK8gcuDAo=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0uigh6LXjxWsR/QxrLZbtqlm03Ynagl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fiy4Bsf5tgpLyyura8X10sbm1vaOvVtu6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJHVxO/9cCU5pG8g3HMvJAMJA84JWCknl2G+/T4NMPdWz4YAlEqeuzZFafqTIEXiZuTCspR79lf3X5Ek5BJoIJo3XGdGLyUKOBUsKzUTTSLCR2RAesYKknItJdOb8/woVH6OIiUKQl4qv6eSEmo9Tj0TWdIYKjnvYn4n9dJILjwUi7jBJiks0VBIjBEeBIE7nPFKIixIYQqbm7FdEgUoWDiKpkQ3PmXF0nzpOo6VffmrFK7zOMoon10gI6Qi85RDV2jOmogip7QM3pFb1ZmvVjv1sestWDlM3voD6zPH6WklC4=</latexit> tTh ∝
D2/3

Γ

Realistic CHAOTIC spin-1/2 model

t�2 )
<latexit sha1_base64="RcLnn9w6ynhX45PHMbl+Ij52XYE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0tSBD0WvXisYj+gjWWz3bRLN5uwO1FLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz/FhwDY7zbRVWVtfWN4qbpa3tnd09e7/c0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr6Z++4EpzSN5B5OYeSEZSh5wSsBIfbsM9+lpLcO9Wz4cAVEqeuzbFafqzICXiZuTCsrR6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzUSzSLCR2TIesaKknItJfObs/wsVEGOIiUKQl4pv6eSEmo9ST0TWdIYKQXvan4n9dNILjwUi7jBJik80VBIjBEeBoEHnDFKIiJIYQqbm7FdEQUoWDiKpkQ3MWXl0mrVnWdqntzVqlf5nEU0SE6QifIReeojq5RAzURRU/oGb2iNyuzXqx362PeWrDymQP0B9bnD6QTlC0=</latexit><latexit sha1_base64="RcLnn9w6ynhX45PHMbl+Ij52XYE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0tSBD0WvXisYj+gjWWz3bRLN5uwO1FLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz/FhwDY7zbRVWVtfWN4qbpa3tnd09e7/c0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr6Z++4EpzSN5B5OYeSEZSh5wSsBIfbsM9+lpLcO9Wz4cAVEqeuzbFafqzICXiZuTCsrR6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzUSzSLCR2TIesaKknItJfObs/wsVEGOIiUKQl4pv6eSEmo9ST0TWdIYKQXvan4n9dNILjwUi7jBJik80VBIjBEeBoEHnDFKIiJIYQqbm7FdEQUoWDiKpkQ3MWXl0mrVnWdqntzVqlf5nEU0SE6QifIReeojq5RAzURRU/oGb2iNyuzXqx362PeWrDymQP0B9bnD6QTlC0=</latexit><latexit sha1_base64="RcLnn9w6ynhX45PHMbl+Ij52XYE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0tSBD0WvXisYj+gjWWz3bRLN5uwO1FLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz/FhwDY7zbRVWVtfWN4qbpa3tnd09e7/c0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr6Z++4EpzSN5B5OYeSEZSh5wSsBIfbsM9+lpLcO9Wz4cAVEqeuzbFafqzICXiZuTCsrR6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzUSzSLCR2TIesaKknItJfObs/wsVEGOIiUKQl4pv6eSEmo9ST0TWdIYKQXvan4n9dNILjwUi7jBJik80VBIjBEeBoEHnDFKIiJIYQqbm7FdEQUoWDiKpkQ3MWXl0mrVnWdqntzVqlf5nEU0SE6QifIReeojq5RAzURRU/oGb2iNyuzXqx362PeWrDymQP0B9bnD6QTlC0=</latexit><latexit sha1_base64="RcLnn9w6ynhX45PHMbl+Ij52XYE=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0tSBD0WvXisYj+gjWWz3bRLN5uwO1FLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz/FhwDY7zbRVWVtfWN4qbpa3tnd09e7/c0lGiKGvSSESq4xPNBJesCRwE68SKkdAXrO2Pr6Z++4EpzSN5B5OYeSEZSh5wSsBIfbsM9+lpLcO9Wz4cAVEqeuzbFafqzICXiZuTCsrR6NtfvUFEk5BJoIJo3XWdGLyUKOBUsKzUSzSLCR2TIesaKknItJfObs/wsVEGOIiUKQl4pv6eSEmo9ST0TWdIYKQXvan4n9dNILjwUi7jBJik80VBIjBEeBoEHnDFKIiJIYQqbm7FdEQUoWDiKpkQ3MWXl0mrVnWdqntzVqlf5nEU0SE6QifIReeojq5RAzURRU/oGb2iNyuzXqx362PeWrDymQP0B9bnD6QTlC0=</latexit>
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GOE full random matrix Realistic CHAOTIC spin-1/2 model

Time to Reach the Minimum of the Hole 
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Spread in the many-body space
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<latexit sha1_base64="8XOtk80IailU/l4Db9RJKmF1G6E=">AAACOHicjZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZdOPOCvYC7VDOpJk2NJMZkoyljH0sNz6GO3HjQhG3PoFpOxRtXXgg8PH/5yQ5vx9zprTjPFu5peWV1bX8emFjc2t7x97dq6kokYRWScQj2fBBUc4ErWqmOW3EkkLoc1r3+5djv35HpWKRuNXDmHohdAULGAFtpLZ9fd9KYpAyGuBWJxqI/+JsaAYSRJfTtl10Ss6k8CK4GRRRVpW2/WSuJUlIhSYclGq6Tqy9FKRmhNNRoZUoGgPpQ5c2DQoIqfLSyeIjfGSUDg4iaY7QeKL+nEghVGoY+qYzBN1T895Y/MtrJjo491Im4kRTQaYPBQnHOsLjFHGHSUo0HxoAIpn5KyY9kEC0ybpgQnDnV16E2knJdUruzWmxfJHFkUcH6BAdIxedoTK6QhVURQQ9oBf0ht6tR+vV+rA+p605K5vZR7/K+voGggGvMg==</latexit><latexit sha1_base64="8XOtk80IailU/l4Db9RJKmF1G6E=">AAACOHicjZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZdOPOCvYC7VDOpJk2NJMZkoyljH0sNz6GO3HjQhG3PoFpOxRtXXgg8PH/5yQ5vx9zprTjPFu5peWV1bX8emFjc2t7x97dq6kokYRWScQj2fBBUc4ErWqmOW3EkkLoc1r3+5djv35HpWKRuNXDmHohdAULGAFtpLZ9fd9KYpAyGuBWJxqI/+JsaAYSRJfTtl10Ss6k8CK4GRRRVpW2/WSuJUlIhSYclGq6Tqy9FKRmhNNRoZUoGgPpQ5c2DQoIqfLSyeIjfGSUDg4iaY7QeKL+nEghVGoY+qYzBN1T895Y/MtrJjo491Im4kRTQaYPBQnHOsLjFHGHSUo0HxoAIpn5KyY9kEC0ybpgQnDnV16E2knJdUruzWmxfJHFkUcH6BAdIxedoTK6QhVURQQ9oBf0ht6tR+vV+rA+p605K5vZR7/K+voGggGvMg==</latexit><latexit sha1_base64="8XOtk80IailU/l4Db9RJKmF1G6E=">AAACOHicjZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZdOPOCvYC7VDOpJk2NJMZkoyljH0sNz6GO3HjQhG3PoFpOxRtXXgg8PH/5yQ5vx9zprTjPFu5peWV1bX8emFjc2t7x97dq6kokYRWScQj2fBBUc4ErWqmOW3EkkLoc1r3+5djv35HpWKRuNXDmHohdAULGAFtpLZ9fd9KYpAyGuBWJxqI/+JsaAYSRJfTtl10Ss6k8CK4GRRRVpW2/WSuJUlIhSYclGq6Tqy9FKRmhNNRoZUoGgPpQ5c2DQoIqfLSyeIjfGSUDg4iaY7QeKL+nEghVGoY+qYzBN1T895Y/MtrJjo491Im4kRTQaYPBQnHOsLjFHGHSUo0HxoAIpn5KyY9kEC0ybpgQnDnV16E2knJdUruzWmxfJHFkUcH6BAdIxedoTK6QhVURQQ9oBf0ht6tR+vV+rA+p605K5vZR7/K+voGggGvMg==</latexit><latexit sha1_base64="8XOtk80IailU/l4Db9RJKmF1G6E=">AAACOHicjZDLSgMxFIYz9VbrbdSlm2ARXJUZEXRZdOPOCvYC7VDOpJk2NJMZkoyljH0sNz6GO3HjQhG3PoFpOxRtXXgg8PH/5yQ5vx9zprTjPFu5peWV1bX8emFjc2t7x97dq6kokYRWScQj2fBBUc4ErWqmOW3EkkLoc1r3+5djv35HpWKRuNXDmHohdAULGAFtpLZ9fd9KYpAyGuBWJxqI/+JsaAYSRJfTtl10Ss6k8CK4GRRRVpW2/WSuJUlIhSYclGq6Tqy9FKRmhNNRoZUoGgPpQ5c2DQoIqfLSyeIjfGSUDg4iaY7QeKL+nEghVGoY+qYzBN1T895Y/MtrJjo491Im4kRTQaYPBQnHOsLjFHGHSUo0HxoAIpn5KyY9kEC0ybpgQnDnV16E2knJdUruzWmxfJHFkUcH6BAdIxedoTK6QhVURQQ9oBf0ht6tR+vV+rA+p605K5vZR7/K+voGggGvMg==</latexit>

| "#"###"i
<latexit sha1_base64="qxroBhYwLEq5AnY54GBT/5PoEOA=">AAACOXicbVDLSgMxFM3UV62vUZdugkVwVWZE0GXRjcsK9gFtKZn0ThuaSYYkYyljf8uNf+FOcONCEbf+gGk7C/s4EDicc26Se4KYM208783Jra1vbG7ltws7u3v7B+7hUU3LRFGoUsmlagREA2cCqoYZDo1YAYkCDvVgcDvx64+gNJPiwYxiaEekJ1jIKDFW6riVp1YSE6XkELe6cigyukKb81dFFRE9Dh236JW8KfAy8TNSRBkqHffV3kaTCIShnGjd9L3YtFOiDKMcxoVWoiEmdEB60LRUkAh0O51uPsZnVuniUCp7hMFT9f9ESiKtR1FgkxExfb3oTcRVXjMx4XU7ZSJODAg6eyhMODYST2rEXaaAGj6yhFDF7F8x7RNFqLFlF2wJ/uLKy6R2UfK9kn9/WSzfZHXk0Qk6RefIR1eojO5QBVURRc/oHX2iL+fF+XC+nZ9ZNOdkM8doDs7vH+w5r1w=</latexit><latexit sha1_base64="qxroBhYwLEq5AnY54GBT/5PoEOA=">AAACOXicbVDLSgMxFM3UV62vUZdugkVwVWZE0GXRjcsK9gFtKZn0ThuaSYYkYyljf8uNf+FOcONCEbf+gGk7C/s4EDicc26Se4KYM208783Jra1vbG7ltws7u3v7B+7hUU3LRFGoUsmlagREA2cCqoYZDo1YAYkCDvVgcDvx64+gNJPiwYxiaEekJ1jIKDFW6riVp1YSE6XkELe6cigyukKb81dFFRE9Dh236JW8KfAy8TNSRBkqHffV3kaTCIShnGjd9L3YtFOiDKMcxoVWoiEmdEB60LRUkAh0O51uPsZnVuniUCp7hMFT9f9ESiKtR1FgkxExfb3oTcRVXjMx4XU7ZSJODAg6eyhMODYST2rEXaaAGj6yhFDF7F8x7RNFqLFlF2wJ/uLKy6R2UfK9kn9/WSzfZHXk0Qk6RefIR1eojO5QBVURRc/oHX2iL+fF+XC+nZ9ZNOdkM8doDs7vH+w5r1w=</latexit><latexit sha1_base64="qxroBhYwLEq5AnY54GBT/5PoEOA=">AAACOXicbVDLSgMxFM3UV62vUZdugkVwVWZE0GXRjcsK9gFtKZn0ThuaSYYkYyljf8uNf+FOcONCEbf+gGk7C/s4EDicc26Se4KYM208783Jra1vbG7ltws7u3v7B+7hUU3LRFGoUsmlagREA2cCqoYZDo1YAYkCDvVgcDvx64+gNJPiwYxiaEekJ1jIKDFW6riVp1YSE6XkELe6cigyukKb81dFFRE9Dh236JW8KfAy8TNSRBkqHffV3kaTCIShnGjd9L3YtFOiDKMcxoVWoiEmdEB60LRUkAh0O51uPsZnVuniUCp7hMFT9f9ESiKtR1FgkxExfb3oTcRVXjMx4XU7ZSJODAg6eyhMODYST2rEXaaAGj6yhFDF7F8x7RNFqLFlF2wJ/uLKy6R2UfK9kn9/WSzfZHXk0Qk6RefIR1eojO5QBVURRc/oHX2iL+fF+XC+nZ9ZNOdkM8doDs7vH+w5r1w=</latexit><latexit sha1_base64="qxroBhYwLEq5AnY54GBT/5PoEOA=">AAACOXicbVDLSgMxFM3UV62vUZdugkVwVWZE0GXRjcsK9gFtKZn0ThuaSYYkYyljf8uNf+FOcONCEbf+gGk7C/s4EDicc26Se4KYM208783Jra1vbG7ltws7u3v7B+7hUU3LRFGoUsmlagREA2cCqoYZDo1YAYkCDvVgcDvx64+gNJPiwYxiaEekJ1jIKDFW6riVp1YSE6XkELe6cigyukKb81dFFRE9Dh236JW8KfAy8TNSRBkqHffV3kaTCIShnGjd9L3YtFOiDKMcxoVWoiEmdEB60LRUkAh0O51uPsZnVuniUCp7hMFT9f9ESiKtR1FgkxExfb3oTcRVXjMx4XU7ZSJODAg6eyhMODYST2rEXaaAGj6yhFDF7F8x7RNFqLFlF2wJ/uLKy6R2UfK9kn9/WSzfZHXk0Qk6RefIR1eojO5QBVURRc/oHX2iL+fF+XC+nZ9ZNOdkM8doDs7vH+w5r1w=</latexit>

D =
L!

(L/2)!2
<latexit sha1_base64="ESra3Pl5WsbP0xJXVRmRZZoUgPo=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbCYGITZxNwjaCEEtLFJEMA9IYpidzCZDZh/MzAph2cZfsbFQxNbPsPNvnCRbaOKBC4dz7uXee5yQM6ks69vILC2vrK5l13Mbm1vbO+buXkMGkSC0TgIeiJaDJeXMp3XFFKetUFDsOZw2ndH1xG8+UiFZ4N+rcUi7Hh74zGUEKy31zIMbdIk6rsAkruaTuFg9LZ/kH8pJzyxYJWsKtEjslBQgRa1nfnX6AYk86ivCsZRt2wpVN8ZCMcJpkutEkoaYjPCAtjX1sUdlN54+kKBjrfSRGwhdvkJT9fdEjD0px56jOz2shnLem4j/ee1IuRfdmPlhpKhPZovciCMVoEkaqM8EJYqPNcFEMH0rIkOs01A6s5wOwZ5/eZE0yiXbKtl3Z4XKVRpHFg7hCIpgwzlU4BZqUAcCCTzDK7wZT8aL8W58zFozRjqzD39gfP4AZLGUVg==</latexit><latexit sha1_base64="ESra3Pl5WsbP0xJXVRmRZZoUgPo=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbCYGITZxNwjaCEEtLFJEMA9IYpidzCZDZh/MzAph2cZfsbFQxNbPsPNvnCRbaOKBC4dz7uXee5yQM6ks69vILC2vrK5l13Mbm1vbO+buXkMGkSC0TgIeiJaDJeXMp3XFFKetUFDsOZw2ndH1xG8+UiFZ4N+rcUi7Hh74zGUEKy31zIMbdIk6rsAkruaTuFg9LZ/kH8pJzyxYJWsKtEjslBQgRa1nfnX6AYk86ivCsZRt2wpVN8ZCMcJpkutEkoaYjPCAtjX1sUdlN54+kKBjrfSRGwhdvkJT9fdEjD0px56jOz2shnLem4j/ee1IuRfdmPlhpKhPZovciCMVoEkaqM8EJYqPNcFEMH0rIkOs01A6s5wOwZ5/eZE0yiXbKtl3Z4XKVRpHFg7hCIpgwzlU4BZqUAcCCTzDK7wZT8aL8W58zFozRjqzD39gfP4AZLGUVg==</latexit><latexit sha1_base64="ESra3Pl5WsbP0xJXVRmRZZoUgPo=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbCYGITZxNwjaCEEtLFJEMA9IYpidzCZDZh/MzAph2cZfsbFQxNbPsPNvnCRbaOKBC4dz7uXee5yQM6ks69vILC2vrK5l13Mbm1vbO+buXkMGkSC0TgIeiJaDJeXMp3XFFKetUFDsOZw2ndH1xG8+UiFZ4N+rcUi7Hh74zGUEKy31zIMbdIk6rsAkruaTuFg9LZ/kH8pJzyxYJWsKtEjslBQgRa1nfnX6AYk86ivCsZRt2wpVN8ZCMcJpkutEkoaYjPCAtjX1sUdlN54+kKBjrfSRGwhdvkJT9fdEjD0px56jOz2shnLem4j/ee1IuRfdmPlhpKhPZovciCMVoEkaqM8EJYqPNcFEMH0rIkOs01A6s5wOwZ5/eZE0yiXbKtl3Z4XKVRpHFg7hCIpgwzlU4BZqUAcCCTzDK7wZT8aL8W58zFozRjqzD39gfP4AZLGUVg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="8xB9OtylUQ7aXbK7JX9Y2rVvt1U=">AAAB9XicbZA7T8MwFIVvyquUAoGFgcWlQipLSbrAgoQEA0OHItGH1IbKcZ3WquNEtoNURVn4KywMIMRfYePf4D4GaDmSpaNzbF3fz485U9pxvq3c2vrG5lZ+u7BT3N3btw+KLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3745tp336iUrFIPOhJTL0QDwULGMHaRH376BZdoV4gMUnrpSyt1M9rZ6XHWta3y07VmQmtGndhyrBQo29/9QYRSUIqNOFYqa7rxNpLsdSMcJoVeomiMSZjPKRdYwUOqfLS2QIZOjXJAAWRNEdoNEt/v0hxqNQk9M3NEOuRWu6m4X9dN9HBpZcyESeaCjIfFCQc6QhNaaABk5RoPjEGE8nMXxEZYUNDG2YFA8FdXnnVtGpV16m69w7k4RhOoAIuXMA13EEDmkAggxd4g3fr2Xq1Pua4ctaC2yH8kfX5AwN9kus=</latexit><latexit sha1_base64="8xB9OtylUQ7aXbK7JX9Y2rVvt1U=">AAAB9XicbZA7T8MwFIVvyquUAoGFgcWlQipLSbrAgoQEA0OHItGH1IbKcZ3WquNEtoNURVn4KywMIMRfYePf4D4GaDmSpaNzbF3fz485U9pxvq3c2vrG5lZ+u7BT3N3btw+KLRUlktAmiXgkOz5WlDNBm5ppTjuxpDj0OW3745tp336iUrFIPOhJTL0QDwULGMHaRH376BZdoV4gMUnrpSyt1M9rZ6XHWta3y07VmQmtGndhyrBQo29/9QYRSUIqNOFYqa7rxNpLsdSMcJoVeomiMSZjPKRdYwUOqfLS2QIZOjXJAAWRNEdoNEt/v0hxqNQk9M3NEOuRWu6m4X9dN9HBpZcyESeaCjIfFCQc6QhNaaABk5RoPjEGE8nMXxEZYUNDG2YFA8FdXnnVtGpV16m69w7k4RhOoAIuXMA13EEDmkAggxd4g3fr2Xq1Pua4ctaC2yH8kfX5AwN9kus=</latexit><latexit sha1_base64="z22eQg976VTsn6ePgoHEIFNOFN4=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbCYGITZxN402QlALixQRzAOSNcxOZpMhsw9mZoWwbOOv2FgoYutn2Pk3TpItNHrgwuGce7n3HjfiTCrL+jJyS8srq2v59cLG5tb2jrm715JhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3w19dsPVEgWBndqElHHx8OAeYxgpaW+eXCNLlDPE5gk9WKalOun1ZPifTXtmyWrYs2A/hI7IyXI0Oibn71BSGKfBopwLGXXtiLlJFgoRjhNC71Y0giTMR7SrqYB9ql0ktkDKTrWygB5odAVKDRTf04k2Jdy4ru608dqJBe9qfif142Vd+4kLIhiRQMyX+TFHKkQTdNAAyYoUXyiCSaC6VsRGWGdhtKZFXQI9uLLf0mrWrGtin1rlWqXWRx5OIQjKIMNZ1CDG2hAEwik8AQv8Go8Gs/Gm/E+b80Z2cw+/ILx8Q1jcZRS</latexit><latexit sha1_base64="ESra3Pl5WsbP0xJXVRmRZZoUgPo=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbCYGITZxNwjaCEEtLFJEMA9IYpidzCZDZh/MzAph2cZfsbFQxNbPsPNvnCRbaOKBC4dz7uXee5yQM6ks69vILC2vrK5l13Mbm1vbO+buXkMGkSC0TgIeiJaDJeXMp3XFFKetUFDsOZw2ndH1xG8+UiFZ4N+rcUi7Hh74zGUEKy31zIMbdIk6rsAkruaTuFg9LZ/kH8pJzyxYJWsKtEjslBQgRa1nfnX6AYk86ivCsZRt2wpVN8ZCMcJpkutEkoaYjPCAtjX1sUdlN54+kKBjrfSRGwhdvkJT9fdEjD0px56jOz2shnLem4j/ee1IuRfdmPlhpKhPZovciCMVoEkaqM8EJYqPNcFEMH0rIkOs01A6s5wOwZ5/eZE0yiXbKtl3Z4XKVRpHFg7hCIpgwzlU4BZqUAcCCTzDK7wZT8aL8W58zFozRjqzD39gfP4AZLGUVg==</latexit><latexit sha1_base64="ESra3Pl5WsbP0xJXVRmRZZoUgPo=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbCYGITZxNwjaCEEtLFJEMA9IYpidzCZDZh/MzAph2cZfsbFQxNbPsPNvnCRbaOKBC4dz7uXee5yQM6ks69vILC2vrK5l13Mbm1vbO+buXkMGkSC0TgIeiJaDJeXMp3XFFKetUFDsOZw2ndH1xG8+UiFZ4N+rcUi7Hh74zGUEKy31zIMbdIk6rsAkruaTuFg9LZ/kH8pJzyxYJWsKtEjslBQgRa1nfnX6AYk86ivCsZRt2wpVN8ZCMcJpkutEkoaYjPCAtjX1sUdlN54+kKBjrfSRGwhdvkJT9fdEjD0px56jOz2shnLem4j/ee1IuRfdmPlhpKhPZovciCMVoEkaqM8EJYqPNcFEMH0rIkOs01A6s5wOwZ5/eZE0yiXbKtl3Z4XKVRpHFg7hCIpgwzlU4BZqUAcCCTzDK7wZT8aL8W58zFozRjqzD39gfP4AZLGUVg==</latexit><latexit sha1_base64="ESra3Pl5WsbP0xJXVRmRZZoUgPo=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbCYGITZxNwjaCEEtLFJEMA9IYpidzCZDZh/MzAph2cZfsbFQxNbPsPNvnCRbaOKBC4dz7uXee5yQM6ks69vILC2vrK5l13Mbm1vbO+buXkMGkSC0TgIeiJaDJeXMp3XFFKetUFDsOZw2ndH1xG8+UiFZ4N+rcUi7Hh74zGUEKy31zIMbdIk6rsAkruaTuFg9LZ/kH8pJzyxYJWsKtEjslBQgRa1nfnX6AYk86ivCsZRt2wpVN8ZCMcJpkutEkoaYjPCAtjX1sUdlN54+kKBjrfSRGwhdvkJT9fdEjD0px56jOz2shnLem4j/ee1IuRfdmPlhpKhPZovciCMVoEkaqM8EJYqPNcFEMH0rIkOs01A6s5wOwZ5/eZE0yiXbKtl3Z4XKVRpHFg7hCIpgwzlU4BZqUAcCCTzDK7wZT8aL8W58zFozRjqzD39gfP4AZLGUVg==</latexit><latexit sha1_base64="ESra3Pl5WsbP0xJXVRmRZZoUgPo=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbCYGITZxNwjaCEEtLFJEMA9IYpidzCZDZh/MzAph2cZfsbFQxNbPsPNvnCRbaOKBC4dz7uXee5yQM6ks69vILC2vrK5l13Mbm1vbO+buXkMGkSC0TgIeiJaDJeXMp3XFFKetUFDsOZw2ndH1xG8+UiFZ4N+rcUi7Hh74zGUEKy31zIMbdIk6rsAkruaTuFg9LZ/kH8pJzyxYJWsKtEjslBQgRa1nfnX6AYk86ivCsZRt2wpVN8ZCMcJpkutEkoaYjPCAtjX1sUdlN54+kKBjrfSRGwhdvkJT9fdEjD0px56jOz2shnLem4j/ee1IuRfdmPlhpKhPZovciCMVoEkaqM8EJYqPNcFEMH0rIkOs01A6s5wOwZ5/eZE0yiXbKtl3Z4XKVRpHFg7hCIpgwzlU4BZqUAcCCTzDK7wZT8aL8W58zFozRjqzD39gfP4AZLGUVg==</latexit><latexit sha1_base64="ESra3Pl5WsbP0xJXVRmRZZoUgPo=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbCYGITZxNwjaCEEtLFJEMA9IYpidzCZDZh/MzAph2cZfsbFQxNbPsPNvnCRbaOKBC4dz7uXee5yQM6ks69vILC2vrK5l13Mbm1vbO+buXkMGkSC0TgIeiJaDJeXMp3XFFKetUFDsOZw2ndH1xG8+UiFZ4N+rcUi7Hh74zGUEKy31zIMbdIk6rsAkruaTuFg9LZ/kH8pJzyxYJWsKtEjslBQgRa1nfnX6AYk86ivCsZRt2wpVN8ZCMcJpkutEkoaYjPCAtjX1sUdlN54+kKBjrfSRGwhdvkJT9fdEjD0px56jOz2shnLem4j/ee1IuRfdmPlhpKhPZovciCMVoEkaqM8EJYqPNcFEMH0rIkOs01A6s5wOwZ5/eZE0yiXbKtl3Z4XKVRpHFg7hCIpgwzlU4BZqUAcCCTzDK7wZT8aL8W58zFozRjqzD39gfP4AZLGUVg==</latexit><latexit sha1_base64="ESra3Pl5WsbP0xJXVRmRZZoUgPo=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbCYGITZxNwjaCEEtLFJEMA9IYpidzCZDZh/MzAph2cZfsbFQxNbPsPNvnCRbaOKBC4dz7uXee5yQM6ks69vILC2vrK5l13Mbm1vbO+buXkMGkSC0TgIeiJaDJeXMp3XFFKetUFDsOZw2ndH1xG8+UiFZ4N+rcUi7Hh74zGUEKy31zIMbdIk6rsAkruaTuFg9LZ/kH8pJzyxYJWsKtEjslBQgRa1nfnX6AYk86ivCsZRt2wpVN8ZCMcJpkutEkoaYjPCAtjX1sUdlN54+kKBjrfSRGwhdvkJT9fdEjD0px56jOz2shnLem4j/ee1IuRfdmPlhpKhPZovciCMVoEkaqM8EJYqPNcFEMH0rIkOs01A6s5wOwZ5/eZE0yiXbKtl3Z4XKVRpHFg7hCIpgwzlU4BZqUAcCCTzDK7wZT8aL8W58zFozRjqzD39gfP4AZLGUVg==</latexit>
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Relaxation Time
Chaotic h=0.5J
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D
Γ δ

SP(t)− SP
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Relaxation Time: Heisenberg Time 

GOE full random matrix Realistic CHAOTIC spin-1/2 model
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GOE full random matrix Realistic CHAOTIC spin-1/2 model

Relaxation Time: Heisenberg Time 
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Realistic spin-1/2 model

tTh ∝
D2/3

Γ

Thouless time

tR ∝
D
Γ δ

Relaxation time

Chaotic h=0.5J

Γ∝ L D =
L!

(L/2)!2
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Spin Autocorrelation Function
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Schiulaz, Torres-Herrera & LFS, 
PRB 99, 174313 (2019)

Spin Autocorrelation Function
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As the disorder increases
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1D Disordered Spin-1/2 Model

H =
hn
2
σ n

z

n=1

L

∑ +
J
4
(σ n

xσ n+1
x +σ n

yσ n+1
y +σ n

zσ n+1
z )

n=1

L

∑

Chaotic

P

Localized

P

h=0.5J h>hc

LFS, Rigolin, Escobar 
Entanglement versus chaos in disordered spin chains

PRA 69, 042304 (2004)

hn ∈ [−h,h]
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Power-law exponent: energy bounds

h>J

h<J

PR(α ) ∝DimD2

PR(α ) ∝Dim

t−γ

Torres & LFS
PRB 92, 01420 (2015)

PR(α ) ∝DimD2
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Correlation Hole and
Disorder Strength

The hole becomes narrower and shallower.

Time for the minimum of the hole (TTh) gets postponed 
as the disorder (h) increases.

Fixed
system

size
L=16

t

h=0.5

h=1
h=1.5

h=2

Torres & LFS
Philos. Trans. A 65 (2017)
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Thouless     
Dimensionless Conductance

tR ∝
D
Γ δ

tR
tTh
∝ e(L ln2)/3

Delocalized (chaotic)

Toward localization
tR
tTh

→1

Thouless
dimensionless
conductance

Schiulaz, Torres-Herrera & LFS, 
PRB 99, 174313 (2019)

SURVIVAL PROBABILITYtR
tTh
∝
Eth
MLS
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Thouless     
Dimensionless Conductance

tR ∝
D
Γ δ

tTh

tR
tTh
∝
Eth
MLS

tR
tTh
∝ e(L ln2)/3

Delocalized (chaotic)

Toward localization
tR
tTh

→1

Thouless
dimensionless
conductance

Schiulaz, Torres-Herrera & LFS, 
PRB 99, 174313 (2019)

SPIN AUTOCORRELATION
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Why Thouless?     
Relation with the Thouless Energy

The level statistics of disordered
systems follows that of full random
matrices up to the Thouless energy

ETh / 1

tTh
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Level number variance

Bertrandt & García-García
Phys. Rev. B 94, 144201 (2016).

Schiulaz, Torres-Herrera & LFS, 
PRB 99, 174313 (2019)
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Why Thouless?     
Relation with the Thouless Energy

The level statistics of disordered
systems follows that of full random
matrices up to the Thouless energy

Level number variance

ETh / 1

tTh
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Schiulaz, Torres-Herrera & LFS, 
PRB 99, 174313 (2019)
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Summary

Ø Time scales: Chaotic Many-Body Quantum System

Thouless time: minimum of the correlation hole (signature of spectral correlations)
spread in the MANY-BODY HILBERT SPACE

Relaxation time: end of the hole, fluctuations tR ∝
D
Γ δ

tTh ∝
D2/3

Γ

Schiulaz, Torres-Herrera & LFS, 
PRB 99, 174313 (2019)

Analytical estimates match the results from exact quantum dynamics
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Summary

Ø Time scales: Chaotic Many-Body Quantum System

Thouless time: minimum of the correlation hole (signature of spectral correlations)
spread in the MANY-BODY HILBERT SPACE

Relaxation time: end of the hole, fluctuations tR ∝
D
Γ δ

tTh ∝
D2/3

Γ

Schiulaz, Torres-Herrera & LFS, 
PRB 99, 174313 (2019)

Analytical estimates match the results from exact quantum dynamics

Ø Correlation hole is an indicator of the delocalized-localized transition.

Toward localization tR
tTh

→1 ETh / 1

tTh
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SELF-AVERAGING
Self-averaging in many-body quantum systems out of equilibrium

ArXiv: 1906.11856
Self-averaging behavior at the metal-insulator transition of many-body quantum systems 

out of equilibrium
ArXiv: 1910.11332
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ArXiv: 1906.11856
ArXiv: 1910.11332

Self-Averaging

Disordered Systems

A quantity O is self-averaging when its relative variance 
(the ratio between its variance and the square of its mean)

goes to zero as the system size increases

RO(t) =
�2
O(t)

hO(t)i2
=

⌦
O2(t)

↵
� hO(t)i2

hO(t)i2
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By increasing the system size, one can reduce the number of samples used in
Ø experiments 
Ø statistical analysis. 

If the system exhibits self-averaging, its physical properties are independent of 
the specific realization.
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Non-
Local

in 
Space

Local
in 

Space

Autocorrelation functions:

* Dynamical manifestations 
of spectral correlations

* Relaxation time grows 
exponentially with system size

* NOT self-averaging at long-time
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Time

Autocorrelation functions:

* Dynamical manifestations of spectral correlations

* Relaxation time grows exponentially with system size

* Relative temporal fluctuations do NOT decrease with L
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Survival Probability
(non-local in space and time)
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Survival Probability
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Spin Autocorrelation Function
(local in space BUT non-local in time)
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Self-averaging at SHORT times
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Inverse Participation Ratio
(non-local in space BUT local in time)

Self-averaging at LONG times

RIPR(t) =
�2
IPR(t)

hIPR(t)i2
=

⌦
IPR2(t)

↵
� hIPR(t)i2

hIPR(t)i2
<latexit sha1_base64="sHcN0nyj6EFjT4L3I/Is4N13Q14="></latexit>

IPR(t) =

�����

DX

n=1

hn|e�iHt| (0)i

�����

4

<latexit sha1_base64="TlrrmEfAveUO17cq1xes7oabcxM="></latexit>

D=
252
924
3432
12870
48620

Jt

In
ve

rs
e 

Pa
rti

ci
pa

tio
n 

R
at

io

L=
10
12
14
16
18



Lea F. Santos,   Yeshiva University ICTS, Bengaluru, 2019

Spin-Spin Correlation Function
(local in space and in time)
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EVERYWHERE self-averaging
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Summary

Self-averaging depends on
• Model
• Time scale
• Observable

Self-averaging is NOT an intrinsic consequence of quantum chaos.

Observables that are local in space: ARE self-averaging at short times.

Observables that are local in time: ARE self-averaging at long times.

Survival probability is NOT self-averaging at ANY time scale (RMT).

Schiulaz, Torres, Bernal & LFS, 
ArXiv: 1906.11856
ArXiv: 1910.11332
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Power-law Decay: Chaotic Spin Model

Torres & LFS, EJP (2019)
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