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Figure 7. Two eigenstates of the PXP model represented on
the Hilbert space graph for L = 10 sites and PBC. The color
of the vertices reflects the weight of the corresponding prod-
uct state in the eigenvector normalized to have the largest
weight equal to one. Similar to Fig. 1, the Néel states are the
left/right most vertices of the graph, while the fully polarized
state is located in the center of the graph. (a) Wave function
of the special eigenstate closest to the zero energy is concen-
trated in the vicinity of the Néel states. In contrast, the wave
function of the ground state (b) is concentrated in the center
of the graph.

of approximate eigenvectors and their energies. The pro-
jection of exact eigenvectors onto the FSA basis shows
good agreement with the FSA eigenvectors.2 Moreover,
the eigenenergies agree with exact diagonalization data
for large system sizes within few percent. For instance,
crosses in Fig. 2(a) represent estimates for the eigenen-
ergies and expectation values of local observables within
the FSA, and show excellent agreement with exact diag-
onalization data. Finally, the extrapolation of the FSA
energy gaps between adjacent special eigenstates agrees
within 2% with the extrapolation of the same gaps ob-
tained by exact diagonalization, see Fig. 5. As noted
previously, the finite-size corrections to the FSA energy
are linear in 1/L, while exact results appear to follow
1/L2 corrections. The origin of this discrepancy remains
to be understood.

It is possible to obtain the energies of special eigen-
states within the FSA by calculating �j and diagonalizing
a (L + 1) ⇥ (L + 1) matrix. In contrast, the access to the
FSA wave functions requires one to store at least L + 1
basis vectors, each of the dimension of full Hilbert space,
i.e., exponentially large in L. However, as Fig. 3 demon-
strates, special eigenstates have considerably lower en-
tropy than other eigenstates in the same energy density.
This suggest that matrix product state (MPS)63 repre-
sentation of FSA basis and special eigenstates should be
highly e�cient in the present case.

In order to formulate the FSA recurrence in the MPS
basis, we use the matrix product operator representation
of H+ from Eq. (17) and construct the basis by applying
the MPS operator to Néel state. The only di↵erence with
respect to the exact FSA is that a compression similar to
DMRG algorithms63 is performed every time an operator
is applied to the state or two states are summed. That
is, we truncate the state for all bipartitions, so that for
each reduced density matrix the truncated probability is
< 10�8 and then renormalize the state.

As a proof of principle of our MPS implementation of
the FSA, we show entropy scaling of special eigenstates

Figure 8. Logarithmic scaling of entropy for two adjacent
FSA eigenstates in the middle of the spectrum. Black trian-
gles correspond to the state at energy E1 ⇡ 1.33 and blue
crosses to E2 ⇡ 2.66 (the two data sets lie on top of each
other how well do the two data sets agree?). The fit
gives S / 0.48 log(L). Green curve corresponds to the en-
tropy of the exact special eigenstate at E1 ⇡ 1.33. The
non-monotonic behavior of entropy in this case is attributed
to weak hybridization with volume-law entangled states at
nearby energies. The inset displays the entropy of the FSA
ground state. The weak growth of entropy with L is an arte-
fact of the approximation, since the exact ground state is
gapped and obeys area law for entropy.

in Fig. 8. Despite the entropy being a non-local quan-
tity, we again find good agreement between the FSA and
exact eigenstates for system sizes up to L = 30. The
logarithmic growth of entanglement suggests that spe-
cial eigenstates cannot be e�ciently represented by MPS
in the thermodynamic limit. We note that the jumps in
the entropy growth of the exact eigenstate can be under-
stood as accidental hybridization with eigenstates in the
bulk. Because the majority of eigenstates carry extensive
amount of entropy in the middle of the spectrum, such
jumps can be attributed to two-eigenstate resonances.

Notably, the FSA overestimates the entanglement for
small system sizes. This trend is even more pronounced
in the inset of Fig. 8 which shows the scaling of the
ground state entropy within FSA. From exact diagonal-
ization it is known that the system is gapped, and the en-
tropy is expected to saturate at a value S ⇡ 0.346 in the
thermodynamic limit. The observed slow linear growth
is an indication of the error of the approximation and we
expect it to reside within all eigenstates. However, since
the prefactor is very small, for the system sizes consid-
ered, it is not visible in the logarithmic entropy growth
of the highly excited states.

D. Forward scattering approximation as a
trajectory in Hilbert space

The FSA approximation provides a framework for un-
derstanding the phenomenology of special eigenstates
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Example: entanglement in MBL phase
• Interacting bosons in quasi-periodic potential  
 
 
 
 
 

• Measure entanglement entropy  
 
 
 
 
 
 
 

Sent(t)

Sent(t) = Sn + C

[A. Lukin,…,Greiner, Science’19]
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FIG. 2. Site-resolved measurement of thermalization breakdown. (A) One-dimensional Aubry-André model with
particle tunneling at rate J/~, on-site interaction energy U and quasi-periodic potential with amplitude W . (B) We prepare
the initial state of eight unentangled atoms by projecting tailored optical potentials on a two-dimensional Mott insulator at
45Er lattice depth, where Er/h = 1.24 kHz is the recoil energy. (C) We create a non-equilibrium system by abruptly enabling
tunneling dynamics. Following a variable evolution time, we project the many-body state back onto the number basis by
increasing the lattice depth, and obtain the site-resolved atom number from a fluorescence image (SI). (D) We compute the

single-site von Neumann entropy S(1)
vN from the site-resolved atom number statistics (inset) after di↵erent evolution times (scaled

with tunneling time ⌧ = ~/J) in the presence of weak and strong disorder. (E) Probability p1 to retrieve the initial state

(inset) and S(1)
vN for di↵erent W , measured after 100⌧ evolution. The deviation from the thermal ensemble prediction for strong

disorder signals the breakdown of thermalization in the system. All lines in (C-D) show the prediction of exact diagonalization
calculations without any free parameters. Each data point is sampled from 197 disorder realizations (SI). Error bars denote
the s.e.m.

entanglement changes in the presence or absence of in-
teractions and disorder in the system (Fig. 1B). In ther-
mal systems without disorder, interacting particles de-
localize and rapidly create both types of entanglement
throughout the entire system. Contrarily, for Anderson
localization, number entanglement builds up only locally
at the boundary between the two subsystems. Here the
lack of interactions prevents the substantial formation of
configurational entanglement. In MBL systems, number
entanglement builds up in a similarly local way as for
Anderson localization. However, notably, the presence
of interactions additionally enables the slow formation of
configurational entanglement throughout the entire sys-
tem.

In this work, we realize an MBL system and character-
ize these key properties: breakdown of quantum thermal-
ization, finite localization length of the particles, area-law
scaling of the number entanglement, and slow growth of
the configurational entanglement that ultimately results
in a volume-law scaling. Each property shows a contrast-
ing behavior when the system is prepared at weak disor-
der in a thermalizing state. While the former three prop-
erties are also present for an Anderson localized state,
the slowly growing configurational entanglement qualita-
tively distinguishes our system from a non-interacting,

localized state.

EXPERIMENTAL SYSTEM

In our experiments, we study MBL in the interacting
Aubry-André model for bosons in one dimension [31, 32],
which is described by the Hamiltonian

Ĥ =� J
X

i

⇣
â†i âi+1 + h.c.

⌘

+
U

2

X

i

n̂i (n̂i � 1) +W
X

i

hin̂i,
(1)

where â†i (âi) is the creation (annihilation) operator for

a boson on site i, and n̂i = â†i âi is the particle number op-
erator on that site. The first term describes the tunneling
between neighboring lattice sites with the rate J/~, where
~ is the reduced Planck constant. The second term rep-
resents the energy shift U when multiple particles occupy
the same site. The last term introduces a site-resolved
potential o↵set, which is created with an incommensurate
lattice hi = cos (2⇡�i+ �) of period � ⇡ 1.618 lattice
sites, phase �, and amplitude W . In our experiment, we
achieve independent control over J , W , and � (Fig. 2A).

N = 8 particles
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FIG. 4. Dynamics of number and configurational entanglement. (A) In the thermal regime, both the number entropy
Sn and the configurational correlator C quickly rise and reach a stationary value after thermalization. (B) We observe di↵erent
time scales in the MBL regime. Sn increases for a longer time and reaches a stationary value that is suppressed compared to
the thermal one. C shows a persistent slow increase that is consistent with a logarithmic growth, until the longest evolution
times covered by our measurements. The solid lines show the prediction of exact diagonalization calculations without any free
parameters. The above data was taken on a six-site system and averaged over four disorder realizations. Error bars denote the
s.e.m. and are smaller then the markers if hidden.

probability distributions are normalized within the sub-
spaces of n particles in A and the remaining N � n par-
ticles in B. The configuration An ⌦ Bn is separable if
p(An ⌦ Bn) = p(An)p(Bn). The correlator therefore
probes the entanglement through the deviation from sep-
arability between A and B. In the MBL regime, for suf-
ficiently small amounts of entanglement, we numerically
find C to be proportional to Sc, and hence it inherits its
scaling properties (SI). Our measurements lie within the
numerically verified parameter regime.

We study the time dynamics of Sn and C with and
without disorder (Fig. 4). Without disorder, both Sn

and C rapidly rise and reach a stationary value within a
few tunneling times. In the presence of strong disorder,
we find a qualitatively di↵erent behavior for both quanti-
ties. Again, Sn reaches a stationary state, although after
longer evolution time due to reduced e↵ective tunneling.
Additionally the stationary value is significantly reduced,
indicating suppressed particle transport through the sys-
tem. The correlator C, in contrast, shows a persistent
slow growth up to the longest evolution times reached by

our measurements. The growth is consistent with loga-
rithmic behavior over two decades of time evolution. We
conclude that we observe interaction-induced dynamics
in the MBL regime, which are consistent with the phe-
nomenological model [26–28]. The agreement of the long-
term dynamics of Sp and C with the numerical calcula-
tions in the MBL regime confirms the unitary evolution
of the system.

Considering the entropy in subsystems of di↵erent size
gives us insights into the spatial distribution of entangle-
ment in the system: in a one-dimensional system, locally
generated entanglement results in a subsystem size inde-
pendent entropy, whereas entanglement from non-local
correlations causes the entropy to increase in proportion
to the size of the subsystem. In reference to the sub-
system’s boundary and volume, these scalings are called
area law and volume law. We find almost no change in Sn

for di↵erent subsystems of an MBL system (Fig. 5A)—
indicating an area law scaling due to localized particles
and confirming that particle transport is suppressed. In
contrast, the configurational correlations C increase un-

evolution time, t/τ
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Hints from Rydberg atoms array

[Bernien et al, Nature 2017, arXiv:1707.04344]

Atom-by-atom assembly of Rydberg chain

Effective description: two states per atom:
excited (Rydberg) state

ground state
Rydberg blockade

→ rapid  
relaxation

→long-time 
oscillations



PXP model as a graph

Hamiltonian: H =
X

i

P
�
i�1XiP

�
i+1

Hilbert space:   D2 = 3 DL = FL�1 + FL+1

sum of Fibonacci #
D3 = 4

no tensor product  
structure!

Hilbert space + Hamiltonian = graph + adjacency matrix

Experiment: L=51 
F53 =53,316,291,173 vertices

[Fendley, Sengupta, Sachdev, PRB’04] 
[Fendley, Schoutens, PRL’05]
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Figure 5. Finite size scaling of the energy gaps between
special states closest to the middle of the spectrum shows
the convergence of all gaps to the same value in the ther-
modynamic limit. Note that adjacent special states belong
to di↵erent momentum sectors. The gaps accurately follow
quadratic dependence on the system size. The prediction of
the forward scattering approximation, discussed in Sec. IV for
systems with up to Chris, please fill data L = . . . sites, is
shown by blue/orange points, corresponding to the two states
closest to the middle of the spectrum. Within this approx-
imation, the energies appear to follow linear dependence in
1/L (dashed line).

Interestingly, special eigenstates identified via a num-
ber of probes, including the overlap with |Z2i state,
are nearly equidistant in energy. Near the center of
the many-body band, they are separated in energy by
�E ⇡ 2.66. In addition there exists a band of the spe-
cial states from the ⇡-momentum inversion antisymmet-
ric sector that have energies exactly between the spe-
cial states from zero-momentum sector. Thus, combin-
ing both sectors, the energy separation between special
states becomes �E ⇡ 1.33 in the middle of the spec-
trum. Fig. 5 shows the finite-size scaling of the energy
gaps between the four special eigenstates closest to the
energy E = 0. All the gaps accurately follow the finite
size scaling �Ei = 1.337 + ci/L2, where the linear term
is absent. Constants ci depend on the chosen pair of
eigenstates, with c1 = 0.582, corresponding to the gap
between the special state at E = 0 and the closest one
with non-zero energy. In contrast, the distance between
special eigenstates at the edge of the spectrum is con-
siderably larger. In particular, the gap separating the
ground state from the first excited state in this model is
�E0 ⇡ 0.968. Specify symmetry sectors

D. Dynamical signatures of special eigenstates

Anomalously high overlaps of special eigenstates with
product states like |Z2i or |Z3i make them amenable to
a simple experimental probe – global quench (the for-
mer case has been studied in the experiment in Ref. 1).
We initialize the system at time t = 0 in the state

| (0)i = |Zki, and then follow the evolution of this ini-
tial state under the PXP Hamiltonian, Eq. (5), | (t)i =
exp(�iHt) | (0)i. The outcome of this evolution is deter-
mined by the overlaps between eigenstates of the system
with | (0)i, and their energies.

Figs. 4 and 5 demonstrate that there are a few eigen-
states with high overlaps and constant energy separation
in the middle of the band (where the overlaps are high-
est). Therefore, we expect that quantum quench from
|Z2i or |Z3i product state will give rise to coherent oscil-
lations, with a frequency determined by the energy sep-
aration between the towers of special states in Fig. 4.
These oscillations in the dynamics can be observed by
measuring the expectation values of certain local observ-
ables,1,2 or more generally, using the quantum fidelity (or
return probability) defined as | hZk| exp(�iHt) |Zki |2.

Fully consistent with these expectations, fidelity for
quenches from |Z2i, |Z3i initial states shown in Fig. 6
reveals pronounced periodic revivals. The period of these
revivals coincides with 2⇡/�E1, where �E1 ⇡ 1.33 is
the energy separation between the special states. We
note that revivals of a local observable – the density of
domain walls – were found in Ref. 1 for the |Z2i case. The
frequency of these revivals is identical to the frequency
of quantum fidelity. By contrast, for |Z4i initial state,
we do not observe any revivals in the fidelity. This is in
agreement with the absence of anomalously high overlaps
between eigenstates and |Z4i product state.

The return probability for the |Z3i initial state in Fig. 6
displays a beating pattern modulating the amplitude of
the revivals. These revivals can be attributed to yet an-
other band of special states, some of which are visible as
individual points in Fig. 4(b), which are in between the
topmost band and the continuum of bulk states. Prob-
ably still not very clear, maybe shade a few of
those states in the figure? This secondary band of
special eigenstates generally has enhanced overlaps with
product states containing a domain wall between two dif-
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Figure 6. Quantum fidelity shows periodic in time revivals
for |Z2i and |Z3i initial product states. In contrast, |Z4i initial
state shows a complete absence of revivals. Data is for system
with L = 24 sites with periodic boundary conditions.
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larger than the detuning and the Rabi frequency, the system is mod-
elled by the following spin-1/2 Hamiltonian16,

∑=
=

+ +H PX P (1)
i

L

i i i
1

1 2

where Xi, Yi, Zi are the Pauli operators, L denotes the length of the 
chain and we work in units ħ =  1. In what follows, we use ∣∘⟩  to refer 
the ground state and ∣∙⟩  to refer to the Rydberg state of a single 
atom. The operator Xi =  ∣∘⟩ ⟨∙∣ + ∣∙⟩ ⟨∘∣  creates or removes an exci-
tation at a given site, and projectors = ∣∘⟩ ⟨∘∣Pi  =  (1 −  Zi)/2, written 
in terms of Zi =  ∣∙⟩ ⟨∙∣−∣∘⟩ ⟨∘∣ , ensure that the nearby atoms are not 
simultaneously in the excited state. For example, P1X2P3 acting on 
∣∘∘∘⟩  gives ∣∘∙∘⟩  (and vice versa), while it annihilates any of the con-
figurations ∣∙∘∘⟩ , ∣∘∘∙⟩ , ∣∙∘∙⟩ .

The presence of projectors in the Hamiltonian (equation (1)) 
does not allow for relaxation of several adjacent Rydberg atoms. 
In other words, configurations ∣…∙∙…⟩  are ‘dark states’ breaking 
our chain into two disconnected parts. Hence, such configura-
tions are excluded in what follows and we consider a constrained 
Hilbert space without any adjacent Rydberg atoms. Such a con-
straint makes the Hilbert space identical to that of chains of non-
Abelian Fibonacci anyons, rather than spins-1/2 or fermions. For 
periodic boundary conditions (PBC), the Hilbert space dimension 
is equal to D =  FL−1 +  FL+1, where Fn is the nth Fibonacci number. For 
instance, in the case of the L =  6 chain we have D =  18, as shown in 
Fig. 1. For open boundary conditions (OBC), D scales as FL+2. Thus, 
the Hilbert space is evidently very different from, for example, the  
spin-1

2
 chain where the number of states grows as 2L.

The model in equation (1) is particle–hole symmetric: an opera-
tor = ∏P Zi i anticommutes with the Hamiltonian, PH =  − HP, and 
therefore each eigenstate ψ∣ ⟩  with energy E ≠  0 has a partner ψ∣ ⟩P  
with energy − E. Furthermore, the model has spatial inversion 
symmetry I which maps i →  L −  i +  1. In addition, with PBC, this 
model has translation symmetry. In what follows, unless specified 
otherwise, we restrict ourselves to PBC (thus identifying i =  L +  1 
and i =  1) and explicitly resolve translation and inversion symme-
tries which allow us to fully diagonalize systems of up to L =  32 sites 
(with +D0  =  77,436 states in the zero-momentum inversion-sym-
metric sector).

Experiment25 and numerical simulations on small systems29 
revealed that the relaxation under unitary dynamics specified by 
the Hamiltonian (equation (1)) strongly depends on the initial state 
of the system. In particular, starting from period-2 charge density 
wave states

Z Z∣ ⟩ = ∣∙∘∙∘…⟩ ∣ ⟩ = ∣∘∙∘∙…⟩′, (2)2 2

that are related by a translation by one lattice period, the system 
shows surprising long-time oscillations of local observables for long 
chains of up to L =  51 sites. Although this might suggest that the sys-
tem is non-ergodic, it was also observed that the initial state with all 
atoms in the state ∣∘⟩  shows fast relaxation and no revivals, charac-
teristic of thermalizing systems. Given that the model in equation (1)  
is translation invariant and has no disorder, many-body localization 
cannot be at play. Below we explain the origin of the observed oscil-
lations and the apparent non-ergodic dynamics.

Dynamics
We start by characterizing the dynamical evolution of the model 
in equation (1) for different initial conditions. Motivated by 
experiment25, we consider a family of charge density wave states 
Z∣ ⟩k  =  ∣…∙∘…∘∙…⟩ , where the atoms in excited states are separated 

by k −  1 atoms in the ground state, as well as the fully polarized state 
∣…∘∘∘…⟩ ≡ ∣ ⟩0 . We use the infinite time evolving block decima-
tion (iTEBD) method, which provides results valid in the thermo-
dynamic limit up to some finite time30. The bond dimension used is 
400, which limits the evolution time to t ~ 30.

Figure 2a reveals linear growth of entanglement entropy evalu-
ated for the midpoint bipartition for all considered initial states. 
Yet, the slope of entanglement growth strongly depends on the 
initial state, with the slowest growth observed when the system is 
prepared in the period-2 density wave state, Z∣ ⟩2 , in equation (2).  
In addition, the entanglement growth has weak oscillations on 
top of the linear growth. Relative to the magnitude of entropy, the 
oscillations are most significant for the Z∣ ⟩2  initial state. Figure 2b  
illustrates the oscillations in entanglement by subtracting the lin-
ear component. We note that the oscillations are periodic with 
the period Z ≈ .T 2 35

2
, in agreement with ref. 25. Similarly, periodic 

oscillations are clearly visible in the local correlation function, 
⟨ ⟩+Z Zi i 1  (Fig. 2c). The oscillations that persist for long times when 
the entanglement light-cone reaches a distance of ≳ 20 sites, as evi-
denced by the correlation function, are highly unusual. Although 
experimental work25 presented a variational ansatz capturing these 
oscillations, below we demonstrate that the oscillations actually 
arise due to the existence of special eigenstates within the rest of the 
many-body spectrum.

Special states
The special eigenstates become clearly visible when one arranges 
the entire many-body spectrum according to the overlap with 
the density-wave Z∣ ⟩2  state, as shown in Fig. 3a. This reveals the  
‘Z2-band’ of special eigenstates, which are distinguished by atypically  

0 1 2 3 4 5 6 Dz2

Fig. 1 | The Hilbert space graph of the Fibonacci chain with L!=!6 sites. 
The nodes of the graph label the allowed product states, while the edges 
connect configurations that result from a given product state due to the 
action of the Hamiltonian. Nodes of the graph are grouped according to the 
Hamming distance ZD

2
 from the Z∣ ⟩2  state.
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Fig. 2 | Periodic revivals in the dynamics of entanglement entropy and 
local correlation function. a, Entanglement entropy for the midpoint 
bipartition displays linear growth starting from various initial density-wave 
product states, as well as the fully polarized ∣ ⟩ ∣ ∘∘∘ ⟩= … …0  state. b,c, For 
the Z∣ ⟩2  initial state the entanglement entropy oscillates around the linear 
growth with the same frequency as the local correlation functions.
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Local observables

[Turner et al., Nature Physics 2018, arXiv:1711.03528 ]

Linear growth → no MBL Many-body revivals 

Origin of revivals?



Eigenstate picture: Z2 “special band”

Vs. volume law Sent in ergodic systems 
area-law in MBL systems
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Figure 3. Bipartite entanglement entropy of eigenstates, S,
as a function of energy E for the 30-site PXP model. Region A
is chosen as one half of the chain. Bulk of the states have large
volume-law entropy (S & 5). The outliers with anomalously
low entropy (S . 2) are also visible. These states are labelled
by 0, . . . , 7, and they span the entire energy range between
the ground state (0) and the middle of the band (7).

tropy (S & 5) reveals the volume-law scaling, S / L
(not shown). In addition to the bulk of typical strongly-
entangled states, we also observe “outliers” with much
lower entropy. The outlier states with the lowest entan-
glement labeled as 0,..., 7 in Fig. 3 span the entire band-
width. These states coincide with the states that maxi-
mally violate the ETH, depicted by crosses in Fig. 2(a).

In Sec. IV we present an approach based on forward
scattering, which accurately captures the low-entropy
states in Fig. 3. Within the forward scattering approxi-
mation, we will be able to demonstrate that states 0,...,7
in Fig. 3 are highly atypical from the entanglement point
of view: their entanglement entropy scales with the log-
arithm of system size, i.e., S / ln L. This type of be-
haviour, which is very di↵erent from the ETH prediction,
is commonly encountered in critical systems58 and sys-
tems with Fermi surfaces.59,60 Similar phenomenology is
found in recent work,61 where exact expressions for ex-
cited eigenstates in a non-integrable AKLT model have
been constructed.

C. Overlap of special eigenstates with product
states

We demonstrated that the PXP model breaks the ETH
via the emergence of a relatively small number of atyp-
ical, non-thermal eigenstates. These states are distin-
guished by anomalous matrix elements of local observ-
ables, Fig. 2(a), and sub-thermal entanglement entropy,
Fig. 3. However there exist only L + 1 such states em-
bedded among an exponentially many (slowly) thermal-
izing eigenstates. Hence, naively one may think that
these states do not have direct physical relevance, as
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Figure 4. Add labels to plots (a) Density plot showing
the logarithm of the overlap between eigenstates of the PXP
model and |Z2i state as a function of energy E. The states
with largest overlap are identified with low-entropy states
0,...,7 in Fig. 3. (b) Same as the left plot but for overlap
with |Z3i state, which reveals a smaller number of additional
special states. Both plots are for L = 30 in zero-momentum
and inversion symmetric sector.

they might be hidden by the contribution of a much
larger number of typical eigenstates. Below we show that
this is not the case because the special eigenstates have
anomalously high overlap with certain product states.
This implies that superpositions of special eigenstates
can be e↵ectively prepared and probed using the global
quench starting from the experimentally accessible prod-
uct states. A class of product states which can be pre-
pared in the existing experiments1 are the charge density
wave (CDW) states

|Zki = | . . . •� . . . �• . . .i, (10)

where the atoms in excited states are separated by k � 1
atoms in the ground state.

Fig. 4 shows that simplest CDW states, the period-2
(Néel) state and the period-3 (Z3) state, allow one to
identify a dominant subset of special states. In particu-
lar, Fig. 4(a) shows the squared overlap between all the
eigenstates of the PXP model and |Z2i product state on
a logarithmic scale. From this plot, we see that there ex-
ists a set of eigenstates with anomalously large overlap,
which form regular tower structures. The states at the
top of each tower coincide with the special eigenstates
identified earlier in Figs. 2 and 3. We also see that for
each of the special states labeled 0, . . . 7, there are further
eigenstates belonging to the same tower (e.g. with simi-
lar eigenenergy) which have much larger overlap with the
Néel state than the majority of thermalizing states.

There are further states that also violate the ETH,
though more weakly. Fig. 4(b) reveals some of them by
examining the overlap of all eigenstates with |Z3i product
state. Here we can observe the existence of an additional
band of states, which is however much less clearly sep-
arated from the rest of the spectrum compared to the
Z2 case. A natural question is whether the set of spe-
cial states revealed by |Z2i intersects with that of |Z3i.
Cross comparison of overlaps (not shown) reveals that
these two sets of special states are di↵erent from each
other.

anomalously low entanglement 
entropy 

6

Figure 3. Bipartite entanglement entropy of eigenstates, S,
as a function of energy E for the 30-site PXP model. Region A
is chosen as one half of the chain. Bulk of the states have large
volume-law entropy (S & 5). The outliers with anomalously
low entropy (S . 2) are also visible. These states are labelled
by 0, . . . , 7, and they span the entire energy range between
the ground state (0) and the middle of the band (7).

tropy (S & 5) reveals the volume-law scaling, S / L
(not shown). In addition to the bulk of typical strongly-
entangled states, we also observe “outliers” with much
lower entropy. The outlier states with the lowest entan-
glement labeled as 0,..., 7 in Fig. 3 span the entire band-
width. These states coincide with the states that maxi-
mally violate the ETH, depicted by crosses in Fig. 2(a).

In Sec. IV we present an approach based on forward
scattering, which accurately captures the low-entropy
states in Fig. 3. Within the forward scattering approxi-
mation, we will be able to demonstrate that states 0,...,7
in Fig. 3 are highly atypical from the entanglement point
of view: their entanglement entropy scales with the log-
arithm of system size, i.e., S / ln L. This type of be-
haviour, which is very di↵erent from the ETH prediction,
is commonly encountered in critical systems58 and sys-
tems with Fermi surfaces.59,60 Similar phenomenology is
found in recent work,61 where exact expressions for ex-
cited eigenstates in a non-integrable AKLT model have
been constructed.

C. Overlap of special eigenstates with product
states

We demonstrated that the PXP model breaks the ETH
via the emergence of a relatively small number of atyp-
ical, non-thermal eigenstates. These states are distin-
guished by anomalous matrix elements of local observ-
ables, Fig. 2(a), and sub-thermal entanglement entropy,
Fig. 3. However there exist only L + 1 such states em-
bedded among an exponentially many (slowly) thermal-
izing eigenstates. Hence, naively one may think that
these states do not have direct physical relevance, as
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Figure 4. Add labels to plots (a) Density plot showing
the logarithm of the overlap between eigenstates of the PXP
model and |Z2i state as a function of energy E. The states
with largest overlap are identified with low-entropy states
0,...,7 in Fig. 3. (b) Same as the left plot but for overlap
with |Z3i state, which reveals a smaller number of additional
special states. Both plots are for L = 30 in zero-momentum
and inversion symmetric sector.

they might be hidden by the contribution of a much
larger number of typical eigenstates. Below we show that
this is not the case because the special eigenstates have
anomalously high overlap with certain product states.
This implies that superpositions of special eigenstates
can be e↵ectively prepared and probed using the global
quench starting from the experimentally accessible prod-
uct states. A class of product states which can be pre-
pared in the existing experiments1 are the charge density
wave (CDW) states

|Zki = | . . . •� . . . �• . . .i, (10)

where the atoms in excited states are separated by k � 1
atoms in the ground state.

Fig. 4 shows that simplest CDW states, the period-2
(Néel) state and the period-3 (Z3) state, allow one to
identify a dominant subset of special states. In particu-
lar, Fig. 4(a) shows the squared overlap between all the
eigenstates of the PXP model and |Z2i product state on
a logarithmic scale. From this plot, we see that there ex-
ists a set of eigenstates with anomalously large overlap,
which form regular tower structures. The states at the
top of each tower coincide with the special eigenstates
identified earlier in Figs. 2 and 3. We also see that for
each of the special states labeled 0, . . . 7, there are further
eigenstates belonging to the same tower (e.g. with simi-
lar eigenenergy) which have much larger overlap with the
Néel state than the majority of thermalizing states.

There are further states that also violate the ETH,
though more weakly. Fig. 4(b) reveals some of them by
examining the overlap of all eigenstates with |Z3i product
state. Here we can observe the existence of an additional
band of states, which is however much less clearly sep-
arated from the rest of the spectrum compared to the
Z2 case. A natural question is whether the set of spe-
cial states revealed by |Z2i intersects with that of |Z3i.
Cross comparison of overlaps (not shown) reveals that
these two sets of special states are di↵erent from each
other.

enhanced overlaps with

Vs. random eigenstates  
in ergodic systems 

How to understand these L+1 ETH violating eigenstates?
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larger than the detuning and the Rabi frequency, the system is mod-
elled by the following spin-1/2 Hamiltonian16,

∑=
=

+ +H PX P (1)
i

L

i i i
1

1 2

where Xi, Yi, Zi are the Pauli operators, L denotes the length of the 
chain and we work in units ħ =  1. In what follows, we use ∣∘⟩  to refer 
the ground state and ∣∙⟩  to refer to the Rydberg state of a single 
atom. The operator Xi =  ∣∘⟩ ⟨∙∣ + ∣∙⟩ ⟨∘∣  creates or removes an exci-
tation at a given site, and projectors = ∣∘⟩ ⟨∘∣Pi  =  (1 −  Zi)/2, written 
in terms of Zi =  ∣∙⟩ ⟨∙∣−∣∘⟩ ⟨∘∣ , ensure that the nearby atoms are not 
simultaneously in the excited state. For example, P1X2P3 acting on 
∣∘∘∘⟩  gives ∣∘∙∘⟩  (and vice versa), while it annihilates any of the con-
figurations ∣∙∘∘⟩ , ∣∘∘∙⟩ , ∣∙∘∙⟩ .

The presence of projectors in the Hamiltonian (equation (1)) 
does not allow for relaxation of several adjacent Rydberg atoms. 
In other words, configurations ∣…∙∙…⟩  are ‘dark states’ breaking 
our chain into two disconnected parts. Hence, such configura-
tions are excluded in what follows and we consider a constrained 
Hilbert space without any adjacent Rydberg atoms. Such a con-
straint makes the Hilbert space identical to that of chains of non-
Abelian Fibonacci anyons, rather than spins-1/2 or fermions. For 
periodic boundary conditions (PBC), the Hilbert space dimension 
is equal to D =  FL−1 +  FL+1, where Fn is the nth Fibonacci number. For 
instance, in the case of the L =  6 chain we have D =  18, as shown in 
Fig. 1. For open boundary conditions (OBC), D scales as FL+2. Thus, 
the Hilbert space is evidently very different from, for example, the  
spin-1

2
 chain where the number of states grows as 2L.

The model in equation (1) is particle–hole symmetric: an opera-
tor = ∏P Zi i anticommutes with the Hamiltonian, PH =  − HP, and 
therefore each eigenstate ψ∣ ⟩  with energy E ≠  0 has a partner ψ∣ ⟩P  
with energy − E. Furthermore, the model has spatial inversion 
symmetry I which maps i →  L −  i +  1. In addition, with PBC, this 
model has translation symmetry. In what follows, unless specified 
otherwise, we restrict ourselves to PBC (thus identifying i =  L +  1 
and i =  1) and explicitly resolve translation and inversion symme-
tries which allow us to fully diagonalize systems of up to L =  32 sites 
(with +D0  =  77,436 states in the zero-momentum inversion-sym-
metric sector).

Experiment25 and numerical simulations on small systems29 
revealed that the relaxation under unitary dynamics specified by 
the Hamiltonian (equation (1)) strongly depends on the initial state 
of the system. In particular, starting from period-2 charge density 
wave states

Z Z∣ ⟩ = ∣∙∘∙∘…⟩ ∣ ⟩ = ∣∘∙∘∙…⟩′, (2)2 2

that are related by a translation by one lattice period, the system 
shows surprising long-time oscillations of local observables for long 
chains of up to L =  51 sites. Although this might suggest that the sys-
tem is non-ergodic, it was also observed that the initial state with all 
atoms in the state ∣∘⟩  shows fast relaxation and no revivals, charac-
teristic of thermalizing systems. Given that the model in equation (1)  
is translation invariant and has no disorder, many-body localization 
cannot be at play. Below we explain the origin of the observed oscil-
lations and the apparent non-ergodic dynamics.

Dynamics
We start by characterizing the dynamical evolution of the model 
in equation (1) for different initial conditions. Motivated by 
experiment25, we consider a family of charge density wave states 
Z∣ ⟩k  =  ∣…∙∘…∘∙…⟩ , where the atoms in excited states are separated 

by k −  1 atoms in the ground state, as well as the fully polarized state 
∣…∘∘∘…⟩ ≡ ∣ ⟩0 . We use the infinite time evolving block decima-
tion (iTEBD) method, which provides results valid in the thermo-
dynamic limit up to some finite time30. The bond dimension used is 
400, which limits the evolution time to t ~ 30.

Figure 2a reveals linear growth of entanglement entropy evalu-
ated for the midpoint bipartition for all considered initial states. 
Yet, the slope of entanglement growth strongly depends on the 
initial state, with the slowest growth observed when the system is 
prepared in the period-2 density wave state, Z∣ ⟩2 , in equation (2).  
In addition, the entanglement growth has weak oscillations on 
top of the linear growth. Relative to the magnitude of entropy, the 
oscillations are most significant for the Z∣ ⟩2  initial state. Figure 2b  
illustrates the oscillations in entanglement by subtracting the lin-
ear component. We note that the oscillations are periodic with 
the period Z ≈ .T 2 35

2
, in agreement with ref. 25. Similarly, periodic 

oscillations are clearly visible in the local correlation function, 
⟨ ⟩+Z Zi i 1  (Fig. 2c). The oscillations that persist for long times when 
the entanglement light-cone reaches a distance of ≳ 20 sites, as evi-
denced by the correlation function, are highly unusual. Although 
experimental work25 presented a variational ansatz capturing these 
oscillations, below we demonstrate that the oscillations actually 
arise due to the existence of special eigenstates within the rest of the 
many-body spectrum.

Special states
The special eigenstates become clearly visible when one arranges 
the entire many-body spectrum according to the overlap with 
the density-wave Z∣ ⟩2  state, as shown in Fig. 3a. This reveals the  
‘Z2-band’ of special eigenstates, which are distinguished by atypically  

0 1 2 3 4 5 6 Dz2

Fig. 1 | The Hilbert space graph of the Fibonacci chain with L!=!6 sites. 
The nodes of the graph label the allowed product states, while the edges 
connect configurations that result from a given product state due to the 
action of the Hamiltonian. Nodes of the graph are grouped according to the 
Hamming distance ZD

2
 from the Z∣ ⟩2  state.
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Fig. 2 | Periodic revivals in the dynamics of entanglement entropy and 
local correlation function. a, Entanglement entropy for the midpoint 
bipartition displays linear growth starting from various initial density-wave 
product states, as well as the fully polarized ∣ ⟩ ∣ ∘∘∘ ⟩= … …0  state. b,c, For 
the Z∣ ⟩2  initial state the entanglement entropy oscillates around the linear 
growth with the same frequency as the local correlation functions.
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From algebra to representation

• Build SU(2) representation from Neel state: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

|0⟩ =
H+

|1⟩ = γ1 + + +…

H−

|2⟩ = γ2 +…   (“holes” are adjacent)
+…   (“holes” are > 2 sites away)

H+

∙ Split H = H+ + H−  with {H+ , H− , Hz} ≈  SU(2) generators 

H−

H−

|3⟩ = γ3 +…  

H+ H
z =

X

i2 even

Pi�1ZiPi+1 �
X

i2odd

Pi�1ZiPi+1

Hz |0⟩ = − L
2 |0⟩ Hz |1⟩ = (− L

2 + 2) |1⟩

Hz |2⟩ ≠ (− L
2 + 4) |2⟩



Fixing SU(2) representation

• Deform H by effective interaction: 
 
 
 
 
 

• Achieved when: 
 
 
 
 
 
 

• Problem with NNN holes  
   → longer range deformation

δH2 = h 2 ∑
i

Pi− 1XiPi+ 1(Zi− 2 + Zi+ 2)
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L=24, quench from Neel 

Hz |2⟩ = C1

+ C1

+…   (“holes” are adjacent)
+…   (“holes” are 2 sites away)
+…   (“holes” are >2 sites away)

+ C2

δHR = ∑
i

Pi− 1XiPi+ 1

R

∑
d= 2

h d(Zi− d + Zi+ d)

[Choi et al, PRL 2019]

[Khemani et al., PRB 2019]
Relation to h2≈0.02 max average  
non-ergodicity?



Perfect SU(2) representation

• Optimizing deformation coefficients  
 
 
 
 
 

• Nearly perfect SU(2) representation, fidelity revivals, etc…  
 
 

hansatz
d

= h0

⇣
�(d�1) � ��(d�1)

⌘�2
,

� p �

⇣

where � =
�
1 +

p
5
�
/2 is the golden ratio, and

gle parameter determining the overall strength. Hence-
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Ansatz
Optimized
� ��2d

[Choi et al, PRL 2019]
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Generalization to Rydberg lattices 

H = ∑ P∘
i− 1, jP∘

i, j− 1Xi, jP∘
i+ 1, jP∘

i, j+ 1

|Z2⟩ =
PXP model on a square lattice 

PXP model + NN deformation

6 × 6 lattice, PBC

PXP model

6 × 6 lattice, PBC

Quantum scars on arbitrary bipartite lattices [A. Michailidis et al., in preparation]



Summary I: quantum scars

• Low entanglement, ETH-violating eigenstates 

• Quasi-local deformation → emergent SU(2) representation

[Nat. Phys. 14, 745–749 (2018)]
[Phys. Rev. B. 98, 155134 (2018)]

[Phys. Rev. Lett. 122, 220603 (2019)]

PXP model, L=30 deformed model, L=30

Variational picture of dynamics? 

δHR = ∑
i

Pi− 1XiPi+ 1

R

∑
d= 2

h d(Zi− d + Zi+ d)



trajectory connecting 2 Néel states

θa /π

θc /π

θb = 0

Variational principle and scars



Collective Rabbi oscillations

oscillations between 2 Néel states

Hilbert space picture
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Even more striking is the coherent and persistent oscillation 
of the crystalline order after the quantum quench. With respect 
to the quenched Hamiltonian (∆ =  0), the energy density of our  
Z2-ordered state corresponds to that of an infinite-temperature 
ensemble within the manifold constrained by Rydberg blockade. 
Also, our Hamiltonian does not have any explicitly conserved quan-
tities other than total energy. Nevertheless, the oscillations persist 
well beyond the natural timescale of local relaxation (1/Ω) and the 
fastest timescale (1/Vi,i+1).

To understand these observations, we consider a simplified model 
in which the effect of long-range interactions is neglected, and nearest- 
neighbour interactions are replaced by hard constraints on neigh-
bouring excitations of Rydberg states30. In this limit, the qualitative 
behaviour of the quench dynamics can be understood in terms of 
dimerized spins (Fig. 6c); owing to the blockade constraint, each dimer 
forms an effective spin-1 system with three states (|rg〉, |gg〉 and |gr〉), 
in which the resonant drive ‘rotates’ the three states over the period 

Ωπ/2 (2 ), which is close to that observed experimentally. Although 
this qualitative picture does not take into account the strong interac-
tions (constraints) between neighbouring dimers, it can be extended 
by considering a minimal variational ansatz for the many-body wave 
function based on matrix product states that respect all blockade con-
straints (Methods). Using the time-dependent variational principle, we 
derive analytical equations of motion and obtain a crystalline-order 
oscillation with a frequency of about Ω/1.51 (see Extended Data  
Fig. 9), which is within 10% of the experimental observations. These 
considerations are supported by various numerical simulations. The 
exact numerics predict that this simplified model exhibits crystal oscil-
lations with the observed frequency, while the entanglement entropy 
grows at a rate much smaller than Ω, indicating that the oscillation 
persists over many cycles (Fig. 6d and Methods). The addition of long-
range interactions leads to a faster decay of the oscillations, with a 

timescale that is determined by 1/Vi,i+2, in good agreement with experi-
mental observations (Fig. 6b); the entanglement entropy also grows on 
this timescale (Fig. 6d, see also Extended Data Fig. 10).

Our observations and analysis therefore indicate that the decay of 
crystal oscillation is governed by weak next-nearest-neighbour inter-
actions. This relatively slow thermalization is rather unexpected, 
because our Hamiltonian, with or without long-range interactions, is 
far from any known integrable system30, and features neither strong 
disorder nor explicitly conserved quantities38. Instead, our observations 
are probably associated with constrained dynamics due to Rydberg 
blockade and large separations of timescales ( Ω+ +≫ ≫V Vi i i i, 1 , 2 ;  
ref. 39) that result in an effective Hilbert-space dimension that is deter-
mined by the golden ratio + /(1 5 ) 2N N  (refs 40, 41). The evolution 
within such a constrained Hilbert space gives rise to the so-called quan-
tum dimer models, which are known to possess non-trivial dynamics42. 
Although these considerations provide important insights into the 
origin of robust emergent dynamics, our results challenge conventional 
theoretical concepts and so warrant further studies.

Outlook
Our observations demonstrate that Rydberg excitation of arrays of 
neutral atoms is a promising way of studying quantum dynamics and 
quantum simulations in large systems. Our method can be extended 
and improved in several ways. Individual qubit rotations around the z 
axis could be implemented using light shifts associated with trap light, 
and a second acousto-optic deflector could be used for individual con-
trol of coherent rotations around other directions. Further improve-
ment in coherence and controllability could be obtained by encoding 
qubits into hyperfine sublevels of the electronic ground state and using 
state-selective Rydberg excitation23. Implementing two-dimensional 
arrays could provide a path towards realizing thousands of traps. 
Such two-dimensional configurations could be realized by using a  
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Figure 6 | Emergent oscillations in many-body dynamics after sudden 
quench. a, A schematic of the sequence (top, showing ∆(t)), which 
involves adiabatic preparation and then a sudden quench to single-atom 
resonance. The single-atom trajectories are shown (bottom) for a 9-atom 
cluster, with the colour scale indicating the Rydberg probability. We 
observe that the initial crystal with a Rydberg excitation at every odd trap 
site (left inset) collapses after the quench, and a crystal with an excitation 
at every even site builds up (middle inset). At a later time, the initial crystal 
revives with a frequency of Ω/1.38(1) (right inset). Error bars denote 
68% confidence intervals. b, Domain-wall density after the quench. The 
dynamics decay slowly on a timescale of 0.88 µs. Shaded region represents 

the standard error of the mean. Solid blue line is a fully coherent matrix 
product state (MPS) simulation with bond dimension D =  256, taking into 
account measurement fidelity. c, Toy model of non-interacting dimers  
(see main text). Blue (white) circles represent atoms in state |g〉 (|r〉).  
d, Numerical calculations of the dynamics after a quench, starting from an 
ideal 25-atom crystal, obtained from exact diagonalization. Domain-wall 
density (red) and the growth of entanglement entropy of the half chain  
(13 atoms; blue) are shown as functions of time after the quench. Dashed 
lines take into account only the nearest-neighbour (NN) blockade 
constraint. Solid lines correspond to the full 1/R6 interaction potential.

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

[Bernien et al, Nature 2017]

Dynamics picture
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Variational principle → classical dynamical system

Quantum  
Hamiltonian

Classical  
equations
of motion

variational  
state

Makes and models: 
• Mean field

• Cluster truncated  
Wigner approximation

• Disentangling & 
Gaussian states

• TDVP on MPS
[Haegeman et al’11]



[WW Ho et al, PRL’2018] 

Time dependent variational principle with MPS

|ψ (θo , θe)⟩ =
θo θe

⊗[ ] ⊗ …⊗…
projection

A(θe)A(θo ) ……

MPS !=2 state: A∘ = (cos θ 0
1 0) A∙ = (0 i sin θ

0 0 )

[Haegeman et al’11]
Tangent space

(b)

[

(a)

Unstable trajectory → “quantum scarred” eigenstates

[Bernien et al, Nature 2017, arXiv:1707.04344]



Chaotic Bunimovich stadium

typical eigenstates

chaotic motion unstable periodic orbits

quantum scarred eigenstates

[Heller, PRL’84]

Cl
as

si
ca

l
Q

ua
nt

um

Role of stable orbits and mixed phase space?



TDVP with 3-site unit cell

PXP  
model

A(θb)A(θa) …… A(θc)

3-site unit cell ansatz

[A. Michailidis et al, arXiv: 1905.08564]

·θa =
sin (2θc) (sin (θa) (cos (2θb) + 7) − 2 sin (3θa) sin2 (θb)) + 8 cos3 (θb) cos (2θc) + 10 cos (θb) − 2 cos (3θb)

16 (cos2 (θb) sin2 (θc) − 1)
·θb =

− 4 sin (2θa) (sin (θb) (cos (2θc) + 7) − 2 sin (3θb) sin2 (θc)) − 8 cos (θc) (4 cos (2θa) cos2 (θc) + 5) + 8 cos (3θc)
64 (sin2 (θa) sin2 (θc) + cos2 (θa))

·θc =
sin (2θb) sin (θc) (− 2 cos (2θa) cos2 (θc) + cos (2θc) − 3) − cos (θa) (3 cos (2θb) + 5) + 2 cos (3θa) sin2 (θb)

2 (− 2 cos (2θa) sin2 (θb) + cos (2θb) + 3)

Classical Hamiltonian system

|Z3⟩ =



Poincare section: mixed phase space

• Dynamical system for 3 variables A(θb)A(θa) …… A(θc)

Poincare section θb = 0

θa

θc

θb ⃗θ (t = 0)

Discrete map in the plane 

θa

θc

θb

Stable periodic trajectories & “KAM tori” ; typical in Hamiltonian systems 

·θi = fi[ ⃗θ ]



New type of “scars” (regular eigenstates)

• Most stable periodic orbit → best revivals A(θb)A(θa) …… A(θc)

[Michailidis et al, arXiv: 1905.08564]

quantum dynamics

L=18, ED PBC

Poincare section θb = 0



TDVP for 2D lattice with chemical potential
H = ∑ P∘P∘Xi, jP∘P∘ + μz ∑ Zi, j

[Michailidis et al, in preparation]

!̇# = − sin !#cos+!# cos,# tan !/ − cos+0#!/ cos,/
!̇# = %& − ( tan ,#cos01#,2 sin!2 +

1
2 cos

01#,# cot 2,2 sin!# 4 + ( − ( − 1 cos 2,#
−(( − 1)cos01#,#sin2,# sin!# sin1#2,2

·ϕ2 = (θ1 ↔ θ2, ϕ1 ↔ ϕ2)·θ2 = (θ1 ↔ θ2, ϕ1 ↔ ϕ2);

Tensor tree ansatz C=4



Mixed phase space in two dimensions

μz = 0.225Poincare section

[Michailidis et al, in preparation]

Are all trajectories important? 

trajectory ED vs variational dynamics

H = ∑ P∘P∘Xi, jP∘P∘ + μz ∑ Zi, j



Quantum leakage to classify trajectories

H = ∑ Pi− 1XiPi+ 1 + μ3 ∑ Pi− 2Xi− 1XiXi+ 1Pi+ 2

MPS states

Integrated leakage    →   lower bound on quantum fidelity  

fT = − ln |⟨ψ |e− iHt |ψ⟩ |2

L

ΓT = (∫
T

0
d t Γ[z(t)])

2

fT ≤ ΓT

Revivals criterion: ΓT ≤ 1

Instantaneous norm loss 

Tangent space

(b)

[

(a)

[WW Ho et al, PRL’2018]

Γ = θ1

θ2

[Michailidis et al, arXiv: 1905.08564]



Mixed phase space in chaotic TFIM

• Thermalizing TFIM: 
 
 
 

• Mixed phase space but no special states, energy density  
 
 

•  
 
 

• Strong leakage, TDVP with  fails at 

⟨H⟩/L = 0.18

χ = 2 t ∼ 1

H = ∑ 0.4Xi + Zi + ZiZi+ 1 A(θ, ϕ, χ, ξ) ……

! = 2 MPS with 4 parameters:

[Michailidis et al, arXiv: 1905.08564]



Influence of trajectories on thermalization

bipartite entanglement

close to  
trajectory

“slowest” vs “fastest” initial states

[Michailidis et al, arXiv: 1905.08564]

Absence of “universal” Lieb-Robinson velocity

Relation between leakage at small  ↔ entanglement at late timesχ

Mixed phase space as a source of non-universal thermalization
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Summary and outlook



Mixed phase space: beyond “plain thermalization”

stable to weak perturbations
[Kolmogorov-Arnold-Moser theorem]chaos → ergodicity 

E

�O
�

Thermalizing phases MBL phases

Ergodic systems  Integrable systems
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emergent integrability

Slow  
thermalization!

Systems with 
mixed phase space



Possible connections 

connection to  
integrability

[Khemani et al., PRB’18]

zero modes  
subspace 

[Lin & Motrunich,  
arXiv:1810.00888]

[Moudgalya et al.,  
arXiv:1906.05292]

quantum Hall  
inspired models

[Bull et al, PRL’19]

clock models
Quantum scars 

(weak ETH breakdown)

[Moudgalya et al., PRB’18] 
[Shirashi, arXiv:1904.05182]

SU(2) symmetric 
models

Khemani&Nandkishore, arXiv:1904.04815 
Sala et al  arXiv:1904.04266

Znidaric et al, 
James, Konik, Robinson, PRL’19

Iadecola&Znidaric PRL’19

different sources of  
weak ETH violation

2d Rydberg lattices
[Michailidis et al., in preparation]

strongly entangled  
scars

practical uses?

few-body chaos?



From few to many-body chaos

Few-body systems

mixed level statistics
p(s) = αpWD(s) + (1 − α)pPoisson(s)

stability to perturbations

different statistics  
of wave functions

stability to dephasing
entanglement  

growth 

TDVP 
leakage

Lyapunov  
exponent

???

E. Altman et al, A. Green et al, … 

Mixed phase space of kicked top 
[Haake]

Many-body systems

???



• Quantum many-body scars: ETH breaking  
eigenstates, coherent dynamics …

• Emergent SU(2) subspace 

• Mixed phase space in TDVP dynamics:

✴ low leakage →      regular eigenstates,  
                              fidelity revivals

✴ strong leakage → slow thermalization  

• Deformations to improve generic trajectory?  
Other mechanisms of weak thermalization breakdown? 
Strongly entangled trajectories? TDVP as a route to quantum KAM?

Summary

[Nat. Phys. 14, 745–749 (2018)]
[Phys. Rev. B. 98, 155134 (2018)]

[Phys. Rev. Lett. 122, 220603 (2019)]

[arXiv: 1905.08564]
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