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Lieb-Schultz-Mattis 
Theorem 

and its Generalizations



Lieb-Schultz-Mattis (LSM) type theorem

�E = O(1)

No-go theorem which states that certain quantum many-
body systems CANNNOT have a gapped unique ground state 
               (GS may be gapless or exhibit symmetry breaking)

the original theorem

Ĥ =
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antiferromagnetic Heisenberg chain
with 

Lieb, Schultz, Mattis 1961, Affleck, Lieb 1986
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gradual non-uniform rotation to the GS

g.s. is rotation invariant exp
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Proof of the original theorem
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uniform rotation about z

(1) variational estimate

from an elementary estimate
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Lieb-Schultz-Mattis (LSM) type theorem
No-go theorem which states that certain quantum many-
body systems CANNNOT have a gapped unique ground state

the original theorem and its extensions

U(1) invariance is essential

Lieb, Shultz, Mattis 1961, Affleck, Lieb 1986
Oshikawa, Yamanaka, Affleck 1997

Oshikawa 2000, Hastings 2004, Nachtergaele, Sims 2007

Chen, Gu, Wen 2011 Watanabe, Po, Vishwanath, Zaletel 2013 

recent “extensions”

projective representation of the symmetry is inconsistent 
with the existence of a unique gapped ground state

Matsui 2001 

similar no-go statements for models without continuous 
symmetry, but with some discrete symmetry

the argument appears already in



R
x

<latexit sha1_base64="cWMyFpqjqzbj7Blpnq+brr9dbXo=">AAACD3icbVC7SgNBFL0bXzG+VgM2NoNBsAq7WmgZYmOZiHlAsoTZyWwyZPbBzKwYlv0DGz8ipY2NhSIWNrZ2Nn6Lk0ehiQeGezjnXu7c40acSWVZX0ZmaXlldS27ntvY3NreMXf36jKMBaE1EvJQNF0sKWcBrSmmOG1GgmLf5bThDi7GfuOGCsnC4FoNI+r4uBcwjxGstBSaeRiBDxgU9IHoyiGBK0iho+sIhPYQ3ELaMQtW0ZoALRJ7Rgql/eo3eyi/VzrmZ7sbktingSIcS9myrUg5CRaKEU7TXDuWNMJkgHu0pWmAfSqdZHJPio600kVeKPQLFJqovycS7Es59F3d6WPVl/PeWPzPa8XKO3cSFkSxogGZLvJijlSIxuGgLhOUKD7UBBPB9F8R6WOBidIR5nQI9vzJi6R+UrRPi1ZVp1GGKbJwAIdwDDacQQkuoQI1HfYdPMIzvBj3xpPxarxNWzPGbCYPf2B8/ADyy5n/</latexit>

Ŝx
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+KŜx

j Ŝ
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transformation

invariant Hamiltonian (an example)

THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
transformation.  Then it can never be the case that 
the corresponding infinite volume ground state is 
unique and accompanied by a nonzero gap. 
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π-rotations about the three axes

A Typical Theorem
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Remarks on the Theorem (1)
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invariance is of course essential

Ĥ =
PL

j=1

�
Ŝj · Ŝj+1 �H Ŝz

j

 
<latexit sha1_base64="aotjoyu/8TfrnmbmR45n4d1t588="></latexit>

not invariant under      orRy
<latexit sha1_base64="owqRzjSkVCDHHz2+fDGMVrzfmAs=">AAACD3icbVDLSgMxFL1TtdZqtdqlm2ARuiozFnzsCiK4rGIf0A4lk6ZtaOZBkhGHoX/gxo/oD7hxoUi3bt35MYKZtohaD4R7OOdebu5xAs6kMs0PI7WyupZez2xkN7dy2zv53b2G9ENBaJ343BctB0vKmUfriilOW4Gg2HU4bTqj88Rv3lIhme/dqCigtosHHuszgpWW/HwBJuACBgVDILpyiOEaxtDVdQJCewgiGHfzRbNszoCWibUgxWpJfubSd9NaN//e6fkkdKmnCMdSti0zUHaMhWKE03G2E0oaYDLCA9rW1MMulXY8u2eMDrXSQ31f6OcpNFN/TsTYlTJyHd3pYjWUf71E/M9rh6p/asfMC0JFPTJf1A85Uj5KwkE9JihRPNIEE8H0XxEZYoGJ0hFmZyGcJTj+PnmZNI7KVqVcubKK1QuYIwP7cAAlsOAEqnAJNajrsO/hEZ7hxXgwnoxXYzpvTRmLmQL8gvH2BWU2mbs=</latexit>
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<latexit sha1_base64="piSJ1wWdFJk6im7F2IVJouTOqnk=">AAACD3icbVDLSgMxFL1Tq9bxNdqFoJtgEQShzFjwsSsUwWUV+4C2lEyatqGZB0lGLEP/wI0f0R9w40IRt27d+TWaaYv4OhDu4Zx7ubnHDTmTyrbfjdRcen5hMbNkLq+srq1bG5tVGUSC0AoJeCDqLpaUM59WFFOc1kNBsedyWnMHpcSvXVMhWeBfqWFIWx7u+azLCFZaCqwsjMEDDAr6QHTlEMMljKCt6xiE9hDcwKht5ey8PQH6S5wZyRW3zYOt9Eep3Lbemp2ARB71FeFYyoZjh6oVY6EY4XRkNiNJQ0wGuEcbmvrYo7IVT+4ZoT2tdFA3EPr5Ck3U7xMx9qQceq7u9LDqy99eIv7nNSLVPWnFzA8jRX0yXdSNOFIBSsJBHSYoUXyoCSaC6b8i0scCE6UjNCchnCY4+jr5L6ke5p1CvnDh5IpnMEUGdmAX9sGBYyjCOZShosO+hXt4hCfjzngwno2XaWvKmM1k4QeM10/AR5iD</latexit>

when             the ground state (all up!) is unique and 
accompanied by a gap

H � 1
<latexit sha1_base64="9t0A3JrRpd/tiau8T0fas/rT0s8=">AAAB8XicbVDLSgMxFL1TX7W+qi5dGCyCbsqMBR8rCyK4rGAf0A4lk2ba0ExmSDJCGfoXblwoUnDl0j9x568Igpm2iFpPCBzOuZd77/EizpS27XcrMze/sLiUXc6trK6tb+Q3t2oqjCWhVRLyUDY8rChnglY105w2Iklx4HFa9/oXqV+/pVKxUNzoQUTdAHcF8xnB2kgUruAZuuY57XzBLtpjoFniTEnh/HN0uPv6ISrt/FurE5I4oEITjpVqOnak3QRLzQinw1wrVjTCpI+7tGmowAFVbjLeeIj2jdJBfijNFxqN1Z8dCQ6UGgSeqQyw7qm/Xir+5zVj7Z+6CRNRrKkgk0F+zJEOUXo+6jBJieYDQzCRzOyKSA9LTLQJKTcO4SzF8ffJs6R2VHRKxdK1UyhfwgRZ2IE9OAAHTqBsQq1AFQgIuIMHeLSUdW89WaNJacaa9mzDL1gvX1ITk00=</latexit>



THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
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Remarks on the Theorem (2)
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Remarks on the Theorem (2)

we do need translation invariance

when            the ground state is dimerzied; it’s unique  
and accompanied by a gap

Ĥ =
PL/2

k=1

�
Ŝ2k�1 · Ŝ2k + ⇣ Ŝ2k · Ŝ2k+1

 
<latexit sha1_base64="MHhY/MwfB1crK7MKJD+pLt6KlHU="></latexit>

=
|"i|#i � |#i|"ip

2
<latexit sha1_base64="k3ncP4Lxqj9mZR/0hrJKIR8fkl4="></latexit>

⇣ � 1
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Remarks on the Theorem (3)
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Remarks on the Theorem (3)

Majumdar-Ghosh model

two dimerzed gapped ground states
Ĥ =

PL
j=1

�
Ŝj · Ŝj+1 + Ŝj · Ŝj+2/2
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Remarks on the Theorem (4)
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Remarks on the Theorem (4)

Haldane phenomena
For an integer S, the Heisenberg AF chain

Ĥ =
PL

j=1 Ŝj · Ŝj+1

AKLT model: rigorous example

has a unique gapped ground state
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Ŝx

j ! Ŝx

j
<latexit sha1_base64="jiHYucLqnZD82M6q7tETCoN7B7o="></latexit>

Ŝy
j ! �Ŝy

j
<latexit sha1_base64="s14loqs9zBsYtGvHGj+zTl/ZrM8="></latexit>

Ŝz
j ! �Ŝz

j
<latexit sha1_base64="BY8HZnFiqB2XXTfBDv8F4ljXcu8="></latexit>

Ŝx

j ! �Ŝx

j
<latexit sha1_base64="dpsMYSi5rVLKsOejCzouQSPsbgw="></latexit>

Ŝy
j ! Ŝy

j
<latexit sha1_base64="E1ETY+8XyN7R1IAyeMrgz7tDhVM="></latexit>

Ry
<latexit sha1_base64="DM0a3PjzaiAzX5hxSk0YisSwxl0=">AAACD3icbVC7SgNBFL0bXzHxsZrSZjAKVmFXCy2DNpZRzAOSJcxOJsmQ2Qczs4Fl2T+w8SPyAxZaKCJY2dr5IVo7eRSaeGC4h3Pu5c49bsiZVJb1aWSWlldW17LrufzG5ta2ubNbk0EkCK2SgAei4WJJOfNpVTHFaSMUFHsup3V3cDH260MqJAv8GxWH1PFwz2ddRrDSUmAWYAQeYFDQB6IrhwSuIYW2riMQ2kMQQ9o2i1bJmgAtEntGiuWDr4e3Yf670jY/Wp2ARB71FeFYyqZthcpJsFCMcJrmWpGkISYD3KNNTX3sUekkk3tSdKiVDuoGQj9foYn6eyLBnpSx5+pOD6u+nPfG4n9eM1LdMydhfhgp6pPpom7EkQrQOBzUYYISxWNNMBFM/xWRPhaYKB1hTodgz5+8SGrHJfukZF3pNM5hiizswT4cgQ2nUIZLqEBVh30L9/AEz8ad8Wi8GK/T1owxmynAHxjvP9d5mqg=</latexit>

Ŝz
j ! �Ŝz

j
<latexit sha1_base64="BY8HZnFiqB2XXTfBDv8F4ljXcu8="></latexit>

Rz
<latexit sha1_base64="SSrb2Y94pIK91wfzkFfSugzSmSI=">AAACD3icbVC7SgNBFL0bXzG+VgM2NoNBsAq7WmgZYmOZiHlAsoTZyWwyZPbBzKwQl/0DGz8ipY2NhSIWNrZ2Nn6Lk0ehiQeGezjnXu7c40acSWVZX0ZmaXlldS27ntvY3NreMXf36jKMBaE1EvJQNF0sKWcBrSmmOG1GgmLf5bThDi7GfuOGCsnC4FoNI+r4uBcwjxGstBSaeRiBDxgU9IHoyiGBK0iho+sIhPYQ3ELaMQtW0ZoALRJ7Rgql/eo3eyi/VzrmZ7sbktingSIcS9myrUg5CRaKEU7TXDuWNMJkgHu0pWmAfSqdZHJPio600kVeKPQLFJqovycS7Es59F3d6WPVl/PeWPzPa8XKO3cSFkSxogGZLvJijlSIxuGgLhOUKD7UBBPB9F8R6WOBidIR5nQI9vzJi6R+UrRPi1ZVp1GGKbJwAIdwDDacQQkuoQI1HfYdPMIzvBj3xpPxarxNWzPGbCYPf2B8/AD115oB</latexit>

Ŝz
j ! Ŝz

j
<latexit sha1_base64="yBAjoeRT3fdJalCbaF4FznMJh4M="></latexit>

Ŝy
j ! �Ŝy

j
<latexit sha1_base64="s14loqs9zBsYtGvHGj+zTl/ZrM8="></latexit>

Ŝx

j ! �Ŝx

j
<latexit sha1_base64="dpsMYSi5rVLKsOejCzouQSPsbgw="></latexit>

Ĥ =
P

j

�
J
x

Ŝx

j Ŝ
x

j+1

+ J
y

Ŝy

j Ŝ
y

j+1

+ J
z

Ŝz

j Ŝ
z

j+1

+KŜx

j Ŝ
y

j Ŝ
z

j

 
<latexit sha1_base64="63P6PunFpnIeZ5SCtySQ0e2XAJk="></latexit>

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

transformation

invariant Hamiltonian (an example)

THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
transformation.  Then it can never be the case that 
the corresponding infinite volume ground state is 
unique and accompanied by a nonzero gap. 

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

π-rotations about the three axes

A Typical Theorem
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its representation and 

projective representation

The groupZ2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>



the groupZ2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

example: π-rotations about the three orthogonal axes

abelian group Z2 ⇥ Z2 = {e, a, b, c}
<latexit sha1_base64="L6Bs4j9wur+Q+z2/Tq5q0n850qI="></latexit>

ab = ba = c
<latexit sha1_base64="ywKC2GbwC3+Mg90QAaVNZv6nTmw=">AAAB8nicbVDLSsNAFJ3UV62vqks3g0VwVRIrPhZC0Y3LCvYBaSiT6aQdOsmEmRuhhH6GGxeKuPVr3Pk3TtIgaj0ww+Gce7n3Hj8WXINtf1qlpeWV1bXyemVjc2t7p7q719EyUZS1qRRS9XyimeARawMHwXqxYiT0Bev6k5vM7z4wpbmM7mEaMy8ko4gHnBIwkkt8fIV9Yj46qNbsup0DLxKnIDVUoDWofvSHkiYhi4AKorXr2DF4KVHAqWCzSj/RLCZ0QkbMNTQiIdNemq88w0dGGeJAKvMiwLn6syMlodbT0DeVIYGx/utl4n+em0Bw4aU8ihNgEZ0PChKBQeLsfjzkilEQU0MIVdzsiumYKELBpFTJQ7jMcPZ98iLpnNSdRr1xd1prXhdxlNEBOkTHyEHnqIluUQu1EUUSPaJn9GKB9WS9Wm/z0pJV9OyjX7DevwAp2JAC</latexit>

bc = cb = a
<latexit sha1_base64="G7AOXv1svKR0rlkeAX77lURiYLI=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiS2+FgUim5cVrAPaEOZTCft0MkkzEyEEvoRblwo4tbvceffOEmDqPXAhcM593LvPV7EmdK2/WkVVlbX1jeKm6Wt7Z3dvfL+QUeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673vQm9bsPVCoWins9i6gb4LFgPiNYG6nrkQbxGnhYrthVOwNaJk5OKpCjNSx/DEYhiQMqNOFYqb5jR9pNsNSMcDovDWJFI0ymeEz7hgocUOUm2blzdGKUEfJDaUpolKk/JxIcKDULPNMZYD1Rf71U/M/rx9q/dBMmolhTQRaL/JgjHaL0dzRikhLNZ4ZgIpm5FZEJlphok1ApC+Eqxfn3y8ukc1Z1atXaXb3SvM7jKMIRHMMpOHABTbiFFrSBwBQe4RlerMh6sl6tt0VrwcpnDuEXrPcvz0CPXA==</latexit>

ca = ac = b
<latexit sha1_base64="6IaQrThfH79Vigz1lV9e8GA8kKQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQqfhwKRS8eK9gPaEOZbDft0s0m7G6EUvojvHhQxKu/x5v/xk0aRK0PBh7vzTAzz485U9pxPq3C0vLK6lpxvbSxubW9U97da6kokYQ2ScQj2fFRUc4EbWqmOe3EkmLoc9r2xzep336gUrFI3OtJTL0Qh4IFjKA2UptgDUnN75crTtXJYC8SNycVyNHolz96g4gkIRWacFSq6zqx9qYoNSOczkq9RNEYyRiHtGuowJAqb5qdO7OPjDKwg0iaEtrO1J8TUwyVmoS+6QxRj9RfLxX/87qJDi69KRNxoqkg80VBwm0d2env9oBJSjSfGIJEMnOrTUYokWiTUCkL4SrF+ffLi6R1UnVPq6d3Z5X6dR5HEQ7gEI7BhQuowy00oAkExvAIz/BixdaT9Wq9zVsLVj6zD79gvX8BzbSPWw==</latexit>

a2 = e
<latexit sha1_base64="yNDINm+peXfY1f8GnXtrHs9Zx/g=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0la8eMgFL14rGDaQhvLZjtpl242YXcjlNDf4MWDIl79Qd78N27TIGp9MPB4b4aZeX7MmdK2/WkVlpZXVteK66WNza3tnfLuXktFiaTg0ohHsuMTBZwJcDXTHDqxBBL6HNr++Hrmtx9AKhaJOz2JwQvJULCAUaKN5JL72iX0yxW7amfAi8TJSQXlaPbLH71BRJMQhKacKNV17Fh7KZGaUQ7TUi9REBM6JkPoGipICMpLs2On+MgoAxxE0pTQOFN/TqQkVGoS+qYzJHqk/noz8T+vm+jg3EuZiBMNgs4XBQnHOsKzz/GASaCaTwwhVDJzK6YjIgnVJp9SFsLFDKffLy+SVq3q1Kv125NK4yqPo4gO0CE6Rg46Qw10g5rIRRQx9Iie0YslrCfr1XqbtxasfGYf/YL1/gVC9Y52</latexit>

b2 = e
<latexit sha1_base64="2bNCKHXFrSvrO+ICO89WYHrrZwQ=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0la8eMgFL14rGDaQhvLZjtpl242YXcjlNDf4MWDIl79Qd78N27TIGp9MPB4b4aZeX7MmdK2/WkVlpZXVteK66WNza3tnfLuXktFiaTg0ohHsuMTBZwJcDXTHDqxBBL6HNr++Hrmtx9AKhaJOz2JwQvJULCAUaKN5Pr3tUvolyt21c6AF4mTkwrK0eyXP3qDiCYhCE05Uarr2LH2UiI1oxympV6iICZ0TIbQNVSQEJSXZsdO8ZFRBjiIpCmhcab+nEhJqNQk9E1nSPRI/fVm4n9eN9HBuZcyEScaBJ0vChKOdYRnn+MBk0A1nxhCqGTmVkxHRBKqTT6lLISLGU6/X14krVrVqVfrtyeVxlUeRxEdoEN0jBx0hhroBjWRiyhi6BE9oxdLWE/Wq/U2by1Y+cw++gXr/QtEfY53</latexit>

c2 = e
<latexit sha1_base64="iVtDrGV9rJ/m2py5w+TnPsZ6ZaY=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0la8eMgFL14rGDaQhvLZjtpl242YXcjlNDf4MWDIl79Qd78N27TIGp9MPB4b4aZeX7MmdK2/WkVlpZXVteK66WNza3tnfLuXktFiaTg0ohHsuMTBZwJcDXTHDqxBBL6HNr++Hrmtx9AKhaJOz2JwQvJULCAUaKN5NL72iX0yxW7amfAi8TJSQXlaPbLH71BRJMQhKacKNV17Fh7KZGaUQ7TUi9REBM6JkPoGipICMpLs2On+MgoAxxE0pTQOFN/TqQkVGoS+qYzJHqk/noz8T+vm+jg3EuZiBMNgs4XBQnHOsKzz/GASaCaTwwhVDJzK6YjIgnVJp9SFsLFDKffLy+SVq3q1Kv125NK4yqPo4gO0CE6Rg46Qw10g5rIRRQx9Iie0YslrCfr1XqbtxasfGYf/YL1/gVGBY54</latexit>

eg = ge = g
<latexit sha1_base64="BkeLbCy1WjKb9Rd8JdF5GJDp/8Y=">AAAB73icbVDLSsNAFJ3UV62vqks3g0VwVRIrPhaFohuXFewD2lAm05t06GQSZyZCCf0JNy4UcevvuPNvnKRF1HrgwuGce7n3Hi/mTGnb/rQKS8srq2vF9dLG5tb2Tnl3r62iRFJo0YhHsusRBZwJaGmmOXRjCST0OHS88XXmdx5AKhaJOz2JwQ1JIJjPKNFG6kJQDwDXg0G5YlftHHiROHNSQXM0B+WP/jCiSQhCU06U6jl2rN2USM0oh2mpnyiICR2TAHqGChKCctP83ik+MsoQ+5E0JTTO1Z8TKQmVmoSe6QyJHqm/Xib+5/US7V+4KRNxokHQ2SI/4VhHOHseD5kEqvnEEEIlM7diOiKSUG0iKuUhXGY4+355kbRPqk6tWrs9rTSu5nEU0QE6RMfIQeeogW5QE7UQRRw9omf0Yt1bT9ar9TZrLVjzmX30C9b7F0Vcj5o=</latexit>



transformation of a single spinZ2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

(û↵)
2 = 1̂

<latexit sha1_base64="Gl05AWeBRKZtahOQKoVBjzq3dTY=">AAACHXicbVDLSsNAFL2pr1pfUXe6CS2CIpSkLnQjFN24rGAf0MYymU7aoZMHMxMhhPyFKzeu/A83LhRx4Ub6N07TLmrrgYEz55zLzD1OyKiQpjnSckvLK6tr+fXCxubW9o6+u9cQQcQxqeOABbzlIEEY9UldUslIK+QEeQ4jTWd4PfabD4QLGvh3Mg6J7aG+T12KkVRSoB/AMbzAABBISCCCFLrqjoBBmKkncA8VuJzJWJB29ZJZNjMYi8SaklK12Dl9HFXjWlf/7vQCHHnEl5ghIdqWGUo7QVxSzEha6ESChAgPUZ+0FfWRR4SdZNulxpFSeoYbcHV8aWTq7ESCPCFiz1FJD8mBmPfG4n9eO5LuhZ1QP4wk8fHkITdihgyMcVVGj3KCJYsVQZhT9VcDDxBHWKpCC6oEa37lRdKolK2zsnmr2riCCfJwCEVVuwXnUIUbqEEdMDzBK7zDh/asvWmf2tckmtOmM/vwB9rPLxX9nDg=</latexit>

û↵û� = û� û↵
<latexit sha1_base64="szUobgIVkMtXQrPqxsEDwHBUauc=">AAACV3icfVG7TgJBFL27ICL4AC1tNqKJFdnVAhsToo0lJvJIgJC7wwATZh+ZmSUhGz7HX/AH/ANjw4doYaPDQqFgOMkk555z7zzOuCFnUtn23DBT6Z3MbnYvl98/ODwqFI8bMogEoXUS8EC0XJSUM5/WFVOctkJB0XM5bbrj+4XfnFAhWeA/qWlIux4OfTZgBJWWgkIFnmEECApiiGAGPV0jcAgTddNzgeoa4XaLt2XHXqFkl+0E1iZxVqRUPf94eZ3kP2u9wlunH5DIo74iHKVsO3aoujEKxQins1wnkjREMsYhbWvqo0dlN05ymVkXWulbg0Do5SsrUX9PxOhJOfVc3emhGsl1byH+57UjNbjpxswPI0V9sjxoEHFLBdYiZKvPBCWKTzVBIpi+q0VGKJAo/RU5HYKz/uRN0rgqO9dl+1GncQdLZOEUzuASHKhAFR6gBnUg8A5fRspIG3Pj28yY2WWraaxmTuAPzOIPVcuo6Q==</latexit>

û↵û� = �û� û↵
<latexit sha1_base64="n6dGGrB47iieXXqoIrDcYcQ+qX0=">AAACWXicfVG7SgNBFL27Go0bH9GUNotRsDHsamEaIWhjGcE8IFnC3ckkGTL7YGY2EJZ8jr/gD/gHFoL4HVpZOHkUmkgODJx7zr3zOOPHnEnlOO+GubGZ2drO7li53b39g/zhUV1GiSC0RiIeiaaPknIW0ppiitNmLCgGPqcNf3g39RsjKiSLwkc1jqkXYD9kPUZQaSnKl+EJBoCgIIUEJtDRNQKHeKauej5QXSPcwMUad82enXzRKTkz2KvEXZBi5fTz+WWU+6p28q/tbkSSgIaKcJSy5Tqx8lIUihFOJ1Y7kTRGMsQ+bWkaYkCll86SmdhnWunavUjoFSp7pv6eSDGQchz4ujNANZDL3lT8z2slqlf2UhbGiaIhmR/US7itInsas91lghLFx5ogEUzf1SYDFEiU/gxLh+AuP3mV1C9L7lXJedBp3MIcWTiGEzgHF66hAvdQhRoQeINvI2NsGR+mYWZNa95qGouZAvyBWfgB4SeoKg==</latexit>

(û↵)
2 = �1̂

<latexit sha1_base64="+XglZKJz0tjtTB2pX4Z3x6kJwBA=">AAACH3icbVDLSsNAFL2pr1pfUZfdhBZBEUtSF7oRim5cVrAPaGOZTCft0MmDmYkQQv7CpRsX/ogbF4qIu/6N07SL2npg4Mw55zJzjxMyKqRpjrXcyura+kZ+s7C1vbO7p+8fNEUQcUwaOGABbztIEEZ90pBUMtIOOUGew0jLGd1M/NYj4YIG/r2MQ2J7aOBTl2IklRToRTiGVxgCAgkJRJBCT90RMAgz9QQeoApXcDaXsiDt6WWzYmYwlok1I+VaqXv6NK7F9Z7+0+0HOPKILzFDQnQsM5R2grikmJG00I0ECREeoQHpKOojjwg7yfZLjSOl9A034Or40sjU+YkEeULEnqOSHpJDsehNxP+8TiTdSzuhfhhJ4uPpQ27EDBkYk7KMPuUESxYrgjCn6q8GHiKOsFSVFlQJ1uLKy6RZrVjnFfNOtXENU+ShCCVVvAUXUINbqEMDMDzDG3zAp/aivWtf2vc0mtNmM4fwB9r4F7SbnHg=</latexit>

↵ 6= �
<latexit sha1_base64="1JLukjNCl/tjL3Kj65ks6MbCQeA=">AAACA3icbVC7SgNBFL0bXzG+opaKLAbBKuxqoWXQxjIB84BkCbOTSTJkdnaZuSuEJWCTT4mNhSIWafwJO7/Bn3DyKDTxwNw5nHMvM/f4keAaHefLSq2srq1vpDczW9s7u3vZ/YOKDmNFWZmGIlQ1n2gmuGRl5ChYLVKMBL5gVb93O/GrD0xpHsp77EfMC0hH8janBI0kYQQEBETQNfcIJDBTfVMRSDObc/LOFPYyceckVzgel76HJ+NiM/vZaIU0DphEKojWddeJ0EuIQk4FG2QasWYRoT3SYXVDJQmY9pLpDgP7zCgtux0qcyTaU/X3REICrfuBbzoDgl296E3E/7x6jO1rL+EyipFJOnuoHQsbQ3sSiN3iilEUfUMIVdz81aZdoghFE1vGhOAurrxMKhd59zLvlEwaNzBDGo7gFM7BhSsowB0UoQwUHuEJXuDVGlrP1pv1PmtNWfOZQ/gD6+MHDcCXoQ==</latexit>

integer S (S = 1, 2, . . .)
<latexit sha1_base64="wwcMxUs8o6WVw1eDKxsQAHBz2Dg=">AAACA3icbVDLSgNBEOyNrxhfUY9elgRBUcJuPOhFCHrxGNE8IFnC7OwkGTI7s8zMCssS8OIf+At68aCIV3/CW/7GyeOg0YKGoqqb7i4/YlRpxxlZmYXFpeWV7GpubX1jcyu/vVNXIpaY1LBgQjZ9pAijnNQ01Yw0I0lQ6DPS8AeXY79xR6Sigt/qJCJeiHqcdilG2kgcDuAGzsGFYyibegIGAQjQoOCwky86JWcC+y9xZ6RYKbSPHkeVpNrJf7UDgeOQcI0ZUqrlOpH2UiQ1xYwMc+1YkQjhAeqRlqEchUR56eSHob1vlMDuCmmKa3ui/pxIUahUEvqmM0S6r+a9sfif14p198xLKY9iTTieLurGzNbCHgdiB1QSrFliCMKSmltt3EcSYW1iy5kQ3PmX/5J6ueSelJxrk8YFTJGFPSiYeF04hQpcQRVqgOEenuEV3qwH68V6tz6mrRlrNrMLv2B9fgMUZZUI</latexit>

half-odd-integer S (S = 1
2 ,

3
2 , . . .)

<latexit sha1_base64="XtCA3v5JBbX4kmZICxKBD7PFxfY="></latexit>

give a genuine representation of Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

give a projective representation of Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>

↵ = x, y, z
<latexit sha1_base64="8oRqSte2pP1ZctXcxFnfRRs/HyQ=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYRdLbQRgjaWCZgHJEuYncwmQ2YfzMyK65JSG7/DzsZCCbb+gZ3f4E84eRSaeOAyZ865l5l73IgzqSzry8jMzS8sLmWXcyura+sb5uZWVYaxILRCQh6Kuosl5SygFcUUp/VIUOy7nNbc3uXQr91QIVkYXKskoo6POwHzGMFKS6FpwhNg4BBBV5/n+ibABwS3cASJrruWmbcK1gholtgTki/uDsrf93uDUsv8bLZDEvs0UIRjKRu2FSknxUIxwmk/14wljTDp4Q5taBpgn0onHW3SRwdaaSMvFLoChUbq74kU+1Imvqs7fay6ctobiv95jVh5Z07KgihWNCDjh7yYIxWiYSyozQQliieaYCKY/isiXSwwUTq8nA7Bnl55llSPC/ZJwSrrNC5gjCzswD4cgg2nUIQrKEEFCDzAM7zCm/FovBgD433cmjEmM9vwB8bHDwnll+M=</latexit>

û
x

û
y

= û
z

<latexit sha1_base64="MU8RhJUjYaBxYxLRgG3NyP22c/A=">AAACRXicfVC5TgMxFHwbrpBwBChpLAISVbQLBTRIETSUQSKHFFaR1/EmVryHbG/Essrn5Bf4ACjo6fgDGgoQpAXnKCABRrI8b+Y9PXuckDOpTPPJSM3NLywupZcz2ZXVtfXcxmZFBpEgtEwCHoiagyXlzKdlxRSntVBQ7DmcVp3O2dCvdqmQLPAvVRxS28Mtn7mMYKWlIFeAPrQBg4IEIuhBQ999EOABgmtd/+3Guj75x7+BXiOXNwvmCGiWWBOSL+5+3N53s4NSI/d41QxI5FFfEY6lrFtmqOwEC8UIp73MVSRpiEkHt2hdUx97VNrJKIUe2tNKE7mB0MdXaKR+n0iwJ2XsObrTw6otp72h+JtXj5R7bCfMDyNFfTJe5EYcqQANI0VNJihRPNYEE8H0WxFpY4GJ0sFndAjW9JdnSeWgYB0WzAudximMkYZt2IF9sOAIinAOJSgDgTt4hld4Mx6MF+PdGIxbU8ZkZgt+wPj8AkANqPI=</latexit>

û
y

û
z

= û
x

<latexit sha1_base64="qRTKGGPJh+clM2Pr5Ciog8I8blU=">AAACRXicfVC5TgMxFHwbrpBwBChpLAISVbQLBTRIETSUQSKHFFaR1/EmVryHbG/Essrn5Bf4ACjo6fgDGgoQpAXnKCABRrI8b+Y9PXuckDOpTPPJSM3NLywupZcz2ZXVtfXcxmZFBpEgtEwCHoiagyXlzKdlxRSntVBQ7DmcVp3O2dCvdqmQLPAvVRxS28Mtn7mMYKWlIFeAPrQBg4IEIuhBQ999EOABgljXf7s3uj75x7+GXiOXNwvmCGiWWBOSL+5+3N53s4NSI/d41QxI5FFfEY6lrFtmqOwEC8UIp73MVSRpiEkHt2hdUx97VNrJKIUe2tNKE7mB0MdXaKR+n0iwJ2XsObrTw6otp72h+JtXj5R7bCfMDyNFfTJe5EYcqQANI0VNJihRPNYEE8H0WxFpY4GJ0sFndAjW9JdnSeWgYB0WzAudximMkYZt2IF9sOAIinAOJSgDgTt4hld4Mx6MF+PdGIxbU8ZkZgt+wPj8AkBrqPI=</latexit>

û
z

û
x

= û
y

<latexit sha1_base64="6HprY41W0FXiLe0+fkLaAcW6F04=">AAACRXicfVC5TgMxFHwbrpBwBChpLAISVbQLBTRIETSUQSKHFFaR1/EmVryHbG/Essrn5Bf4ACjo6fgDGgoQpAXnKCABRrI8b+Y9PXuckDOpTPPJSM3NLywupZcz2ZXVtfXcxmZFBpEgtEwCHoiagyXlzKdlxRSntVBQ7DmcVp3O2dCvdqmQLPAvVRxS28Mtn7mMYKWlIFeAPrQBg4IEIuhBQ999EOABghtd/+1e6/rkHz+GXiOXNwvmCGiWWBOSL+5+3N53s4NSI/d41QxI5FFfEY6lrFtmqOwEC8UIp73MVSRpiEkHt2hdUx97VNrJKIUe2tNKE7mB0MdXaKR+n0iwJ2XsObrTw6otp72h+JtXj5R7bCfMDyNFfTJe5EYcqQANI0VNJihRPNYEE8H0WxFpY4GJ0sFndAjW9JdnSeWgYB0WzAudximMkYZt2IF9sOAIinAOJSgDgTt4hld4Mx6MF+PdGIxbU8ZkZgt+wPj8AkBpqPI=</latexit>

π-rotation about the   -axis↵
<latexit sha1_base64="7JPOQpg8DxhCw5kPw6YTxPsSrDc=">AAAB83icbVDJSgNBEK2JWxy3qEcvg0HwFGb0oBcx6MVjBLNAMoSaTk/SpKen6e4RQshvePGguBz9Du9exL+xsxw0+qDg8V4VVfUiyZk2vv/l5BYWl5ZX8qvu2vrG5lZhe6em00wRWiUpT1UjQk05E7RqmOG0IRXFJOK0HvUvx379lirNUnFjBpKGCXYFixlBY6UYXgGBg4QeYLtQ9Ev+BN5fEsxI8fzdPZPPn26lXfhodVKSJVQYwlHrZuBLEw5RGUY4HbmtTFOJpI9d2rRUYEJ1OJzcPPIOrNLx4lTZEsabqD8nhphoPUgi25mg6el5byz+5zUzE5+GQyZkZqgg00Vxxj2TeuMAvA5TlBg+sASJYvZWj/RQITE2JteGEMy//JfUjkrBccm/9ovlC5giD3uwD4cQwAmU4QoqUAVig72DB3h0MufeeXJepq05ZzazC7/gvH0DUHyS5g==</latexit>

û
z

û
y

û
x

= 1̂
<latexit sha1_base64="C0FcwccR3bGJnipAq+wCna7SWqw=">AAACU3icfVFNTwIxFHy7oiKKoh69NBITT2QXNXoxIXrxiIl8JEBItxRo6G43bdeIm/05/B9j4sE/4sWDFtgDgjpJ03kz76Xt1As5U9px3i17LbO+sZndym3v5Hf3CvsHdSUiSWiNCC5k08OKchbQmmaa02YoKfY9Thve6HbqNx6pVEwED3oc0o6PBwHrM4K1kUThAiYwBAwaYoggga7ZJyDBBwTPpv7bHf/rPpn6esF3IekWik7JmQGtEjclRUhR7RZe2z1BIp8GmnCsVMt1Qt2JsdSMcJrk2pGiISYjPKAtQwPsU9WJZ5kk6MQoPdQX0qxAo5m6OBFjX6mx75lOH+uhWvam4m9eK9L9q07MgjDSNCDzg/oRR1qgacCoxyQlmo8NwUQyc1dEhlhios035EwI7vKTV0m9XHLPSuX782LlJo0jC0dwDKcmyEuowB1UoQYEXuADviyw3qxP27Yz81bbSmcO4Qfs/DfqHqRD</latexit>

1̂, û
x

, û
y

, û
z

<latexit sha1_base64="peiWcSohTPnQRabWUnbExer65zM=">AAACV3ichVFNTwIxEJ1dEBG/QI9eGomJB0N20QSPRC8eMZGPBAjpli40tLubtmvEzf4c/pDxwl/xouXjgGLCJE3fvDeTad94EWdKO87csjPZvdx+/qBweHR8closnbVUGEtCmyTkoex4WFHOAtrUTHPaiSTFwuO07U0eF3r7lUrFwuBFTyPaF3gUMJ8RrA0VFmswgzFg0JCACyncbOSxyQfmnoEEAQjedujTHfo7pINi2ak4y0DbwF2DMqyjMSh+9IYhiQUNNOFYqa7rRLqfYKkZ4TQt9GJFI0wmeES7BgZYUNVPlr6k6MowQ+SH0pxAoyW72ZFgodRUeKZSYD1Wf7UF+Z/WjbV/309YEMWaBmQ1yI850iFamIyGTFKi+dQATCQzb0VkjCUm2qyiYExw/355G7SqFfe2Un2+K9cf1nbk4QIu4dosqgZ1eIIGNIHAJ3xZGStrza1vO2fnV6W2te45h19hl34A4iWjsQ==</latexit>

1̂, û
x

, û
y

, û
z

<latexit sha1_base64="peiWcSohTPnQRabWUnbExer65zM=">AAACV3ichVFNTwIxEJ1dEBG/QI9eGomJB0N20QSPRC8eMZGPBAjpli40tLubtmvEzf4c/pDxwl/xouXjgGLCJE3fvDeTad94EWdKO87csjPZvdx+/qBweHR8closnbVUGEtCmyTkoex4WFHOAtrUTHPaiSTFwuO07U0eF3r7lUrFwuBFTyPaF3gUMJ8RrA0VFmswgzFg0JCACyncbOSxyQfmnoEEAQjedujTHfo7pINi2ak4y0DbwF2DMqyjMSh+9IYhiQUNNOFYqa7rRLqfYKkZ4TQt9GJFI0wmeES7BgZYUNVPlr6k6MowQ+SH0pxAoyW72ZFgodRUeKZSYD1Wf7UF+Z/WjbV/309YEMWaBmQ1yI850iFamIyGTFKi+dQATCQzb0VkjCUm2qyiYExw/355G7SqFfe2Un2+K9cf1nbk4QIu4dosqgZ1eIIGNIHAJ3xZGStrza1vO2fnV6W2te45h19hl34A4iWjsQ==</latexit>

S = 1/2
<latexit sha1_base64="x42E5TdlUbe+ULU0M0GIF3VqUX4=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU92tgl6EohePFd220C4lm2bb0GyyJFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUj2ac0CDGA8EiRrCxkv9w7Z3VeuWKW3VnQMvEy0kFcjR65a9uX5I0psIQjrXueG5iggwrwwink1I31TTBZIQHtGOpwDHVQTY7doJOrNJHkVS2hEEz9fdEhmOtx3FoO2NshnrRm4r/eZ3URFdBxkSSGirIfFGUcmQkmn6O+kxRYvjYEkwUs7ciMsQKE2PzKdkQvMWXl0mzVvXOq7X7i0r9Jo+jCEdwDKfgwSXU4Q4a4AMBBs/wCm+OcF6cd+dj3lpw8plD+APn8wd/fY3S</latexit>

for              we have

Ŝ = (Ŝx, Ŝy, Ŝz)
<latexit sha1_base64="YY8xo9VuWoD+Q1Br5mVkZwpwemI="></latexit>

Ŝ
2
= S(S + 1)

<latexit sha1_base64="vJ/TPrASQdg0bOYCo+lmiMpFRX4="></latexit>

spin operator S = 1
2 , 1,

3
2 , . . .

<latexit sha1_base64="s/wXgFkLHpD4vZWnei2wuc6Iqo4="></latexit>

ûx = �i�̂x

<latexit sha1_base64="78Oew3FRSBc0lMS/M1mLvmOw8sk=">AAACNXicbVDLSgMxFL3js9bXqEs3waK4scxUQTdC0Y3LCvYB7VgyaaYNTWaGJCOWoZ/TH3Djf7jShQtF3PoLpo9Fbb0Qcu4555Lc48ecKe04b9bC4tLyympmLbu+sbm1be/sVlSUSELLJOKRrPlYUc5CWtZMc1qLJcXC57Tqd6+HevWBSsWi8E73YuoJ3A5ZwAjWhorsIxhABzBoSCGBPtybewASBCB4NP0lnACb8gxAmb5tdDzvbto5J++MCs0DdwJyMKlS035ptCKSCBpqwrFSddeJtZdiqRnhtJ9tJIrGmHRxm9YNDLGgyktHW/fRoWFaKIikOaFGI3Z6IsVCqZ7wjVNg3VGz2pD8T6snOrjwUhbGiaYhGT8UJBzpCA0jRC0mKdG8ZwAmkpm/ItLBEhNtgs6aENzZledBpZB3T/OF27Nc8WoSRwb24QCOwYVzKMINlKAMBJ7gFT7g03q23q0v63tsXbAmM3vwp6yfX/+doCc=</latexit>

ûy = �i�̂y
<latexit sha1_base64="KFdr7Y+JtLSmNih5lE1AXnmTJpI=">AAACNXicbVDLSgMxFL1TX7W+Rl26CRbFjWWmCroRim5cVrAPaMeSSTNtaOZBkhGGoZ/TH3Djf7jShQtF3PoLpu0sauuFkHPPOZfkHjfiTCrLejNyS8srq2v59cLG5tb2jrm7V5dhLAitkZCHouliSTkLaE0xxWkzEhT7LqcNd3Az1huPVEgWBvcqiajj417APEaw0lRoHsMI+oBBQQoxDOFB3yMQ4AOCRPdXcApsxjMCqfue1vGiu2MWrZI1KbQI7AwUIatqx3xpd0MS+zRQhGMpW7YVKSfFQjHC6bDQjiWNMBngHm1pGGCfSiedbD1ER5rpIi8U+gQKTdjZiRT7Uia+q50+Vn05r43J/7RWrLxLJ2VBFCsakOlDXsyRCtE4QtRlghLFEw0wEUz/FZE+FpgoHXRBh2DPr7wI6uWSfVYq350XK9dZHHk4gEM4ARsuoAK3UIUaEHiCV/iAT+PZeDe+jO+pNWdkM/vwp4yfXwLmoCk=</latexit>

ûz = �i�̂z
<latexit sha1_base64="yVAMrKioMoLTeZXD50voATT9geo=">AAACNXicbVDLSgMxFL3js9bXqEs3waK4scxUQTdC0Y3LCvYB7VgyaaYNTWaGJCPUoZ/TH3Djf7jShQtF3PoLpo9Fbb0Qcu4555Lc48ecKe04b9bC4tLyympmLbu+sbm1be/sVlSUSELLJOKRrPlYUc5CWtZMc1qLJcXC57Tqd6+HevWBSsWi8E73YuoJ3A5ZwAjWhorsIxhABzBoSCGBPtybewASBCB4NP0lnACb8gxAmb5tdDzvbto5J++MCs0DdwJyMKlS035ptCKSCBpqwrFSddeJtZdiqRnhtJ9tJIrGmHRxm9YNDLGgyktHW/fRoWFaKIikOaFGI3Z6IsVCqZ7wjVNg3VGz2pD8T6snOrjwUhbGiaYhGT8UJBzpCA0jRC0mKdG8ZwAmkpm/ItLBEhNtgs6aENzZledBpZB3T/OF27Nc8WoSRwb24QCOwYVzKMINlKAMBJ7gFT7g03q23q0v63tsXbAmM3vwp6yfXwYgoCs=</latexit>
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Theorem for  
Matrix Product States 

(MPS)
Watanabe, Po, Vishwanath, Zaletel 2013



Matrix Product States (MPS)
Fannes, Nachtergaele, Werner 1989, 1992

quantum spin system with spin    on {1, 2, . . . , L}
<latexit sha1_base64="obMYcR8c7PDLsJOlcaxNQW7zAp0=">AAACCXicbVC7SgNBFL0bXzG+Vi1tlgRBUMJuLLQM2lhYRDAPSJYwOzubDJndWWZmhWVJa2PrL6SzsVDE1j+wy984eRSaeODCuefcy8w9XsyoVLY9NnIrq2vrG/nNwtb2zu6euX/QkDwRmNQxZ1y0PCQJoxGpK6oYacWCoNBjpOkNrid+84EISXl0r9KYuCHqRTSgGCktcdOEEWTgwBlUdI2AgQ8cFEjd3ep+2DVLdtmewlomzpyUqsXO6fO4mta65nfH5zgJSaQwQ1K2HTtWboaEopiRYaGTSBIjPEA90tY0QiGRbja9ZGgda8W3Ai50Rcqaqr83MhRKmYaengyR6stFbyL+57UTFVy6GY3iRJEIzx4KEmYpbk1isXwqCFYs1QRhQfVfLdxHAmGlwyvoEJzFk5dJo1J2zsuVO53GFcyQhyMowokO+AKqcAM1qAOGR3iBN3g3noxX48P4nI3mjPnOIfyB8fUDFZuXOg==</latexit>

S
<latexit sha1_base64="GaAj9CggsiMSYT4U81avqCQzmek=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIXdWGgjBm0sEzQXSJYwOzmbjJm9MDMrhJAnsLFQxFYfxt5GfBsnl0ITfxj4+P9zmHOOnwiutON8W5ml5ZXVtey6vbG5tb2T292rqTiVDKssFrFs+FSh4BFWNdcCG4lEGvoC637/apzX71EqHke3epCgF9JuxAPOqDZW5aadyzsFZyKyCO4M8hcf9nny/mWX27nPVidmaYiRZoIq1XSdRHtDKjVnAkd2K1WYUNanXWwajGiIyhtOBh2RI+N0SBBL8yJNJu7vjiENlRqEvqkMqe6p+Wxs/pc1Ux2ceUMeJanGiE0/ClJBdEzGW5MOl8i0GBigTHIzK2E9KinT5ja2OYI7v/Ii1IoF96RQrDj50iVMlYUDOIRjcOEUSnANZagCA4QHeIJn6856tF6s12lpxpr17MMfWW8/DwmQGA==</latexit>

Ŝz|�i = �|�i
<latexit sha1_base64="uWkFyX1pW3/bilrdAPMCuDR5gSQ="></latexit>

standard basis states
D ⇥D

<latexit sha1_base64="Z1WpvYhVUntjG8KQYecvH2JEXNI=">AAAB+XicbVC7SgNBFL3rM4mvqKXNYBCswm4stAyawjKCeWCyhNnJbDJkZnaZmQ2GJR8i2FgoYmPhn9j5NTp5FJp44MLhnHu5954g5kwb1/1yVlbX1jc2M9nc1vbO7l5+/6Cuo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4mviNIVWaRfLWjGLqC9yTLGQEGysxqMAzGGAggIIGBJVOvuAW3SnQMvHmpFDOxg937/ff1U7+s92NSCKoNIRjrVueGxs/xcowwuk41040jTEZ4B5tWSqxoNpPp5eP0YlVuiiMlC1p0FT9PZFiofVIBLZTYNPXi95E/M9rJSa88FMm48RQSWaLwoQjE6FJDKjLFCWGjyzBRDF7KyJ9rDAxNqycDcFbfHmZ1EtF76xYurFpXMIMGTiCYzgFD86hDNdQhRoQGMKjjfnFSZ0n59V5m7WuOPOZQ/gD5+MHI36Udg==</latexit>

matrices      withM�
<latexit sha1_base64="lKvKV/2WwXb14u073iUn/MrsR8s=">AAACC3icbVA9SwNBEJ3zM55fFy1tDoNgFe5ioY0YtLERIpgPSM6wt9lLluztHbt7QjjS2/grxNbGQhFbsbcR/417SQpNfDDweG+GmXl+zKhUjvNtzM0vLC4t51bM1bX1jU0rv1WTUSIwqeKIRaLhI0kY5aSqqGKkEQuCQp+Rut8/y/z6DRGSRvxKDWLihajLaUAxUlqKrDw8QAgIFPRAQgApXMAQrrUqgUI389pWwSk6I9izxJ2QwsmHeRzff5mVtvXZ6kQ4CQlXmCEpm64TKy9FQlHMyNBsJZLECPdRlzQ15Sgk0ktHvwztPa107CASuriyR+rviRSFUg5CX3eGSPXktJeJ/3nNRAVHXkp5nCjC8XhRkDBbRXYWjN2hgmDFBpogLKi+1cY9JBBWOj5Th+BOvzxLaqWie1AsXTqF8imMkYMd2IV9cOEQynAOFagChlt4hGd4Me6MJ+PVeBu3zhmTmW34A+P9B6q/mMA=</latexit>

� = �S, . . . , S
<latexit sha1_base64="fQwONZdzaos84r7Bk2c8gJRH36k=">AAACDXicbVC7SgNBFL0bXzG+1lgqshgEixh2Y6GNELSxTIh5QBLC7OwkGTK7s8zMCmFJaWPjV9jbCFHE1t7Ob/AnnDwKjR64cDjnXu69xw0Zlcq2P43EwuLS8kpyNbW2vrG5ZW6nq5JHApMK5oyLuoskYTQgFUUVI/VQEOS7jNTc/uXYr90QISkPrtUgJC0fdQPaoRgpLXEzDQ8ggUIXfEBwDsdQhqzWGHjAQWkvC+W2mbFz9gTWX+LMSKawNyp93e6Pim3zo+lxHPkkUJghKRuOHapWjISimJFhqhlJEiLcR13S0DRAPpGtePLN0DrUimd1uNAVKGui/pyIkS/lwHd1p49UT857Y/E/rxGpzlkrpkEYKRLg6aJOxCzFrXE0lkcFwYoNNEFYUH2rhXtIIKx0gCkdgjP/8l9Szeeck1y+pNO4gCmSsAsHcAQOnEIBrqAIFcBwB4/wDC/GvfFkvBpv09aEMZvZgV8w3r8Bm0yYpQ==</latexit>

|�1, . . . ,�Li =
NL

j=1 |�jij
<latexit sha1_base64="jK6GXnCwFW1+Dv6N+g+cNAb8pdM="></latexit>

|�i =
PS

�1,...,�L=�S Tr[M�1 . . .M�L ] |�1, . . . ,�Li
<latexit sha1_base64="0UOS4G6dqgoIUDiwxqSVS2u7BlI="></latexit>

translation invariant state (MPS)

it is known that states with small entanglement  
(area-law states) can be approximated by MPS

|�i
<latexit sha1_base64="AEEQxm8mRZG3lVwC6dwkLAZF9ak=">AAAB/3icbVDLSsNAFL3xWeur6tJNaBEEoSR1ocugG5cV7APaUibTm3boZBJmJkKIXfgPfoEgLhRx62+46984fSy09cDlHs65l7lz/JgzpR1nbK2srq1vbOa28ts7u3v7hYPDuooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PCH1xO/cY9SsUjc6TTGTkj6ggWMEm0kDg/wAlUYADNdAgEBfeCA3ULJKTtT2MvEnZOSV2yfPY29tNotfLd7EU1CFJpyolTLdWLdyYjUjHIc5duJwpjQIeljy1BBQlSdbHr/yD4xSs8OImlKaHuq/t7ISKhUGvpmMiR6oBa9ifif10p0cNnJmIgTjYLOHgoSbuvInoRh95hEqnlqCKGSmVttOiCSUG0iy5sQ3MUvL5N6peyelyu3bsm7ghlycAxFOAUXLsCDGxNwDaiJ+hne4N16tF6tD+tzNrpizXeO4A+srx8JZJXe</latexit>

PS
�=�S M�(M�)† = I

<latexit sha1_base64="bMT2YMp0+mR0TwfjZzvBrmiQ1AM="></latexit>

|�i
<latexit sha1_base64="AEEQxm8mRZG3lVwC6dwkLAZF9ak=">AAAB/3icbVDLSsNAFL3xWeur6tJNaBEEoSR1ocugG5cV7APaUibTm3boZBJmJkKIXfgPfoEgLhRx62+46984fSy09cDlHs65l7lz/JgzpR1nbK2srq1vbOa28ts7u3v7hYPDuooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PCH1xO/cY9SsUjc6TTGTkj6ggWMEm0kDg/wAlUYADNdAgEBfeCA3ULJKTtT2MvEnZOSV2yfPY29tNotfLd7EU1CFJpyolTLdWLdyYjUjHIc5duJwpjQIeljy1BBQlSdbHr/yD4xSs8OImlKaHuq/t7ISKhUGvpmMiR6oBa9ifif10p0cNnJmIgTjYLOHgoSbuvInoRh95hEqnlqCKGSmVttOiCSUG0iy5sQ3MUvL5N6peyelyu3bsm7ghlycAxFOAUXLsCDGxNwDaiJ+hne4N16tF6tD+tzNrpizXeO4A+srx8JZJXe</latexit>

is said to be injective if , and 

span the whole space of           matricesD ⇥D
<latexit sha1_base64="Z1WpvYhVUntjG8KQYecvH2JEXNI=">AAAB+XicbVC7SgNBFL3rM4mvqKXNYBCswm4stAyawjKCeWCyhNnJbDJkZnaZmQ2GJR8i2FgoYmPhn9j5NTp5FJp44MLhnHu5954g5kwb1/1yVlbX1jc2M9nc1vbO7l5+/6Cuo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4mviNIVWaRfLWjGLqC9yTLGQEGysxqMAzGGAggIIGBJVOvuAW3SnQMvHmpFDOxg937/ff1U7+s92NSCKoNIRjrVueGxs/xcowwuk41040jTEZ4B5tWSqxoNpPp5eP0YlVuiiMlC1p0FT9PZFiofVIBLZTYNPXi95E/M9rJSa88FMm48RQSWaLwoQjE6FJDKjLFCWGjyzBRDF7KyJ9rDAxNqycDcFbfHmZ1EtF76xYurFpXMIMGTiCYzgFD86hDNdQhRoQGMKjjfnFSZ0n59V5m7WuOPOZQ/gD5+MHI36Udg==</latexit>

is injective if it has small entanglement, and not a “cat”
heuristic

there is   such that                        with all possible M�1M�2 · · ·M�`
<latexit sha1_base64="WMLVbsEI8zUN7NGA5ila8igLxNg="></latexit>

�1, . . . ,�`
<latexit sha1_base64="AeddnLe9rlhZaJpaaGCD//0vBZI=">AAACH3icbZC7SgNBFIbPxluMt1XLiCwGwSKE3VhoGbSxTMBcIFnC7OwkGTK7s8zMCmFJ6VvYWOQdUttYKCJ2eQZfwsml0MQDAz//dw5nzu9FjEpl2xMjtba+sbmV3s7s7O7tH5iHRzXJY4FJFXPGRcNDkjAakqqiipFGJAgKPEbqXv92yusPREjKw3s1iIgboG5IOxQjpS1uZmEEEih0IQAEbXAgrx0GPnBQmuSX+AiIpqxt5uyCPStrVTgLkSudjCvfj6fjctv8avkcxwEJFWZIyqZjR8pNkFAUMzLMtGJJIoT7qEuaWoYoINJNZvcNrXPt+FaHC/1CZc3c3xMJCqQcBJ7uDJDqyWU2Nf9jzVh1rt2EhlGsSIjnizoxsxS3pmFZPhUEKzbQAmFB9V8t3EMCYaUjzegQnOWTV0WtWHAuC8WKkyvdwLzSkIUzuNBhX0EJ7qAMVcDwBC/wBu/Gs/FqfBif89aUsZg5hj9lTH4Am5adyA==</latexit>

<̀latexit sha1_base64="RPyH4CmM5HvzBnDXIxj1ByH+cS8=">AAAB93icbVDLSgNBEOz1GeMr6tHLYBA8SNiNgh6DXjxGMA9IljA725sMmX0wMyssS37Cq4Inxaufo1/jJNmDJhY0FNVddHd5ieBK2/aXtbK6tr6xWdoqb+/s7u1XDg7bKk4lwxaLRSy7HlUoeIQtzbXAbiKRhp7Ajje+nfY7jygVj6MHnSXohnQY8YAzqo3kwxsgCBCDStWu2TOQZeIUpAoFmoPKd9+PWRpipJmgSvUcO9FuTqXmTOCk3E8VJpSN6RB7hkY0ROXms3sn5NQoPgliaSrSZKb+duQ0VCoLvfM0GUrEsXGEVI/U4sxU/K/XS3Vw7eY8SlKNEZsvDFJBdEymIRCfS2RaZIZQJrm5mbARlZRpE1XZhOEsvr5M2vWac1Gr319WGzdFLCU4hhM4AweuoAF30IQWMBPvEzzDi5VZr9a79TEfXbEKzxH8gfX5A8Pzkgs=</latexit>



Theorem for MPS

THEOREM 1’: There cannot be a translation 
invariant and               invariant injective MPS for                       Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

|�i =
PS

�1,...,�L=�S Tr[M�1 . . .M�L ] |�1, . . . ,�Li
<latexit sha1_base64="0UOS4G6dqgoIUDiwxqSVS2u7BlI="></latexit>

translation invariant state (MPS)

|�i
<latexit sha1_base64="AEEQxm8mRZG3lVwC6dwkLAZF9ak=">AAAB/3icbVDLSsNAFL3xWeur6tJNaBEEoSR1ocugG5cV7APaUibTm3boZBJmJkKIXfgPfoEgLhRx62+46984fSy09cDlHs65l7lz/JgzpR1nbK2srq1vbOa28ts7u3v7hYPDuooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PCH1xO/cY9SsUjc6TTGTkj6ggWMEm0kDg/wAlUYADNdAgEBfeCA3ULJKTtT2MvEnZOSV2yfPY29tNotfLd7EU1CFJpyolTLdWLdyYjUjHIc5duJwpjQIeljy1BBQlSdbHr/yD4xSs8OImlKaHuq/t7ISKhUGvpmMiR6oBa9ifif10p0cNnJmIgTjYLOHgoSbuvInoRh95hEqnlqCKGSmVttOiCSUG0iy5sQ3MUvL5N6peyelyu3bsm7ghlycAxFOAUXLsCDGxNwDaiJ+hne4N16tF6tD+tzNrpizXeO4A+srx8JZJXe</latexit>

PS
�=�S M�(M�)† = I

<latexit sha1_base64="bMT2YMp0+mR0TwfjZzvBrmiQ1AM="></latexit>

|�i
<latexit sha1_base64="AEEQxm8mRZG3lVwC6dwkLAZF9ak=">AAAB/3icbVDLSsNAFL3xWeur6tJNaBEEoSR1ocugG5cV7APaUibTm3boZBJmJkKIXfgPfoEgLhRx62+46984fSy09cDlHs65l7lz/JgzpR1nbK2srq1vbOa28ts7u3v7hYPDuooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PCH1xO/cY9SsUjc6TTGTkj6ggWMEm0kDg/wAlUYADNdAgEBfeCA3ULJKTtT2MvEnZOSV2yfPY29tNotfLd7EU1CFJpyolTLdWLdyYjUjHIc5duJwpjQIeljy1BBQlSdbHr/yD4xSs8OImlKaHuq/t7ISKhUGvpmMiR6oBa9ifif10p0cNnJmIgTjYLOHgoSbuvInoRh95hEqnlqCKGSmVttOiCSUG0iy5sQ3MUvL5N6peyelyu3bsm7ghlycAxFOAUXLsCDGxNwDaiJ+hne4N16tF6tD+tzNrpizXeO4A+srx8JZJXe</latexit>

is said to be injective if , and 

span the whole space of           matricesD ⇥D
<latexit sha1_base64="Z1WpvYhVUntjG8KQYecvH2JEXNI=">AAAB+XicbVC7SgNBFL3rM4mvqKXNYBCswm4stAyawjKCeWCyhNnJbDJkZnaZmQ2GJR8i2FgoYmPhn9j5NTp5FJp44MLhnHu5954g5kwb1/1yVlbX1jc2M9nc1vbO7l5+/6Cuo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4mviNIVWaRfLWjGLqC9yTLGQEGysxqMAzGGAggIIGBJVOvuAW3SnQMvHmpFDOxg937/ff1U7+s92NSCKoNIRjrVueGxs/xcowwuk41040jTEZ4B5tWSqxoNpPp5eP0YlVuiiMlC1p0FT9PZFiofVIBLZTYNPXi95E/M9rJSa88FMm48RQSWaLwoQjE6FJDKjLFCWGjyzBRDF7KyJ9rDAxNqycDcFbfHmZ1EtF76xYurFpXMIMGTiCYzgFD86hDNdQhRoQGMKjjfnFSZ0n59V5m7WuOPOZQ/gD5+MHI36Udg==</latexit>

is injective if it has small entanglement, and not a “cat”
heuristic

there is   such that                        with all possible M�1M�2 · · ·M�`
<latexit sha1_base64="WMLVbsEI8zUN7NGA5ila8igLxNg="></latexit>

�1, . . . ,�`
<latexit sha1_base64="AeddnLe9rlhZaJpaaGCD//0vBZI=">AAACH3icbZC7SgNBFIbPxluMt1XLiCwGwSKE3VhoGbSxTMBcIFnC7OwkGTK7s8zMCmFJ6VvYWOQdUttYKCJ2eQZfwsml0MQDAz//dw5nzu9FjEpl2xMjtba+sbmV3s7s7O7tH5iHRzXJY4FJFXPGRcNDkjAakqqiipFGJAgKPEbqXv92yusPREjKw3s1iIgboG5IOxQjpS1uZmEEEih0IQAEbXAgrx0GPnBQmuSX+AiIpqxt5uyCPStrVTgLkSudjCvfj6fjctv8avkcxwEJFWZIyqZjR8pNkFAUMzLMtGJJIoT7qEuaWoYoINJNZvcNrXPt+FaHC/1CZc3c3xMJCqQcBJ7uDJDqyWU2Nf9jzVh1rt2EhlGsSIjnizoxsxS3pmFZPhUEKzbQAmFB9V8t3EMCYaUjzegQnOWTV0WtWHAuC8WKkyvdwLzSkIUzuNBhX0EJ7qAMVcDwBC/wBu/Gs/FqfBif89aUsZg5hj9lTH4Am5adyA==</latexit>

<̀latexit sha1_base64="RPyH4CmM5HvzBnDXIxj1ByH+cS8=">AAAB93icbVDLSgNBEOz1GeMr6tHLYBA8SNiNgh6DXjxGMA9IljA725sMmX0wMyssS37Cq4Inxaufo1/jJNmDJhY0FNVddHd5ieBK2/aXtbK6tr6xWdoqb+/s7u1XDg7bKk4lwxaLRSy7HlUoeIQtzbXAbiKRhp7Ajje+nfY7jygVj6MHnSXohnQY8YAzqo3kwxsgCBCDStWu2TOQZeIUpAoFmoPKd9+PWRpipJmgSvUcO9FuTqXmTOCk3E8VJpSN6RB7hkY0ROXms3sn5NQoPgliaSrSZKb+duQ0VCoLvfM0GUrEsXGEVI/U4sxU/K/XS3Vw7eY8SlKNEZsvDFJBdEymIRCfS2RaZIZQJrm5mbARlZRpE1XZhOEsvr5M2vWac1Gr319WGzdFLCU4hhM4AweuoAF30IQWMBPvEzzDi5VZr9a79TEfXbEKzxH8gfX5A8Pzkgs=</latexit>



Proof of Theorem 1’
THEOREM 1’: There cannot be a translation 
invariant and               invariant injective MPS for                       Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

|�i =
PS

�1,...,�L=�S Tr[M�1 . . .M�L ] |�1, . . . ,�Li
<latexit sha1_base64="0UOS4G6dqgoIUDiwxqSVS2u7BlI="></latexit>

assume that
is injective, and               invariant, i.e.,

for
Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

Watanabe, Po, Vishwanath, Zaletel 2013 (arranged by H.T.)

exp[�i⇡
P

j
ˆS↵
j ]|�i = const |�i

<latexit sha1_base64="3OKB1vldNNIrIdkfb114svkdZns="></latexit>

P
Tr[

˜M�1 . . . ˜M�L
] |�1, . . . ,�Li = const

P
Tr[M�1 . . .M�L

] |�1, . . . ,�Li
<latexit sha1_base64="QHRSUkKJFQ/2PtqQ1cjFbsBgRco="></latexit>

M̃� =
P

�0h�|û↵|�0iM�0

<latexit sha1_base64="glwj2S8H/OettugYrdEqw9rJu1A="></latexit>

with û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>



there are           unitary matrices                which form a 
projective representation of               , and constants 
            with            for                , such that             

Proof of Theorem 1’

Fannes, Nachtergaele, Werner 1992  
 
Perez-Garcia, Wolf, Sanz, Verstraete, and Cirac 2008  
Pollmann, Turner, Berg, Oshikawa 2010

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

P
Tr[

˜M�1 . . . ˜M�L
] |�1, . . . ,�Li = const

P
Tr[M�1 . . .M�L

] |�1, . . . ,�Li
<latexit sha1_base64="QHRSUkKJFQ/2PtqQ1cjFbsBgRco="></latexit>

M̃� =
P

�0h�|û↵|�0iM�0

<latexit sha1_base64="glwj2S8H/OettugYrdEqw9rJu1A="></latexit>

withuniqueness of 
injective MPS 

D ⇥D
<latexit sha1_base64="Z1WpvYhVUntjG8KQYecvH2JEXNI=">AAAB+XicbVC7SgNBFL3rM4mvqKXNYBCswm4stAyawjKCeWCyhNnJbDJkZnaZmQ2GJR8i2FgoYmPhn9j5NTp5FJp44MLhnHu5954g5kwb1/1yVlbX1jc2M9nc1vbO7l5+/6Cuo0QRWiMRj1QzwJpyJmnNMMNpM1YUi4DTRjC4mviNIVWaRfLWjGLqC9yTLGQEGysxqMAzGGAggIIGBJVOvuAW3SnQMvHmpFDOxg937/ff1U7+s92NSCKoNIRjrVueGxs/xcowwuk41040jTEZ4B5tWSqxoNpPp5eP0YlVuiiMlC1p0FT9PZFiofVIBLZTYNPXi95E/M9rJSa88FMm48RQSWaLwoQjE6FJDKjLFCWGjyzBRDF7KyJ9rDAxNqycDcFbfHmZ1EtF76xYurFpXMIMGTiCYzgFD86hDNdQhRoQGMKjjfnFSZ0n59V5m7WuOPOZQ/gD5+MHI36Udg==</latexit>

U
x

,U
y

,U
z

<latexit sha1_base64="m2fmrZuDBEHSopNJd3eTRxS/5YI="></latexit>

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

⇣↵ 2 C
<latexit sha1_base64="gEe6VA1wYVwFEuvjshGp8eosypA="></latexit>

|⇣↵| = 1
<latexit sha1_base64="3Mr8AevR6Vzsdhje4S5HlgnfbFw=">AAACCXicbZC7TsMwFIZPyq2UW4CRJWqFhIRUJTDAghTBwlgkepHaqHJcp7XqOJHtIIW0Kwsrr8DGwgBCrLwBW98G9zJAy5Esf/r/c2Sf348Zlcq2R0ZuaXlldS2/XtjY3NreMXf3ajJKBCZVHLFINHwkCaOcVBVVjDRiQVDoM1L3+1djv35HhKQRv1VpTLwQdTkNKEZKS5FpwgCe4R4IKEDQ1oyAQQw9fQ/gApy2WbLL9qSsRXBmUHKLreOnkZtW2uZ3qxPhJCRcYYakbDp2rLwMCUUxI8NCK5EkRriPuqSpkaOQSC+bbDK0DrXSsYJI6MOVNVF/T2QolDINfd0ZItWT895Y/M9rJio49zLK40QRjqcPBQmzVGSNY7E6VBCsWKoBYUH1Xy3cQwJhpcMr6BCc+ZUXoXZSdk7L9o1Tci9hWnk4gCIcgQNn4MI1VKAKGB7gBd7g3Xg0Xo0P43PamjNmM/vwp4yvH/pLl8I=</latexit>

thus the matrices satisfy nontrivial constraints
M� = ⇣↵

P
�0h�|û†

↵|�0iU†
↵M

�0
U↵

<latexit sha1_base64="62muYBchXOx1lbIfVE6jPV7r/UE="></latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

for
û↵ = exp[�i⇡ ˆS↵

]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>

M̃� = ⇣↵ U†
↵M

�U↵
<latexit sha1_base64="hLGimiJ+K18Rq577Jn3sGUg/SKE="></latexit>



S is a half-odd integer

�1̂
<latexit sha1_base64="6jVdSep1RFZxU9YoFaM/eXM9gTQ=">AAAB93icbZDLSsNAFIZPvNZ6q7p0EyyCG0tSBV0W3bisYC/QhjKZTpqhk0mYORFC6Iu4ceEFt76KO9/GaZuFtv4w8POfczhnPj8RXKPjfFsrq2vrG5ulrfL2zu7efuXgsK3jVFHWorGIVdcnmgkuWQs5CtZNFCORL1jHH99O651HpjSP5QNmCfMiMpI84JSgiUI4hzcIgQBCDi5MBpWqU3NmspeNW5gqFGoOKl/9YUzTiEmkgmjdc50EvZwo5FSwSbmfapYQOiYj1jNWkohpL5/dPbFPTTK0g1iZJ9Gepb8nchJpnUW+6YwIhnqxNg3/q/VSDK69nMskRSbpfFGQChtjewrBHnLFKIrMGEIVN7faNCSKUDSoygaCu/jlZdOu19yLWv3+stq4KXCU4BhO4MyAvIIG3EETWkAN2id4gVcrs56td+tj3rpiFTNH8EfW5w9gDpBe</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

Proof of Theorem 1’

= ⇣
x

⇣
y

⇣
z

M�
<latexit sha1_base64="zJrc3usi3Xe+rxZgck7fbrTDt3M="></latexit>

(⇣↵)2 = �1
<latexit sha1_base64="R9RCx/0SSDoE9MTp3GkZQjfAG5M=">AAACD3icbZDLSgMxFIbP1Futt9Eu3YQWQRHLTF3oRii6cVnBXqAdSybNtKGZC0lGGIe+gRvBV/AF3LhQxK1bd30b08tCqwdCPv7/HJLzuxFnUlnWyMgsLC4tr2RXc2vrG5tb5vZOXYaxILRGQh6Kposl5SygNcUUp81IUOy7nDbcwcXYb9xSIVkYXKskoo6PewHzGMFKS6GZh314gjugoABDRzMGDhH09X0AN1CGMzgCu2MWrZI1KfQX7BkUK4X24eOoklQ75le7G5LYp4EiHEvZsq1IOSkWihFOh7l2LGmEyQD3aEtjgH0qnXSyzxDtaaWLvFDoEyg0UX9OpNiXMvFd3elj1Zfz3lj8z2vFyjt1UhZEsaIBmT7kxRypEI3DQV0mKFE80YCJYPqviPSxwETpCHM6BHt+5b9QL5fs45J1ZRcr5zCtLOxCQQdtwwlU4BKqUAMC9/AMr/BmPBgvxrvxMW3NGLOZPPwq4/MbEmuYEQ==</latexit>

⇣
x

⇣
y

⇣
z

= 1
<latexit sha1_base64="QMP6W75ng/LlKSQzTJQ/f5LDa8E=">AAACO3icdZC7TgJBFIbP4g3BC2ppMxFNtCG7WmhjQrSxxEQuCWzI7DALE2YvmZklwobH8RWMjZVvYGdjY6Extlg7XAoF+ZNJ/vm/czJzjhNyJpVpvhiJhcWl5ZXkaiq9tr6xmdnaLskgEoQWScADUXGwpJz5tKiY4rQSCoo9h9Oy074c8nKHCskC/0Z1Q2p7uOkzlxGsdBRkjuAOekBBAYY6xPomwAMEt9CfQ7pzSU+Tc7DqmayZM0dCs8aamGx+f3D/1El/F+qZ51ojIJFHfUU4lrJqmaGyYywUI5z2U7VI0hCTNm7SqrY+9qi049HsfXSgkwZyA6GPr9Ao/d0RY0/KrufoSg+rlpxmw/A/Vo2Ue2bHzA8jRX0yfsiNOFIBGi4SNZigRPGuNpgIpv+KSAsLTJRed0ovwZoeedaUjnPWSc68trL5CxgrCbuwB4dgwSnk4QoKUAQCD/AK7/BhPBpvxqfxNS5NGJOeHfgjY/AD+U6l4w==</latexit>

contradiction!

M�0
<latexit sha1_base64="UMLFfmKyzzY1GTHJljHxgCNMJKw=">AAACEXicbVC7TsMwFL3hWcorPDaWiArBVCUFCcYKFhakItGH1IbKcZ3Wqp1EtoNURfkFFr6hf8DCAEKsbGz8DW6aAVqOZPn4nHt1fY8XMSqVbX8bC4tLyyurhbXi+sbm1ra5s9uQYSwwqeOQhaLlIUkYDUhdUcVIKxIEcY+Rpje8mvjNByIkDYM7NYqIy1E/oD7FSGkpNPdhDBwQKBiABB8SuIEU7vU91m8K/cw9hrRrluyyncGaJ05OSpCj1jW/Or0Qx5wECjMkZduxI+UmSCiKGUmLnViSCOEh6pO2pgHiRLpJtlFqHWmlZ/mh0CdQVqb+7kgQl3LEPV3JkRrIWW8i/ue1Y+VfuAkNoliRAE8H+TGzVGhN4rF6VBCs2EgThAXVf7XwAAmElQ6xqENwZleeJ41K2TktV27PStXLPI4CHMAhnIAD51CFa6hBHTA8wjO8wpvxZLwY78bHtHTByHv24A+Mzx8Iq5bb</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>
1̂

<latexit sha1_base64="y1iKw8v6jIU3nQUiB41IuGtK0j4=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120y7dbMLuRCmh/8OLB0W9+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXBtRKzucZxwP6IDJULBKFppAO8wBAoIGXgw6ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fja7ekJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm0whIX2jOUI4toUwLeythQ6opQxtU0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOLNBXkINbqEODWCg4Qle4NV5dJ6dN+dj3rri5DNH8AfO5w/Q2ZAe</latexit>

M�0
<latexit sha1_base64="UMLFfmKyzzY1GTHJljHxgCNMJKw=">AAACEXicbVC7TsMwFL3hWcorPDaWiArBVCUFCcYKFhakItGH1IbKcZ3Wqp1EtoNURfkFFr6hf8DCAEKsbGz8DW6aAVqOZPn4nHt1fY8XMSqVbX8bC4tLyyurhbXi+sbm1ra5s9uQYSwwqeOQhaLlIUkYDUhdUcVIKxIEcY+Rpje8mvjNByIkDYM7NYqIy1E/oD7FSGkpNPdhDBwQKBiABB8SuIEU7vU91m8K/cw9hrRrluyyncGaJ05OSpCj1jW/Or0Qx5wECjMkZduxI+UmSCiKGUmLnViSCOEh6pO2pgHiRLpJtlFqHWmlZ/mh0CdQVqb+7kgQl3LEPV3JkRrIWW8i/ue1Y+VfuAkNoliRAE8H+TGzVGhN4rF6VBCs2EgThAXVf7XwAAmElQ6xqENwZleeJ41K2TktV27PStXLPI4CHMAhnIAD51CFa6hBHTA8wjO8wpvxZLwY78bHtHTByHv24A+Mzx8Iq5bb</latexit>

=<latexit sha1_base64="MWbL6R2hZsQThSAdMNvF0orSXwY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP44bjMU=</latexit>

M� = (⇣↵)2
P

�0h�|(û†
↵)

2|�0i(U†
↵)

2M�0
(U↵)2 = �(⇣↵)2 M�

<latexit sha1_base64="VunvQhqfSakFD9X1df6NzAvBAnE="></latexit>

M� = ⇣
x

P
�0h�|û†

x

|�0iU†
x

M�0
U
x

<latexit sha1_base64="ndroE25Rm5Xf9SOq9l6zg9VYmuE="></latexit>

= ⇣
x

⇣
y

P
�0h�|(û

y

û
x

)†|�0i(U
y

U
x

)†M�0
U
y

U
x

<latexit sha1_base64="+suSdkPo01qHFndNLLdUvukA2p8="></latexit>

= ⇣
x

⇣
y

⇣
z

P
�0h�|(û

z

û
y

û
x

)†|�0i(U
z

U
y

U
x

)†M�0
U
z

U
y

U
x

<latexit sha1_base64="IH4nJ+FuocR5jMxNUnP+xJoLZM4="></latexit>

M� = ⇣↵
P

�0h�|û†
↵|�0iU†

↵M
�0
U↵

<latexit sha1_base64="62muYBchXOx1lbIfVE6jPV7r/UE="></latexit>

↵ = x, y, z
<latexit sha1_base64="NvRZe4um2dVyvvDpvaoGHSWPvAw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYTdWGgjBG0sEzAPSJYwO5lNhsw+mJkV1yWlNn6HnY2FEmz9Azu/wZ9w8ig0euAyZ865l5l73IgzqSzr08jMzS8sLmWXcyura+sb5uZWTYaxILRKQh6Khosl5SygVcUUp41IUOy7nNbd/sXIr19TIVkYXKkkoo6PuwHzGMFKS6FpwiNg4BBBT59n+ibABwQ3cASJrtu2mbcK1hjoL7GnJF/aHVa+7vaG5bb50eqEJPZpoAjHUjZtK1JOioVihNNBrhVLGmHSx13a1DTAPpVOOt5kgA600kFeKHQFCo3VnxMp9qVMfFd3+lj15Kw3Ev/zmrHyTp2UBVGsaEAmD3kxRypEo1hQhwlKFE80wUQw/VdEelhgonR4OR2CPbvyX1IrFuzjQrFi50vnMEEWdmAfDsGGEyjBJZShCgTu4Qle4NV4MJ6NofE2ac0Y05lt+AXj/RsK2Zfm</latexit>

for
thus the matrices satisfy nontrivial constraints

we then find

and

û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>



Theorem for MPS
THEOREM 1’: There cannot be a translation 
invariant and               invariant injective MPS for                       Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

Chen, Gu, Wen 2011 Watanabe, Po, Vishwanath, Zaletel 2013

nontrivial projective representation of the on-site 
              symmetry is inconsistent with the existence of 
an injective MPS

Matsui 2001

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

M� = ⇣↵
P

�0h�|û†
↵|�0iU†

↵M
�0
U↵

<latexit sha1_base64="62muYBchXOx1lbIfVE6jPV7r/UE="></latexit>

projective  
representation

genuine  
representation

contradiction!
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Toward the Full Theorem



From Theorem 1’ to Theorem 1

THEOREM 1’: There cannot be a translation 
invariant and               invariant injective MPS for                       Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
transformation.  Then it can never be the case that 
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Z2 ⇥ Z2
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this seems to imply the desired



From Theorem 1’ to Theorem 1
assume that the GS is unique and gapped

this contradicts Theorem 1’

Hamiltonian has translation and              symmetryZ2 ⇥ Z2
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From Theorem 1’ to Theorem 1
assume that the GS is unique and gapped

this contradicts Theorem 1’

this “proof” looks plausible, but does not work!!!
the approximation by MPS is not that precise
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area-law states can be approximated by MPS

the proof of Theorem 1 makes an essential use of 
operator algebraic formulation

the GS has area-law entanglement 



About operator algebraic approaches 
in quantum systems with infinite 

degrees of freedom

the contribution of axiomatic quantum field theory 
to physics is

famous quote:



About operator algebraic approaches 
in quantum systems with infinite 

degrees of freedom

the contribution of axiomatic quantum field theory 
to physics is less than any given positive "
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famous quote: notorious joke:
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operator algebraic approaches to spin systems
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old guy

student

In most cases physically interesting results are proved 
in finite systems without operator algebra…

It’s useful for formulating various concepts of 
infinite systems, but not for proving concrete 

results.  We can work within finite systems to prove 
important and interesting results!

Hey!  Here’s a formulation that allows us to treat 
infinite systems as they are!  Probably we can solve 

phase transitions, renormalization, and everything!

Ogata 2018, 2019
Ogata, Tasaki 2018

index theorems for SPT phases

somewhat consistent with the “bad joke”
WOW!   

IT’S USEFUL!!!!!
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Outline of the Proof



the set of all 
bounded 

operators⇡(AR)
00

<latexit sha1_base64="QfehrS0H6XAnw1Ddv2lcEt85TU4="></latexit>

⇡(AR)
<latexit sha1_base64="6/ah2HlwGPSw4PVRooENHM+JiVk=">AAACG3icbVDLSgMxFL1TX7W+Rl2Jm9AiKEKZ0YUuq25cVrEPaIeSSTNtaDIzJBmhDP0LF25c9jfcuFDEleCif2P6WGj1QLgn59xLco8fc6a044yszMLi0vJKdjW3tr6xuWVv71RVlEhCKyTikaz7WFHOQlrRTHNajyXFwue05veuxn7tnkrFovBO92PqCdwJWcAI1kaK7D0YQgwMDk0VgEFDFwKQhvUghQsYQMvUoVEEILg196OWXXCKzgToL3FnpFDKN48fRqV+uWV/NtsRSQQNNeFYqYbrxNpLsdSMcDrINRNFY0x6uEMbhoZYUOWlk90G6MAobRRE0pxQo4n6cyLFQqm+8E2nwLqr5r2x+J/XSHRw7qUsjBNNQzJ9KEg40hEaB4XaTFKied8QTCQzf0WkiyUm2sSZMyG48yv/JdWTontadG5MGpcwRRb2IW/iduEMSnANZagAgUd4hld4s56sF+vd+pi2ZqzZzC78gvX1DWtkm+s=</latexit>

von Neumann algebra
bicommutant

AR
<latexit sha1_base64="afZCJ1ZXRXNXj9kW5t3dSvpCxCE=">AAACEXicbZC7TsMwFIZPyq2UW7iIhcWiQmKqEhhgLGVhbBG9SG1VOa7TWrWTyHaQqqivwMIzdGRjYQAhxMbGxsKz4F4GaDmS5U//f47s83sRZ0o7zpeVWlhcWl5Jr2bW1jc2t+ztnYoKY0lomYQ8lDUPK8pZQMuaaU5rkaRYeJxWvd7lyK/eUqlYGNzofkSbAncC5jOCtZFCew+GIACDhi74IA31IIELGEDL3EOjCEBwDYOWnXVyzrjQPLhTyOb3S9/sofBebNmfjXZIYkEDTThWqu46kW4mWGpGOB1kGrGiESY93KF1gwEWVDWT8UYDdGSUNvJDaU6g0Vj9PZFgoVRfeKZTYN1Vs95I/M+rx9o/byYsiGJNAzJ5yI850iEaxYPaTFKied8AJpKZvyLSxRITbULMmBDc2ZXnoXKSc09zTsmkUYBJpeEADuEYXDiDPFxBEcpA4A4e4RlerHvryXq13iatKWs6swt/yvr4Aafwmk8=</latexit>

!(·)
<latexit sha1_base64="0W3Zu/ziGaALlGhX4ruYkRs74H0=">AAACAXicbZDLSgMxFIbPeK31VnXpJrQIilBmdKHLohuXFewF2qFkMmkbmmSGJCMMQ934Cj6CLlwo4ta3cNe3Mb0stPWHwJ//nENyviDmTBvXHTlLyyura+u5jfzm1vbObmFvv66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLge1xv3VGkWyTuTxtQXuCdZlxFsbCTgBSIQQKEHGI7tjUBoEwMnnULJLbsToUXjzUypUmyfPo0qabVT+G6HEUkElYZwrHXLc2PjZ1gZRjgd5tuJpjEmA9yjLWslFlT72WSDITqySYi6kbJHGjRJf09kWGidisB2Cmz6er42Dv+rtRLTvfQzJuPEUEmmD3UTjkyExjhQyBQlhqfWYKKY/SsifawwMRZa3kLw5ldeNPWzsndedm8tjSuYKgeHULRAPbiACtxAFWoW7QM8wxu8O4/Oq/PhfE5bl5zZzAH8kfP1AzzSldw=</latexit>

H
<latexit sha1_base64="7dlKmMVOwZetvm7ZnSyMgK1DX2I=">AAAB/XicbVDLSgMxFL1TX3V8VV26CRbBVZnRhW7EohuXFewD2qFk0kwbmmSGJCPUofgrgnShiFs/wb0b8W9MHwutHrjcwzn3kpsTJpxp43lfTm5hcWl5Jb/qrq1vbG4VtndqOk4VoVUS81g1QqwpZ5JWDTOcNhJFsQg5rYf9y7Ffv6VKs1jemEFCA4G7kkWMYGOlPoxAAAYDPSC2c8jgCobtQtEreROgv8SfkeL5u3uWPH66lXbho9WJSSqoNIRjrZu+l5ggw8owwunQbaWaJpj0cZc2LZVYUB1kk+uH6MAqHRTFypY0aKL+3Miw0HogQjspsOnpeW8s/uc1UxOdBhmTSWqoJNOHopQjE6NxFKjDFCWGDyzBRDF7KyI9rDAxNjDXhuDPf/kvqR2V/OOSd+0VyxcwRR72YB8OwYcTKNs4K1C14d7BAzzBs3PvjJwX53U6mnNmO7vwC87bNwTFlVk=</latexit>

⌦ 2 H
<latexit sha1_base64="fhrjIj+ZqQ5XemCbv/A1xCe3DeM=">AAACEXicbZC7TsMwFIZPyq2UW7hsLBEVElOVwAAbFSxsFIlepLaqHNdprfoS2Q5SFfUVWHgG3oCFAYRY2dh4FDbctAO0/JLtT/85R7b/MGZUG9//cnILi0vLK/nVwtr6xuaWu71T0zJRmFSxZFI1QqQJo4JUDTWMNGJFEA8ZqYeDy3G9fkeUplLcmmFM2hz1BI0oRsZa0t2DR7gGDgR6gCxTEHbnlg30AduTQQpXMOq4Rb/kZ/LmIZhC8fw7ylTpuJ+trsQJJ8JghrRuBn5s2ilShmJGRoVWokmM8AD1SNOiQJzodpr9aOQdWqfrRVLZJYyXub8nUsS1HvLQdnJk+nq2Njb/qzUTE521UyrixBCBJxdFCfOM9MbxeF2qCDZsaAFhRe1bPdxHCmFjQyzYEILZL89D7bgUnJT8G79YvoCJ8rAPB3AEAZxC2cZZgaoN9x6e4AVenQfn2Xlz3ietOWc6swt/5Hz8ACIVmpo=</latexit>

⇡ : AR ! B(H)
<latexit sha1_base64="YgZQKucGdCky6UyQMbJAEgNmyMk="></latexit>

!(Â) = h⌦,⇡(Â)⌦i
<latexit sha1_base64="gbSY271E9ot6a3M9jo/h/zsp71s="></latexit>

Â 2 AR
<latexit sha1_base64="6AdNak6nALBYMcT/LsGG4hXW0Lc="></latexit>

C⇤
<latexit sha1_base64="VIz7p7H7QpaUyLaiZfe/OoKk+Y0=">AAAB6nicbZC7SgNBFIbPxltcb6uWNoNBEIuwq4U2YjCNZURzgWQNs5PZZMjs7DIzK4Qlj2BjoYilvou9jfg2Ti6FJv4w8PH/5zDnnCDhTGnX/bZyC4tLyyv5VXttfWNzy9neqak4lYRWScxj2QiwopwJWtVMc9pIJMVRwGk96JdHef2eSsVicasHCfUj3BUsZARrY92U747aTsEtumOhefCmULj4sM+Tty+70nY+W52YpBEVmnCsVNNzE+1nWGpGOB3arVTRBJM+7tKmQYEjqvxsPOoQHRing8JYmic0Gru/OzIcKTWIAlMZYd1Ts9nI/C9rpjo88zMmklRTQSYfhSlHOkajvVGHSUo0HxjARDIzKyI9LDHR5jq2OYI3u/I81I6L3knRvXYLpUuYKA97sA+H4MEplOAKKlAFAl14gCd4trj1aL1Yr5PSnDXt2YU/st5/AA8CkKI=</latexit>

-algebra of local operators on the half-infinite chain

the unique ground state of the whole infinite chain
GNS construction

Hilbert space representation
for any

illustration by Chisato Naruse

algebras for the half-infinite chain

representation of 
the C* algebra 

von Neumann 
algebra

⇡R(AR) ⇢ ⇡R(AR)
00 ⇢ B(H)

<latexit sha1_base64="M+dRw84AQMbxdar8zXTtqY28QKQ="></latexit>



the set of all 
bounded 

operators⇡(AR)
00

<latexit sha1_base64="QfehrS0H6XAnw1Ddv2lcEt85TU4="></latexit>

⇡(AR)
<latexit sha1_base64="6/ah2HlwGPSw4PVRooENHM+JiVk=">AAACG3icbVDLSgMxFL1TX7W+Rl2Jm9AiKEKZ0YUuq25cVrEPaIeSSTNtaDIzJBmhDP0LF25c9jfcuFDEleCif2P6WGj1QLgn59xLco8fc6a044yszMLi0vJKdjW3tr6xuWVv71RVlEhCKyTikaz7WFHOQlrRTHNajyXFwue05veuxn7tnkrFovBO92PqCdwJWcAI1kaK7D0YQgwMDk0VgEFDFwKQhvUghQsYQMvUoVEEILg196OWXXCKzgToL3FnpFDKN48fRqV+uWV/NtsRSQQNNeFYqYbrxNpLsdSMcDrINRNFY0x6uEMbhoZYUOWlk90G6MAobRRE0pxQo4n6cyLFQqm+8E2nwLqr5r2x+J/XSHRw7qUsjBNNQzJ9KEg40hEaB4XaTFKied8QTCQzf0WkiyUm2sSZMyG48yv/JdWTontadG5MGpcwRRb2IW/iduEMSnANZagAgUd4hld4s56sF+vd+pi2ZqzZzC78gvX1DWtkm+s=</latexit>

von Neumann algebra
bicommutant

AR
<latexit sha1_base64="afZCJ1ZXRXNXj9kW5t3dSvpCxCE=">AAACEXicbZC7TsMwFIZPyq2UW7iIhcWiQmKqEhhgLGVhbBG9SG1VOa7TWrWTyHaQqqivwMIzdGRjYQAhxMbGxsKz4F4GaDmS5U//f47s83sRZ0o7zpeVWlhcWl5Jr2bW1jc2t+ztnYoKY0lomYQ8lDUPK8pZQMuaaU5rkaRYeJxWvd7lyK/eUqlYGNzofkSbAncC5jOCtZFCew+GIACDhi74IA31IIELGEDL3EOjCEBwDYOWnXVyzrjQPLhTyOb3S9/sofBebNmfjXZIYkEDTThWqu46kW4mWGpGOB1kGrGiESY93KF1gwEWVDWT8UYDdGSUNvJDaU6g0Vj9PZFgoVRfeKZTYN1Vs95I/M+rx9o/byYsiGJNAzJ5yI850iEaxYPaTFKied8AJpKZvyLSxRITbULMmBDc2ZXnoXKSc09zTsmkUYBJpeEADuEYXDiDPFxBEcpA4A4e4RlerHvryXq13iatKWs6swt/yvr4Aafwmk8=</latexit>

!(·)
<latexit sha1_base64="0W3Zu/ziGaALlGhX4ruYkRs74H0=">AAACAXicbZDLSgMxFIbPeK31VnXpJrQIilBmdKHLohuXFewF2qFkMmkbmmSGJCMMQ934Cj6CLlwo4ta3cNe3Mb0stPWHwJ//nENyviDmTBvXHTlLyyura+u5jfzm1vbObmFvv66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLge1xv3VGkWyTuTxtQXuCdZlxFsbCTgBSIQQKEHGI7tjUBoEwMnnULJLbsToUXjzUypUmyfPo0qabVT+G6HEUkElYZwrHXLc2PjZ1gZRjgd5tuJpjEmA9yjLWslFlT72WSDITqySYi6kbJHGjRJf09kWGidisB2Cmz6er42Dv+rtRLTvfQzJuPEUEmmD3UTjkyExjhQyBQlhqfWYKKY/SsifawwMRZa3kLw5ldeNPWzsndedm8tjSuYKgeHULRAPbiACtxAFWoW7QM8wxu8O4/Oq/PhfE5bl5zZzAH8kfP1AzzSldw=</latexit>

H
<latexit sha1_base64="7dlKmMVOwZetvm7ZnSyMgK1DX2I=">AAAB/XicbVDLSgMxFL1TX3V8VV26CRbBVZnRhW7EohuXFewD2qFk0kwbmmSGJCPUofgrgnShiFs/wb0b8W9MHwutHrjcwzn3kpsTJpxp43lfTm5hcWl5Jb/qrq1vbG4VtndqOk4VoVUS81g1QqwpZ5JWDTOcNhJFsQg5rYf9y7Ffv6VKs1jemEFCA4G7kkWMYGOlPoxAAAYDPSC2c8jgCobtQtEreROgv8SfkeL5u3uWPH66lXbho9WJSSqoNIRjrZu+l5ggw8owwunQbaWaJpj0cZc2LZVYUB1kk+uH6MAqHRTFypY0aKL+3Miw0HogQjspsOnpeW8s/uc1UxOdBhmTSWqoJNOHopQjE6NxFKjDFCWGDyzBRDF7KyI9rDAxNjDXhuDPf/kvqR2V/OOSd+0VyxcwRR72YB8OwYcTKNs4K1C14d7BAzzBs3PvjJwX53U6mnNmO7vwC87bNwTFlVk=</latexit>

⌦ 2 H
<latexit sha1_base64="fhrjIj+ZqQ5XemCbv/A1xCe3DeM=">AAACEXicbZC7TsMwFIZPyq2UW7hsLBEVElOVwAAbFSxsFIlepLaqHNdprfoS2Q5SFfUVWHgG3oCFAYRY2dh4FDbctAO0/JLtT/85R7b/MGZUG9//cnILi0vLK/nVwtr6xuaWu71T0zJRmFSxZFI1QqQJo4JUDTWMNGJFEA8ZqYeDy3G9fkeUplLcmmFM2hz1BI0oRsZa0t2DR7gGDgR6gCxTEHbnlg30AduTQQpXMOq4Rb/kZ/LmIZhC8fw7ylTpuJ+trsQJJ8JghrRuBn5s2ilShmJGRoVWokmM8AD1SNOiQJzodpr9aOQdWqfrRVLZJYyXub8nUsS1HvLQdnJk+nq2Njb/qzUTE521UyrixBCBJxdFCfOM9MbxeF2qCDZsaAFhRe1bPdxHCmFjQyzYEILZL89D7bgUnJT8G79YvoCJ8rAPB3AEAZxC2cZZgaoN9x6e4AVenQfn2Xlz3ietOWc6swt/5Hz8ACIVmpo=</latexit>

⇡ : AR ! B(H)
<latexit sha1_base64="YgZQKucGdCky6UyQMbJAEgNmyMk="></latexit>

!(Â) = h⌦,⇡(Â)⌦i
<latexit sha1_base64="gbSY271E9ot6a3M9jo/h/zsp71s="></latexit>

Â 2 AR
<latexit sha1_base64="6AdNak6nALBYMcT/LsGG4hXW0Lc="></latexit>

C⇤
<latexit sha1_base64="VIz7p7H7QpaUyLaiZfe/OoKk+Y0=">AAAB6nicbZC7SgNBFIbPxltcb6uWNoNBEIuwq4U2YjCNZURzgWQNs5PZZMjs7DIzK4Qlj2BjoYilvou9jfg2Ti6FJv4w8PH/5zDnnCDhTGnX/bZyC4tLyyv5VXttfWNzy9neqak4lYRWScxj2QiwopwJWtVMc9pIJMVRwGk96JdHef2eSsVicasHCfUj3BUsZARrY92U747aTsEtumOhefCmULj4sM+Tty+70nY+W52YpBEVmnCsVNNzE+1nWGpGOB3arVTRBJM+7tKmQYEjqvxsPOoQHRing8JYmic0Gru/OzIcKTWIAlMZYd1Ts9nI/C9rpjo88zMmklRTQSYfhSlHOkajvVGHSUo0HxjARDIzKyI9LDHR5jq2OYI3u/I81I6L3knRvXYLpUuYKA97sA+H4MEplOAKKlAFAl14gCd4trj1aL1Yr5PSnDXt2YU/st5/AA8CkKI=</latexit>

-algebra of local operators on the half-infinite chain

the unique ground state of the whole infinite chain
GNS construction

Hilbert space representation
for any

illustration by Chisato Naruse

algebras for the half-infinite chain

representation of 
the C* algebra 

von Neumann 
algebra

⇡R(AR) ⇢ ⇡R(AR)
00 ⇢ B(H)

<latexit sha1_base64="M+dRw84AQMbxdar8zXTtqY28QKQ="></latexit>



the set of all 
bounded 

operators⇡(AR)
00

<latexit sha1_base64="QfehrS0H6XAnw1Ddv2lcEt85TU4="></latexit>

⇡(AR)
<latexit sha1_base64="6/ah2HlwGPSw4PVRooENHM+JiVk=">AAACG3icbVDLSgMxFL1TX7W+Rl2Jm9AiKEKZ0YUuq25cVrEPaIeSSTNtaDIzJBmhDP0LF25c9jfcuFDEleCif2P6WGj1QLgn59xLco8fc6a044yszMLi0vJKdjW3tr6xuWVv71RVlEhCKyTikaz7WFHOQlrRTHNajyXFwue05veuxn7tnkrFovBO92PqCdwJWcAI1kaK7D0YQgwMDk0VgEFDFwKQhvUghQsYQMvUoVEEILg196OWXXCKzgToL3FnpFDKN48fRqV+uWV/NtsRSQQNNeFYqYbrxNpLsdSMcDrINRNFY0x6uEMbhoZYUOWlk90G6MAobRRE0pxQo4n6cyLFQqm+8E2nwLqr5r2x+J/XSHRw7qUsjBNNQzJ9KEg40hEaB4XaTFKied8QTCQzf0WkiyUm2sSZMyG48yv/JdWTontadG5MGpcwRRb2IW/iduEMSnANZagAgUd4hld4s56sF+vd+pi2ZqzZzC78gvX1DWtkm+s=</latexit>

von Neumann algebra
bicommutant

AR
<latexit sha1_base64="afZCJ1ZXRXNXj9kW5t3dSvpCxCE=">AAACEXicbZC7TsMwFIZPyq2UW7iIhcWiQmKqEhhgLGVhbBG9SG1VOa7TWrWTyHaQqqivwMIzdGRjYQAhxMbGxsKz4F4GaDmS5U//f47s83sRZ0o7zpeVWlhcWl5Jr2bW1jc2t+ztnYoKY0lomYQ8lDUPK8pZQMuaaU5rkaRYeJxWvd7lyK/eUqlYGNzofkSbAncC5jOCtZFCew+GIACDhi74IA31IIELGEDL3EOjCEBwDYOWnXVyzrjQPLhTyOb3S9/sofBebNmfjXZIYkEDTThWqu46kW4mWGpGOB1kGrGiESY93KF1gwEWVDWT8UYDdGSUNvJDaU6g0Vj9PZFgoVRfeKZTYN1Vs95I/M+rx9o/byYsiGJNAzJ5yI850iEaxYPaTFKied8AJpKZvyLSxRITbULMmBDc2ZXnoXKSc09zTsmkUYBJpeEADuEYXDiDPFxBEcpA4A4e4RlerHvryXq13iatKWs6swt/yvr4Aafwmk8=</latexit>

!(·)
<latexit sha1_base64="0W3Zu/ziGaALlGhX4ruYkRs74H0=">AAACAXicbZDLSgMxFIbPeK31VnXpJrQIilBmdKHLohuXFewF2qFkMmkbmmSGJCMMQ934Cj6CLlwo4ta3cNe3Mb0stPWHwJ//nENyviDmTBvXHTlLyyura+u5jfzm1vbObmFvv66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLge1xv3VGkWyTuTxtQXuCdZlxFsbCTgBSIQQKEHGI7tjUBoEwMnnULJLbsToUXjzUypUmyfPo0qabVT+G6HEUkElYZwrHXLc2PjZ1gZRjgd5tuJpjEmA9yjLWslFlT72WSDITqySYi6kbJHGjRJf09kWGidisB2Cmz6er42Dv+rtRLTvfQzJuPEUEmmD3UTjkyExjhQyBQlhqfWYKKY/SsifawwMRZa3kLw5ldeNPWzsndedm8tjSuYKgeHULRAPbiACtxAFWoW7QM8wxu8O4/Oq/PhfE5bl5zZzAH8kfP1AzzSldw=</latexit>

H
<latexit sha1_base64="7dlKmMVOwZetvm7ZnSyMgK1DX2I=">AAAB/XicbVDLSgMxFL1TX3V8VV26CRbBVZnRhW7EohuXFewD2qFk0kwbmmSGJCPUofgrgnShiFs/wb0b8W9MHwutHrjcwzn3kpsTJpxp43lfTm5hcWl5Jb/qrq1vbG4VtndqOk4VoVUS81g1QqwpZ5JWDTOcNhJFsQg5rYf9y7Ffv6VKs1jemEFCA4G7kkWMYGOlPoxAAAYDPSC2c8jgCobtQtEreROgv8SfkeL5u3uWPH66lXbho9WJSSqoNIRjrZu+l5ggw8owwunQbaWaJpj0cZc2LZVYUB1kk+uH6MAqHRTFypY0aKL+3Miw0HogQjspsOnpeW8s/uc1UxOdBhmTSWqoJNOHopQjE6NxFKjDFCWGDyzBRDF7KyI9rDAxNjDXhuDPf/kvqR2V/OOSd+0VyxcwRR72YB8OwYcTKNs4K1C14d7BAzzBs3PvjJwX53U6mnNmO7vwC87bNwTFlVk=</latexit>

⌦ 2 H
<latexit sha1_base64="fhrjIj+ZqQ5XemCbv/A1xCe3DeM=">AAACEXicbZC7TsMwFIZPyq2UW7hsLBEVElOVwAAbFSxsFIlepLaqHNdprfoS2Q5SFfUVWHgG3oCFAYRY2dh4FDbctAO0/JLtT/85R7b/MGZUG9//cnILi0vLK/nVwtr6xuaWu71T0zJRmFSxZFI1QqQJo4JUDTWMNGJFEA8ZqYeDy3G9fkeUplLcmmFM2hz1BI0oRsZa0t2DR7gGDgR6gCxTEHbnlg30AduTQQpXMOq4Rb/kZ/LmIZhC8fw7ylTpuJ+trsQJJ8JghrRuBn5s2ilShmJGRoVWokmM8AD1SNOiQJzodpr9aOQdWqfrRVLZJYyXub8nUsS1HvLQdnJk+nq2Njb/qzUTE521UyrixBCBJxdFCfOM9MbxeF2qCDZsaAFhRe1bPdxHCmFjQyzYEILZL89D7bgUnJT8G79YvoCJ8rAPB3AEAZxC2cZZgaoN9x6e4AVenQfn2Xlz3ietOWc6swt/5Hz8ACIVmpo=</latexit>

⇡ : AR ! B(H)
<latexit sha1_base64="YgZQKucGdCky6UyQMbJAEgNmyMk="></latexit>

!(Â) = h⌦,⇡(Â)⌦i
<latexit sha1_base64="gbSY271E9ot6a3M9jo/h/zsp71s="></latexit>

Â 2 AR
<latexit sha1_base64="6AdNak6nALBYMcT/LsGG4hXW0Lc="></latexit>

C⇤
<latexit sha1_base64="VIz7p7H7QpaUyLaiZfe/OoKk+Y0=">AAAB6nicbZC7SgNBFIbPxltcb6uWNoNBEIuwq4U2YjCNZURzgWQNs5PZZMjs7DIzK4Qlj2BjoYilvou9jfg2Ti6FJv4w8PH/5zDnnCDhTGnX/bZyC4tLyyv5VXttfWNzy9neqak4lYRWScxj2QiwopwJWtVMc9pIJMVRwGk96JdHef2eSsVicasHCfUj3BUsZARrY92U747aTsEtumOhefCmULj4sM+Tty+70nY+W52YpBEVmnCsVNNzE+1nWGpGOB3arVTRBJM+7tKmQYEjqvxsPOoQHRing8JYmic0Gru/OzIcKTWIAlMZYd1Ts9nI/C9rpjo88zMmklRTQSYfhSlHOkajvVGHSUo0HxjARDIzKyI9LDHR5jq2OYI3u/I81I6L3knRvXYLpUuYKA97sA+H4MEplOAKKlAFAl14gCd4trj1aL1Yr5PSnDXt2YU/st5/AA8CkKI=</latexit>

-algebra of local operators on the half-infinite chain

the unique ground state of the whole infinite chain
GNS construction

Hilbert space representation
for any

illustration by Chisato Naruse

algebras for the half-infinite chain

representation of 
the C* algebra 

von Neumann 
algebra

⇡R(AR) ⇢ ⇡R(AR)
00 ⇢ B(H)

<latexit sha1_base64="M+dRw84AQMbxdar8zXTtqY28QKQ="></latexit>



⇡(AR)
00

<latexit sha1_base64="QfehrS0H6XAnw1Ddv2lcEt85TU4="></latexit>

⇡(AR)
<latexit sha1_base64="6/ah2HlwGPSw4PVRooENHM+JiVk=">AAACG3icbVDLSgMxFL1TX7W+Rl2Jm9AiKEKZ0YUuq25cVrEPaIeSSTNtaDIzJBmhDP0LF25c9jfcuFDEleCif2P6WGj1QLgn59xLco8fc6a044yszMLi0vJKdjW3tr6xuWVv71RVlEhCKyTikaz7WFHOQlrRTHNajyXFwue05veuxn7tnkrFovBO92PqCdwJWcAI1kaK7D0YQgwMDk0VgEFDFwKQhvUghQsYQMvUoVEEILg196OWXXCKzgToL3FnpFDKN48fRqV+uWV/NtsRSQQNNeFYqYbrxNpLsdSMcDrINRNFY0x6uEMbhoZYUOWlk90G6MAobRRE0pxQo4n6cyLFQqm+8E2nwLqr5r2x+J/XSHRw7qUsjBNNQzJ9KEg40hEaB4XaTFKied8QTCQzf0WkiyUm2sSZMyG48yv/JdWTontadG5MGpcwRRb2IW/iduEMSnANZagAgUd4hld4s56sF+vd+pi2ZqzZzC78gvX1DWtkm+s=</latexit>

von Neumann algebra
bicommutant

AR
<latexit sha1_base64="afZCJ1ZXRXNXj9kW5t3dSvpCxCE=">AAACEXicbZC7TsMwFIZPyq2UW7iIhcWiQmKqEhhgLGVhbBG9SG1VOa7TWrWTyHaQqqivwMIzdGRjYQAhxMbGxsKz4F4GaDmS5U//f47s83sRZ0o7zpeVWlhcWl5Jr2bW1jc2t+ztnYoKY0lomYQ8lDUPK8pZQMuaaU5rkaRYeJxWvd7lyK/eUqlYGNzofkSbAncC5jOCtZFCew+GIACDhi74IA31IIELGEDL3EOjCEBwDYOWnXVyzrjQPLhTyOb3S9/sofBebNmfjXZIYkEDTThWqu46kW4mWGpGOB1kGrGiESY93KF1gwEWVDWT8UYDdGSUNvJDaU6g0Vj9PZFgoVRfeKZTYN1Vs95I/M+rx9o/byYsiGJNAzJ5yI850iEaxYPaTFKied8AJpKZvyLSxRITbULMmBDc2ZXnoXKSc09zTsmkUYBJpeEADuEYXDiDPFxBEcpA4A4e4RlerHvryXq13iatKWs6swt/yvr4Aafwmk8=</latexit>

C⇤
<latexit sha1_base64="VIz7p7H7QpaUyLaiZfe/OoKk+Y0=">AAAB6nicbZC7SgNBFIbPxltcb6uWNoNBEIuwq4U2YjCNZURzgWQNs5PZZMjs7DIzK4Qlj2BjoYilvou9jfg2Ti6FJv4w8PH/5zDnnCDhTGnX/bZyC4tLyyv5VXttfWNzy9neqak4lYRWScxj2QiwopwJWtVMc9pIJMVRwGk96JdHef2eSsVicasHCfUj3BUsZARrY92U747aTsEtumOhefCmULj4sM+Tty+70nY+W52YpBEVmnCsVNNzE+1nWGpGOB3arVTRBJM+7tKmQYEjqvxsPOoQHRing8JYmic0Gru/OzIcKTWIAlMZYd1Ts9nI/C9rpjo88zMmklRTQSYfhSlHOkajvVGHSUo0HxjARDIzKyI9LDHR5jq2OYI3u/I81I6L3knRvXYLpUuYKA97sA+H4MEplOAKKlAFAl14gCd4trj1aL1Yr5PSnDXt2YU/st5/AA8CkKI=</latexit>

-algebra of local operators on the half-infinite chain
new Hilbert space

representation of 
the C* algebra 

von Neumann 
algebra

⇡R(AR) ⇢ ⇡R(AR)
00 ⇢ B(H)

<latexit sha1_base64="M+dRw84AQMbxdar8zXTtqY28QKQ="></latexit>

⇡(AR)
00 ⇠= B(H̃)

<latexit sha1_base64="LsTuAL4o1PACgyZZaEjoZmXbRQU="></latexit>

if the state        satisfies the split property, then              
is a type-I factor, which is the most well-behaved von 
Neumann algebra

for some Hilbert space

unique gapped GS 
satisfies this 

Hastings 2007  
Matsui 2013

!(·)
<latexit sha1_base64="0W3Zu/ziGaALlGhX4ruYkRs74H0=">AAACAXicbZDLSgMxFIbPeK31VnXpJrQIilBmdKHLohuXFewF2qFkMmkbmmSGJCMMQ934Cj6CLlwo4ta3cNe3Mb0stPWHwJ//nENyviDmTBvXHTlLyyura+u5jfzm1vbObmFvv66jRBFaIxGPVDPAmnImac0ww2kzVhSLgNNGMLge1xv3VGkWyTuTxtQXuCdZlxFsbCTgBSIQQKEHGI7tjUBoEwMnnULJLbsToUXjzUypUmyfPo0qabVT+G6HEUkElYZwrHXLc2PjZ1gZRjgd5tuJpjEmA9yjLWslFlT72WSDITqySYi6kbJHGjRJf09kWGidisB2Cmz6er42Dv+rtRLTvfQzJuPEUEmmD3UTjkyExjhQyBQlhqfWYKKY/SsifawwMRZa3kLw5ldeNPWzsndedm8tjSuYKgeHULRAPbiACtxAFWoW7QM8wxu8O4/Oq/PhfE5bl5zZzAH8kfP1AzzSldw=</latexit>

⇡(AR)
00

<latexit sha1_base64="QfehrS0H6XAnw1Ddv2lcEt85TU4="></latexit>

then H̃

H̃
<latexit sha1_base64="XnLwRFjeVzB7Z9NsxRZJQfD8K1k=">AAACC3icbVDLSgNBEOz1GeMr6tHLYBA8SNgY8XELevEYwTwgCWF20kmGzM4uM7NCWAL+gJ+hVwVv4tWP0K9xNllEjQUD1dVd9HR5oeDauO6HMze/sLi0nFnJrq6tb2zmtrZrOogUwyoLRKAaHtUouMSq4UZgI1RIfU9g3RteJv36LSrNA3ljRiG2fdqXvMcZNVaS8AAGOAjoAkJsKwbUVgSuYNzJ5d2COwGZJcWU5CFFpZP7bHUDFvkoDRNU62bRDU07pspwJnCcbUUaQ8qGtI9NSyX1UbfjyQ1jsm+VLukFyj5pyET96Yipr/XI9w6jsK8Qh9bhUzPQf2cS8b9eMzK9s3bMZRgZlGy6sBcJYgKSBEO6XCEzYmQJZYrbPxM2oIoyY+PLTsI4T3DyffosqR0ViqVC6fo4X75IY8nALuzBARThFMo21gpUbch38AhP8OzcOy/Oq/M2HZ1zUs8O/ILz/gU9+ZcG</latexit>



the Cuntz algebra

� = �S, . . . , S
<latexit sha1_base64="lSdf6G2x5u1SwOR3MuXflkL1EFk=">AAACDXicbVC7SgNBFL0bXzG+1lgqshgEixh2tdBGCNpYJsQ8IFnC7GSSDJndWWZmhbCktLHxK+xthChia2/nN/gTTh6FJh64cDjnXu69xwsZlcq2v4zEwuLS8kpyNbW2vrG5ZW6nK5JHApMy5oyLmockYTQgZUUVI7VQEOR7jFS93tXIr94SISkPblQ/JK6POgFtU4yUlriZhkeQQKEDPiC4gGMoQVZrDFrAQWkvC6WmmbFz9hjWPHGmJJPfGxa/7/aHhab52WhxHPkkUJghKeuOHSo3RkJRzMgg1YgkCRHuoQ6paxogn0g3Hn8zsA610rLaXOgKlDVWf0/EyJey73u600eqK2e9kfifV49U+9yNaRBGigR4sqgdMUtxaxSN1aKCYMX6miAsqL7Vwl0kEFY6wJQOwZl9eZ5UTnLOac4u6jQuYYIk7MIBHIEDZ5CHayhAGTDcwxO8wKvxYDwbb8b7pDVhTGd24A+Mjx+aqJij</latexit>

non-rigorous picture!
= |�,�1,�2,�3,�4, . . .i

<latexit sha1_base64="NtSdO5xbDVppB0/yFgJHD/ZZbDE="></latexit>

c� |�1,�2,�3,�4, . . .i
<latexit sha1_base64="FH+/C/cHPrn9lYIb1/IdnVqcPW8="></latexit>

 “infinite dimension version” of matrices for MPS(c�)�=�S,...,S

related to the shift in  
a half-finite chain

(c�)⇤c�
0
= ��,�0 1̂

<latexit sha1_base64="gyrXhLY5rNb3U4AY3Xm1VsZZeMY="></latexit>

⇡R(|�ih�0|⌦ 1̂[1,1)) = c�(c�
0
)⇤

<latexit sha1_base64="MGb0J7reNKMobAlGfM+nU0U0kRk="></latexit>P
� c

�⇡R(Â)(c�)⇤ = ⇡R(⌧(Â))
<latexit sha1_base64="X5zemFfZLrro0r2Vqfrb4fNTSBw="></latexit>

representation of the Cuntz algebra c� 2 B(H̃)
<latexit sha1_base64="jvuiYFlYkiqELOo0wT9td9Ul0J0="></latexit>

by using the translation invariance we can construct a



the Cuntz algebra

� = �S, . . . , S
<latexit sha1_base64="lSdf6G2x5u1SwOR3MuXflkL1EFk=">AAACDXicbVC7SgNBFL0bXzG+1lgqshgEixh2tdBGCNpYJsQ8IFnC7GSSDJndWWZmhbCktLHxK+xthChia2/nN/gTTh6FJh64cDjnXu69xwsZlcq2v4zEwuLS8kpyNbW2vrG5ZW6nK5JHApMy5oyLmockYTQgZUUVI7VQEOR7jFS93tXIr94SISkPblQ/JK6POgFtU4yUlriZhkeQQKEDPiC4gGMoQVZrDFrAQWkvC6WmmbFz9hjWPHGmJJPfGxa/7/aHhab52WhxHPkkUJghKeuOHSo3RkJRzMgg1YgkCRHuoQ6paxogn0g3Hn8zsA610rLaXOgKlDVWf0/EyJey73u600eqK2e9kfifV49U+9yNaRBGigR4sqgdMUtxaxSN1aKCYMX6miAsqL7Vwl0kEFY6wJQOwZl9eZ5UTnLOac4u6jQuYYIk7MIBHIEDZ5CHayhAGTDcwxO8wKvxYDwbb8b7pDVhTGd24A+Mjx+aqJij</latexit>

non-rigorous picture!
= |�,�1,�2,�3,�4, . . .i

<latexit sha1_base64="NtSdO5xbDVppB0/yFgJHD/ZZbDE="></latexit>

c� |�1,�2,�3,�4, . . .i
<latexit sha1_base64="FH+/C/cHPrn9lYIb1/IdnVqcPW8="></latexit>

 “infinite dimension version” of matrices for MPS(c�)�=�S,...,S

related to the shift in  
a half-finite chain

(c�)⇤c�
0
= ��,�0 1̂

<latexit sha1_base64="gyrXhLY5rNb3U4AY3Xm1VsZZeMY="></latexit>

⇡R(|�ih�0|⌦ 1̂[1,1)) = c�(c�
0
)⇤

<latexit sha1_base64="MGb0J7reNKMobAlGfM+nU0U0kRk="></latexit>P
� c

�⇡R(Â)(c�)⇤ = ⇡R(⌧(Â))
<latexit sha1_base64="X5zemFfZLrro0r2Vqfrb4fNTSBw="></latexit>

representation of the Cuntz algebra c� 2 B(H̃)
<latexit sha1_base64="jvuiYFlYkiqELOo0wT9td9Ul0J0="></latexit>

by using the translation invariance we can construct a



projective  
representation

genuine  
representation

the core of the proof

⇣↵ 2 C
<latexit sha1_base64="gEe6VA1wYVwFEuvjshGp8eosypA="></latexit>

|⇣↵| = 1
<latexit sha1_base64="3Mr8AevR6Vzsdhje4S5HlgnfbFw=">AAACCXicbZC7TsMwFIZPyq2UW4CRJWqFhIRUJTDAghTBwlgkepHaqHJcp7XqOJHtIIW0Kwsrr8DGwgBCrLwBW98G9zJAy5Esf/r/c2Sf348Zlcq2R0ZuaXlldS2/XtjY3NreMXf3ajJKBCZVHLFINHwkCaOcVBVVjDRiQVDoM1L3+1djv35HhKQRv1VpTLwQdTkNKEZKS5FpwgCe4R4IKEDQ1oyAQQw9fQ/gApy2WbLL9qSsRXBmUHKLreOnkZtW2uZ3qxPhJCRcYYakbDp2rLwMCUUxI8NCK5EkRriPuqSpkaOQSC+bbDK0DrXSsYJI6MOVNVF/T2QolDINfd0ZItWT895Y/M9rJio49zLK40QRjqcPBQmzVGSNY7E6VBCsWKoBYUH1Xy3cQwJhpcMr6BCc+ZUXoXZSdk7L9o1Tci9hWnk4gCIcgQNn4MI1VKAKGB7gBd7g3Xg0Xo0P43PamjNmM/vwp4yvH/pLl8I=</latexit>

↵ = x, y, z
<latexit sha1_base64="mu4/Z2oS2Z+pwvasCR2KIQoojXw=">AAACCXicbVC7SgNBFL0bXzG+Vi0VGQyChYRdLbQRgjaWCZgHJEuYncwmQ2YfzMyK65JSG7/DzsZCCbb+gZ3f4E84eRSaeOAyZ865l5l73IgzqSzry8jMzS8sLmWXcyura+sb5uZWVYaxILRCQh6Kuosl5SygFcUUp/VIUOy7nNbc3uXQr91QIVkYXKskoo6POwHzGMFKS6FpwhNg4BBBV5/n+ibABwS3cASJrruWmbcK1gholtgTki/uDsrf93uDUsv8bLZDEvs0UIRjKRu2FSknxUIxwmk/14wljTDp4Q5taBpgn0onHW3SRwdaaSMvFLoChUbq74kU+1Imvqs7fay6ctobiv95jVh5Z07KgihWNCDjh7yYIxWiYSyozQQliieaYCKY/isiXSwwUTq8nA7Bnl55llSPC/ZJwS7b+eIFjJGFHdiHQ7DhFIpwBSWoAIEHeIZXeDMejRdjYLyPWzPGZGYb/sD4+AEKh5fl</latexit>

transformation of Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

exactly the same transformation rule as in MPS!

the same argument leads to contradiction Matsui 2001

representation of the Cuntz algebra
by using the translation invariance we can construct a

M� = ⇣↵
P

�0h�|û†
↵|�0iU†

↵M
�0
U↵

<latexit sha1_base64="62muYBchXOx1lbIfVE6jPV7r/UE="></latexit>

c� = ⇣↵
P

�0h�|û†
↵|�0iR̃↵(c�

0
)

<latexit sha1_base64="h58D5o07zRHq43QxyVXXL7Do/Ls="></latexit>

c�
<latexit sha1_base64="kBfk0KEbGWpZkDjK71gMXVr/tXw=">AAAB93icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME84BkDbOTSTJkZneZ6RWWJT/ixYMPvPor3vwbJ8keNLGgoajqprsriKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmijRjDdYJCPdDqjhUoS8gQIlb8eaUxVI3grGN1O/9ci1EVF4j2nMfUWHoRgIRtFKI2DwAG9gQMAQFNBeqexW3BnIMvFyUoYc9V7pq9uPWKJ4iExSYzqeG6OfUY2CST4pdhPDY8rGdMg7loZUceNns7sn5NQqfTKItK0QyUz9PZFRZUyqAtupKI7MojcV//M6CQ6u/EyEcYI8ZPNFg0QSjMg0BNIXmjOUqSWUaWFvJWxENWVooyraELzFl5dJs1rxzivVu4ty7TqPowDHcAJn4MEl1OAW6tCwASM8wQu8Oqnz7Lw7H/PWFSefOYI/cD5/AMICkJ0=</latexit>

R̃
x

, R̃
y

, R̃
z

<latexit sha1_base64="xAdw9BUBzhHaILotwxUPQHHEGK4=">AAACdXiclVHLSgMxFL0zvmp9jboRRIitigupM1XQZVEQl1XsA9qhZDJpG5p5kGTEcejn+EPu/A03bk0fC60u9ELIOeeeS5ITL+ZMKtt+M8y5+YXFpdxyfmV1bX3D2tyqyygRhNZIxCPR9LCknIW0ppjitBkLigOP04Y3uB71G49USBaFDyqNqRvgXsi6jGClpci6gRdQwICDDxQyzQhgzRDcwxA6Y0VAoPmT5id6/6s//af/GYYdq2iX7HGhn8CZgiJMq9qxXtt+RJKAhopwLGXLsWPlZlgoRjgd5tuJpDEmA9yjLQ1DHFDpZuPUhuhQKz7qRkKvUKGx+nUiw4GUaeBpZ4BVX872RuJvvVaiupduxsI4UTQkk4O6CUcqQqMvQD4TlCieaoCJYPquiPSxwETpj8rrEJzZJ/8E9XLJOSuV786LlatpHDnYhQIcgwMXUIFbqEJNh/1u7Bj7RsH4MPfMA/NoYjWN6cw2fCvz9BNCLKfO</latexit>

*-automorphisms on 
give a genuine representation of Z2 ⇥ Z2

<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

c� = ⇣↵
P

�0h�|û†
↵|�0iR̃↵(c�

0
)

<latexit sha1_base64="h58D5o07zRHq43QxyVXXL7Do/Ls="></latexit>

û↵ = exp[�i⇡ ˆS↵
]

<latexit sha1_base64="+B71zaX5YxsShUfgVUMy9FzIosw="></latexit>

c� 2 B(H̃)
<latexit sha1_base64="jvuiYFlYkiqELOo0wT9td9Ul0J0="></latexit>

B(H̃)
<latexit sha1_base64="KePz7Szm0/K12YBPIyIin9ZIIwI=">AAACFXicbVDLSgMxFL3js9bXqODGzWARdFOmVnzsSt24rGAf0A4lk8m0oZnJkGSEMvQn3PgF/oMbF4q4Fdz5N2amg6j1hJCTc+4luceNGJXKtj+NufmFxaXlwkpxdW19Y9Pc2m5JHgtMmpgzLjoukoTRkDQVVYx0IkFQ4DLSdkeXqd++JUJSHt6ocUScAA1C6lOMlJa4uQt1OIQHUECBgQcEEn0LAGllCFifTCtXMNHrqG+W7LKdwZollZyUIEejb370PI7jgIQKMyRlt2JHykmQUBQzMin2YkkihEdoQLqahigg0kmyqSbWgVY8y+dC71BZmfqzI0GBlOPA1ZUBUkP510vF/7xurPxzJ6FhFCsS4ulDfswsxa00IsujgmDFxpogLKj+q4WHSCCsdJDFLISLFKffI8+S1nG5Ui1Xr09KtXoeRwH2YF+HXYEzqOlIG9DUAd/BIzzDi3FvPBmvxtu0dM7Ie3bgF4z3L1i+l5U=</latexit>

� = �S, . . . , S
<latexit sha1_base64="lSdf6G2x5u1SwOR3MuXflkL1EFk=">AAACDXicbVC7SgNBFL0bXzG+1lgqshgEixh2tdBGCNpYJsQ8IFnC7GSSDJndWWZmhbCktLHxK+xthChia2/nN/gTTh6FJh64cDjnXu69xwsZlcq2v4zEwuLS8kpyNbW2vrG5ZW6nK5JHApMy5oyLmockYTQgZUUVI7VQEOR7jFS93tXIr94SISkPblQ/JK6POgFtU4yUlriZhkeQQKEDPiC4gGMoQVZrDFrAQWkvC6WmmbFz9hjWPHGmJJPfGxa/7/aHhab52WhxHPkkUJghKeuOHSo3RkJRzMgg1YgkCRHuoQ6paxogn0g3Hn8zsA610rLaXOgKlDVWf0/EyJey73u600eqK2e9kfifV49U+9yNaRBGigR4sqgdMUtxaxSN1aKCYMX6miAsqL7Vwl0kEFY6wJQOwZl9eZ5UTnLOac4u6jQuYYIk7MIBHIEDZ5CHayhAGTDcwxO8wKvxYDwbb8b7pDVhTGd24A+Mjx+aqJij</latexit>
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Extensions



symmetry
THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
transformation.  Then it can never be the case that 
the corresponding ground state is unique and 
accompanied by a nonzero gap. 

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

Z2 ⇥ Z2
<latexit sha1_base64="QGsH6AVHbdcoeQlURKgozyT3FBQ=">AAACJXicdVDLSgMxFL3js9bXqEtBBovgqsxUQZdFNy4r2Ae2Q8mkaRuazAzJHaEM/RlB/BU3LiwiuPJXTNtZaKsnBA7nnEtyTxALrtF1P62l5ZXVtfXcRn5za3tn197br+koUZRVaSQi1QiIZoKHrIocBWvEihEZCFYPBtcTv/7AlOZReIfDmPmS9ELe5ZSgkSL7CJ5AAgGEPgTmpHAPI2hDyegI3HgM9H+Ztl1wi+4UziLxMlKADJW2PW51IppIFiIVROum58bop0Qhp4KN8q1Es5jQAemxpqEhkUz76XTLkXNilI7TjZS5ITpT9edESqTWQxmYpCTY1/PeRPzLaybYvfRTHsYJspDOHuomwsHImVTmdLhiFMXQEEIVN391aJ8oQtEUmzclePMrL5JaqeidFUu354XyVVZHDg7hGE7Bgwsoww1UoAoUHuEF3mBsPVuv1rv1MYsuWdnMAfyC9fUN4KqbrA==</latexit>

symmetry

any on-site symmetry whose representation on a single 
spin is projective
example: time-reversal symmetry forS =

1

2
,
3

2
,
5

2
, . . .

<latexit sha1_base64="wV+VUxihJVK86dDwFBvHtk0X8dg="></latexit>

Ŝ↵
j ! �Ŝ↵

j
<latexit sha1_base64="/b97lqu6mlA/wArJ1b4ajcdrtPY=">AAACMXichVDLSgNBEOyNrxhfqx69LEbBi2E3CnoMevEY0TwgiWF2MknGzO4sM71CWPI5Xr34J+IlB0W8+hNOHgdNBAsGqqu66enyI8E1uu7QSi0sLi2vpFcza+sbm1v29k5Zy1hRVqJSSFX1iWaCh6yEHAWrRoqRwBes4vcuR37lgSnNZXiL/Yg1AtIJeZtTgkaS9gE8QhcIICRwAwO4MzUBAdFYbcK9qREkHP/X17Szbs4dw5kn3pRkYYpi036ptySNAxYiFUTrmudG2EiIQk4FG2TqsWYRoT3SYTVDQxIw3UjGFw+cQ6O0nLZU5oXojNWfEwkJtO4HvukMCHb1rDcS//JqMbbPGwkPoxhZSCeL2rFwUDqj+JwWV4yi6BtCqOLmrw7tEkUompAzJgRv9uR5Us7nvJNc/vo0W7iYxpGGPdiHI/DgDApwBUUoAYUneIU3eLeeraH1YX1OWlPWdGYXfsH6+gbXzZ8e</latexit>

Yuji Tachikawa, private communication
Chen, Gu, Wen 2011 



state
THEOREM 1: Consider a quantum spin chain with 
                       and a short-ranged Hamiltonian that is 
invariant under translation and          
transformation.  Then it can never be the case that 
the corresponding ground state is unique and 
accompanied by a nonzero gap. 

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

it is only essential that the state is pure, translation 
invariant and satisfies the split property

any translation invariant pure state with area law 
entanglement is excluded Matsui 2013



general theorem
THEOREM 2: In quantum spin chains, there can be 
no translation invariant pure states with area law 
entanglement and on-site symmetry whose 
representation on a single spin is projective 

COROLLARY: In a translation invariant spin chain with  
                        and time-reversal or             symmetry, any 
“scar” state must be degenerate and break symmetry

Z2 ⇥ Z2
<latexit sha1_base64="JHQfJqko41NQTU+UlgobuCZc8Gk=">AAACJXicdVC7SgNBFL0bXzG+VgUbQRaDYBV2Y6FliI1lAuaByRJmJ5NkyOyDmbtCWPIzglj5FxY2FgYRbPRXnDwKTfQMA4dzzmXmHi8SXKFtfxippeWV1bX0emZjc2t7x9zdq6owlpRVaChCWfeIYoIHrIIcBatHkhHfE6zm9S/Hfu2WScXD4BoHEXN90g14h1OCWgrNI7gHHwgg9MDTJ4EbGEIL8lpH4NpjoP7LtMysnbMnsBaJMyPZwkH5kz8Wn0otc9RshzT2WYBUEKUajh2hmxCJnAo2zDRjxSJC+6TLGpoGxGfKTSZbDq0TrbStTij1DdCaqD8nEuIrNfA9nfQJ9tS8Nxb/8hoxdi7chAdRjCyg04c6sbAwtMaVWW0uGUUx0IRQyfVfLdojklDUxWZ0Cc78youkms85Zzm7rNsowhRpOIRjOAUHzqEAV1CCClC4g2d4hZHxYLwYb8b7NJoyZjP78AvG1ze+rp9H</latexit>

S = 1
2 ,

3
2 ,

5
2 , . . .

<latexit sha1_base64="ZhW2WS+CyP2QBxzzu6GcZX+r6lc="></latexit>

no non-degenerate scar theorem



Summary
LSM-type no-go theorem is proved for quantum 

spin chains with translation and on-site symmetry 
whose representation is projective

it is surprising (to me, at least) that such a 
mathematically abstract object as the von Neumann 
algebra is useful in proving physically natural theorems

the proof is based on the inconsistency between the 
projective symmetry and the transformation 
property of the Cuntz algebra

(cf. Ogata’s fully rigorous index theorem for SPT)
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background and related topics can be found in my book: 
Hal Tasaki “Physics and Mathematics of Quantum Many-Body 
Systems” (Springer, Graduate Texts in Physics, 2020)


