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von Neumann and Renyi entanglement entropies

Let |m) be a state ket of a many-body system. The reduced density matrix
pa(m) = Trz(Jm)(m|), Ais the subsystem of interest and A is its complement

The von Neumann and n-Renyi entanglement entropies are defined as:

Sw(m) = —Tr[pa(m)Inpa(m)] and Sp(m)= T L In Tr[pa(m)"]

—-—n
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von Neumann and Renyi entanglement entropies

Let |m) be a state ket of a many-body system. The reduced density matrix

pa(m) = Trz(Jm)(m|), Ais the subsystem of interest and A is its complement
The von Neumann and n-Renyi entanglement entropies are defined as:

In Tr[pa(m)"]

Sin(m) = ~Trlpa(m) n pa(m)] and Sn(m) = - L

—n
Ground-state entanglement entropies (area laws, quantum phase transitions)
Srednicki’93; Osterloh, Amico, Falci & Fazio’02; Osborne & Nielsen’'02;
Vidal, Latorre, Rico & Kitaev'03; Calabrese & Cardy’04, ..., Eisert, Cramer & Plenio, RMP’10
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S has been measured in experiments with ultracold quantum gases

InTr[pa(m)"]
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Integrability to quantum chaos transition

Spinless fermions (hard-core bosons, spin-1/2) in one dimension

L
=3 {=t (flfi1 +He) + Vinag — ¢ (f fira + He) + Voo )
=1

Level spacing distribution (Ny = L/3)
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Information entropy (S;
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Typicality (uniform distribution in the unit sphere)

Average (vN) entanglement entropy of subsystems of random pure states

Suve ~ InDy — (1/2)DA/D,

for 1 < Da < VD.
D. N. Page, PRL 71, 1291 (1993).

Sun for typical pure states exhibits a volume law (In Da < Va and In D « V).
Typical pure states are (nearly) maximally entangled

(the correction is exponentially small for Va < V/2. Itis 1/2 for Va = V/2).
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Typicality (uniform distribution in the unit sphere)

Average (vN) entanglement entropy of subsystems of random pure states

Suve ~ InDy — (1/2)DA/D,

for 1 < Da < VD.
D. N. Page, PRL 71, 1291 (1993).

Sun for typical pure states exhibits a volume law (In Da < Va and In D « V).
Typical pure states are (nearly) maximally entangled
(the correction is exponentially small for Va < V/2. Itis 1/2 for Va = V/2).

Spin-1/2 XXZ chain with next nearest neighbors interactions:

L
A=Y [% (5‘?5‘;1 + H.c.) + AS‘fS‘fﬂ}

=1
511 fas s 1 s
Y {5 (SjS;Q + H.c.) 257 f+2} :
=1
0, A = 0: Mappable to free fermions

A f—
A #£ 0, A = 0: Interacting integrable model
A # 0, A # 0: Nonintegrable model
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Integrability vs nonintegrability and entanglement

Average entanglement entropy (L4 = L/2, L = 20, S, = 0)

1.0 RN
.08
(@]
— 0.6
< U0 T o0m0—0
~—
=04
o= A Nonintegrable model (A = 1)
0.2 B XXZ model (A = 0)
o Free fermions
0.05 0.5 i L5 2
La/(L/2)

T. LeBlond, K. Mallayya, L. Vidmar, and MR, arXiv:1909.09654.
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Integrability vs nonintegrability and entanglement

Average entanglement entropy (L4 = L/2, L = 22, S¢

total

|:O)

1.0 - .

A

Nonintegrable model

Qmax
S ran
i
Co

Free fermions

S/

0.67

0 0.2 0.4
1/5*1112{;(

ran

T. LeBlond, K. Mallayya, L. Vidmar, and MR, arXiv:1909.09654.
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Integrability vs nonintegrability and entanglement

Average entanglement entropy (Ls = L/2, L =22, 5%, = 0)

XXZ model
L0 ' 2 L0raAasos
A a4 A=1.0
Nonintegrable model e A=1.1
2208 10.8]7 A =145
'Q Free fermions
195!
0.6¢ 10.6
0 0.2 0.4 0 0.5

1/5*11121;( 1/1 /Sglgx

ran

T. LeBlond, K. Mallayya, L. Vidmar, and MR, arXiv:1909.09654.
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Integrability vs nonintegrability and entanglement

Average entanglement entropy (L4 = L/2, L = 20, S, = 0)

XXZ model
L0 R g Aazos %
a4 A=1.0
Nonintegrable model e A=1.1
2208 10.8]7 A =145
'Q Free fermions
195!
0.6¢ 10.6
0 0.2 0.4 0
1/

T. LeBlond, K. Mallayya, L. Vidmar, and MR, arXiv:1909.09654.
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@ Integrable systems
@ SN in eigenstates of quadratic fermionic Hamiltonians
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Sy In eigenstates of quadratic fermionic Hamiltonians

Free fermions in 1D (H = — Zé,ﬁ(]{jfj + H.c.), L = 36 sites)
L2

Pg 10°

I Sm;\x/ln 2=1Ly
10

108

3L/4 L-1

L/4 L2

Ly
L. Vidmar, L. F. Hackl, E. Bianchi, and MR, PRL 119, 020601 (2017).
Earlier results in 2D, M. Storms and R. R. P. Singh, PRE 89, 012125 (2014).
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Sy In eigenstates of quadratic fermionic Hamiltonians

Free fermions in 1D (H = — Zé,ﬁ(]{jfj + H.c.), L = 36 sites)

L/2
/ I sz\x/ln2=LA PS 100
10
N
=] 10-8
= L/4
S

L/4 L/2
Ly

L. Vidmar, L. F. Hackl, E. Bianchi, and MR, PRL 119, 020601 (2017).
Earlier results in 2D, M. Storms and R. R. P. Singh, PRE 89, 012125 (2014).

3L/4 L-1

Translational invariant quadratic Hamiltonian
Vv
H=-3% @flfi + A fl T+ AL fif), Ay =—0gi and ti; =1t
i,j=1
It is diagonalizable via a Bogoliubov transformation: f; = 3, , (cuiéi + Baé}).
It is straightforward find all many-body eigenstates |m).
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Syn In eigenstates of quadratic fermionic Hamiltonians

The (2V x 2V') one-body correlation matrix fully characterizes the state

_ (_mlffi = Fiflim) | ol 5T = FL AT m)
mlfif; — Fifilm) | (mlfif] — f] film)

|. Peschel, J. Phys. A 36, L205 (2003); I. Peschel & V. Eisler, J. Phys. A 42, 504003 (2009).
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Syn In eigenstates of quadratic fermionic Hamiltonians

The (2V x 2V') one-body correlation matrix fully characterizes the state

F_(<mﬁﬂ—ﬂﬁm><mﬁﬁ—ﬁﬁm>>

(mlfif; = Fifilm) | (mlfif] — f] film)
|. Peschel, J. Phys. A 36, L205 (2003); I. Peschel & V. Eisler, J. Phys. A 42, 504003 (2009).
The entanglement entropy

S = —Tr{(n+2[F]A>ln(n+2[F]A>}»

where [F 4 is the 2V x 2V matrix with ¢, j € A.
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Syn In eigenstates of quadratic fermionic Hamiltonians

The (2V x 2V') one-body correlation matrix fully characterizes the state

F_(<mﬁﬂ—ﬂﬁm><mﬁﬁ—ﬁﬁm>>

(mlfif; = Fifilm) | (mlfif] — f] film)
|. Peschel, J. Phys. A 36, L205 (2003); I. Peschel & V. Eisler, J. Phys. A 42, 504003 (2009).
The entanglement entropy

S = —Tr{(n+2[F]A>ln(n+2[F]A>}»

where [F 4 is the 2V x 2V matrix with ¢, j € A.
One can prove that the eigenvalues \; of [F'] 4 are real with |\;| < 1 so

0 < Te[F13 ) < TY[FIA™ < 2Va

Marcos Rigol (Penn State) Entanglement entropy of highly excited. . . November 14, 2019



Syn In eigenstates of quadratic fermionic Hamiltonians

The (2V x 2V') one-body correlation matrix fully characterizes the state

F:<<mﬁﬂ—ﬂﬁm><mﬁﬁ—ﬁﬁm>>

(mlfif; = Fifilm) | (mlfif] — f] film)
|. Peschel, J. Phys. A 36, L205 (2003); I. Peschel & V. Eisler, J. Phys. A 42, 504003 (2009).
The entanglement entropy

S = —Tr{(n+2[F]A>ln(n+2[F]A>}»

where [F 4 is the 2V x 2V matrix with ¢, j € A.
One can prove that the eigenvalues \; of [F'] 4 are real with |\;| < 1 so

0 < Te[F13 ) < TY[FIA™ < 2Va

Hence, the expansion -
Tr[F]X"
‘= 4n(2n —1)

is convergent. Higher-order terms lower the average entanglement entropy.

S\/N = VA1n2—
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Sy In eigenstates of quadratic fermionic Hamiltonians

We are interested in the average over all eigenstates

(Tx[FIZ")

<SVN> =Valn2— Z 4n(2n — 1)
n=1

(Tr[F]3") can be computed using correlation functions of the binomial distribution.
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Sy In eigenstates of quadratic fermionic Hamiltonians

We are interested in the average over all eigenstates

(S = Va2 - 3 L

(Tr[F]3") can be computed using correlation functions of the binomial distribution.

Truncating the sum at n = 1 gives an upper bound, substituting Tr[F]3" — Tr[F]i
gives a lower bound:

Valn2 — %ln2 < (Sw) < Valn2 — (Tr[FIA)

4
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ns

Sun In eigenstates of quadratic fermionic Hamiltonia

We are interested in the average over all eigenstates

_ o~ (Tr[FIR")
(Sy) = VaIn2 ; Inn 1)
(Tr[F]3") can be computed using correlation functions of the binomial distribution.
Truncating the sum at n = 1 gives an upper bound, substituting Tr[F]3" — Tr[F]i
gives a lower bound:

(IR 1 g < (S < Va In2 — SDFIR)
= v = 4

Valn2 —

The “first order” (results for n = 1) bounds are universal in the thermodynamic limit

v, 1V,
Va <1n2—ln27A> < (Sw) < Va (1112 — 57‘*)

Typical eigenstates have maximal entanglement entropy for V4 /V — 0.
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Sy In eigenstates of quadratic fermionic Hamiltonians

We are interested in the average over all eigenstates

(S = Va2 - 3 L

(Tr[F]3") can be computed using correlation functions of the binomial distribution.
Truncating the sum at n = 1 gives an upper bound, substituting Tr[F]3" — Tr[F]i

gives a lower bound:

Valn2 — %hﬂ <{(SN) <Valn2-— %f]i)

The “first order” (results for n = 1) bounds are universal in the thermodynamic limit

v, 1V,
Va <1n2—ln27A> < (Sw) < Va (1112 — 57‘*)

The “second order” bounds (results for up to n = 2) for free fermions in 1D are
Lz L3
L [1112— %LTA —(2In2-1) <4A - A)

Typical eigenstates have maximal entanglement entropy for V4 /V — 0.

< (Sw) < La [1n2— e

16/43
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Syn In eigenstates of quadratic fermionic Hamiltonians

Free (NI) fermions in 1D (H = — 37, (fI f; + H.c.), L = 36 sites)

0.6
0.5f P
>
0.41
=le ——
o 05F ———2fs{()
Q "— -
0.2F I 2fs4(f)
— 2fs(f)imi
R zfsusy(f)
0.0 : : : :
0.0 0.1 0.2 0.3 0.4 0.5

f
L. Hackl, L. Vidmar, MR, and E. Bianchi, Phys. Rev. B 99, 075123 (2019).
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Syn In eigenstates of quadratic fermionic Hamiltonians

Free (NI) fermions in 1D (H = — 37, (fI f; + H.c.), L = 36 sites)

0.6
0.5f P
>
0.41
=le ——
o 05F ———2fs{()
Q "— -
0.2F I 2fs4(f)
— 2fs(f)imi
R zfsusy(f)
0.0 : : : :
0.0 0.1 0.2 0.3 0.4 0.5

f
L. Hackl, L. Vidmar, MR, and E. Bianchi, Phys. Rev. B 99, 075123 (2019).

Normalized width of the distribution of S,y for eigenstates
(5%) — (5)?

A= Laln?2

vanishes as 1/+/L or faster.
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Toeplitz Gaussian ensemble (TGE)

Distribution of eigenvalues of [F]a for La/L — 0

0.6

0.5

0.4

0.3

Py La/L

0.2

0.1

0.0!

L. Vidmar, L. F. Hackl, E. Bianchi, and MR, PRL 119, 020601 (2017).
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Toeplitz Gaussian ensemble (TGE)

Distribution of eigenvalues of [F]a for La/L — 0

06l Lx =60, L=6000
. --- Ly =60, L=20000
— Ly =100, L = 20000
0.5
= 04
3
0.3
~
& 02
0.1
O.Qa =3 -1 0 1 2 3

AV L/Ly
L. Vidmar, L. F. Hackl, E. Bianchi, and MR, PRL 119, 020601 (2017).
Toeplitz Gaussian ensemble (TGE)
@ Replace the matrix elements of [F]a by random complex numbers.

@ Their absolute value is that of a normally distributed variable with zero
mean and variance 1/L

@ Their phase is uniformly distributed between 0 and 27
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Toeplitz Gaussian ensemble (TGE)

Distribution of eigenvalues of [F]a for La/L — 0

06l Ly =60, L=06000
O --- Ly =60, L=20000

— Ly =100, L =20000

0.5/ « Ly=60, L=6000 (TGE)

v Ly=60, L=20000 (TGE)

0.4, * La=100,1=20000 (TGE)

0.3

Py La/L

0.2

0.1

093 -2 -1 0 1 2 3
AV L/Ly
L. Vidmar, L. F. Hackl, E. Bianchi, and MR, PRL 119, 020601 (2017).
Toeplitz Gaussian ensemble (TGE)
@ Replace the matrix elements of [F]a by random complex numbers.

@ Their absolute value is that of a normally distributed variable with zero
mean and variance 1/L
@ Their phase is uniformly distributed between 0 and 27
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Entanglement in the 1D TFIM

Hamiltonian: H = J> " 6{6§ +g»  6f
(i.4) i

PHYSICAL REVIEW LETTERS 121, 220602 (2018)

Volume Law and Quantum Criticality in the
Entanglement Entropy of Excited Eigenstates of the Quantum Ising Model

Lev Vidmar,"? Lucas Hackl >*° Eugenio Bianchi,*> and Marcos Rigol"‘2
'Department of Theoretical Physics, J. Stefan Institute, SI-1000 Ljubljana, Slovenia
*Kavli Institute Jor Theoretical Physics, University of California, Santa Barbara, California 93106, USA
*Max Planck Institute of Quantum Optics, Hans-Kopfermann-Strafie 1, D-85748 Garching bei Miinchen, Germany
4De/mrlmt:m of Physics, The Pennsylvania State University, University Park, Pennsylvania 16802, USA
*Institute for Gravitation and the Cosmos, The Pennsylvania State University, University Park, Pennsylvania 16802, USA

® (Received 27 August 2018; revised manuscript received 12 October 2018; published 28 November 2018)

Much has been learned about universal properties of entanglement entropies in ground states of quantum
many-body lattice systems. Here we unveil universal properties of the average bipartite entanglement
entropy of eigenstates of the paradigmatic quantum Ising model in one dimension. The leading term
exhibits a volume-law scaling that we argue is universal for translationally invariant quadratic models. The
subleading term is constant at the critical field for the quantum phase transition and vanishes otherwise
(in the thermodynamic limit); i.e., the critical field can be identified from subleading corrections to the
average (over all eigenstates) entanglement entropy.
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Sy In eigenstates of quadratic fermionic Hamiltonians

Free fermions in 1D (H = — Zé,ﬁ(]{jfj + H.c.), L = 36 sites)
L/2

I sz\x/ln 2=1Ly PS 100

10

108

L4 L2 3L/4 L-1

Ly
L. Vidmar, L. F. Hackl, E. Bianchi, and MR, PRL 119, 020601 (2017).
Similar results in 2D, M. Storms and R. R. P. Singh, PRE 89, 012125 (2014).

Translational invariant quadratic Hamiltonian
Vv
H=—3% @flfi + A fIfT+ AL fif), Ay =—0gi and ti; =1t
i,j=1
It is diagonalizable via a Bogoliubov transformation: f; = 3, , (cuéi + Bué}).
It is straightforward find all many-body eigenstates |m).
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Controlled numerical experiments

Hamiltonian of the form: Hnonim(A) = fIim + AW

- Hiy: integrable (strongly interacting) Hamiltonian
- Hponint: NONintegrable (strongly interacting) Hamiltonian

Hard-core bosons in 1D:
Fo=3" [t —Heo+ (7= 2 ) (g — 2
int= i i Vit -C. n; 5 Nitq 2
R cia R 1 ) 1
W:zz: _bi bi+2 — H.c. —+ ni — 5 TLi_,’_Q — 5

MR, PRL 116, 100601 (2016).
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Controlled numerical experiments

Hamiltonian of the form: Hnonim(A) = fIim + AW

- Hiy: integrable (strongly interacting) Hamiltonian
- Hponint: NONintegrable (strongly interacting) Hamiltonian

Hard-core bosons in 1D:
Fo=3" [t —Heo+ (7= 2 ) (g — 2
int= i i Vit -C. n; 5 Nitq 2
R cia R 1 ) 1
W:zz: _bi bi+2 — H.c. —+ ni — 5 TLi_,’_Q — 5

Quenches:

- Initial state is a thermal equilibrium state (at a temperature 77) of
Hionint With some A;
- Evolve unitarily under Hiy (quench A — 0)

MR, PRL 116, 100601 (2016).
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Numerical linked cluster expansions (NLCES)
Linked-cluster theorem: Extensive observables O per site O in a lattice

0= ZL XWO

where L(c) is the multiplicity of cluster c (ways per site in which it can be
embedded on the lattice),
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Numerical linked cluster expansions (NLCES)
Linked-cluster theorem: Extensive observables O per site O in a lattice

0= ZL ) x Wole

where L(c) is the multiplicity of cluster c (ways per site in which it can be
embedded on the lattice), and W (c) is the weight of O in cluster ¢

Wo(e) = O(c) = > Wols), where O(c)=Tr {O ,ac} .

sCc
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Numerical linked cluster expansions (NLCES)
Linked-cluster theorem: Extensive observables O per site O in a lattice

0= ZL XWO

where L(c) is the multiplicity of cluster c (ways per site in which it can be
embedded on the lattice), and W (c) is the weight of O in cluster ¢

Wo(e) = O(c) = > Wols), where O(c)=Tr {O ,ac} .
sCc
@ High-temperature expansions (HTEs):

fe” = z&¢ exp #(He=1Ne) eypand O(c) in powers of 3
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Numerical linked cluster expansions (NLCES)
Linked-cluster theorem: Extensive observables O per site O in a lattice

0= ZL ) x Wole

where L(c) is the multiplicity of cluster c (ways per site in which it can be
embedded on the lattice), and W (c) is the weight of O in cluster ¢

Wo(e) = O(c) = > Wols), where O(c)=Tr {O ,ac} .
sCc

@ High-temperature expansions (HTEs):

pEC = ﬁ exp A(e=1Ne) aypand O(c) in powers of 3

@ Numerical linked cluster expansions (NLCEs):
Compute O(c) exactly using full exact diagonalization
MR, T. Bryant, and R. R. P. Singh, PRL 97, 187202 (2006).
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Numerical linked cluster expansions (NLCES)

Linked-cluster theorem: Extensive observables O per site O in a lattice

0= ZL ) x Wole

where L(c) is the multiplicity of cluster c (ways per site in which it can be
embedded on the lattice), and W (c) is the weight of O in cluster ¢

Wo(e) = O(c) = > Wols), where O(c)=Tr {O ,ac} .
sCc
High-temperature expansions (HTEs):
P = exp #(He=1Ne) eypand O(c) in powers of 3
Numerical linked cluster expansions (NLCEs):
Compute O(c) exactly using full exact diagonalization
MR, T. Bryant, and R. R. P. Singh, PRL 97, 187202 (2006).
NLCEs for quantum quenches:
Diagonal ensemble: 5% = lim,/_, o % [7 dr po(r) = 3, WE ) o
MR, PRL 112, 170601 (2014)
Quantum dynamics: p.(7)
K. Mallayya and MR, PRL 120, 070603 (2018).
(2D) White et al., arXiv:1710.07696; Guardado-Sanchez et al., PRX 8, 021069 (2018).
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Lack of thermalization after equilibration
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Lack of thermalization after equilibration

Lz o)
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Lack of thermalization after equilibration

Lz o)

IDE _ IGE
5118: ’ 18 o 18
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100 T T
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Lack of thermalization after equilibration
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Lack of thermalization after equilibration

. 1\ /. 1 I Ry
=28 () (nmg) oS

DE A) — GE A
0l1g = —’IIDsE _ I?SE dmig(A) = 2k ’mklg( )GEm’ﬂS ( )|
T |I1GgE >k Mg (A)
100 T T 10—1 : .
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Lack of thermalization after equilibration

SCE — _Tr[p°EIn %] and SPE = —Tr[PE In pPE]

GE _ qDE
o=y
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Lack of thermalization after equilibration

SCE — _Tr[p°EIn %] and SPE = —Tr[PE In pPE]

GE _ qDE
o =Sy

2[ oo oo
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e Nonintegrable systems
@ Eigenstate thermalization and quantum chaos
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Eigenstate thermalization hypothesis

Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).
Oap = O(E)(Saﬁ + e_S(E)/Qfo(E, w)Rag

where E = (E, + Eg)/2, w = E, — Eg, S(E) is the thermodynamic entropy at energy
E, and R.p is a random number with zero mean and unit variance.
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Eigenstate thermalization hypothesis

Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).

Oap = O(E)(Saﬁ + e_S(E)/Qfo(E, w)Rag

where E = (E, + Eg)/2, w = E, — Eg, S(E) is the thermodynamic entropy at energy
E, and R.p is a random number with zero mean and unit variance.

The t-V-t'-V’ model for hard-core bosons in one dimension

~

I;[ = Z {—t (Bji)l_irl aF HC) aF V’fli’fli+1 - tl (IA)IIA)H_Q aF HC) aF Vlﬁiflz'_;'_g}
i=1

Integrable for ¢/ =V’ =0
(mappable onto the spin-1/2 XXZ chain)

t', V' #£0, for t,V # 0, break integrability

MR, PRL 103, 100403 (2009); PRA 80, 053607 (2009).
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Eigenstate thermalization hypothesis

Eigenstate thermalization hypothesis

M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).
Oap = O(E)(Saﬁ + e_S(E)/Qfo(E, w)RaB

where E = (E, + Eg)/2, w = E, — Eg, S(E) is the thermodynamic entropy at energy
E, and R.p is a random number with zero mean and unit variance.

Occupation of momentum k& = 0 (hard-core bosons, t =V =1, N, = L/3)

T T T
t'=V'=0.16

0
iO.G -04 -02 0 02 04

-06 -04 -02 0 02 04 -

TS T T

T T
t'=V’'=0.32

nm( k=0)

-0.6 -04 -02 0 02 04 -06-04-02 0 02 04 -09-06-03 0 03 0.6
EO/L EO/L EO/L
MR, PRL 103, 100403 (2009); PRA 80, 053607 (2009).
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Eigenstate thermalization hypothesis

Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).

Oap = O(E)(Saﬁ + e_S(E)/Qfo(E, w)Rag

where E = (E, + Eg)/2, w = E, — Eg, S(E) is the thermodynamic entropy at energy
E, and R.p is a random number with zero mean and unit variance.

Transverse (+ longitudinal) field Ising model in two dimensions
H=7) 6i6i+g» o6{+e» o7
(i.3) i i

Integrable for J =0 orfor g =0
(not mappable onto noninteracting fermions)

e # 0 breaks the Z; symmetry of the TFIM

Mondaini et al., PRE 93, 032104 (2016); Mondaini and MR, PRE 96, 012157 (2017).

Marcos Rigol (Penn State) Entanglement entropy of highly excited. . . November 14, 2019 29/43



Eigenstate thermalization hypothesis

Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).
Oup = O(E)bap + ¢ B2 f5(E,w)Rap

where E = (E, + Eg)/2, w = E, — Eg, S(E) is the thermodynamic entropy at energy
E, and R.p is a random number with zero mean and unit variance.

Diagonal matrix elements (2D AF-TFIM)

N=10 N=12 - N=16 - N=18 < ON=2
20 . ’
(a) . (b) (© (€]
151 tT s
’i‘m - e=g=05 , e=g=15 H e=g=20
- 3 i
a ; ; i
5 :
U— 2 —0.8 0.0 0.8

"Zox 00 04 0% T4 00 04 05 06 03 00 03 06 05 o4 00 04 08
Eu/[(I]+g+¢e)N] Eo/(17]+ g +2)N] E./(17]+ g +e)N] E, /(7] + g+ e)N]

Mondaini, Fratus, Srednicki, and MR, PRE 93, 032104 (2016).
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Eigenstate thermalization hypothesis

Eigenstate thermalization hypothesis
M. Srednicki, J. Phys. A 32, 1163 (1999), L. D’Alessio et al., Adv. Phys. 65, 239 (2016).
Oap = O(E)(Saﬁ + e_S(E)/Qfo(E, w)Rag

where E = (E, + Eg)/2, w = E, — Eg, S(E) is the thermodynamic entropy at energy
E, and R.p is a random number with zero mean and unit variance.

Off-diagonal matrix elements (2D F-TFIM): Results vs w at constant £
f T T i T

[ (5™) 5

0 20 10
w
Mondaini and MR, PRE 96, 012157 (2017).
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e Nonintegrable systems

@ Random matrix theory
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Random matrix theory

@ Wigner (1955) & Dyson (1962): Statistical properties of the spectra of
complex quantum systems (in a narrow energy window) can be pre-
dicted from the statistical properties of the spectra of random matrices
(with the appropriate symmetries). It was used with great success to
understand the spectra of complex nuclei.
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Random matrix theory

@ Wigner (1955) & Dyson (1962): Statistical properties of the spectra of
complex quantum systems (in a narrow energy window) can be pre-
dicted from the statistical properties of the spectra of random matrices
(with the appropriate symmetries). It was used with great success to
understand the spectra of complex nuclei.

Distribution of level spacings for the “Nuclear Data Ensemble”

10 T T S
I Poisson NDE 1
L 1726 spacings 4
051 ¥, b
GOE
L - i
1 1
0 1 2 3

T. Guhr et al., Physics Reports 299, 189 (1998).

Marcos Rigol (Penn State) Entanglement entropy of highly excited. . . November 14, 2019 33/43



Distribution of level spacings P(w)

P(w) can be understood using 2 x 2 matrices

€1 \‘//5 €1+ €2 1
v R El,z = ﬂ:*\/(é‘l —62)2—|—2|V|2.
7z €2 2 2
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Distribution of level spacings P(w)

P(w) can be understood using 2 x 2 matrices

€1 \‘//5 €1+ €2 1
v R El,z = ﬂ:*\/(é‘l —62)2—|—2|V|2.
7z €2 2 2

For systems that are invariant under time reversal, H can be written as a real matrix.
Draw €1, 2, and V from a Gaussian distribution with zero mean and variance o.

Plw=FE—E;) = m/del/dzsg/ch;(\/(&—52)2—|—2V2—w)

ed+ea+V?
Xexp 7T 3
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Distribution of level spacings P(w)

P(w) can be understood using 2 x 2 matrices

€1 \‘//5 €1+e2 | 1
Vv , Eis= :E*\/(éj —£2)2 + 2|V |2.
a2 2 2

For systems that are invariant under time reversal, H can be written as a real matrix.
Draw €1, 2, and V from a Gaussian distribution with zero mean and variance o.

Plw=FE—E;) = m/del/d@/d‘/c?(\/(&—52)2—|—2V2—w)

ed+ea+V?
Xexp 7T 5

Calculating the integrals (change of variables plus cylindrical coordinates)

w OJ2
P) = 552 oxp [*ﬂ}
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Distribution of level spacings P(w)

P(w) can be understood using 2 x 2 matrices

€1 % €1+ €2 1
v R El,z = :E*\/(El 762)2+2|V|2.
7z €2 2 2

For systems that are invariant under time reversal, H can be written as a real matrix.
Draw €1, 2, and V from a Gaussian distribution with zero mean and variance o.

Plw=FE—E;) = m/del/d@/d‘/c?(\/(&—52)2—|—2V2—w)

ed+ea+V?
Xexp 7T 5

Calculating the integrals (change of variables plus cylindrical coordinates)

w OJ2
P) = 552 oxp [*ﬂ}
Wigner Surmise (Wigner-Dyson distribution)
P(w) = Ag w” exp[—Bsw?], where 8 =1 (GOE) and 8 = 2 (GUE)
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Matrix elements of Hermitian operators within RMT

Let O = 3, Os)i)(i|, where Oli) = O;li),

Oagp = (a|018) = Eo (al)( Zown e

|a) and |B) are eigenvectors of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): (y&)*(?) = 4 500
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Matrix elements of Hermitian operators within RMT

Let O = 3, Os)i)(i|, where Oli) = O;li),
Oagp = (a|018) = Eo (al)( Zo (@) 9!

|a) and |B) are eigenvectors of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): (y&)*(?) = 4 500

This means that (to leading order):

1 _ I —
OaazﬁgOiEO, while O.5 =0 for o #p6.
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Matrix elements of Hermitian operators within RMT

Let O = 3, Os)i)(i|, where Oli) = O;li),
Oagp = (a|018) = Eo (al)( Zo (@) 9!

|a) and |B) are eigenvectors of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): (y&)*(?) = 4 500

This means that (to leading order):

1 ~ . .

Oaa = 5;01- =0, while O.3=0 for a#8.
One can also show that (n = 2 for GOE and n = 1 for GUE):

"2 2_ . 2z 1 2 _ A3
02, — Oca = N|Oasl? = EZOZ» = 507
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Matrix elements of Hermitian operators within RMT

Let O = 3, Os)i)(i|, where Oli) = O;li),
Oagp = (a|018) = Eo (al)( Zo (@) 9!

|a) and |B) are eigenvectors of a random matrix. Averaging over |a) and |3)
(random orthogonal unit vectors in arbitrary bases): (y&)*(?) = 4 500

This means that (to leading order):
1 _ . .
Oaa = 5;01 =0, while O.3=0 for a#8.
One can also show that (n = 2 for GOE and n = 1 for GUE):
A2 . A 2_ o 2. "1 2 _ N7z
O%a = Oaa” = n[Oasl? = 5 Zoi = 507
Combining these results one can write
_ |02
Oup =~ O(SQB + 5Ra5,
where R,z is a random variable (real for GOE and complex for GUE).

Marcos Rigol (Penn State) Entanglement entropy of highly excited. . . November 14, 2019

35/43



Ratio of variances in the 2D F-TFIM

Hamiltonian: H = —J Y " 6§67 +g» 67
i

(i)

Ratio of variances for the ferromagnetic structure factor
6 ——— |
* 10 i :

- |
wn
3
>
P
S 2 -
0
* A T T
0 50000 100000 150000

Q

R. Mondaini and MR, PRE 96, 012157 (2017).
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e Nonintegrable systems

@ S,\ in eigenstates of quantum chaotic Hamiltonians
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SyN In eigenstates of quantum chaotic Hamiltonians

Entanglement entropy in eigenstates of quantum chaotic Hamiltonians

Znidaric’07, Santos et al.’12, Deutsch et al.’13, Beugeling et al.’15, Yang et al.’15, Garrison &
Grover'15, Vivo et al’16, Dymarsky et al.’16, Fujita et al’17, MR & Vidmar’'17, Huang’17. ..
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SyN In eigenstates of quantum chaotic Hamiltonians

Entanglement entropy in eigenstates of quantum chaotic Hamiltonians

Znidaric’07, Santos et al.’12, Deutsch et al.’13, Beugeling et al.’15, Yang et al.’15, Garrison &
Grover'15, Vivo et al’16, Dymarsky et al.’16, Fujita et al’17, MR & Vidmar’'17, Huang’17. ..

What is the (subleading) effect of adding a conservation law?
Focus on the conservation of the number of particles
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SyN In eigenstates of quantum chaotic Hamiltonians

Hard-core bosons in one dimension (t =¢ =1and V =V’ = 1.1)

IL
}AI = {—t (IA)TIA)Z_H -+ H.C.) T Vﬁi’fli+1 — t, (I;Tl;i_t,_g = H.C.) -+ V”fLiTALH_g}
i=1
Random canonlcal states (z;: normally distributed real random number)

[¥n) = Z 2i|9), |7) are base kets for N particles in the site basis
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Sun In eigenstates of quantum chaotic Hamiltonians

Hard-core bosons in one dimension (t =t =1and V =V’ =1.1)

IL
ﬁ = {—t (IA)TIA)Z_H -+ H.C.) T Vﬁi’fli+1 — t, (IA)T?)H_Q = H.C.) -+ V”fLiﬁH_Q}
i=1
Random canomcal states (z;: normally distributed real random number)

[¥n) = Z 2i|9), |7) are base kets for N particles in the site basis
SuN VS subsystem fractlon f=1La/L[L =22 (n=1/2), 24 (n=1/3,1/4) and 30 (n=1/6)]
0.7
0.6 e
RN
0.5 o & -
~ m B
R B
§0.4 /,QA a -1 . Q ]
= y T e e e
o 0.3 s ©
02 P o n=1/2 = n=1/4
01 QQ' FiIIedsA n,:1-/3 . i
e o ymbols: R_andom states L. Vidmar and MR,
.69 Open symbols: Eigenstates
0.8_0 07 02 03 07 05 PRL 119, 220603 (2017).

f=La/L
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Sun In eigenstates of quantum chaotic Hamiltonians

Hard-core bosons in one dimension (t =t =1and V =V’ =1.1)

IL
ﬁ = {—t (IA)TIA)Z_H -+ H.C.) T Vﬁi’fli+1 — t, (IA)T?)H_Q = H.C.) -+ V”fLiﬁH_Q}
i=1
Random canomcal states (z;: normally distributed real random number)

[¥n) = Z 2i|9), |7) are base kets for N particles in the site basis
Sun VS subsystem fractlon f=1La/L[L =22 (n=1/2), 24 (n=1/3,1/4) and 30 (n=1/6)]
o7 f=1/2,n=1/2 0.00
06 = 025 A
A & A A
| P
05 @,/@A ey
§0~4 0 005 010 015 ex g °
0.3 Vs ga—m 7o © °f
[ = A
qu
02 ) Q‘;,a@::_g" o n=1/2 = n=1/4
Q;;%_A s n=1/3 o n=1/6
0.1 "' Filled symbols: R_andom states L. Vidmar and MR,
_ﬁ Open symbols: Eigenstates
0g's 57 53 53 e o5 PRL119,220603 (2017).
f=La/L
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SyN In eigenstates of quantum chaotic Hamiltonians

To calculate S = —Tr{pa In(pa)}, we define

M = (pa)™"(pa — pa),
so that

§=—Tr{pa(l + MD)W [pa(f + MD)] } = Sur + 50 + Sauet

Smrp = —Tr{palnpa}, So=—Tr {ﬁAMlnﬁA}7 Sfuct = —Tr {ﬁA(f+M) In(1 + M)}
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SyN In eigenstates of quantum chaotic Hamiltonians
To calculate S = —Tr{pa In(pa)}, we define

M = (pa)” " (pa — pa),

so that

S=-Tr {ﬁA(f + M) In [f)A(f-i- M)]} = Smr + So + Sauct
Smrp = —Tr{palnpa}, So=—Tr {ﬁAMlnﬁA}7 Sfuct = —Tr {ﬁA(f+M) In(1 + M)}
For large systems, using Stirling’s approximation and replacing ZNA — [dn:

* In(1 —
Sur = —Lanlnn+ (1 —n)In(l —n)] + W
Leading order: J. R. Garrison and T. Grover, Phys. Rev. X 8, 021026 (2018).
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SyN In eigenstates of quantum chaotic Hamiltonians
To calculate S = —Tr{pa In(pa)}, we define

M = (pa)” " (pa — pa),

so that

5= {pa(l + M) [pa(f + ND)] } = Sur + 50 + Sauer
Smrp = —Tr{palnpa}, So=—Tr {ﬁAMlnﬁA}7 Sfuct = —Tr {ﬁA(f+M) In(1 + M)}
For large systems, using Stirling’s approximation and replacing > L [ dn:
* In(1 —
Sur = —Lanlnn+ (1 —n)In(l —n)] + W
Leading order: J. R. Garrison and T. Grover, Phys. Rev. X 8, 021026 (2018).

One can prove that Sauc, < SEoUY, where for large systems and f = 1/2

Sl 1—-n n(l—n) 1 (1—2n)
Gpoundx _ _ /T 1n< ) +
fluct 4 n ™ VLa 3\/mn(l—n)
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SyN In eigenstates of quantum chaotic Hamiltonians
To calculate S = —Tr{pa In(pa)}, we define

M = (pa)” " (pa — pa),

so that

S=-Tr {ﬁA(f + M) In [f)A(f-i- M)]} = Smr + So + Sauct
Smrp = —Tr{palnpa}, So=—Tr {ﬁAMlnﬁA}7 Sfuct = —Tr {ﬁA(f+M) In(1 + M)}
For large systems, using Stirling’s approximation and replacing ZNA — [dn:

* In(1 —
Sur = —Lanlnn+ (1 —n)In(l —n)] + W
Leading order: J. R. Garrison and T. Grover, Phys. Rev. X 8, 021026 (2018).

One can prove that Sauc, < SEoUY, where for large systems and f = 1/2

ndsx 1—-n n(l—n) 1 (1—2n)
izt = —vEamn (22) +
fluct 4 n ™ VLa 3\/mn(l—n)

For the canonical ensemble at infinite temperature
Sa=InDn/2~ —Lanlnn+ (1 —n)ln(l —n)] = (1/4)In(La) + Cy
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Sun In eigenstates of quantum chaotic Hamiltonians

Fluctuation contribution to the average entanglement entropy for f = 1/2
0.0 0.0

E -0.1 501
L o0000—0——C—
0.2F

~ TTee-ll L -02
& CEgo T Lt s o
A -03 B A-03[ TTTregg g o
| | L = Tt ---
2, -0.4 2, -0.4
05 (@) n=1/3 05 (b) n=1/4
0 0.05 0.10 0.15 0.20 0 0.05 0.10 0.15 0.20
1/L4 1/L4
0.0
o Random states
< -0.1| ® Eigenstates
S
-0.2
= o L. Vidmar and MR,
" —O.BW PRL 119, 220603 (2017).
l R 8
[, -0.4 | g I
0.5 (c) n=1/6
% 0.05 0.10 0.15 0.20
1/L4
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Sun In eigenstates of quantum chaotic Hamiltonians

Fluctuation contribution to the average entanglement entropy for f = 1/2

0.0 0.0
E -0.1 3 -0.1
L o0000—0——C—
-0.2F==-¥77 -0.2
e CEgo e e
% —0.3 B K -03] TTegg o o
| | L = Tt ---
I, -0.4 |, -0.4
05 (a) n=1/3 05 (b) n=1/4
) 0.05 0.10 0.15 0.20 -0 0.05 0.10 0.15 0.20
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e Random states
< -0.1| ® Eigenstates
S
-0.2
= o L. Vidmar and MR,
A —O.BW PRL 119, 220603 (2017).
| g e .o g .
[n -0.4 8 79 -6 C. Murthy and M. Srednicki,
os (€) n=1/6 PRE 100, 022131 (2019).
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@ The entanglement properties of typical eigenstates of integrable models
are different from those of typical eigenstates of nonintegrable ones
e Need a nonvanishing subsytem fraction to detect them!

@ The leading and first subleading [when O(1) or larger] terms in the
von Neumann entanglement entropy of typical eigenstates of quantum
chaotic Hamiltonians are universal and given by random matrix theory.
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e Need a nonvanishing subsytem fraction to detect them!

@ The leading and first subleading [when O(1) or larger] terms in the
von Neumann entanglement entropy of typical eigenstates of quantum
chaotic Hamiltonians are universal and given by random matrix theory.
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