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von Neumann and Renyi entanglement entropies
Let |m〉 be a state ket of a many-body system. The reduced density matrix

ρ̂A(m) = TrĀ(|m〉〈m|), A is the subsystem of interest and Ā is its complement

The von Neumann and n-Renyi entanglement entropies are defined as:

SvN(m) = −Tr[ρ̂A(m) ln ρ̂A(m)] and Sn(m) =
1

1− n ln Tr[ρ̂A(m)n]

Ground-state entanglement entropies (area laws, quantum phase transitions)
Srednicki’93; Osterloh, Amico, Falci & Fazio’02; Osborne & Nielsen’02;
Vidal, Latorre, Rico & Kitaev’03; Calabrese & Cardy’04, . . . , Eisert, Cramer & Plenio, RMP’10

S2 has been measured in experiments with ultracold quantum gases

Kaufman et al. (Greiner’s group),
Science 353, 794 (2016).
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Integrability to quantum chaos transition

Spinless fermions (hard-core bosons, spin-1/2) in one dimension

Ĥ =

L∑
i=1

{
−t
(
f̂†i f̂i+1 + H.c.

)
+ V n̂in̂i+1 − t′

(
f̂†i f̂i+2 + H.c.

)
+ V ′n̂in̂i+2

}
Level spacing distribution (Nf = L/3)
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L. F. Santos and MR, PRE 81, 036206 (2010); PRE 82, 031130 (2010).
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Information entropy (Sj = −
∑D

k=1 |ckj |2 ln |ckj |2)

L. F. Santos and MR, PRE 81, 036206 (2010); PRE 82, 031130 (2010).
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Typicality (uniform distribution in the unit sphere)
Average (vN) entanglement entropy of subsystems of random pure states

Save ' lnDA − (1/2)D2
A/D,

for 1� DA ≤
√
D.

D. N. Page, PRL 71, 1291 (1993).

SvN for typical pure states exhibits a volume law (lnDA ∝ VA and lnD ∝ V ).
Typical pure states are (nearly) maximally entangled
(the correction is exponentially small for VA < V/2. It is 1/2 for VA = V/2).

Spin-1/2 XXZ chain with next nearest neighbors interactions:

Ĥ =

L∑
i=1

[
1

2

(
Ŝ+
i Ŝ
−
i+1 + H.c.

)
+ ∆Ŝzi Ŝ

z
i+1

]

+λ

L∑
i=1

[
1

2

(
Ŝ+
i Ŝ
−
i+2 + H.c.

)
+

1

2
Ŝzi Ŝ

z
i+2

]
.

∆ = 0, λ = 0: Mappable to free fermions
∆ 6= 0, λ = 0: Interacting integrable model
∆ 6= 0, λ 6= 0: Nonintegrable model
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+ ∆Ŝzi Ŝ
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Integrability vs nonintegrability and entanglement
Average entanglement entropy (LA = L/2, L = 20, Sztotal = 0)

T. LeBlond, K. Mallayya, L. Vidmar, and MR, arXiv:1909.09654.
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SvN in eigenstates of quadratic fermionic Hamiltonians
Free fermions in 1D (Ĥ = −

∑L
〈i,j〉(f̂

†
i f̂j + H.c.), L = 36 sites)

1 L/4 L/2 3L/4 L− 1

LA

0

L/4

L/2

S
/l

n
2
〈
S
〉

Smax/ln 2 =LA 100

10-4

10-8

PS

L. Vidmar, L. F. Hackl, E. Bianchi, and MR, PRL 119, 020601 (2017).
Earlier results in 2D, M. Storms and R. R. P. Singh, PRE 89, 012125 (2014).

Translational invariant quadratic Hamiltonian

Ĥ = −
V∑

i,j=1

(tij f̂
†
i f̂j + ∆ij f̂

†
i f̂
†
j + ∆∗ij f̂j f̂i), ∆ij = −∆ji and tij = t∗ji

It is diagonalizable via a Bogoliubov transformation: f̂i =
∑V
l=1(αilĉl + βilĉ

†
l ).

It is straightforward find all many-body eigenstates |m〉.
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SvN in eigenstates of quadratic fermionic Hamiltonians
The (2V × 2V ) one-body correlation matrix fully characterizes the state

F =

(
〈m|f̂†i f̂j − f̂j f̂

†
i |m〉 〈m|f̂

†
i f̂
†
j − f̂

†
j f̂
†
i |m〉

〈m|f̂if̂j − f̂j f̂i|m〉 〈m|f̂if̂†j − f̂
†
j f̂i|m〉

)
I. Peschel, J. Phys. A 36, L205 (2003); I. Peschel & V. Eisler, J. Phys. A 42, 504003 (2009).

The entanglement entropy

SvN = −Tr

{(
11 + [F ]A

2

)
ln

(
11 + [F ]A

2

)}
,

where [F ]A is the 2VA × 2VA matrix with i, j ∈ A.
One can prove that the eigenvalues λj of [F ]A are real with |λj | ≤ 1 so

0 ≤ Tr[F ]
2(m+1)
A ≤ Tr[F ]2mA ≤ 2VA

Hence, the expansion

SvN = VA ln 2−
∞∑
n=1

Tr[F ]2nA
4n(2n− 1)

is convergent. Higher-order terms lower the average entanglement entropy.
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SvN in eigenstates of quadratic fermionic Hamiltonians
We are interested in the average over all eigenstates

〈SvN〉 = VA ln 2−
∞∑
n=1

〈Tr[F ]2nA 〉
4n(2n− 1)

〈Tr[F ]2nA 〉 can be computed using correlation functions of the binomial distribution.

Truncating the sum at n = 1 gives an upper bound, substituting Tr[F ]2nA → Tr[F ]2A
gives a lower bound:

VA ln 2− 〈Tr[F ]2A〉
2

ln 2 ≤ 〈SvN〉 ≤ VA ln 2− 〈Tr[F ]2A〉
4

The “first order” (results for n = 1) bounds are universal in the thermodynamic limit

VA

(
ln 2− ln 2

VA

V

)
≤ 〈SvN〉 ≤ VA

(
ln 2− 1

2

VA

V

)

The “second order” bounds (results for up to n = 2) for free fermions in 1D are

LA

[
ln 2−

1

2

LA

L
− (2 ln 2− 1)

(
4

3

L2
A

L2
−
L3

A

L3

)]
≤ 〈SvN〉 ≤ LA

[
ln 2−

1

2

LA

L
−

2

9

L2
A

L2
+

1

6

L3
A

L3

]

Typical eigenstates have maximal entanglement entropy for VA/V → 0.
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SvN in eigenstates of quadratic fermionic Hamiltonians
Free (NI) fermions in 1D (Ĥ = −

∑L
〈i,j〉(f̂

†
i f̂j + H.c.), L = 36 sites)

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.1
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0.4

0.5

0.6

L. Hackl, L. Vidmar, MR, and E. Bianchi, Phys. Rev. B 99, 075123 (2019).

Normalized width of the distribution of SvN for eigenstates

∆=

√
〈S2〉 − 〈S〉2
LA ln 2

vanishes as 1/
√
L or faster.
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Toeplitz Gaussian ensemble (TGE)
Distribution of eigenvalues of [F ]A for LA/L→ 0

L. Vidmar, L. F. Hackl, E. Bianchi, and MR, PRL 119, 020601 (2017).

Toeplitz Gaussian ensemble (TGE)
Replace the matrix elements of [F ]A by random complex numbers.
Their absolute value is that of a normally distributed variable with zero
mean and variance 1/L

Their phase is uniformly distributed between 0 and 2π
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Entanglement in the 1D TFIM

Hamiltonian: Ĥ = J
∑
〈i,j〉

σ̂zi σ̂
z
j + g

∑
i

σ̂xi
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SvN in eigenstates of quadratic fermionic Hamiltonians
Free fermions in 1D (Ĥ = −

∑L
〈i,j〉(f̂

†
i f̂j + H.c.), L = 36 sites)

1 L/4 L/2 3L/4 L− 1

LA

0

L/4

L/2

S
/l

n
2
〈
S
〉

Smax/ln 2 =LA 100

10-4

10-8

PS

L. Vidmar, L. F. Hackl, E. Bianchi, and MR, PRL 119, 020601 (2017).
Similar results in 2D, M. Storms and R. R. P. Singh, PRE 89, 012125 (2014).

Translational invariant quadratic Hamiltonian

Ĥ = −
V∑

i,j=1

(tij f̂
†
i f̂j + ∆ij f̂

†
i f̂
†
j + ∆∗ij f̂j f̂i), ∆ij = −∆ji and tij = t∗ji

It is diagonalizable via a Bogoliubov transformation: f̂i =
∑V
l=1(αilĉl + βilĉ

†
l ).

It is straightforward find all many-body eigenstates |m〉.
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Controlled numerical experiments

Hamiltonian of the form: Ĥnonint(Λ) = Ĥint + ΛŴ

- Ĥint: integrable (strongly interacting) Hamiltonian
- Ĥnonint: nonintegrable (strongly interacting) Hamiltonian

Hard-core bosons in 1D:

Ĥint=
∑
i

[
−b̂†i b̂i+1 − H.c. +

(
n̂i −

1

2

)(
n̂i+1 −

1

2

)]
Ŵ=

∑
i

[
−b̂†i b̂i+2 − H.c. +

(
n̂i −

1

2

)(
n̂i+2 −

1

2

)]

Quenches:
- Initial state is a thermal equilibrium state (at a temperature TI ) of
Ĥnonint with some ΛI

- Evolve unitarily under Ĥint (quench Λ→ 0)

MR, PRL 116, 100601 (2016).
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Numerical linked cluster expansions (NLCEs)
Linked-cluster theorem: Extensive observables O per site O in a lattice

O =
∑
c

L(c)×WO(c),

where L(c) is the multiplicity of cluster c (ways per site in which it can be
embedded on the lattice),

and WO(c) is the weight of O in cluster c

WO(c) = O(c)−
∑
s⊂c

WO(s), where O(c) = Tr
{
Ô ρ̂c

}
.

High-temperature expansions (HTEs):
ρ̂GC
c = 1

ZGC
c

exp−β(Ĥc−µN̂c), expand O(c) in powers of β

Numerical linked cluster expansions (NLCEs):
Compute O(c) exactly using full exact diagonalization
MR, T. Bryant, and R. R. P. Singh, PRL 97, 187202 (2006).

NLCEs for quantum quenches:
Diagonal ensemble: ρ̂DE

c ≡ limτ ′→∞
1
τ ′

∫ τ ′
0
dτ ρ̂c(τ) =

∑
αW

c
α |αc〉〈αc|

MR, PRL 112, 170601 (2014).
Quantum dynamics: ρ̂c(τ)
K. Mallayya and MR, PRL 120, 070603 (2018).
(2D) White et al., arXiv:1710.07696; Guardado-Sanchez et al., PRX 8, 021069 (2018).
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Lack of thermalization after equilibration

Î =
1

L

∑
i

(
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2
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Lack of thermalization after equilibration

SGE = −Tr[ρ̂GE ln ρ̂GE] and SDE = −Tr[ρ̂DE ln ρ̂DE]

δS18(Λ) =
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18 (Λ)− SDE

18 (Λ)

SGE
18 (Λ)

10
-3

10
-2

10
-1

10
0

Λ

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

δ
S

1
8

T
ini

 = 2

T
ini

 = 10

Marcos Rigol (Penn State) Entanglement entropy of highly excited. . . November 14, 2019 25 / 43



Lack of thermalization after equilibration
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1 Introduction
Entanglement entropies and experiments
Integrability vs nonintegrability, energy levels
Integrability vs nonintegrability, entanglement entropy

2 Integrable systems
SvN in eigenstates of quadratic fermionic Hamiltonians

3 Nonintegrable systems
Eigenstate thermalization and quantum chaos
Random matrix theory
SvN in eigenstates of quantum chaotic Hamiltonians
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Eigenstate thermalization hypothesis
Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).

Oαβ = O(E)δαβ + e−S(E)/2fO(E,ω)Rαβ

where E ≡ (Eα +Eβ)/2, ω ≡ Eα −Eβ , S(E) is the thermodynamic entropy at energy
E, and Rαβ is a random number with zero mean and unit variance.

The t-V -t′-V ′ model for hard-core bosons in one dimension

Ĥ =
L∑

i=1

{
−t
(
b̂†i b̂i+1 + H.c.

)
+ V n̂in̂i+1 − t′

(
b̂†i b̂i+2 + H.c.

)
+ V ′n̂in̂i+2

}
Integrable for t′ = V ′ = 0
(mappable onto the spin-1/2 XXZ chain)

t′, V ′ 6= 0, for t, V 6= 0, break integrability

MR, PRL 103, 100403 (2009); PRA 80, 053607 (2009).
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Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).

Oαβ = O(E)δαβ + e−S(E)/2fO(E,ω)Rαβ

where E ≡ (Eα +Eβ)/2, ω ≡ Eα −Eβ , S(E) is the thermodynamic entropy at energy
E, and Rαβ is a random number with zero mean and unit variance.

Occupation of momentum k = 0 (hard-core bosons, t = V = 1, Nb = L/3)

MR, PRL 103, 100403 (2009); PRA 80, 053607 (2009).
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Eigenstate thermalization hypothesis
Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).

Oαβ = O(E)δαβ + e−S(E)/2fO(E,ω)Rαβ

where E ≡ (Eα +Eβ)/2, ω ≡ Eα −Eβ , S(E) is the thermodynamic entropy at energy
E, and Rαβ is a random number with zero mean and unit variance.

Transverse (+ longitudinal) field Ising model in two dimensions

Ĥ = J
∑
〈i,j〉

σ̂z
i σ̂

z
j + g

∑
i

σ̂x
i + ε

∑
i

σ̂z
i

Integrable for J = 0 or for g = 0
(not mappable onto noninteracting fermions)

ε 6= 0 breaks the Z2 symmetry of the TFIM

Mondaini et al., PRE 93, 032104 (2016); Mondaini and MR, PRE 96, 012157 (2017).

Marcos Rigol (Penn State) Entanglement entropy of highly excited. . . November 14, 2019 29 / 43



Eigenstate thermalization hypothesis
Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).

Oαβ = O(E)δαβ + e−S(E)/2fO(E,ω)Rαβ

where E ≡ (Eα +Eβ)/2, ω ≡ Eα −Eβ , S(E) is the thermodynamic entropy at energy
E, and Rαβ is a random number with zero mean and unit variance.
Diagonal matrix elements (2D AF-TFIM)

Mondaini, Fratus, Srednicki, and MR, PRE 93, 032104 (2016).
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Eigenstate thermalization hypothesis
Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).

Oαβ = O(E)δαβ + e−S(E)/2fO(E,ω)Rαβ

where E ≡ (Eα +Eβ)/2, ω ≡ Eα −Eβ , S(E) is the thermodynamic entropy at energy
E, and Rαβ is a random number with zero mean and unit variance.
Off-diagonal matrix elements (2D F-TFIM): Results vs ω at constant E

Mondaini and MR, PRE 96, 012157 (2017).
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Random matrix theory
Wigner (1955) & Dyson (1962): Statistical properties of the spectra of
complex quantum systems (in a narrow energy window) can be pre-
dicted from the statistical properties of the spectra of random matrices
(with the appropriate symmetries). It was used with great success to
understand the spectra of complex nuclei.

Distribution of level spacings for the “Nuclear Data Ensemble”

FIG. 1. Nearest neighbor spacing distribution for the “Nuclear Data Ensemble” comprising 1726 spacings (histogram)
versus s = S/D with D the mean level spacing and S the actual spacing. For comparison, the RMT prediction labelled GOE
and the result for a Poisson distribution are also shown as solid lines. Taken from Ref. 1.

I. INTRODUCTION

During the last ten years, Random Matrix Theory (RMT) underwent an unexpected and rapid development: RMT
has been successfully applied to an ever increasing variety of physical problems.

Originally, RMT was designed by Wigner to deal with the statistics of eigenvalues and eigenfunctions of complex
many–body quantum systems. In this domain, RMT has been successfully applied to the description of spectral
fluctuation properties of atomic nuclei, of complex atoms, and of complex molecules. The statistical fluctuations of
scattering processes on such systems were also investigated. We demonstrate these statements in Figs. 1, 2 and 3,
using examples taken from nuclear physics. The histogram in Fig. 11 shows the distribution of spacings of nuclear
levels versus the variable s, the actual spacing in units of the mean level spacing D. The data set comprises 1726
spacings of levels of the same spin and parity from a number of different nuclei. These data were obtained from
neutron time–of–flight spectroscopy and from high–resolution proton scattering. Thus, they refer to spacings far from
the ground–state region. The solid curve shows the random–matrix prediction for this “nearest neighbor spacing
(NNS) distribution”. This prediction is parameter–free and the agreement is, therefore, impressive. Typical data
used in this analysis are shown in Fig. 22. The data shown are only part of the total data set measured for the
target nucleus 238U. In the energy range between neutron threshold and about 2000 eV, the total neutron scattering
cross section on 238U displays a number of well–separated (“isolated”) resonances. Each resonance is interpreted as
a quasibound state of the nucleus 239U. The energies of these quasibound states provide the input for the statistical
analysis leading to Fig. 1. We note the scale: At neutron threshold, i.e. about 8 MeV above the ground state,
the average spacing of the s–wave resonances shown in Fig. 2 is typically 10 eV! What happens as the energy E
increases? As is the case for any many–body system, the average compound nuclear level spacing D decreases nearly
exponentially with energy. For the same reason, the number of states in the residual nuclei (which are available for
decay of the compound nucleus) grows strongly with E. The net result is that the average width Γ of the compound–
nucleus resonances (which is very small compared to D at neutron threshold) grows nearly exponentially with E.
In heavy nuclei, Γ ≥ D already a few MeV above neutron threshold, and the compound–nucleus resonances begin
to overlap. A few MeV above this domain, we have Γ ≫ D, and the resonances overlap very strongly. At each
bombarding energy, the scattering amplitude is a linear superposition of contributions from many (roughly Γ/D)
resonances. But the low–energy scattering data show that these resonances behave stochastically. This must also
apply at higher energies. Figure 33 confirms this expectation. It shows an example for the statistical fluctuations
(“Ericson fluctuations”4) seen in nuclear cross sections a few MeV above neutron threshold. These fluctuations are
stochastic but reproducible. The width of the fluctuations grows with energy, since ever more decay channels of the
compound nucleus open up. Deriving the characteristic features of these fluctuations as measured in terms of their
variances and correlation functions from RMT posed a challenge for the nuclear physics community.

These applications of RMT were all in the spirit of Wigner’s original proposal. More recently, RMT has found
a somewhat unexpected extension of its domain of application. RMT has become an important tool in the study
of systems which are seemingly quite different from complex many–body systems. Examples are: Equilibrium and
transport properties of disordered quantum systems and of classically chaotic quantum systems with few degrees of
freedom, two–dimensional gravity, conformal field theory, and the chiral phase transition in quantum chromodynamics.

4

T. Guhr et al., Physics Reports 299, 189 (1998).
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Distribution of level spacings P (ω)

P (ω) can be understood using 2× 2 matrices[
ε1

V√
2

V ∗√
2

ε2

]
, E1,2 =

ε1 + ε2

2
± 1

2

√
(ε1 − ε2)2 + 2|V |2.

For systems that are invariant under time reversal, Ĥ can be written as a real matrix.
Draw ε1, ε2, and V from a Gaussian distribution with zero mean and variance σ.

P (ω ≡ E1 − E2) =
1

(2π)3/2σ3

∫
dε1

∫
dε2

∫
dV δ

(√
(ε1 − ε2)2 + 2V 2 − ω

)
× exp

(
−ε

2
1 + ε2

2 + V 2

2σ2

)
.

Calculating the integrals (change of variables plus cylindrical coordinates)

P (ω) =
ω

2σ2
exp

[
− ω2

4σ2

]
Wigner Surmise (Wigner-Dyson distribution)

P (ω) = Aβ ω
β exp[−Bβω2], where β = 1 (GOE) and β = 2 (GUE)
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Draw ε1, ε2, and V from a Gaussian distribution with zero mean and variance σ.

P (ω ≡ E1 − E2) =
1

(2π)3/2σ3

∫
dε1

∫
dε2

∫
dV δ

(√
(ε1 − ε2)2 + 2V 2 − ω

)
× exp

(
−ε

2
1 + ε2

2 + V 2

2σ2

)
.

Calculating the integrals (change of variables plus cylindrical coordinates)

P (ω) =
ω

2σ2
exp

[
− ω2

4σ2

]
Wigner Surmise (Wigner-Dyson distribution)

P (ω) = Aβ ω
β exp[−Bβω2], where β = 1 (GOE) and β = 2 (GUE)

Marcos Rigol (Penn State) Entanglement entropy of highly excited. . . November 14, 2019 34 / 43



Distribution of level spacings P (ω)

P (ω) can be understood using 2× 2 matrices[
ε1

V√
2

V ∗√
2

ε2

]
, E1,2 =

ε1 + ε2

2
± 1

2

√
(ε1 − ε2)2 + 2|V |2.

For systems that are invariant under time reversal, Ĥ can be written as a real matrix.
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Matrix elements of Hermitian operators within RMT

Let Ô =
∑
iOi|i〉〈i|, where Ô|i〉 = Oi|i〉,

Oαβ ≡ 〈α|Ô|β〉 =
∑
i

Oi〈α|i〉〈i|β〉 =
∑
i

Oi(ψ
α
i )∗ψβi

|α〉 and |β〉 are eigenvectors of a random matrix. Averaging over |α〉 and |β〉
(random orthogonal unit vectors in arbitrary bases): (ψαi )∗(ψβi ) = 1

D δαβ .

This means that (to leading order):

Oαα =
1

D
∑
i

Oi ≡ Ō, while Oαβ = 0 for α 6= β.

One can also show that (η = 2 for GOE and η = 1 for GUE):

O2
αα −Oαα

2
= η|Oαβ |2 =

η

D2

∑
i

O2
i ≡

η

DO
2.

Combining these results one can write

Oαβ ≈ Ōδαβ +

√
O2

D Rαβ ,

where Rαβ is a random variable (real for GOE and complex for GUE).
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Ratio of variances in the 2D F-TFIM

Hamiltonian: Ĥ = −J
∑
〈i,j〉

σ̂zi σ̂
z
j + g

∑
i

σ̂xi

Ratio of variances for the ferromagnetic structure factor

R. Mondaini and MR, PRE 96, 012157 (2017).
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1 Introduction
Entanglement entropies and experiments
Integrability vs nonintegrability, energy levels
Integrability vs nonintegrability, entanglement entropy

2 Integrable systems
SvN in eigenstates of quadratic fermionic Hamiltonians

3 Nonintegrable systems
Eigenstate thermalization and quantum chaos
Random matrix theory
SvN in eigenstates of quantum chaotic Hamiltonians

4 Summary
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SvN in eigenstates of quantum chaotic Hamiltonians

Entanglement entropy in eigenstates of quantum chaotic Hamiltonians
Znidaric’07, Santos et al.’12, Deutsch et al.’13, Beugeling et al.’15, Yang et al.’15, Garrison &
Grover’15, Vivo et al.’16, Dymarsky et al.’16, Fujita et al.’17, MR & Vidmar’17, Huang’17. . .

What is the (subleading) effect of adding a conservation law?
Focus on the conservation of the number of particles
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SvN in eigenstates of quantum chaotic Hamiltonians
Hard-core bosons in one dimension (t = t′ = 1 and V = V ′ = 1.1)

Ĥ =

L∑
i=1

{
−t
(
b̂†i b̂i+1 + H.c.

)
+ V n̂in̂i+1 − t′

(
b̂†i b̂i+2 + H.c.

)
+ V ′n̂in̂i+2

}
Random canonical states (zj : normally distributed real random number)

|ψN 〉 =
1√DN

DN∑
j=1

zj |j〉, |j〉 are base kets for N particles in the site basis

S̄vN vs subsystem fraction f = LA/L [L = 22 (n=1/2), 24 (n=1/3,1/4) and 30 (n=1/6)]

L. Vidmar and MR,
PRL 119, 220603 (2017).
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SvN in eigenstates of quantum chaotic Hamiltonians
Hard-core bosons in one dimension (t = t′ = 1 and V = V ′ = 1.1)
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SvN in eigenstates of quantum chaotic Hamiltonians
To calculate S̄ = −Tr{ρ̂A ln(ρ̂A)}, we define

M̂ = (ˆ̄ρA)−1(ρ̂A − ˆ̄ρA) ,

so that

S̄ = −Tr
{

ˆ̄ρA(Î + M̂) ln
[

ˆ̄ρA(Î + M̂)
]}

= SMF + S̄0 + S̄fluct

SMF = −Tr
{

ˆ̄ρA ln ˆ̄ρA
}
, S0 = −Tr

{
ˆ̄ρAM̂ ln ˆ̄ρA

}
, Sfluct = −Tr

{
ˆ̄ρA(Î + M̂) ln(Î + M̂)

}

For large systems, using Stirling’s approximation and replacing
∑
NA
→
∫

dn:

S∗MF = −LA [n lnn+ (1− n) ln(1− n)] +
f + ln(1− f)

2
Leading order: J. R. Garrison and T. Grover, Phys. Rev. X 8, 021026 (2018).

One can prove that S̄fluct ≤ Sbound
fluct , where for large systems and f = 1/2

Sbound∗
fluct = −

√
LA ln

(
1− n
n

)√
n(1− n)

π
+

1√
LA

(1− 2n)

3
√
πn(1− n)

For the canonical ensemble at infinite temperature

SA = lnDN/2 ≈ −LA [n lnn+ (1− n) ln(1− n)]− (1/4) ln(LA) + Cn
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ˆ̄ρAM̂ ln ˆ̄ρA

}
, Sfluct = −Tr

{
ˆ̄ρA(Î + M̂) ln(Î + M̂)

}
For large systems, using Stirling’s approximation and replacing

∑
NA
→
∫

dn:

S∗MF = −LA [n lnn+ (1− n) ln(1− n)] +
f + ln(1− f)

2
Leading order: J. R. Garrison and T. Grover, Phys. Rev. X 8, 021026 (2018).

One can prove that S̄fluct ≤ Sbound
fluct , where for large systems and f = 1/2

Sbound∗
fluct = −

√
LA ln

(
1− n
n

)√
n(1− n)

π
+

1√
LA

(1− 2n)

3
√
πn(1− n)

For the canonical ensemble at infinite temperature

SA = lnDN/2 ≈ −LA [n lnn+ (1− n) ln(1− n)]− (1/4) ln(LA) + Cn
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SvN in eigenstates of quantum chaotic Hamiltonians
Fluctuation contribution to the average entanglement entropy for f = 1/2

L. Vidmar and MR,
PRL 119, 220603 (2017).

C. Murthy and M. Srednicki,
PRE 100, 022131 (2019).
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Summary

The entanglement properties of typical eigenstates of integrable models
are different from those of typical eigenstates of nonintegrable ones
• Need a nonvanishing subsytem fraction to detect them!

The leading and first subleading [when O(1) or larger] terms in the
von Neumann entanglement entropy of typical eigenstates of quantum
chaotic Hamiltonians are universal and given by random matrix theory.
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