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(Classical) Newton’s Cradle on YouTube



chaotic / ergodic integrable / non-ergodic

after short relaxation time         , the macrostate 
in the box is entirely characterized by

particle density, mean velocity, energy density

⌧relax
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to characterize a macrostate, one needs 
the entire distribution of velocities

vs.

⇢(v) =
NX

i=1

�(v � vi)
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chaotic / ergodic integrable / non-ergodicvs.
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state in each ‘fluid cell’ characterized by

whose evolution is governed by continuity eqns8
<

:

@tn+ @x(nu) = 0
@t(nu) + @xjP = �n@xV

m
@t"+ @xjE = 0
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is there a coarse-grained or 
hydrodynamic description?
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Hydrodynamic approach to integrable system?

Two approaches:

1. pretend that the fluid cells are locally at thermal equilibrium, characterized 
by                                        and write

2.  keep track of the full distribution         in each ‘fluid cell’ at         , and find 
an evolution equation for  

⇢(v)
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‘conventional’ hydrodynamics (CHD)

Generalized HydroDynamics (GHD)



This talk
Generalized HydroDynamics (GHD) works

while ’conventional’ hydrodynamics doesn’t.

We demonstrate this experimentally in a 1d quantum gas of Rb atoms 
that is (approximately) integrable.

The atomic cloud is initially at equilibrium
in a double-well potential. At              the
potential is suddenly switched off, and the
gas expands freely in 1d. 

time

t = 0
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Plan of the rest of the talk

1. the atom chip experiment of Isabelle Bouchoule 
+ Max Schemmer 

2. the 2016 breakthrough of Generalized 
HydroDynamics (GHD) 

3. the results

  

More on: 

  



1. The experimental setup
Trapping potential created by the atom chip

Magnetic confinement created by micro-wires.

-Transverse confinement:

AC current
15µm
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for longitudinal
confinement

-Longitudinal confinement: four wires
allow to create potentials 
V (x) = a4x

4 + a3x
3 + a2x

2 + a1x
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-Imaging with CCD camera. Typical absorption
image:



1. The experimental setup
Regime

µ/kB ' 50� 100nK
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1d regime, well described by the Lieb-Liniger model

!? ' 2⇡ ⇥ 5� 8kHz (! 250� 400nK)
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i~@t = � ~2
2m

NX

i=1

@2xi
 + g

X

i<j

�(xi � xj) +
NX

i=1

V (xi) 



Breakthrough
from 2016!

2. Crash course on GHD
The people who made the discovery



2. Crash course on GHD
The GHD equation

Long story short, the two GHD equations are:

where                  is the local density of (quasi-)particles with rapidity    .
The effective velocity is a ``dressed group velocity’’. It is a function

defined by the integral equation

v

This effective velocity had appeared previously in [Bonnes, Essler, Läuchli 2014], and 
was known for the 1d billiard or hard rod gas in [Percus, 1969], 
[Boldrighini, Dobrushin, Sukhov 1983], or in H. Spohn’s textbook [Spohn 1991].

ve↵[⇢](v) = v +

Z
dw�(v, w)⇢(w)

⇣
ve↵[⇢](v)� ve↵[⇢](w)

⌘
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2. Crash course on GHD
Meaning of the effective velocity in GHD

xposition

time t

1/w

L

1/v

ve↵[⇢](v) = v +

Z
dw� ⇢(w)

⇣
ve↵[⇢](v)� ve↵[⇢](w)
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2. Crash course on GHD
GHD for the 1d Bose gas

The quantum 1d Bose gas: main changes with respect to the classical 1d 
billiard: 

1.a   the macrostate in each fluid cell is represented by an eigenstate of the 
Lieb-Liniger model [Yang and Yang, 1969] (+ many works on GETH-GGE) 

1.b   those eigenstates are obtained by the Bethe Ansatz. In the 
thermodynamic limit they are labeled by a distribution of rapidities           
[Yang and Yang, 1969] (+ many recent works on GETH-GGE) 

2.   the ‘diameter of the balls’       is replaced by the Wigner time delay 
caused by the two-body scattering phase, 

in particular, it depends on the relative rapidities of two quasi-particles 

⇢(v)
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p1 p2

Take two particles on a line with contact interaction: 

Then the eigenstates are of the form: 

H = � ~2
2m

(@2
x1

+ @
2
x2
) + g �(x1 � x2)

 (x1, x2) =

⇢
e

i
~ (p1x1+p2x2) � ei'e

i
~ (p2x1+p1x2) if x1 < x2

(x1 $ x2) if x2 < x1

ei' =
mg/~� i(p2 � p1)

mg/~+ i(p2 � p1)

2. Crash course on GHD
Scattering phase and time delay
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One physical consequence of this scattering phase is the following. Take two 
wave packets with semiclassical velocities                     and   v1 = p1/m v2 = p2/m
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One physical consequence of this scattering phase is the following. Take two 
wave packets with semiclassical velocities                     and   v1 = p1/m v2 = p2/m

After they have scattered, the two packets are not quite where you would expect 
them. Compared to the non-interacting case, they are shifted by a distance 

In the Lieb-Liniger model this is a lorentzian 

�(v2 � v1) =
2g/m

(g/~)2 + (v2 � v1)2

��

2. Crash course on GHD
Scattering phase and time delay

� = ~d'(p2 � p1)

d(p2 � p1)
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2. Crash course on GHD
Scattering phase in the N-body problem

For N particles, the structure of eigenstates mimics the one we’ve seen for 2 
particles: 

 ({xj}) =

8
<

:

X

perm. �

(�1)|�| ei�� e
i
~ (p�(1)x1+···+p�(N)xN ) if x1 < x2 < · · · < xN

(xi $ xk, xj $ xl, etc.) otherwise

ei�� =
Y

transp. ⌧ij

ei'(pj�pi)(the total phase breaks down into a 
sum of 2-body scattering phases) 

That is the Bethe wave function [Bethe, 1931]
for the delta Bose gas [Lieb, Liniger, 1963]. 



For N particles, the structure of eigenstates mimics the one we’ve seen for 2 
particles: 

 ({xj}) =

8
<

:

X

perm. �

(�1)|�| ei�� e
i
~ (p�(1)x1+···+p�(N)xN ) if x1 < x2 < · · · < xN

(xi $ xk, xj $ xl, etc.) otherwise

Eigenstates are labeled by the sets of (quasi-)momenta  {pj}

In the thermodynamic limit, a typical eigenstate may be represented by its 
distribution of (quasi-)momenta, or rapidities vj = pj/m

⇢(v) =
1

L

NX

j=1

�(v � pj/m)
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2. Crash course on GHD
The distribution of quasi-particle rapidities



2. Crash course on GHD
The GHD equation

Long story short, the two GHD equations are:

where                  is the local density of (quasi-)particles with rapidity    .
The effective velocity is a ``dressed group velocity’’. It is a function

defined by the integral equation

v

This effective velocity had appeared previously for the quantum case in 
[Bonnes, Essler, Läuchli 2014], and it was known for the 1d billiard or hard rod gas in [Percus, 1969], 
[Boldrighini, Dobrushin, Sukhov 1983], see also Spohn’s textbook [Spohn 1991].

ve↵[⇢](v) = v +

Z
dw�(v, w)⇢(w)

⇣
ve↵[⇢](v)� ve↵[⇢](w)

⌘
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ve↵[⇢](v)
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@t + @x(v
e↵
[⇢](v)⇢) =

@xV

m
@v⇢
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⇢(x, v, t)
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Plan of the rest of the talk

1. the atom chip experiment of Isabelle Bouchoule 
+ Max Schemmer 

2. the 2016 breakthrough of Generalized 
HydroDynamics (GHD) 

3. the results

  

More on: 

  



3. The results
The initial state: LDA + Yang-Yang thermodynamics

The initial density profile is fitted using LDA + Yang-Yang equation of state 
[Yang and Yang 1969], assuming thermal equilibrium in the initial state. 
Only one free parameter: the temperature. 

γ

θ

10−3

100

103

10−2 10−1 100 101

strongly
interacting

quasi-condensate

ideal Bose gas Fig. 1
Fig. 3

Fig. 4

x

V (x)

(a) (b)

Method widely used in experiments on 1d Bose gas: [van Amerongen, van Es, Wicke, 
Kheruntsyan, van Druten, 2008], [Jacqmin, Armijo, Berrada, Kheruntsyan, Bouchoule, 2011], 
[Vogler, Labouvie, Stubenrauch, Barontini, Guarrera, Ott, 2013]. 



3. The experimental setup
‘Yang-Yang thermodynamics’



3. The results
Expansion from harmonic trap

At            the harmonic trap is switched off and the gas expands freely in 1d. 

It works perfectly. However, it does not 
discriminate between GHD and CHD:

t = 0
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Idea: expand from double-well potential, instead of harmonic one 

same 
distribution 
at  

GHD time-evol. 

‘conventional’ hydro 
 time-evol. 

t = 0
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3. The results
Expansion from double-well potential



Expanding from the double-well allows to discriminate between GHD and 
‘conventional’ hydrodynamics. The experimental data agree perfectly with GHD. 

3. The results
Expansion from double-well potential

V (x)
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3. The results
Quantum Newton’s Cradle

(Conventional hydro not shown, but it completely fails, predicting the 
formation of a shock  at                    .)

V (x)
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t ' 30ms
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(mimics the famous work [Kinoshita Wenger Weiss 2006] 
but in the weakly interacting regime)



Summary
Main results:

1. First experiment on Generalized HydroDynamics 
(GHD) in a quantum (nearly) integrable system. 

2. Experimental demonstration that GHD supersedes 
‘conventional’ hydrodynamics.

An open question

several experimental effects not taken into account (three-
body losses, etc.). How to integrate them into the GHD 
description?

Some other recent theory developments

1. questions about anomalous transport and diffusion: 
many recent works (2018-19) by Agrawal, Bulchandani, 
de Nardis, Dupont, Gopalakrishnan, Ilievski, Karrasch, 
Medenjak, Moore, Prosen, Vasseur, Ware, Yoshimura, 
…

2. GHD is a classical description of a quantum system. 
What about quantum fluctuations? Can we quantize 
GHD? [Ruggiero, Calabrese, Doyon, JD 2019]

Thank you!



Additional slides



Quantum fluctuations in GHD

i~@t = � ~2
2m

NX

i=1

@2xi
 + g

X

i<j

�(xi � xj) +
NX

i=1

V (xi) 

full quantum descriptioneffective classical description

@t + @x(v
e↵
[⇢](v)⇢) =

@xV

m
@v⇢
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effective quantum description

Quantum fluctuations in GHD

i~@t = � ~2
2m

NX

i=1

@2xi
 + g

X

i<j

�(xi � xj) +
NX

i=1

V (xi) 

full quantum description

@t + @x(v
e↵
[⇢](v)⇢) =

@xV

m
@v⇢
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+ quantum linear 
fluctuations

effective classical description



Quantum fluctuations in GHD
We start from GHD at temperature T=0. There the quasi-particle Fermi factor 
is either 0 or 1.  Phase-space occupation is then encoded by a contour:

in terms of this contour the first 
GHD equation reads

(similar to other recent works on zero-temperature ‘phase-space hydrodynamics’ for non-
interacting fermions [Kulkarni, Mandal, Morita 2018], [Ruggiero, Brun, JD 2019], [Dean, Le 
Doussal, Majumdar 2019], [Das, Hampton, Liu 2019])

d

dt

✓
xt

✓t

◆
=

✓
ve↵(xt, ✓t)
�@xV

m

◆
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Quantum fluctuations in GHD
The idea is that at zero temperature the relevant degrees of freedom are 
the fluctuations of the contour around its classical configuration at time t

GHD (classical) GHD + quantum fluctuations

The fluctuations of the contour are encoded by an operator             which 
measures the excess density of quasi-particles around a point  

�⇢̂(s)
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Quantum fluctuations in GHD

Then the equations governing linear quantum fluctuations around GHD 
are:

[�⇢̂(s), �⇢̂(s0)] =
1

2⇡i
�(s� s0)
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1. commutation relation of the densities 
(chiral U(1) current algebra):

2. quadratic Hamiltonian:

Ĥ[�t] =

Z
ds ds

0
�⇢̂(s)K(s, s0)�⇢̂(s)
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where                                                      is 
known exactly and is given by the 
Thermodynamic Bethe Ansatz.

K(s, s0) / �(xt(s)� xt(s
0))
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GHD + quantum fluctuations


