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Goal: Introduce a Large Deviations 
approach to study the link between  
fluctuating kinetics and fluctuating 
hydrodynamics (e.g. in active matter 

models) 



N particles

Position
qi ∈ ℝd

θi ∈ (−π, π]
R

angle (internal 
degree of 
freedom)

Velocity
εV(θi)ε ≪ 1



Example (`Ising model’ of active matter)

dqi = ε (cos(θi), sin(θi)) dt,

dθi = − sin(θi)dt − 1
&i ∑

j∈'i

cos(θi − θj)dt + 2 dηi(t)

'i := {j ∈ {1,…, N} ; ∣ qi − qj ∣ ≤ R}, &i = ♯ 'i

Independent 
Brownian 
motions



Slow-fast extended systems of  interacting diffusions 

dqi = ε V(θi)dt,

dθi = − [Γ∂θ,](θi)dt − 1
&i ∑

j∈'i

Γ(θi)F(θi, θj)dt + 2Γ(θi) dηi(t)

F(θ, θ′�) = ∇θW(θ, θ′�)
Γ(θ)
,(θ) := U(θ) − log Γ(θ) : Effective potential

: diffusion coefficient

: binary interaction with radius R

ε ≪ 1, N ≫ 1

Independent 
Brownian 
motions

The dependence in the potentials on   is here to assure that if   
then the angles (autonomous) dynamics is reversible w.r.t. the Gibbs 
measure. Our results could bypass this assumption if the model does not 
present phase transitions.

Γ R = ∞



lim
R→0

lim
N→∞

1
N

N

∑
i= 1

δ(qi(t),θi(t))(dq, dθ) = f ε(q, θ, t) dqdθKinetic limit: 

∂t f ε := 2fε( f ε) − ε3( f ε)

2f(g ) := ∂θ (Γ [∂θU + F( f )
Π( f ) ] g + Γ ∂θg ),

3(g ) := V(θ) ⋅ ∇g .

F( f )(q, θ) := ∫
π

−π
dθ′�F(θ, θ′�) f(q, θ′�) dθ′�,

ρ(q) := Π( f )(q) := ∫
π

−π
f (q, θ′�)dθ′�

spatial density: 

effective force:

Transport 
term

Dissipative 
term



Local equilibria 2f( f ) = 0
We assume all local equilibria (equilibria of the fast 
dynamics) are in the form   

fle(q, θ) = ρ(q)G(θ)

[∂θU + F(G)] G + ∂θG = 0

Assumption  
G is unique

∫
π

−π
G(θ) = 1

Valid for  
small  

interactions

with

⟨h ⟩G = ∫ h (θ) G(θ) dθNotation:



Hydrodynamic limits via a Chapman-Enskog 
expansion

f̃ ε(q, θ, t) = f ε(q, θ, tε−1)

∂t ρ̃ε
0 + ⟨V⟩G ⋅ ∇ρ̃ε

0 − ε∇ ⋅ D ∇ ρ̃ε
0 = O(ε2)

ρ̃ε
0(q, t) = ∫

π

−π
f̃ ε(q, θ, t)dθ

Density in a long (Euler) time 
scale

Spatial density

Hydrodynamic limit:



Finite size fluctuations: fluctuating kinetic equation  

∂t f̃ ε + 3( f̃ ε) = ε−12f̃ε( f̃ ε) + (εN)−1/2& ( Γf̃ ε)
&(g ) := 2 ∂θ(η g )

η := η(q, θ, t)

White noise

Center transport term by changing 
frame and look in a longer 

(diffusive) time scale

f̄ ε(q, θ, t):= f̃ ε(q+ tε−1⟨V⟩G, θ, tε−1) .

ε∂t f̄ ε + 30( f̄ ε) = ε−12f̄ε( f̄ ε) + N−1/2& ( Γf̄ ε)
30(g ) := V ⋅ ∇g , V(θ) = V(θ) − ⟨V⟩G

Centered 
transport 

term:



Fluctuating hydrodynamic limits via a Chapman-
Enskog expansion

f̃ ε(q, θ, t) = f ε(q, θ, tε−1)

∂t ρ̃ε
0 + ⟨V⟩G ⋅ ∇ρ̃ε

0 − ε∇ ⋅ D ∇ ρ̃ε
0 + 2ε

N
∇ ⋅ ( ρ̃ε

0σ ζ) = o (1)

ρ̃ε
0(q, t) = ∫

π

−π
f̃ ε(q, θ, t)dθ

Density in long (Euler) time 
scale

Spatial density

Fluctuating hydrodynamic limit:

ζ := ζ(q, t) is a space-time white noise

Semi-explicit 
matrices



The correct interpretation of the (ill defined) 
fluctuating equation is a large deviations principle 
for the corresponding density. 

The convergence of the fluctuating kinetic equation 
to the fluctuating hydrodynamic equation is 
established at the level of large deviations 
functionals. 

The right notion of convergence of LD functionals is 
the Gamma-convergence.

A LD interpretation of these 
formal derivations



ℙ (f̄ ε
N(q, θ, t) ≈ g (q, θ, t) on [0,T ]) ∼ exp(−Nℐε

T(g ))

Dawson-Gärtner theory: 

with the rate functional 

ℐε
T( f ) = 1

4 ∫
T

0 ∫ℝd
Aε

f ( f ) 2

−1,Γf
dq dt

Aε
f ( f ) = ε∂t f + 30( f ) − ε−1 2f( f )

∥g ∥2
−1,h = inf

φ {∫ φ2

h
dqdθ , ∂θφ = g }

= 2 sup
φ {∫ g φ dqdθ − 1

2 ∫ (∂θφ)2h dqdθ}
∥g ∥2

−1,h = " ∫ h −1(∂−1
θ g )2dqdθ "

where 

and  

formally:  



Af̄ε( f̄ ε) = N−1/2& ( Γf̄ ε)
&(g ) := 2 ∂θ(η g )

η := η(q, θ, t)

White noise

This form is well understood in view of the fluctuating 
kinetic equation

ℙ(η(q, θ, t) = g ) ∼ exp( − ∫ g 2 dqdθdt)

since formally

The fluctuating hydrodynamic equation can be interpreted 
similarly as a large deviations principle for the empirical 
spatial density.



ℐT( f ) =

1
4 ∫ T

0 ∂tρ − ∇ ⋅ D∇ρ 2
−1,ρσ

dt

if f(q, θ, t) = fle(q, θ, t) = ρ(q, t)G(θ),
+∞ otherwise,

Theorem (Barré, B., Chetrite, Chopra, Mariani)

The large deviations functional converges toℐε
T

(for the Gamma-convergence) 



Gamma-convergence (motivating example)

Fε(u ) = ∫
1

0
a( x

ε ) ∣ u ′�(x) ∣2 dx a : ℝ → (0, + ∞)
1-periodic function

F0(u ) = ā ∫
1

0
∣ u ′�(x) ∣2 dxFor any u, we have that  

 lim
ε→0

Fε(u ) = F0(u )
ā = ∫

1

0
a(x)dx

We have that  
 Γ − lim

ε→0
Fε(u ) = F(u ) F(u ) = a−1 ∫

1

0
∣ u ′�(x) ∣2 dx

a = ∫
1

0
a−1(x)dx

This is the correct answer! 
The minimizer of   converge to the 
minimizer of  , not of  .

Fε
F F0

with

with



ℒf(g ) := lim
δ→0

2f+δg ( f + δg ) − 2f ( f )
δ

Linearized operator

ℒG(g ) = ∂θ (Γ[∂θU + F(G) + ∂θ]g )
+∂θ (ΓG[F(g ) − ⟨ g

G ⟩G
F(G)])

Ker(ℒ†
G) = Span(1), Ker(ℒG) = Span(G)

Range(ℒ†
G) = {u ; ⟨u ⟩G = 0}, Range(ℒG) = {u ; ⟨ u

G ⟩G = 0}

Recall that   is the unique local equilibriumG

Our main assumption is that (can be proved for weak interactions)



A sequence of functional   defined on some topological  
space  converges to   if

Fν : E → ℝ
E Γ− F : E → ℝ as ν → 0

for any x ∈ E and any sequence xν → x,
lim
μ→0

inf
ν≤ μ

Fν(xν) ≥F(x)

for any x ∈ E there is a sequence xν → x,
lim
μ→0

sup
ν≤ μ

Fν(xν) ≤ F(x)

Definition

Gamma-convergence



Γ − lim inf
f ε = f + εf1 + ε2f2 + O(ε3)

lim inf
ε→0

ℐε
T( f ε) ≥ ℐT( f ) ℐT( f ) =

1
4 ∫ T

0 ∂t ρ − ∇ ⋅ D∇ρ 2
−1,ρσ

dt

if f (q, θ, t) = fle(q, θ, t) = ρ(q, t)G(θ),
+∞ otherwise,

ℐε
T( f ε) = 1

4 ∫
T

0 ∫ℝd
Aε

fε( f ε) 2

−1,Γfε
dq dt

≥1
4 ∫

T

0
dt {2⟨φ, Aε

fε( f ε)⟩ − ⟨[∂θφ]2, Γf ε⟩}

Aε
f ( f ) = ε∂t f + 30( f ) − ε−1 2f( f )

Consider any sequence

We see that 
  shall be a local 

equilibrium  
   

Otherwise 
Infinite

f

f(q, θ, t) = ρ(q, t)G(θ)

We have to prove

with

Choose the 
best test  

function  φ

Sup-formula for the  -norm givesH−1



ℐε
T( f ε) ≥1

2 ∫
T

0
dt {ε−2Xt + ε−1Yt + Zt} + O(ε)

φε(q, θ, t) = ε−1φ−1(q, θ, t) + φ0(q, θ, t)

X = − 1
2 ⟨(∂θφ−1)2, Γfle⟩ ≤ 0

Y = ⟨φ−1, 30( fle) − ℒG( f1)⟩− 1
2 ⟨(∂θφ−1)2, Γf1⟩ − ⟨(∂θφ−1)(∂θφ0), Γfle⟩

Z = ⟨φ0, 30( fle) − ℒG( f1)⟩ + ⟨φ−1 , [∂t fle + 30( f1) − ∂θ?( fle, f1, f2)]⟩
−1

2 ⟨(∂θφ−1)2, Γf2⟩ − ⟨(∂θφ−1)(∂θφ0), Γf1⟩− 1
2 ⟨(∂θφ0)2, Γfle⟩

We choose the test function in the form

Then we have

with 

This sign implies 
  shall not 
depend on   
φ−1

θ



ℐε
T( f ε) ≥1

2 ∫
T

0
dt {ε−2Xt + ε−1Yt + Zt} + O(ε)

φε(q, θ, t) = ε−1φ−1(θ, t) + φ0(q, θ, t)

X = − 1
2 ⟨(∂θφ−1)2, Γfle⟩ ≤ 0

Y = ⟨φ−1, 30( fle) − ℒG( f1)⟩− 1
2 ⟨(∂θφ−1)2, Γf1⟩ − ⟨(∂θφ−1)(∂θφ0), Γfle⟩

Z = ⟨φ0, 30( fle) − ℒG( f1)⟩ + ⟨φ−1 , [∂t fle + 30( f1) − ∂θ?( fle, f1, f2)]⟩
−1

2 ⟨(∂θφ−1)2, Γf2⟩ − ⟨(∂θφ−1)(∂θφ0), Γf1⟩− 1
2 ⟨(∂θφ0)2, Γfle⟩

We choose the test function in the form

Then we have

with 

since   doesn’t 
depend on   one 

can check it 
vanishes  

φ−1
θ



Z = ⟨φ0, 30( fle) − ℒG( f1)⟩ + ⟨φ−1 , [∂t fle + 30( f1)]⟩ − 1
2 ⟨(∂θφ0)2, Γfle⟩

ℒ†
Gφ0 − 3†

0φ−1 = 0 = ℒ†
Gφ0 + 30φ−1

Choose then   such thatφ0, φ−1

30(φ−1)(q, θ, t) = V(θ) ⋅ ∇φ−1(q, t)

Observe then that

φ0(q, θ, t) = ψ(θ) ⋅ ∇φ−1(q, t), (ℒ†
Gψ)(θ) = − V̄(θ)and choose 

The terms with    
disappear

f1

⟨φ−1 , ∂t fle⟩ = ∫ dq φ−1(q, t) ∂tρ(q, t)

⟨φ0, 30( fle)⟩ = − ∫ dq φ−1(q, t) ∇ ⋅ D∇ρ(q, t)

⟨(∂θφ0)2, Γfle⟩ = ∫ dq ρ(q, t) ∇φ−1(q, t) ⋅ σ∇φ−1(q, t)



ℐε
T( f ε) ≥1

4 ∫
T

0
dt {2∫ dq φ−1(q, t) [∂tρ(q, t) dq− ∇ ⋅ D∇ρ(q, t)]

−∫ dq ρ(q, t) ∇φ−1(q, t) ⋅ σ∇φ−1(q, t)} + O(ε) .

We can optimize over   to get the result ( the sup of the rhs 
becomes the   norm we were looking for). 

φ−1
H−1

We got



Summary:

- We introduced a LD approach to connect 
fluctuating kinetics to fluctuating hydrodynamics 

- This approach is based on clean mathematical 
statements, even if a totally rigorous proof is still 
missing (work for some variations of the model) 

- Open problem 1: extend this approach in the 
presence of phase transitions. 

- Open problem 2: extend this approach when the 
velocity depends   also on the position  .V V(q, θ)


