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Goal: Introduce a Large Deviations

approach to study the Link between

fluctuaking kinetics and fluctuating

hydrodynamics (e.q. in active matter
models)
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Example (‘1sing model’ of active matter)

dq; = € (cos(0,), sin(b))) dt,

, 1
d6; = = sin(@)dt — — - D' cos(6; — 0)dt + /2 dn 1)
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Slow-fast extended systems of interacting diffusions

g1, N> |

dq; = € V(0))dt,

1
d6; = = [ToQUIO)dt = — Y T(O)F(6,,0)dt + /210, dn,(2)

= \

~
U(O) := U©O) — log['(0) : Effective potential Independent
Browhian
['(0) : diffusion coefficient S

F(0,0') = V,W(0,0) - binarv inkeraction with radius R

The d@.pendemc:e in the potentials on I' is here to assure that ¥ R=o0
then the angles (autonomous) dﬁv\ami«ts is reversible wab. the Gibbs
measure. Qur results could bypass this assumption if the model does not
present phase transitions.



Kinetic Limik: 1m lim _25(%@)9@))(6161» do) = f*(q,0,1) dqdo
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Dissipative Transport
term term
F(f) syo&iat densi&;;:
D(g) = 9y (F dpU + ) g4 Fdeg), (@) =TI(f)(q) := Lf(q, 0)dor

J(g) = V(e aig.

effective force:

F(f)(q,0) := [ do'F(0,0')f(q,0) do’,




Local equilibria 2(f)=0

We assume all Llocal equilibria (equilibria of the fast
dynamics) are in the form

fie(q, 0) = p(@)G(0)
wikh

[0,U + F(G)] G + 9,G =0 J GO = 1

Valid for

g / small

tnkeractions

f  Assumption
\ & is unigue J

Notakiown: (h)g= [h(O)G(6)do



Hydrodynamic Limits via a Chapman-Enskoq
expansion

Fo(q.6, 1) = f(g. G-1e=1) TR O NG R s

scale

Po(q, 1) =J fé(q, 6,1)do Spo&iai c,&emsi&v

H;;drcd:;ma\miﬁ Livmaik:

d.pp+ (V)i Vi — eV - DN g = 0(&?)



Finite size fluctuations: fluctuating kinetic equation

0+ T = D + @ (|7 )

Center transport term by changing |
frame and Llook in a longer "
(diffusive) time scale

N(g) =2 dyn g)
n:=nq,0,1)

White noise

g0, 0:=fg+ e '\ (V)cOite )

| ed, f5 -+ F) = 8—1@]@(]?8) + N~V (\ / Ff8>

Cenbered L 1
transport To(g) =V Nage V0= V0 (V)
terw:



Fluctuating h:;;cirod;mamic Limiks via a Cka\ymo\nm
Enskog expansion

fg(Q9 69 t) =f8(q, 9, tg—l) ‘DQMSE,&'? th LOMS (EML@.T‘) timme

scale

Po(q, 1) =J fé(q, 6,1)do Spo&iai c&ehsi&v

Se.miwaxpur:&&

Fluctuating h;;drocijmamit Limaik: matrices

’/) = ol

2¢€

0,05+ (VY- Vi — eV -DV e+ WV-(,/ﬁ()ag

¢:=0(g,1) is a spacewﬁme white noise



A LD interpretation of these
formal derivations

o The correct interpretation of the (il defined)
fluctuating equation is a large deviations principle
for the corresponding density,

o The convergence of the fluctuating kinetic equation
to the fluctuating hydrodynamic equation is
established ot the level of large deviations
functionals.

o The right notion of converqence of LD functionals is
the Gamma-convergence.,



Dawson-Crartiner &heor:}:

P (f4(q.0.0) ~ g(q,0,1) own [0,T]) ~ exp(—N.F5(g))

with the rate functional

1 T
FHf) = J J |’ daa
WS AN =0 f + To(f) — e DAS) ]
and
|2ll% 12f{J%2dqd9,ae(p=g} «fmmauv:

1
= 2 sup { Jg(p dgdf — 5"(66@2}1 dqu}

@

“8”%1;, = Jh_l(aglg)qudﬁ 4



This form is well understood in view of the fluctuating
kinetic equation

i . N(g) :=/20,(ng)
Afs(fg) =N (\/ Ff8> n:=n(q,0, t)e

White notise
since formally

P(n(q,0,1) = g) ~ exp( — [ g* dqd0dr)

The fluctuating hydrodynamic equation can be interpreted
similarly as a large deviations principle for the empirical
spatial density,



Theorem (Barré, B, Chetrite, Chopra, Mariani)

The large deviations functional ¥ 7 cohverges to

(for the Gamma-convergence)

r = 5
7l | o=V -DVp | oy o
o il :
(/) £ 7(0.0.0 = f.(q.0.0 =9 @0)G0O)
s otherwise,



Gamma-convergence (motivating example)

1
F.(u) = J a(%) | W) 2 dx iR o
0 1-periodic function

|

i Fo<u>=a[ o) 1P dx
0

1
q — [ a(x)dx
0

For any u, we have that
Iim F (1) = Fy(u)
e—0

We have Ehat 1 , 3
[ —lim F.(u) = F(u) with  Fu) =al J | u'(x) |~ dx
e—(

1
‘\ a = [ a~'(x)dx
0

This is the correct answer!

S

The minimizer of F, converge to the
minimizer of F, not of F,.



Linearized o?era&or & 45 sl D 5o f+ 58) — D)
0—0 0

Recall that G is the unique local eqmtibrmm

Z{(8) = 0y (T10,U + F(G) + 9ylg)

+0, (FG F(g) - (%)GF(G)D

Our main assumption is that (can be eroved for weak interactions)

Ker(ffg) = Span(1), Ker(Z) = Span(G)

Range(ffz;) = {u ; (W) g = O}, Range(Z ;) = {u : (%)G = O}



Cram Mma-convergence

Definition

A sequence of functional F¥: E — R defined on some topological
space £ I'—converges to F:E—>Rasv—0 ¢

e forany xeE and any sequence -y,

lim 1inf F“(x") > F(x)
u—0 v<u

e for any xeE there is a sequence ' -,

lim sup F*(x") < F(x)

ﬂ_>0 VS,M



I'— lim inf

Cownsider any sequence ff=r+ef + €2f2 + O(&”)

We have ko prove

" BRI EVERE L

lim %ﬂf FUf) = Fp(f) | with Ji0=) if £(g,0,1) = £(q,0,1) = p(g, NGO),
E—>

|t otherwise,

i

Sup-formula for the H_j-norm gives Choose the

iy best test
j?(fg) 2 e J ‘ A]fg(fg) ‘ . dq di §um¢&£¢m 1,

4y Jpa 1T

s |

> —| dr{24p, AL — (0P TF) |
4J We see that
f shall be a local

A]f(f) et 5atf e gO(f) 24 8_1 @f(f) equiiibrmm

(q,0,1) = p(q,1)G(O)

\\ / Otherwise

Infinite




We choose the test function in the form

90(q,0,t) = e 'p_,(q,0,1) + py(q, 0,1

Then we have

T

1 Tk- s- M .m L.Qs
F(fO)>—| dt{e X+ 'V, +Z} + Oe e TP
i) = ) '[0 { : ; ’} (&) @_; shall not

depend on 0
wikh

X =——((0pp_):Tf) <0 4
Y = (9_1- Tofie) = L)) =5 (@12 Th) = ((Ogr-1)(@pep0), Tfie)
Z= {90 Tolh) = L)) + (91, [0fi+ Toh) = 0@ 1o 1) )

_% ((Opp_1)%: Tfa) = {(0p0_1)(9pp), Ff1>—% ((0p90)" Thre)



We choose the test function in the form
§08(qa 99 t) e 8_1§0—1(09 t) + COO(q, Ha t)

Then we have

17 since @_; doesnt
JH(f) = EJ dt {8_2Xt + 8_1Yt + Zt} + O(¢) depe.v\d on 0 owne
0 can checle it
wikh vanishes

X = == ((Qppr*TT) <0
Y= (01, T olbhe>~ %(ﬁ))——wﬁ—«a@mﬁﬁa

-
-
-
-

2= (00 T = Lo0) + (-1 [0t TolF) ~ op@lhs i) )
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1
Z= (90 Tolf) = Zoh)) +(0-1. [0fic+ ToR)]) = 5 (@0 The)

Choose then ¢, ¢_; such that

The k tth
Ligy— T ot =0=ZL o+ T o e;—rms with fi
\_/ LSO\PPEO\T‘
Observe khen thak

‘70(¢—1)(Q9 69 t) T ‘_/(H) ; qu—l(Qa t)

and choose  #(¢,6,1) = w(0) - Vo_(q, D, (Liy)6) = — V(0)

(@0, T o(Jfie)) = — qu ¢_i1(q,1) V-DVp(q,1)

(BP0, Thi) = "dq ) s
(P_1:0u /i) = qu @_(gq,1) 0,p(q,1) Znid . 1 1



We qot

T

1
T (f5) 2 Z[ dt {Zqu ¢_1(g,1) [@p(q, )dg —V - DVp(q, t)]

0

—qu p(g,H) Vo_i(q,1) - cVe_i(q, t)} + O(e).

We can optimize over ¢_; to get the resulk ( the sup of the rhs
becomes the H_| norm we were Looking for).



Summarj:

We introduced a LD approach to connect
fluctuating kinetics to fluctuating hydrodynamics
This approach is based on clean wmathematical
statements, even if a totally rigorous prc;c;)’f ts skill
missing (work for some variations of the model)

Open Frc:-biem 1: extend this approach in the
presence of phase transitions.

Open yrobtem 2: extend this approach when the
veloai&v depé;mds V also on the Posi%ion V(g, 0).




