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Preface

CHAPTER 1 We present an introductory overview of sev-

eral challenging problems in the statistical characterisa-

tion of turbulence. We provide examples from fluid tur-

bulence in three and two dimensions, from the turbulent

advection of passive scalars, and turbulence in the one-

dimensional Burgers equation.

CHAPTER 2 In this chapter we systematise the study of

dynamic multiscaling of time-dependent structure func-

tions in different models of passive-scalar and fluid turbu-

lence. We show that, by suitably normalising these struc-

ture functions, we can eliminate their dependence on the

origin of time at which we start our measurements and

that these normalised structure functions yield the same

linear bridge relations that relate the dynamic-multiscaling

and equal-time exponents for statistically steady turbu-

lence. We show analytically, for both the Kraichnan Model

of passive-scalar turbulence and its shell model analogue,

and numerically, for the GOY shell model of fluid turbu-

lence and a shell model for passive-scalar turbulence, that

these exponents and bridge relations are the same for sta-

tistically steady and decaying turbulence. Thus we pro-

vide strong evidence for dynamic universality, i.e., dynamic-

xiii
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multiscaling exponents do not depend on whether the tur-

bulence decays or is statistically steady.

CHAPTER 3 In this Chapter we show that for two-dimensional

turbulence there exist different ways of extracting time

scales from time-dependent vorticity structure functions.

These lead to different dynamic-multiscaling exponents

which are related to equal-time multiscaling exponents by

different classes of bridge relations. We also show that the

dynamic exponents of the Eulerian and quasi-Lagrangian

fields are the same since the presence of air-drag induced

Ekman friction eliminates sweeping in two dimensions.

We check this explicitly by detailed numerical simulations

of forced two-dimensional turbulence with air-drag-induced

Ekman friction.

CHAPTER 4 In this Chapter we show that the use of a high

power α of the Laplacian in the dissipative term of hydro-

dynamical equations leads asymptotically to truncated in-

viscid conservative dynamics with a finite range of spatial

Fourier modes. Those at large wavenumbers thermalize,

whereas modes at small wavenumbers obey ordinary vis-

cous dynamics. The energy bottleneck observed for finite

α may be interpreted as incomplete thermalization. Arti-

facts arising from models with α > 1 are discussed.

CHAPTER 5 In this Chapter we explore the real-space man-

ifestation of the bottleneck in the energy spectrum of the

hyperviscous Burgers equation for moderately large de-
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grees of dissipativity. We show that the bottleneck in the

energy spectrum is related to the oscillations which de-

velop in the velocity field in a thin boundary layer around

the shock region. By a careful DNS of the hyperviscous

Burgers equation we have been able to show that a bot-

tleneck develops at wavenumbers which correspond to the

wavenumber of these oscillations. Moreover we show that

these oscillations have amplitudes which decay exponen-

tially and the characteristic length scale of the decay is re-

lated inversely to the full-width-at-half-maximum of the

bottleneck bump.

CHAPTER 6 Extended Self-Similarity (ESS), a procedure

that remarkably extends the range of scaling for struc-

ture functions in Navier–Stokes turbulence and thus al-

lows improved determination of intermittency exponents,

has never been fully explained. In this Chapter, we show

that ESS applies to Burgers turbulence at high Reynolds

numbers and we give the theoretical explanation of the

numerically observed improved scaling at both the infrared

and ultraviolet end, in total a gain of about three quarters

of a decade: there is a reduction of subdominant contribu-

tions to scaling when going from the standard structure

function representation to the ESS representation. We

conjecture that a similar situation holds for three-dimensional

incompressible turbulence and suggest ways of capturing

subdominant contributions to scaling.
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CHAPTER 7 In this chapter we consider a modification of

the three-dimensional Navier–Stokes equations and other

hydrodynamical evolution equations with space-periodic

initial conditions in which the usual Laplacian of the dis-

sipation operator is replaced by an operator whose Fourier

symbol grows exponentially as e|k|/kd at high wavenumbers

|k|. Using estimates in suitable classes of analytic func-

tions, we show that the solutions with initially finite en-

ergy become immediately entire in the space variables and

that the Fourier coefficients decay faster than e−C(k/kd) ln(|k|/kd)

for any C < 1/(2 ln 2). The same result holds for the one-

dimensional Burgers equation with exponential dissipa-

tion but can be improved: heuristic arguments and very

precise simulations, analyzed by the method of asymp-

totic interpolation of van der Hoeven, indicate that the

leading-order asymptotics is precisely of the above form

with C = C⋆ = 1/ ln 2. The same behavior with a univer-

sal constant C⋆ is conjectured for the Navier–Stokes equa-

tions with exponential dissipation in any space dimension.

This universality prevents the strong growth of intermit-

tency in the far dissipation range which is obtained for

ordinary Navier–Stokes turbulence. Possible applications

to improved spectral simulations are briefly discussed.
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Chapter 1

Introduction

1.1 Introduction

Physicists have often described turbulence as the last great unsolved

problem of classical physics [1, 2, 3]. However, it is difficult to pre-

cisely formulate what would constitute a solution of the problem. This

is mainly because turbulence is not one problem but a collection of sev-

eral important problems which range from the characterisation and

control of turbulent flows [4, 5], to mathematical questions which are

concerned with the smoothness, or lack thereof, of solutions of the

Navier-Stokes and related equations [6, 7, 8, 9, 10]. Besides turbu-

lence also assumes central importance in fluid dynamics [5, 11, 12,

13], astrophysics [14, 15, 16, 17], geophysics [18, 19], climate sci-

ence [20], plasma physics [15, 16, 17, 21, 22], and statistical physics [23,

24, 25, 26, 27, 28, 29, 30, 31, 32]. In this introductory chapter, we

concentrate on the statistical characterisation of fluid turbulence [33]

in three dimensions, the turbulence of passive scalars such as pollu-

tants [34], two-dimensional turbulence in thin films or soap films [35,

36], and turbulence in the Burgers equation [37, 38, 39]. Our choice

of topics is dictated by the contents of subsequent chapters and the

discussion shall closely follow Ref. [40]. Keeping in mind the central

problems studied in this Thesis, we will restrict ourselves mostly to

1



1.2. Experimental Overview 2

homogeneous, isotropic turbulence [33, 41, 42] and, where possible,

we will highlight some similarities between the statistical properties

of systems at a critical point and those of turbulent fluids [31, 43, 44].

This Chapter is organised as follows: Section 1.2 gives an overview

of some of the experiments of relevance to statistical characteriza-

tion of turbulence. In Section 1.3 we introduce some of the equations

that we shall study in detail later in this Thesis. Section 1.4 pro-

vides a summary of phenomenological approaches, due to Richard-

son [45] and Kolmogorov (K41) [46], that have been developed to un-

derstand the behaviour of velocity and other structure functions in

inertial ranges. In Section 1.5 we introduce the ideas of multiscal-

ing that provides an understanding of the deviations from the predic-

tions of K41-type phenomenology. In Section 1.6 we give a background

to the kind of numerical simulations that will be explored in greater

details in later chapters. Thus we devote this Section to (a) three-

dimensional fluid turbulence, (b) shell models, (c) two-dimensional

turbulence in soap films, and (d) turbulence in the one-dimensional

Burgers equation.

1.2 Experimental Overview

Turbulent flows are commonplace in nature. They include the flow

of water in rivers and pipes, the flow of air over moving cars or aero-

planes, jets that are formed when a fluid is forced through an orifice,

the turbulent advection of pollutants and pollen grains, terrestrial

and Jovian storms, turbulent convection in the sun, and turbulent

shear flows in the arms of spiral galaxies. A wide variety of exper-

imental studies have been carried out to understand the properties

of such turbulent flows; we concentrate on those that are designed

to elucidate the statistical properties of turbulence, especially turbu-

lence that is, at small spatial scales and far away from boundaries,
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homogeneous and isotropic. Most of our discussion will be devoted to

incompressible flows, i.e., low-Mach-number cases in which the fluid

velocity is much less than the velocity of sound in the fluid.

In laboratories such turbulence is generated inmany different ways.

A common method uses a grid in a wind tunnel [47]; the flow down-

stream from this grid is homogeneous and isotropic, to a good ap-

proximation. Another technique use the von Kármán swirling flow,

i.e., flow generated in a fluid contained in a cylindrical tank with two

coaxial, counterrotating discs at its ends [48, 49, 50]; in the middle

of the tank, far away from the discs, the turbulent flow is approxi-

mately homogeneous and isotropic. Electromagnetically forced thin

films and soap films [1, 35, 36] have yielded very useful results for

two-dimensional turbulence. Turbulence data can also be obtained

from atmospheric boundary layers [51, 52, 53, 54], oceanic flows [55],

and astrophysical measurements [14]; experimental conditions can-

not be controlled as carefully in such natural settings as they can be

in a laboratory, but a far greater range of length scales can be probed

than is possible in laboratory experiments.

Traditionally, experiments have measured the velocity u(x, t) at a

single point x at various times t by using hot-wire anemometers; these

anemometers can have limitations in (a) the number of components of

the velocity that can be measured and (b) the spatial and temporal

resolutions that can be obtained [56, 57]. Such measurements yield

a time series for the velocity; if the mean flow velocity U >> urms,

the root-mean-square fluctuations of the velocity, then Taylor’s frozen-

flow hypothesis [5, 33] can be used to relate temporal separations δt
to spatial separations δr, along the mean flow direction via δr = Uδt.
The Reynolds number Re = UL/ν, where U and L are typical velocity

and length scales in the flow and ν is the kinematic viscosity, is a con-

venient dimensionless control parameter; at low Re flows are laminar;

as it increases there is a transition to turbulence often via a variety
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of instabilities that we will not cover here; and at large Re fully devel-

oped turbulence sets in. To compare different flows it is often useful to

employ the Taylor-microscale Reynolds number Reλ = urmsλ/ν, where

the Taylor microscale λ can be obtained from the energy spectrum as

described later in Sec. 1.6.

Refinements in hot-wire anemometry [53, 58] and flow visualisa-

tion techniques such as laser-doppler velocimetry (LDV) [56], particle-

image velocimetry (PIV) [56, 57], particle-tracking velocimetry (PTV)

[56, 57], tomographic PIV [59], holographic PIV [60], and digital holo-

graphic microscopy [61] have made it possible to obtain reliable mea-

surements of the Eulerian velocity u(x, t) (see Sec. 1.3) in a turbulent

flow. In the simplest forms of anemometry a time series of the velocity

is obtained at a given point in space; in PIV two components of the ve-

locity field can be obtained in a sheet at a given time; holographic PIV

can yield all components of the velocity field in a volume. Components

of the velocity derivative tensor Ai j ≡ ∂ jui can also be obtained [53]

and thence quantities such as the energy dissipation rate per unit

mass per unit volume ǫ ≡ −ν∑i, j(∂iu j + ∂ jui)2, the vorticity ω = ∇ × u,
and components of the rate of strain tensor si j ≡ (∂iu j + ∂ jui)/2, where

the subscripts i and j are Cartesian indices. A discussion of the sub-

tleties and limitations of these measurement techniques lies beyond

the scope of this Chapter; we refer the reader to Refs. [53, 56, 57] for

details. Significant progress has also been made over the past decade

in the measurement of Lagrangian trajectories (see Sec. 1.3) of tracer

particles in turbulent flows [48, 49]. Given such measurements, ex-

perimentalists can obtain several properties of turbulent flows. We

give illustrative examples of the types of properties we consider.

Flow-visualisationmethods often display large-scale coherent struc-

tures in turbulent flows. Examples of such structures are plumes in

Rayleigh-Bérnard convection [62], structures behind a splitter plate [63],

and large vortical structures in two-dimensional or stratified flows [1,
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35, 36]. In three-dimensional flows, as we will see in greater detail

later, energy that is pumped into the flow at the injection scale L

cascades, as first suggested by Richardson [45], from large-scale ed-

dies to small-scale ones till it is eventually dissipated around and

beyond the dissipation scale ηd. By contrast, two-dimensional tur-

bulence [35, 36, 64, 65] displays a dual cascade: there is an inverse

cascade of energy from the scale at which it is pumped into the sys-

tem to large length scales and a direct cascade of enstrophy Ω = 〈12ω2〉
to small length scales. The inverse cascade of energy is associated

with the formation of a few large vortices; in practical realisations the

sizes of such vortices are controlled finally by Ekman friction that is

induced, e.g., by air drag in soap-film turbulence.

Measurements of the vorticity ω in highly turbulent flows show

that regions of large ω are organised into slender tubes. The first

experimental evidence for this was obtained by seeding the flow with

bubbles that moved preferentially to regions of low pressure [66] that

are associated with large-ω regimes. For recent experiments on vortex

tubes we refer the reader to Ref. [67].

The time series of the fluid velocity at a given point x shows strong

fluctuations. It is natural, therefore, to inquire into the statistical

properties of turbulent flows. From the Eulerian velocity u(x, t) and

its derivatives we can obtain one-point statistics, such as probability

distribution functions (PDFs) of the velocity and its derivatives. Ve-

locity PDFs are found to be close to Gaussian distributions. However,

PDFs of ω2 and velocity derivatives show significant non-Gaussian

tails; for a recent study, which contains references to earlier work, see

Ref. [53]. The PDF of ǫ is non-Gaussian too and the time series of ǫ is

highly intermittent [68]; furthermore, in the limit Re → ∞, i.e., ν→ 0,
the energy dissipation rate per unit volume ǫ approaches a positive

constant value (see, e.g., Fig. 2 of Ref. [69]), a result referred to as a

dissipative anomaly or the zeroth law of turbulence.
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Two-point statistics are characterised conventionally by studying

the equal-time, order-p, longitudinal velocity structure function

S p(r ) = 〈[(u(x + r ) − u(x)) · (r/r)] p〉, (1.1)

where the angular brackets indicate a time average over the nonequi-

librium statistical steady state that we obtain in forced turbulence.

Experiments [33, 70] show that, for separations r in the inertial range

ηd << r << L,
S p(r ) ∼ rζp, (1.2)

with exponents ζp that deviate significantly from the simple scaling

prediction [46] ζK41
p = p/3, especially for p > 3, where ζp < ζK41

p . This

prediction, made by Kolmogorov in 1941 (hence the abbreviation K41),

is discussed in Sec. 1.4; the deviations from this simple scaling predic-

tion are referred to as multiscaling (Sec. 1.5) and they are associated

with the intermittency of ǫ mentioned above. We mention, in passing,

that the log-Poisson model due to She and Leveque provides a good

parametrisation of the plot of ζp versus p [71].

The second-order structure function S 2(r ) can be related easily by

Fourier transformation to the energy spectrum E(k) = 4πk2〈|ũ(k)|2〉,
where the tilde denotes the Fourier transform, k = |k|, k is the wave

vector, we assume that the turbulence is homogeneous and isotropic,

and, for specificity, we give the formula for the three-dimensional case.

Since ζK41
2 = 2/3, the K41 prediction is

EK41(k) ∼ k−5/3, (1.3)

a result that is in good agreement with a wide range of experiments

[see, e.g., Refs. [33, 72]].

The structure functions S p(r) are the moments of the PDFs of the

longitudinal velocity increments δu|| ≡ [(u(x + r ) − u(x)) · (r/r)]. [In the

argument of S p we use r instead of r when we consider homogeneous,

isotropic turbulence.] These PDFs have been measured directly [73]
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and they show non-Gaussian tails; as r decreases, the deviations of

these PDFs from Gaussian distributions increases.

Recently, there have been experiments on Lagrangian measure-

ments [48, 49] that have been designed to track tracer particles in,

e.g., the von Kármán flow at large Reynolds numbers. By employ-

ing state-of-the-art measurement techniques, such as silicon strip de-

tectors [49], used in high-energy-physics experiments, or acoustic-

doppler methods [48], these experiments have been able to attain high

spatial resolution and high sampling rates and have, therefore, been

able to obtain good data for acceleration statistics of Lagrangian par-

ticles and the analogues of velocity structure functions for them.

Order-p Lagrangian velocity structure functions are defined along

a Lagrangian trajectory as

S L
i,p(τ) = 〈[vL

i (t + τ) − vL
i (t)] p〉, (1.4)

where the superscript L denotes Lagrangian and the subscript i the
Cartesian component. If the time lag τ lies in the temporal analogue of

the inertial range, i.e., τη ≪ τ ≪ TL, where τη is the viscous dissipation

time scale and TL is the time associated with the scale L at which

energy is injected into the system, then it is expected that

S L
i,p(τ) ∼ τζ

L
i,p. (1.5)

The analogue of the dimensional K41 prediction is ζL,K41
i,p = p/2; exper-

iments and simulations [50] indicate that there are corrections to this

simple dimensional prediction.

The best laboratory realisations of two-dimensional turbulence are

(a) a thin layer of a conducting fluid excited by magnetic fields, vary-

ing both in space and time and applied perpendicular to the layer [74],

and (b) soap films [75] in which turbulence can be generated either

by electromagnetic forcing or by the introduction of a comb, which

plays the role of a grid, in a rapidly flowing soap film. In the range of
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parameters used in typical experimental studies [1, 35, 36, 76] both

these systems can be described quite well [77, 78] by the 2D Navier

Stokes equation (see Sec. 3) with an additional Ekman-friction term,

induced typically by air drag; however, in some cases we must also

account for corrections arising from fluctuations of the film thickness,

compressibility effects, and the Marangoni effect. Measurement tech-

niques are similar to those employed to study three-dimensional tur-

bulence [1, 35, 36]. Two-dimensional analogues of the PDFs described

above for 3D turbulence have been measured [see, e.g., Refs. [76]];

we will touch on these briefly when we discuss numerical simulations

of 2D turbulence in Sec. 1.6. Velocity and vorticity structure func-

tions can be measured as in 3D turbulence; however, inertial ranges

associated with inverse and forward cascades must be distinguished;

the former shows simple scaling with an energy spectrum E(k) ∼ k−5/3

whereas the latter has an energy spectrum E(k) ∼ k−(3+δ), with δ = 0 if

there is no Ekman friction and δ > 0 otherwise. In the forward cas-

cade velocity structure functions show simple scaling [76]; we are not

aware of experimental measurements of vorticity structure functions

(we will discuss these in the context of numerical simulations in Sec.

1.6).

1.3 Models

Before we discuss the statistical characterization of turbulence, we

provide a brief description to the models we consider. We start with

the basic equations of hydrodynamics, in three and two dimensions,

that are central to this Thesis. We also introduce the Burgers equa-

tion in one dimension and the advection-diffusion equation for passive

scalars. We end this Section with a description of shell models that

are often used as highly simplified models for homogeneous, isotropic

turbulence.
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At lowMach numbers, fluid flows are governed by the Navier-Stokes

(NS) Eq. (1.6) augmented by the incompressibility condition

∂tu + (u.∇)u = −∇p + ν∇2u + f ,

∇ · u = 0, (1.6)

where we use units in which the density ρ = 1, the Eulerian velocity

at point r and time t is u(r , t), the external body force per unit volume

is f , and ν is the kinematic viscosity. The pressure p can be elimi-

nated by using the incompressibility condition [5, 33, 41] and it can

then be obtained from the Poisson equation ∇2p = −∂i j(uiu j). In the

unforced, inviscid case, the momentum, the kinetic energy, and the

helicity H ≡
∫

drω · u/2 are conserved; here ω ≡ ∇ × u is the vorticity.

The Reynolds number Re ≡ LV/ν, where L and V are characteristic

length and velocity scales, is a convenient dimensionless control pa-

rameter: The flow is laminar at low Re and irregular, and eventually

turbulent, as Re is increased.

In the vorticity formulation the Navier-Stokes equation (1.6) be-

comes

∂tω = ∇ × u × ω + ν∇2ω + ∇ × f ; (1.7)

the pressure is eliminated naturally here. This formulation is par-

ticularly useful is two dimensions since ω is a pseudo-scalar in this

case. Specifically, in two dimensions, the NS equation can be written

in terms of ω and the stream function ψ:

∂tω − J(ψ,ω) = ν∇2ω + αEω + f ;

∇2ψ = ω;

J(ψ,ω) ≡ (∂xψ)(∂yω) − (∂xω)(∂yψ). (1.8)

Here αE is the coefficient of the air-drag-induced Ekman-friction term.

The incompressibility constraint

∂xux + ∂yuy = 0 (1.9)
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ensures that the velocity is uniquely determined by ψ via

u ≡ (−∂yψ, ∂xψ). (1.10)

In the inviscid, unforced case we have more conserved quantities in

two dimensions than in three; the additional conserved quantities are

〈12ωn〉, for all powers n, the first of which is the mean enstrophy, Ω =

〈12ω2〉.
In one dimension (1D) the incompressibility constraint leads to

trivial velocity fields. It is fruitful, however, to consider the Burg-

ers equation [37], which is the NS equation without pressure and the

incompressibility constraint. This has been studied in great detail as

it often provides interesting insights into fluid turbulence. In 1D the

Burgers equation is

∂tu + u∂xu = ν∇2u + f , (1.11)

where f is the external force and the velocity u can have shocks since

the system is compressible. In the unforced, inviscid case the Burgers

equation has infinitely many conserved quantities, namely,
∫

undx for

all integers n. In the limit ν → 0 we can use the Cole-Hopf transfor-

mation, u = ∂xΨ, f ≡ −∂xF, and Ψ ≡ 2ν lnΘ, to obtain

∂tΘ = ν∂
2
xΘ + FΘ/(2ν), (1.12)

a linear partial differential equation (PDE) that can be solved explic-

itly in the absence of any boundary [38, 39].

Passive scalars such as pollutants can be advected by fluids. These

flows are governed by the advection-diffusion equation

∂tθ + u.∇θ = κ∇2θ + fθ, (1.13)

where θ is the passive-scalar field, the advecting velocity field u sat-

isfies the NS equation (6.1), and fθ is an external force. The field θ is

passive because it does not act on or modify u. Note that Eq.(1.13) is

linear in θ. It is possible, therefore, to make considerable analytical
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progress in understanding the statistical properties of passive-scalar

turbulence for the simplified model of passive-scalar advection due to

Kraichnan [34, 86]; in this model each component of fθ is a zero-mean

Gaussian random variable that is white in time; furthermore, each

component of u is taken to be a zero-mean Gaussian random variable

that is white in time and which has the covariance

〈
ui(x, t)u j(x + r , t′)

〉
= 2Di jδ(t − t′); (1.14)

the Fourier transform of Di j has the form

D̃i j(q) ∝ (
q2
+

1
L2

)−(d+ξ)/2e−ηq2[
δi j −

qiq j

q2

]
; (1.15)

q is the wave vector, L is the characteristic large length scale, η is the

dissipation scale, and ξ is a parameter. In the limit of L → ∞ and

η→ 0 we have, in real space,

Di j(r ) = D0δi j −
1
2

di j(r ) (1.16)

with

di j = D1rξ
[
(d − 1+ ξ)δi j − ξ

rir j

r2

]
. (1.17)

D1 is a normalization constant and ξ a parameter; for 0 < ξ < 2 equal-

time passive-scalar structure functions show multiscaling [34].

The hydrodynamical partial differential equations (PDEs) discussed

above are difficult to solve, even on computers via direct numerical

simulation (DNS), if we want to resolve the large ranges of spatial

and temporal scales that become relevant in turbulent flows. It is

useful, therefore, to consider simplified models of turbulence that are

numerically more tractable than these PDEs. Shell models are im-

portant examples of such simplified models; they have proved to be

useful testing grounds for the multiscaling properties of structure

functions in turbulence. We will consider, as illustrative examples,
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the Gledzer-Ohkitani-Yamada (GOY) shell model [88] for fluid turbu-

lence in three dimensions and a shell model for the advection-diffusion

equation [89].

Shell models cannot be derived from the NS equation in any sys-

tematic way. They are formulated in a discretised Fourier space with

logarithmically spaced wave vectors kn = k0λ̃
n, λ̃ > 1, associated with

shells n and dynamical variables that are the complex, scalar veloci-

ties un. Note that kn is chosen to be a scalar: spherical symmetry is

implicit in GOY-type shell models since their aim is to study homo-

geneous, isotropic turbulence. Given that kn and un are scalars, shell

models cannot describe vortical structures or enforce the incompress-

ibility constraint.

The temporal evolution of such a shell model is governed by a set

of ordinary differential equations that have the following features in

common with the Fourier-space version of the NS equation [12]: they

have a viscous-dissipation term of the form −νk2
nun, they conserve the

shell-model analogues of the energy and the helicity in the absence

of viscosity and forcing, and they have nonlinear terms of the form

ıknunun′ that couple velocities in different shells. In the NS equation

all Fourier modes of the velocity affect each other directly but in most

shell models nonlinear terms limit direct interactions to shell veloci-

ties in nearest- and next-nearest-neighbour shells; thus direct sweep-

ing effects, i.e., the advection of the largest eddies by the the smallest

eddies, are present in the NS equation but not in most shell models.

This is why the latter are occasionally viewed as a highly simplified,

quasi-Lagrangian representation (see later) of the NS equation.

The GOY-model evolution equations have the form

[
d
dt
+ νk2

n]un = i(anun+1un+2bnun−1un+1 + cnun−1un−2)
∗
+ fn, (1.18)

where complex conjugation is denoted by ∗, the coefficients are chosen

to be an = kn, bn = −δkn−1, cn = −(1 − δ)kn−2 to conserve the shell-model
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analogues of the energy and the helicity in the inviscid, unforced case;

in any practical calculation 1 ≤ n ≤ N, where N is the total number of

shells and we use the boundary conditions un = 0∀ n < 1 or ∀ n > N;

as mentioned above kn = λ̃nk0 and many groups use λ̃ = 2, δ = 1/2,
k0 = 1/16, and N = 22. The logarithmic discretisation here allows us

to reach very high Reynolds number, in numerical simulations of this

model, even with such a moderate value of N. For studies of decaying

turbulence we set fn = 0,∀ n; in the case of statistically steady, forced

turbulence [43] it is convenient to use fn = (1+ı)5×10−3. For such a shell

model the analogue of a velocity structure function is S p(kn) = 〈|u(kn)|p〉
and the energy spectrum is E(kn) = |u(kn)|2/kn.

It is possible to construct other shell models, by using arguments

similar to the ones we have just discussed, for other PDEs such as the

advection-diffusion equation. Its shell-model version is

[
d
dt
+ κk2

n]θ = i[kn(θn+1un−1 − θn−1un+1) −
kn−1

2
(θn−1un−2 + θn−2un−1) −

kn−1

2
(θn+2un+1 + θn+1un+2)]

∗ (1.19)

For this model, the advecting velocity field can either be obtained

from the numerical solution of a fluid shell model, like the GOY model

above, or by using a shell-model version of the type of stochastic ve-

locity field introduced in the Kraichnan model for passive-scalar ad-

vection [44].

1.3.1 Eulerian, Lagrangian, Quasi-Lagrangian frameworks

The Navier-Stokes Eq.(1.6) is written in terms of the Eulerian velocity

u at position x and time t; i.e., in the Eulerian case we use a frame of

reference that is fixed with respect to the fluid; this frame can be used

for any flow property or field. The Lagrangian framework [5] uses
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a complementary point of view in which we fix a frame of reference

to a fluid particle; this fictitious particle moves with the flow and its

path is known as a Lagrangian trajectory. Each Lagrangian particle is

characterised by its position vector r0 at time t0; its trajectory at some

later time t is R = R(t; r0, t0) and the associated Lagrangian velocity is

v =
(dR

dt

)

r0

. (1.20)

We will also employ the quasi-Lagrangian [91, 92] framework that

uses the following transformation for an Eulerian field ψ(r , t):

ψ̂(r , t) ≡ ψ[r + R(t; r0, 0), t]; (1.21)

here ψ̂ is the quasi-Lagrangian field and R(t; r0, 0) is the position at

time t of a Lagrangian particle that was at point r0 at time t = 0.
As we have mentioned above, sweeping effects are present when

we use Eulerian velocities. However, since Lagrangian particles move

with the flow, such effects are not present in Lagrangian and quasi-

Lagrangian frameworks. In experiments neutrally buoyant tracer

particles are used to obtain Lagrangian trajectories that can be used

to obtain statistical properties of Lagrangian particles.

1.4 Homogeneous Isotropic Turbulence: Phenomenol-

ogy

In 1941 Kolmogorov [46] developed his classic phenomenological ap-

proach to turbulence that is often referred to as K41. He used the idea

of the Richardson cascade to provide an intuitive, though not rigorous,

understanding of the power-law behaviours we have mentioned in Sec.

1.2. We give a brief introduction to K41 phenomenology and related

ideas; for a detailed discussion the reader should consult Ref. [33].

First we must recognise that there are two important length scales:

(a) The large integral length scale L that is comparable to the system
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size and at which energy injection takes place; flow at this scale de-

pends on the details of the system and the way in which energy is in-

jected into it; (b) and the small dissipation length scale ηd below which

energy dissipation becomes significant. The inertial range of scales, in

which structure functions and energy spectra assume the power-law

behaviours mentioned above (Sec. 1.2), lie in between L and η; as Re
increases so does the extent of the inertial range.

In K41 Kolmogorov made the following assumptions: (a) Fully de-

veloped 3D turbulence is homogeneous and isotropic at small length

scales and far away from boundaries. (b) In the statistical steady

state, the energy dissipation rate per unit volume ǫ remains finite

and positive even when Re → ∞ (the dissipative anomaly mentioned

above). (c) A Richardson-type cascade is set up in which energy is

transferred by the breakdown of the largest eddies, created by in-

herent instabilities of the flow, to smaller ones, which decay in turn

into even smaller eddies, and so on till the sizes of the eddies become

comparable to ηd where their energy can then be degraded by viscous

dissipation. As Re → ∞ all inertial-range statistical properties are

uniquely and universally determined by the scale r and ǫ and are in-

dependent of L, ν and ηd.

Dimensional analysis then yields the scaling form of the order-p
structure function

S K41
p (r) ≈ Cǫ p/3rp/3, (1.22)

since ǫ has dimensions of (length)2(time)−3. [It is implicit here that the

eddies, at any given level of the Richardson cascade, are space filling;

if not, ǫ is intermittent and scale dependent as we discuss in Sec. 1.5

on multiscaling.] Thus ζK41
p = p/3; for p = 2 we get S K41

2 (r) ∼ r2/3 whose

Fourier transform is related to the K41 energy spectrum EK41(k) ∼ k−5/3

[Fig. (1.1)].

The prediction ζK41
3 = 1, unlike all others K41 results, can be derived

exactly for the NS equation in the limit Re → ∞. In particular, it can
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be shown that [33, 42]

S 3(ℓ) ≈ −
4
5
ǫℓ, (1.23)

an important result, since it is both exact and nontrivial.

It is often useful to discuss K41 phenomenology by introducing vℓ,
the velocity associated with the inertial-range length scale ℓ; clearly

vℓ ∼ ǫ1/3ℓ1/3. (1.24)

The time scale tℓ ∼ ℓ
vℓ
, the typical time required for the transfer of

energy from scales of order ℓ to smaller ones. This yields the rate of

energy transfer

Π ∼
v2
ℓ

tℓ
∼

v3
ℓ

ℓ
. (1.25)

Given the assumptions of K41, there is neither direct energy injection

nor molecular dissipation in the inertial range. Therefore, the energy

flux Π becomes independent of ℓ and is equal to the mean energy dis-

sipation rate ǫ, which can now be written as

ǫ ∼ v3
ℓ/ℓ. (1.26)

A similar prediction, for the two-point correlations of a passive-

scalar advected by a turbulent fluid is due to Obukhov and Corsin; we

shall not discuss it here but refer the reader to Ref. [93, 94].

As we have mentioned above, the cascade of energy in 3D turbu-

lence is replaced in 2D turbulence by a dual cascade: an inverse cas-

cade of energy from the injection scale to larger length scales and a

forward cascade of enstrophy [35, 36, 64, 65]. In the inverse cascade

the energy accumulation at large length scales is controlled eventu-

ally by Ekman friction. The analogue of K41 phenomenology for this

case is based upon physical arguments due to Kraichnan, Leith and

Batchelor [65]. Given that there is energy injection at some interme-

diate length scale, kinetic energy get redistributed from such inter-

mediate scales to the largest length scale. The scaling result for the
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Figure 1.1: A representative log-log plot of the energy spectrum E(k) versus k, from
a numerical simulation of the GOY shell model with 22 shells. The straight black

line is a guide to the eye indicating K41 scaling k−5/3.
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Figure 1.2: A plot of the equal-time scaling exponents ζp versus p, with error bars,

obtained from the GOY shell model. The straight black line (color online) indicates

K41 scaling p/3.
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two cascades gives us a kinetic energy spectrum that has a k−5/3 form

in the inverse-cascade inertial range and a k−3+δ form in the forward-

cascade inertial range.

1.5 From scaling to multiscaling

In equilibrium statistical mechanics, equal-time and time-dependent

correlation functions, in the vicinity of a critical point, display scaling

properties that are well understood. For example, for a spin system in

d dimensions close to its critical point, the scaling forms of the equal-

time correlation function g(r; t̄, h) and its Fourier transform g̃(k; t̄, h), for
a pair of spins separated by a distance r, are as follows:

g(r; t̄, h) ≈ G(rt̄(ν̄), h/t̄(∆̄))
rd−2+η̄

; (1.27)

g̃(k; t̄, h) ≈ G̃(k/t̄(ν̄), h/t̄(∆̄))
k2−η̄ . (1.28)

Here the reduced temperature t̄ = (T − Tc)/Tc, where T and Tc are,

respectively, the temperature and the critical temperature, and the

reduced field h = H/kBTc, with H the external field and kB the Boltz-

mann constant. The equal-time critical exponents η̄, ν̄ and ∆̄ are

universal for a given universality class (the unconventional overbars

are used to distinguish these exponents from the kinematic viscosity,

etc.). The scaling functions G and G̃ can be made universal too if two

scale factors are taken into account [95]. Precisely at the critical point

(t̄ = 0, h = 0) these scaling forms lead to power-law decays of correla-

tion functions; and, as the critical point is approached, the correlation

length ξ diverges [e.g., as ξ ∼ t̄(−ν̄) if h = 0]. Time-dependent correla-

tion functions also display scaling behaviour; e.g., the frequency (ω)

dependent correlation function has the scaling form to Eq. (1.28).

g̃(k, ω; t̄, h) ≈ G̃(k−zω, k/t̄(ν̄), h/t̄(∆̄))
k2−η̄ . (1.29)
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This scaling behaviour is associated with the divergence of the relax-

ation time

τ ∼ ξz, (1.30)

referred to as critical slowing down; here z is the dynamic scaling ex-

ponent.

In most critical phenomena in equilibrium statistical mechanics we

obtain the simple scaling forms summarised in the previous para-

graph. The inertial-range behaviours of structure functions in tur-

bulence are similar to the power-law forms of these critical-point cor-

relation functions. This similarity is especially strong at the level of

K41 scaling; however, as we have mentioned earlier, experimental and

numerical work suggests significant multiscaling corrections to K41

scaling with the equal-time multiscaling exponents ζp , ζ
K41
p ; in brief,

multiscaling implies that ζp is not a linear function p; indeed [33] it is

a monotone increasing nonlinear function of p [Fig. (1.2)]. The multi-

scaling of equal-time structure functions seems to be a common prop-

erty of various forms of turbulence, e.g., 3D turbulence and passive-

scalar turbulence.

The multifractal model [33, 96, 97] provides a way of rationalising

multiscaling corrections to K41. First we must give up the K41 as-

sumption of only one relevant length scale ℓ and the simple scaling

form of Eq.(1.21). Thus we write the equal-time structure function as

S p(ℓ) = Cp(ǫℓ)
p/3(

ℓ

L
)δp, (1.31)

where δp ≡ ζp − p/3 is the anomalous part of the scaling exponent. We

start with the assumption that the turbulent flow possesses a range of

scaling exponents h in the set I = (hmin, hmax). For each h in this range,

there is a set Σh (in real space) of fractal dimension D(h), such that, as

ℓ/L→ 0,
δvℓ(r ) ∼ ℓh, (1.32)
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if r ∈ Σh. The exponents (hmin, hmax) are postulated to be independent of

the mechanism responsible for the turbulence. Hence

S p(ℓ) ∼
∫

I
dµ(h)(ℓ/L)ph+3−D(h), (1.33)

where the ph term comes from p factors of (ℓ/L) and the 3− D(h) term
comes from an additional factor of (ℓ/L)3−D(h), which is the probability

of being within a distance of ∼ ℓ of the set Σh of dimension D(h) that
is embedded in three dimensions. The co-dimension D(h) and the ex-

ponents hmin and hmax are assumed to be universal [33]. The measure

dµ(h) gives the weight of the different exponents. In the limit ℓ/L → 0
the method of steepest descent yields

ζp = in fh[ ph + 3− D(h)]. (1.34)

The K41 result follows if we allow for only one value of h, namely,

h = 1/3 and set D(h) = 3. For more details we refer the reader to [33,

96, 97]; the extension to time-dependent structure functions is given

in Refs. [43, 44, 98] and in Chapter 2.

Exact results for multiscaling can be obtained for the Kraichnan

model of passive-scalar turbulence. We outline the essential steps be-

low; details may be found in Ref. [34] and in Chapter 2.

The second-order correlation function is defined as

C2(l, t) = 〈θ(x, t)θ(x + l, t)〉. (1.35)

Here the angular brackets denote averaging over the statistics of the

velocity and the force which are assumed to be independent of one

another [34]. This equation of motion

∂tC2(l, t) = 〈∂tθ(x, t)θ(x + l, t)〉 + 〈θ(x, t)∂tθ(x + l, t)〉 (1.36)

is easy to solve by first by using the advection-diffusion equation and

then using Gaussian averages to obtain [34]

∂tC2(l) = D1l1−d∂l[(d − 1)ld−1+ξC2(l)] + 2κl1−d∂l[l
d−1∂lC2(l)] + Φ(

l
L1

), (1.37)
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where Φ( l
L1

) is the spatial correlation of the force [34] (notice that we

now work with just the scalar l for the isotropic case). In the sta-

tionary state the time derivative vanishes on the left hand side. We

impose the boundary conditions that, as l → ∞, C2(l) = 0, and C2(l)
remains finite when l→ 0, whence

C2(l) =
1

(d − 1)D1

∫ ∞

l

r1−d

rξ + lξd
dr

∫ r

0
Φ(

r
L1

)yd−1dy. (1.38)

In the limit ld << l << L1, the second-order structure function has the

following scaling form,

S 2(l) ≡ 2[C2(0)−C2(l)] ≈
2

(2− ξ)(d − 1)D1
Φ(0)l2−ξ, (1.39)

i.e., equal-time exponents ζθ2 = 2 − ξ; this result follows from dimen-

sional arguments as well. For order-p correlation functions the equiv-

alent of Eq. (1.37) can be written symbolically as [34]

∂tCp = −MpCp + DpCp + F ⊗ Cp−2 (1.40)

where the operator Mp is determined by the advection term, Dp is the

dissipative operator, and F is the spatial correlator of the force. In

the limit of vanishing diffusivity, and in stationary state, the above

equation reduces to

MpCp = F ⊗Cp−2. (1.41)

The associated homogeneous and inhomogeneous equations can be

solved separately. By assuming scaling behaviour, we can extract the

scaling exponent from simple dimensional analysis (superscript dim)

to obtain

ζdim
p =

p
2

(2− ξ). (1.42)

The solution Zp(λr1, λr2...λr p) of the homogeneous part of Eq. (43)

are called the zero-mode of the operator Mp. The zero-modes have the

scaling property

Zp(λr1, λr2...λr p) ∼ λζ
zero
p Zp(r1, r2...r p). (1.43)
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Their scaling exponents ζzero
p cannot be determined from dimensional

arguments. The exponents ζzero
p are also called anomalous exponents.

And for a particular order-p the actual scaling exponent is

ζp = min(ζzero
p , ζdim

p ) (1.44)

This is how multiscaling arises in Kraichnan model of passive-scalar

advection. The principal difficulty lies in solving the problem with a

particular boundary condition. In recent times the following results

have been obtained: Although the scaling exponents for the zero-

modes has not been obtained exactly for any p, except for p = 2 (in

which case the anomalous exponent is actually subdominant), pertur-

bative methods have yielded the anomalous exponents. Also, it has

been shown that the multiscaling disappears for ξ > 2 or ξ < 0 and

that, although the scaling exponents are universal, the amplitudes de-

pend on the force correlator and hence the structure functions them-

selves are not universal. These results have been well supported by

numerical simulations.

Several studies of the multiscaling of equal-time structure func-

tions have been carried out as outlined above. By contrast there are

fewer studies of the multiscaling of time-dependent structure func-

tions. In Chapter 2 we explore this question in detail, both numeri-

cally, as well as, analytically for the Kraichnan model of passive-scalar

turbulence.

1.6 Numerical Simulations

Numerical studies of the models described in Sec. 1.3 have contributed

greatly to our understanding of turbulence. In this Section we intro-

duce numerical studies of the 3D Navier-Stokes equation (Sec. 1.6.1),

GOY and advection-diffusion shell models (Sec. 1.6.2) which are stud-

ied extensively in Chapter 2, the 2D Navier-Stokes equation (Sec.
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1.6.3) whose dynamic scaling properties are studied in Chapter 3, and

the 1D Burgers equation (Sec. 1.6.4), various facets of which are stud-

ied in Chapters 4, 5 and 6. Much of what we introduce here through

illustrative examples will be discussed in detail with respect to spe-

cific problems in subsequent chapters.

1.6.1 3D Navier-Stokes Turbulence

We concentrate on the statistical properties of homogeneous, isotropic

turbulence, so we restrict ourselves periodic boundary conditions. Even

with these simple boundary conditions, simulating these flows is a

challenging task as a wide range of length scales has to be resolved.

Therefore, state-of-the-art numerical simulations use pseudo-spectral

methods that solve the Navier-Stokes equations via Fast Fourier trans-

forms [100, 101] typically on supercomputers. For a discussion on the

implementation of the pseudo-spectral method we refer the reader to

Refs. [100, 101].

We give illustrative results from a direct numerical simulation DNS

with 10243 that we have carried out in our group [40]. This study

uses the stochastic forcing of [103] and has attained a Taylor mi-

croscale Reynolds number Reλ ∼ 100, where Reλ = urmsλ/ν; urms =√
2E/3 is the root-mean-square velocity and the Taylor microscale λ =√∑

E(k)/
∑

k2E(k). For state-of-the-art simulations with up to 40963 col-

location points we refer the reader to Ref.[69]. As we had mentioned

in Sec. 1.2, regions of high vorticity are organised into slender tubes.

These can be visualised by looking at isosurfaces of |ω| as shown in the

representative plots of Figs. (1.3) and (1.4). The structure of high-|ω|
vorticity tubes shows up especially clearly in the plots of Fig. (1.4), the

second and third panels of which show successively magnified images

of the central part of the first panel (for a 40963 version see Ref. [69]).
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Figure 1.3: Isosurface plot of |ω| with |ω| equal to its mean value.

Figure (1.5) shows a plot of the compensated energy spectrum k5/3E(k)
versus kη (η is the dissipation scale in our DNS). The flat portion at

low kη indicates agreement with the K41 form EK41(k) ∼ k−5/3. There

is a slight bump after that; this is referred to as a bottleneck (see Ref.

[105] and Sec 1.6.4, Chapters 4 and 5); the spectrum then falls in the

dissipation range.

We do not provide data for the multiscaling of velocity structure

functions in the 3D Navier-Stokes equation. We refer the reader to

Ref. [50] for a recent discussion of such multiscaling. Often the iner-

tial range is quite limited in such studies. This range can be extended

somewhat by using the extended-self-similarity (ESS) procedure [106]

in which the slope of a log-log plots of the structure function S p versus

S q yields the exponent ratio ζp/ζq; this procedure is especially useful

if q = 3 since ζ3 = 1 for the 3D Navier-Stokes case. In Chapter 6 we

provide an explanation of ESS in the context of the Burgers equation

and conjecture possible explanations of

The methods of statistical field theory have been used with some

success to study the statistical properties of a randomly forced Navier-
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Figure 1.4: (Top) Isosurface plot of |ω| with |ω| equal to one standard deviation more

than its mean value. (Center) A magnified version of the central part of the panel on

the left. (Bottom) A magnified version of the central part of the panel in the middle.
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Figure 1.5: The compensated energy spectrum k5/3E(k) versus kη, where η is the

dissipation scale from our DNS (see text).

Stokes equation [25, 26, 30, 31]. The stochastic force here acts at all

length scales; it is Gaussian and has a Fourier-space covariance pro-

portional to k1−y. For y ≥ 0, a simple perturbation theory leads to

infrared divergences; these can be controlled by a dynamical renor-

malization group for sufficiently small y; for y = 4 this yields a K41-

type k−5/3 spectrum at the one-loop level. This value of y is too large

to trust a low-y, one-loop result; also, for y ≥ 3, the sweeping effect

leads to another singularity [107]. Nevertheless, this randomly forced

model has played an important role historically. Thus it has been

studied numerically via the pseudo-spectral method [108, 109]. These

studies have shown that, even though the stochastic forcing destroys

the vorticity tubes that we have described above, it yields multiscaling

of velocity structure that is consistent, for y = 4, with the analogous

multiscaling in the conventional 3D Navier-Stokes equation, barring

logarithmic corrections. We will discuss the analogue of this problem

for the stochastically forced Burgers equation in Sec. 1.6.4.
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1.6.2 Shell Models

Even though shell models are far simpler than their parent partial

differential equations (PDEs), they cannot be solved analytically. The

multiscaling of equal-time structure functions in such models has been

investigated numerically by several groups; an overview of earlier

work and details about numerical methods for the stiff shell-model

equations can be found in Refs. [43, 44, 110]; chapter 2 is dedicated

to our studies in dynamic multiscaling using shell models. An illus-

trative plot of equal-time multiscaling exponents for the GOY shell

model is given in the right panel of Fig. (1.2).

We devote the rest of this Section to an introductory discussion

of the dynamic multiscaling of time-dependent shell-model structure

functions that has been elucidated recently [43, 44, 98, 99]. This will

be covered in detail in the next Chapter. So far, detailed numeri-

cal studies of such dynamic multiscaling has been possible only in

shell models. We concentrate on time-dependent velocity structure

functions in the GOY model and their passive-scalar analogues in the

advection-diffusion shell model.

In a typical decaying-turbulence experiment or simulation, energy

is injected into the system at large length scales (small k); it then

cascades to small length scales (large k); eventually viscous losses set

in when the energy reaches the dissipation scale. We will refer to

this as cascade completion. Energy spectra and structure functions

show power-law forms like their counterparts in statistically steady

turbulence. It turns out [44] that the multiscaling exponents for both

equal-time and time-dependent structure functions are universal in so

far as they are independent of whether they are measured in decay-

ing turbulence or the forced case in which we get statistically steady

turbulence.

Furthermore, the distinction between Eulerian and Lagrangian frame-

works assumes special importance in the study of dynamic multiscal-



1.6. Numerical Simulations 28

ing of time-dependent structure functions in three-dimensional flows.

Eulerian-velocity structure functions are dominated by the sweeping

effect that lies at the heart of Taylor’s frozen-flow hypothesis; this re-

lates spatial and temporal separations linearly (see Sec. 1.2) whence

we obtain trivial dynamic scaling with dynamic exponents zEp = 1
for all p, where the superscript E stands for Eulerian. By contrast,

we expect nontrivial dynamic multiscaling in Lagrangian or quasi-

Lagrangian measurements. Such measurements are daunting in both

experiments and direct numerical simulations; however, they are pos-

sible in shell models. As we have mentioned in Sec. 1.3, shell mod-

els have a quasi-Lagrangian character since they do not have direct

sweeping effects. Thus we expect nontrivial dynamic multiscaling of

time-dependent structure functions in them.

Indeed, we find that [43, 44, 92] that, given a time-dependent struc-

ture function, we can extract an infinity of time scales from it. The dy-

namic scaling Ansätze can then be used to extract dynamic multiscal-

ing exponents. A generalisation of the multifractal model then sug-

gests linear relations, referred to as bridge relations, between these

dynamic multiscaling exponents and their equal-time counterparts.

In Chapter 2 we show how these bridge relations are derived.

The order-p, time-dependent, structure functions, for longitudinal

velocity increments, δu‖(x, r , t) ≡ [u(x + r , t) − u(x, t)] and passive-scalar

increments, δθ(x, t, r ) = θ(x + r , t) − θ(x, t) are defined as

F u
p (r, {t1, . . . , tp}) ≡

〈
[δu‖(x, t1, r) . . . δu‖(x, tp, r)]

〉
(1.45)

and

F θ
p (r , t1, ..., tp) =< [δθ(x, t1, r )...δθ(x, tp, r )] >; (1.46)

i.e., fluctuations are probed over a length scale r which lies in the iner-

tial range. For simplicity, we consider t1 = t and t2 = . . . = tp = 0. Given

F u(r, t) and F θ(r, t), we can define the order-p, degree-M, integral-time
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scales and derivative-time scales as follows [44]:

T I,u
p,M(r, t) ≡

[ 1
Su

p(r)

∫ ∞

0
F u

p (r, t)t(M−1)dt
](1/M)

; (1.47)

T I,θ
p,M(r, t) ≡

[ 1

Sθp(r)

∫ ∞

0
F θ

p (r, t)t(M−1)dt
](1/M)

; (1.48)

T D,u
p,M(r, t) ≡

[ 1
Su

p(r)

∂MF u
p (r, t)

∂tM

](−1/M)

; (1.49)

T D,θ
p,M(r, t) ≡

[ 1

Sθp(r)

∂MF θ
p (r, t)

∂tM

](−1/M)

. (1.50)

Integral-time dynamic multiscaling exponents zI,u
p,M for fluid turbu-

lence can be defined via T I,u
p,M(r, t) ∼ rzI,u

p,M and the derivative-time ones

zD,u
p,M by T D,u

p,M(r, t) ∼ rzD,u
p,M. They satisfy the following bridge relations [44]:

zI,u
p,M = 1+ [ζp−M − ζp]/M; (1.51)

zD,u
p,M = 1+ [ζp − ζp+M]/M. (1.52)

For passive-scalars advected by a turbulent velocity field, the corre-

sponding dynamic multiscaling exponents are defined as T I,θ
p,M(r, t) ∝

rzI,θ
p,M and T D,θ

p,M(r, t) ∝ rzD,θ
p,M; they satisfy the following bridge relations

involving the scaling exponents ζM of equal-time, order-M structure

functions of the advecting velocity field:

zI,θ
p,M = 1− ζM

M
; (1.53)

zD,θ
p,M = 1− ζ−M

M
. (1.54)

These bridge relations, unlike the ones for fluid turbulence, are inde-

pendent of p. [Recall that, for the Kraichnan model, we get simple

dynamic scaling.]
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GOY-model equal-time structure functions and their associated inertial-

range exponents are defined as follows:

S u
p(kn) ≡

〈
[un(t)u

∗
n(t)]

p/2
〉
∼ k
−ζp
n . (1.55)

The time-dependent structure function are

Fu
p(kn, t0, t) ≡

〈
[un(t0)u

∗
n(t0 + t)] p/2

〉
. (1.56)

We evaluate these numerically for the GOY shell model [numerical

details may be found in Refs. [43, 44]], extract integral and derivative

time scales from them and thence the exponents zI,u
p,1 and zD,u

p,2 , respec-

tively, from slopes of log-log plots of T I,u
p,1(n) versus kn and of T D,u

p,2 (n)
versus kn.

For the passive-scalar case, the equal-time order-p structure func-

tions is

S θ
p(kn) ≡

〈
[θ(t)θ∗n(t)]

p/2
〉
∼ k
−ζθp
n (1.57)

and its time-dependent version is

Fθ
p(kn, t0, t) =< [θn(t0)θ

∗
n(t0 + t)] p/2 > . (1.58)

For the case of passive-scalars advected by a velocity field which is

turbulent (a solution of the GOY model), we calculate the integral (for

M = 1) and derivative time scales (for M = 2), respectively. The slope of
a log-log plot of T I,θ

p,1(n) vs kn yields the integral time scale exponent, zI,θ
p,1,

since T I,θ
p,1(n) ∝ k

−zI,θ
p,1

n . Likewise, from plots of the derivative time scales

we extract the exponent zD,θ
p,2. For a detailed discussion on dynamic

multiscaling, for both fluids and passive-scalars, we refer the reader

to Refs. [44, 98] and Chapter 2 of this Thesis.

1.6.3 2D Navier-Stokes Turbulence

Two-dimensional turbulence is markedly different from turbulence in

three dimensions. This is partly because, as we have noted before,
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that unlike in three dimensions the two-dimensional Navier-Stokes

admits an additional conserved quantity, namely the enstrophy, in the

limit of viscosity going to zero. As a result of this additional invariant,

2D Navier-Stokes turbulence admits a dual cascade: An inverse cas-

cade of kinetic energy from the forcing scale to the large spatial scales

and a direct or forward cascade of enstrophy from the forcing scale to

the small spatial scales [65]. In decaying turbulence, in the absence

of forcing and Ekman friction, only the forward enstrophy cascade

persists. We show this via an illustrative pseudo-spectral DNS of the

2D NS equations with periodic boundary conditions and 10242 collo-

cation points. In Fig. (1.6) we show an example of a compensated

energy spectrum k3E(k); the horizontal region corresponds to the iner-

tial range. For a state-of-the-art simulation, with forcing and Ekman

friction, that resolves both forward and inverse cascades we refer the

reader to Ref. [112]; such DNS studies have also investigated the scal-

ing properties of structure functions and have provided some evidence

for conformal invariance in the inverse cascade inertial range [113].
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Figure 1.6: A log-log plot of the compensated energy spectrum k3E(k) versus k from

our DNS, of resolution 10242, of two dimensional decaying turbulence with periodic

boundary conditions. The flat region indicates a scaling form E(k) ∼ k−3.
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In Chapter 3 of this Thesis we study equal-time and time-dependent

structure functions in homogeneous, isotropic turbulence in great de-

tail. To put our work in context, we end this Section with a short

review of a recent DNS study [78] that sheds light on the effect of

the Ekman friction on the statistics of the forward cascade in wall-

bounded flows that are directly relevant to laboratory soap-film ex-

periments [114, 115, 116, 117]. The details of this DNS are given

in Ref. [78]. In brief, ω is driven to a statistical steady state by a

deterministic Kolmogorov forcing Fω ≡ kin jF0 cos(kin jx), with F0 the

amplitude and kin j the wavenumber on which the force acts; no-slip

and no-penetration boundary conditions are imposed on the walls.

The important non-dimensional control parameters are the Grashof

number G = 2π||Fω||2/(k3
in jρν

2) and the non-dimensional Ekman fric-

tion γ = αE/(k2
in jν), where we non-dimensionalize Fω by 2π/(kin j||Fω||2),

with ||Fω||2 ≡ (
∫

A
|Fω|2dx)1/2 and the length and time scales are made

non-dimensional by scaling x by k−1
in j and t by k−2

in j/ν. A fourth-order

Runge-Kutta scheme is used for time marching and spatial deriva-

tives are evaluated via second-order and fourth-order, centered, finite

differences, respectively, for points adjacent to the walls and for points

inside the domain. The Poisson equation is solved by using a fast-

Poisson solver [102] and ω is calculated at the boundaries by using

Thom’s formula [78].

Since Kolmogorov forcing is inhomogeneous, it is useful to use the

decomposition ψ = 〈ψ〉 + ψ′ and ω = 〈ω〉 + ω′, where the angular brack-

ets denote a time average and the prime the fluctuating part to cal-

culate the order-p velocity and vorticity structure functions. Since

this is a wall-bounded flow, it is important to extract the isotropic

parts of these structure functions [78, 118]. Furthermore, given the

resolution (20492), it becomes necessary to use the ESS procedure to

extract exponent ratios. Illustrative log-log ESS plots for velocity,

S p(R), and vorticity, S ω
p (R), structure functions are shown in the Fig.
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(1.7) and Fig. (1.8); respectively; their slopes yield the exponent ra-

tios that are plotted versus the order p in Fig. (1.9) and Fig. (1.10).

The Kraichnan-Leith-Batchelor (KLB) predictions [65] for these expo-

nent ratios, namely, ζKLB
p /ζKLB

2 ∼ rp/2 and ζω,KLB
p /ζω,KLB

2 ∼ r0, agree with

our values for ζp/ζ2 but not ζωp /ζ
ω
2 : velocity structure functions do not

display multiscaling [left panel of Fig. (1.9)] whereas their vorticity

analogs do [note the curvature of the plot in the right panel of Fig.

(1.10)]. Similar results have been seen in DNS studies with periodic

boundary conditions [119, 112]. Additional results for PDFs of several

properties can be obtained [78]; these are in striking agreement with

experimental results [115].

In Chapter 3, we will return to the issue of dynamic multiscaling in

two-dimensional flows with friction and periodic boundary conditions.
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Figure 1.7: Log-log ESS plots of the isotropic parts of the order-p velocity struc-

ture functions S p(R) versus S 2(R); p = 3 (purple line with dots), p = 4 (red line with

square), p = 5 (green line with triangles), and p = 6 (blue line with circles). Accord-

ing to the KLB prediction S p(R) ∼ Rζ
p.
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Figure 1.8: Log-log ESS plots of the isotropic parts of the order-p vorticity structure

functions S p(R) versus S 2(R); p = 3 (purple line with stars), p = 4 (red line with

square), p = 5 (green line with triangles), and p = 6 (blue line with circles).
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Figure 1.9: Plots of the exponent ratios ζp/ζ2 versus p for the velocity differences.
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Figure 1.10: Plots of the exponent ratios ζωp /ζ
ω
2 versus p for the vorticity differences.

1.6.4 The One dimensional Burgers Equation

In this Section we introduce studies of the 1D Burgers equation by us-

ing two different examples. The first of these uses a pseudo-spectral

method with 214 collocation points, the 2/3dealising rule, and a fourth-

order Runge-Kutta time-marching scheme. In the second study of

a stochastically forced Burgers equation (see below) we use a fast-

Legendre method that yields results in the zero-viscosity limit [120].

For the Burgers equation with no external forcing and sufficiently

well-behaved initial conditions, the velocity field develops shocks, or

jump discontinuities, which merge into each other with time. The

time at which the first shock appears is usually denoted by t∗. For

all times greater than t∗, it is possible to calculate, analytically, the

scaling exponents ζp for the equal-time structure functions via

S p ≡ 〈[u(x + r, t) − u(x)] p〉 ∼ Cp|r|p +C′p|r|, (1.59)

where the first term comes from the ramp, and the second term comes

from the probability of having a shock in the interval |r|. As a conse-

quence of this we have bifractal scaling : for 0 < p < 1 the first term
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dominates leading to ζp = p and for p > 1 the second one dominates

giving ζp = 1. This leads to an energy spectrum E(k) ∼ k−2. Represen-

tative plots from our pseudo-spectral DNS, with ν = 10−3 and an initial

condition u(x) =sin(x) (for which t∗ = 1) are shown in Figs. (1.11) and

(1.12); the former shows plots of the velocity field at times t = 0, 1, and
t = 1.5 and the latter the energy spectrum at t = 1.

Figure 1.11: Snapshots of the solution of the Burgers equation obtained from our

DNS with initial condition u(x) =sin x at times t = 0 (blue), t = 1 (black) and t = 2
(red).

The stochastically forced Burgers equation has played an impor-

tant role in renormalization-group studies [120]. In particular, con-

sider a Gaussian random force f (x, t) with zero mean and the following

covariance in Fourier space:

〈 f̂ (k1, t1) f̂ (k2, t2)〉 = 2D0|k|βδ(t1 − t2)δ(k1 + k2); (1.60)

here f̂ (k, t) is the spatial Fourier transform of f (x, t), D0 is a constant,

and the scaling properties of the forcing is governed by the exponent β.

For positive values of β, the Burgers equation can be studied by using

renormalization-group techniques; specifically, for β = 2 one recovers
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Figure 1.12: A representative log-log plot of E(k) versus k, at time t = 1 for the

Burgers equation with initial conditions u(x) = sin x.

simple (Kardar-Parisi-Zhang or KPZ) scaling with the equal-time ex-

ponent ζp = p. It was hoped that forcing with negative values of β (in

particular β = −1), which cannot be studied by renormalization-group

methods, might yield multiscaling of velocity structure functions.

However, high-resolution study [120], which uses a fast-Legendre

method, has shown that the apparent multiscaling of structure func-

tions in this stochastic model might arise because of numerical arti-

facts. The general consensus is that this stochastically forced Burg-

ers model should show bifractal scaling. In Fig. (1.13) we present

representative plots of the velocity field (blue curve) and the scaling

exponents in Fig. (1.14) for this model. We have obtained the data

for these figures by using a fast-Legendre method with 218 collocation

points.

Numerical studies of the Burgers equation have also proved useful

in elucidating bottleneck structures in energy spectra [121, 122] It

turns out that such a bottleneck does not occur in the conventional

Burgers equation. However, it does [123] occur in the hyperviscous
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Figure 1.13: (A snapshot of the velocity field (jagged line in blue) in steady state

and the force in red from our fast-Legendre method DNS of the stochastically forced

Burgers equation.
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Figure 1.14: A representative plot of the exponents ζp, with error-bars, for the

equal-time velocity structure functions of the stochastically forced Burgers equa-

tion; bifractal scaling is shown by the black solid line; the deviations from this are

believed to arise from artefacts (see text).
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one, in which usual Laplacian dissipation operator is replaced by its

αth power; this is known as hyperviscosity for α > 1. In Chapters 4 and

5 we will examine this problem in detail; in Chapter 6 we will return

to the Burgers equation once more to show how we can understand

the success of Extended Self-Similarity.

We end this Chapter with a short discussion on one of the important

mathematical questions in turbulence. For over two centuries now,

the well-posedeness of the solution to the three-dimensional incom-

pressible fluid equations with sufficienty smooth initial data is still an

open question [10, 128, 129, 130] (also many papers in [131] and refer-

ences therein). Even for the viscous Navier-Stokes equations, which

is of more interest to physicists, the issue of finite-time blow up is

far from settled, either through rigorous theory or from reliable nu-

merical data [7, 8, 132, 133, 134]. The situation is slightly different

if we relax the constraint on the choice of initial conditions. In fact

for analytic and spatially periodic initial data both the Euler and the

Navier-Stokes equation in three dimensions have complex space sin-

gularities. Numerically, it was shown in [135] that a pseudo-spectral

method for solving such equations lead to exponential decrease of the

Fourier modes of the velocity at high wavenumbers. Such a Fourier

space behaviour is a signature of complex singularities [135] as was

conjectured by von Neumann [136]. As we have seen before, for some

PDEs in lower space dimensions such as the Burgers equation it is

possible to obtain exact results for the type and position of such sin-

gularities. Another example is the complex singularities which are

related to poles of elliptic functions in the reaction diffusion equation

[137] and the 2D incompressible Euler equations in Lagrangian coor-

dinates [138].

In the three-dimensional Navier-Stokes, with real analytic data,

finite-time blow up in the real domain can be eliminated by using hy-

perviscosity, i.e., replacing the dissipative term ν|k|2 by a higher power
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of the Laplacian with symbol ν|k|2α (α > 5/4) as shown by [132, 141].

There is numerical evidence though that complex singularities can-

not be avoided by this procedure [142]. In Chapter 7 of this Thesis

we show the first example of a nonlinear PDE, with the property that

the Cauchy problem is well posed in the complex space domain, and

which does not have any complex-space singularities at a finite dis-

tance from the real domain. In other words, we prove that solutions to

a large class of pseudo-differential nonlinear equations, which include

variants of the 3D NSE where the dissipation grows exponentially as

e|k|/kd, where kd is a reference wavenumber kd, stays or becomes entire

at all finite times.
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[135] Brachet, M.-E.; Meiron, D.I.; Orszag, S.A.; Nickel, B.G.;

Morf, R.H.; Frisch, U. Small-scale structure of the Taylor-Green

vortex, J. Fluid Mech. 130 (1983), 411–452.

[136] Neumann, J. von. Recent theories of turbulence (1949). In Col-

lected works (1949–1963) 6, 37–472, ed. A.H. Taub. Pergamon

Press, New York, 1963.



Bibliography 52

[137] Oliver, M; Titi, E.S. On the domain of analyticity for solutions of

second order analytic nonlinear differential equations. J. Differ.

Equations 174 (2001), 55–74.

[138] Pauls, W.; Matsumoto, T. Lagrangian singularities of steady

two-dimensional flow.Geophys. Astrophys. Fluid. Dyn. 99, (2005),

pp. 61–75,

[139] Senouf, D.; Caflisch, R.; Ercolani, N. Pole dynamics and oscil-

lation for the complex Burgers equation in the small-dispersion

limit. Nonlinearity 9 (1996), 1671–1702.

[140] Polávcik, P.; vSverák, V. Zeros of complex caloric functions

and singularities of complex viscous Burgers equation. Preprint.

2008. arXiv:math/0612506v1 [math.AP].

[141] Ladyzhenskaya, O.A. The Mathematical Theory of Viscous In-

compressible Flow (1st ed.) Gordon and Breach, New York, 1963.

[142] Holloway, G. Representing topographic stress for large-scale

ocean models. J. Phys. Oceanogr. 22 (1992), 1033–1046.



Chapter 2

The Universality of Dynamic

Multiscaling in Homogeneous,

Isotropic Turbulence

2.1 Introduction

In this Chapter we discuss the universality of dynamic multiscaling

in shell models for fluid and passive-scalar turbulence. The rest of the

Chapter follows closely Refs. [1] and [2] The elucidation of the univer-

sal scaling properties of equal-time and time-dependent correlation

functions in the vicinity of a critical point was one of the most impor-

tant achievements of statistical mechanics over the past forty years.

The analogous systematization of the power laws and associated expo-

nents that govern the behaviours of structure functions in a turbulent

fluid, or in a passive-scalar advected by such a fluid, is a major chal-

lenge in the areas of nonequilibrium statistical mechanics, fluid me-

chanics, and nonlinear dynamics. The power-law behaviours of equal-

time structure functions have been studied in detail over the past few

decades [3]; and, especially in the case of passive-scalar turbulence

[4], significant progress has been made in understanding the multi-

scaling of equal-time structure functions. The nature of multiscal-

ing of time-dependent structure functions has been examined recently

53
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[5, 6, 7, 8, 9] but only for the case of statistically steady turbulence. We

develop here the systematics of the multiscaling of time-dependent

structure functions for the case of decaying fluid and passive-scalar

turbulence [10].

To set the stage for our discussion of time-dependent structure

functions in turbulence, it is useful to begin by recalling some well-

known results from critical phenomena [12, 13]: At a critical point for

a spin system in d dimensions, the equal-time, two-spin correlation

function g and its spatial Fourier transform g̃ assume the following

power-law scaling forms:

g(r ; t̄, h) ≈ G(rt̄ν, h/t̄∆)
rd−2+η

;

g̃(k; t̄, h) ≈ G̃(k/t̄ν, h/t̄∆)
k2−η . (2.1)

Here t̄ ≡ (|T − Tc|)/Tc, T and Tc are the temperature and the critical

temperature, respectively, h ≡ H/kBTc, H is the external field, kB is the

Boltzmann constant, the spins are separated by the vector r [r = |r |],
k is the wavevector, k = |k|, ν, ∆, η are critical exponents, and G and

G̃ are scaling functions. Away from the critical point such correlation

functions decay exponentially; the associated correlation length ξc di-

verges in the vicinity of the critical point; e.g., as ξc ∼ t̄−ν, if h = 0.
Time-dependent correlation functions also assume scaling forms in

the vicinity of the critical point and the characteristic relaxation time

τ diverges as suggested by the dynamic-scaling Ansatz [12]

τ ∼ ξz
c, (2.2)

which introduces the dynamic-scaling exponent z.
The generalisation of such a dynamic-scaling Ansatz to the case

of homogeneous, isotropic turbulence is our prime concern here. The

power-law behaviours of equal-time structure functions, in the iner-

tial range (to be defined later), in turbulence are reminiscent of the
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algebraic dependence on r of critical-point correlation functions. How-

ever, there are important differences between the two that must be

appreciated before we embark on a systematization of time-dependent

structure functions in turbulence. We begin with the increments of

the longitudinal component of the velocity δu‖(x, r , t) ≡ [u(x + r , t) −
u(x, t)] · (r/r) and passive-scalar δθ(x, r , t) ≡ [θ(x + r , t) − θ(x, t)], respec-
tively; here u(x, t) and θ(x, t) denote, respectively, the velocity of the

fluid and the passive-scalar density at the point x and time t, and the

subscript ‖ the longitudinal component. The order-p, equal-time struc-

ture functions, for the fluid (superscript u) and passive-scalar (super-

script θ) fields, are defined as follows:

Su
p(r) ≡ 〈

[δu‖(x, r , t)] p〉 ∼ rζ
u
p;

Sθp(r) ≡ 〈[δθ(x, r , t)] p〉 ∼ rζ
θ
p; (2.3)

the angular brackets indicate averages over the steady state for statis-

tically steady turbulence or over statistically independent initial con-

figurations for decaying turbulence; for stochastic differential equa-

tions, like the Kraichnan Model (see Sec. 2.2.1), the angular brackets

denote an average over the statistics of the noise; and the power laws,

characterised by the equal-time exponents ζu
p and ζθp, hold for separa-

tions r in the inertial range ηd ≪ r ≪ L, where ηd is the Kolmogorov

dissipation scale and L the large length scale at which energy is in-

jected into the system.

Kolmogorov’s phenomenological theory [3, 14, 15] of 1941 (K41)

suggests simple scaling, with ζu,K41
p = p/3, but experimental and nu-

merical evidence favours equal-time multiscaling with ζu
p and ζθp non-

linear, convex, monotone-increasing functions of p. For the simpli-

fied Kraichnan model [4, 16, 17, 18] of passive-scalar turbulence (see

Sec. 2.2.1) multiscaling of equal-time structure functions can be demon-

strated analytically in certain limits. The analogue of the K41 theory

for passive-scalar turbulence is due to Obukhov and Corrsin [19, 20];
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if the Schmidt number S c ≡ ν/κ ≃ 1, then their theory yields K41 ex-

ponents for the passive-scalar case; here ν is the kinematic viscosity

of the fluid and κ is the diffusivity of the passive scalar.

A straightforward extension of simple, K41 scaling to time-dependent

structure functions implies that the dynamic exponents zK41
p = 2/3 for

all p. This naı̈ve extension fails for two reasons: (a) it does not dis-

tinguish between the temporal behaviours of structure functions of

Eulerian, Lagrangian, and quasi-Lagrangian (see Sec. 2.2) velocities

or passive-scalar densities; and (b) it does not account for the multi-

scaling of structure functions. These difficulties have been overcome

to a large extent for statistically steady turbulence [5, 6, 7, 8, 9, 21]

as we summarise below. There is consensus now that Eulerian struc-

ture functions display simple scaling with only one dynamic-scaling

exponent zE = 1 because of the sweeping effect: the mean flow, or

the flow caused by the largest eddy, advects small eddies, so spatial

separations r in (2.3) are related linearly to temporal separations τ

via the mean-flow velocity [21]. By contrast, it is expected that La-

grangian [21] or quasi-Lagrangian [5, 6, 7, 8, 9, 22] time-dependent

structure functions should show nontrivial dynamic multiscaling. The

task of extracting well-averaged time-dependent Lagrangian or quasi-

Lagrangian structure functions from a direct numerical simulation

(DNS) of the Navier-Stokes equation is a daunting one [23]: a dy-

namic exponent has been extracted from a full Lagrangian study [21]

only for order p = 2. Thus the elucidation of dynamic multiscaling

has relied on predictions based on generalisations of the multifrac-

tal formalism [5, 6, 7, 8, 9] and on numerical studies of shell models

[6, 7, 8, 9]. These studies show that, if dynamic multiscaling exists,

time-dependent structure functionsmust be characterised by an infin-

ity of time scales and associated dynamic multiscaling exponents [8].

Furthermore, the dynamic exponents depend on how we extract time

scales from time-dependent structure functions; e.g., for fluid turbu-
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lence, time scales obtained from integrals (superscript I and subscript

1) and second derivatives (superscript D and subscript 2) of order-p
time-dependent structure functions yield the different dynamic expo-

nents zI,u
p,1 and zD,u

p,2 . Finally, the different dynamic multiscaling expo-

nents are related by different classes of linear bridge relations to the

equal-time multiscaling exponents. For a careful discussion of these

issues we must of course define time-dependent structure functions.

The details are given in Sec. 2.2 and Sec. 2.4.

The dynamic multiscaling of time-dependent structure functions

described briefly above applies to statistically steady turbulence. Does

it have an analogue in the case of decaying turbulence, since time-

dependent structure functions must, in this case, depend on the origin

of time t0 at which we start our measurements? This question has not

been addressed hitherto. We show here how to answer it in decaying

fluid and passive-scalar turbulence [10]. In particular, we propose

suitable normalisations of time-dependent structure functions that

eliminate their dependence on t0; we demonstrate this analytically

for the Kraichnan version of the passive-scalar problem and its shell-

model analogue and numerically for the GOY shell model [3, 24, 25]

for fluids and a shell-model version of the advection-diffusion equa-

tion. In these models we then analyse the normalised time-dependent

structure functions for the case of decaying turbulence like their sta-

tistically steady counterparts [8, 9]. This requires a generalisation

of the multifractal formalism [3] that finally yields the same bridge

relations between dynamic and equal-time multiscaling exponents as

for statistically steady turbulence [8, 9]. For the Kraichnan version

of the passive-scalar problem we show analytically that simple dy-

namic scaling is obtained. This is because (see Sec. 2.3) the advect-

ing velocity is random and white in time. In addition, we find nu-

merically for shell models of fluid and passive-scalar turbulence that

dynamic-multiscaling exponents have the same values for both sta-
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tistically steady and decaying turbulence; so, in this sense, we have

universality of the multiscaling of time-dependent structure functions

in turbulence. The equal-time analogue of this universality has been

discussed in Ref.[26].

The remaining part of this Chapter is organized as follows. In

Sec. 2.2 we introduce the models we use and give the details of our

numerical simulations. Section 2.3 presents our analytical studies

of decaying turbulence in the Kraichnan model and its shell-model

analogue. Section 2.4 shows how to generalise the multifractal for-

malism to allow for time-dependent structure functions in decaying

turbulence and how to obtain bridge relations between dynamic and

equal-time multiscaling exponents in this case. In Sec. 2.5 we present

the results of our numerical studies of dynamic multiscaling in the

GOY shell model for fluid turbulence and for shell models of a passive-

scalar field advected by a turbulent velocity field. Section 2.6 is de-

voted to a discussion of our results in the context of earlier studies;

we also suggest possible experimental tests of our predictions.

2.2 Models and Numerical Simulations

We have used several models to study time-dependent structure func-

tions in fluid and passive-scalar turbulence. These range from the

Navier-Stokes and advection-diffusion equations to simple shell mod-

els; the latter are well-suited for our extensive numerical studies. It

is useful to begin with a systematic description of these models.

Fluid flows are governed by the Navier-Stokes (NS) equation (2.4)

for the velocity field u(x, t) at point x and time t, augmented by the

incompressibility constraint (2.5), since we restrict ourselves to low

Mach numbers:

∂tu + u.∇u = −∇P + ν0∇2u + f ; (2.4)

∇.u = 0. (2.5)
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Here ν0 is the kinematic viscosity, P the pressure, the density ρ is

taken to be 1, and f the external force, which is absent when we con-

sider decaying turbulence. If ℓ and v are, respectively, characteristic

length and velocity scales of the flow, the Reynolds number Re ≡ ℓv
ν0
pro-

vides a dimensionless measure of the strength of the nonlinear term

in (2.4) relative to the viscous term; for the case of decaying turbu-

lence it is convenient to use the Reynolds number for the initial state,

i.e., Re with v the root-mean-square (rms) velocity of the initial condi-

tion and ℓ the system size [the linear size of the simulation box in a

direct numerical simulation (DNS)]. Given the incompressibility con-

dition (2.5), the pressure can be eliminated from (2.4) and related to

the velocity by a Poisson equation. The equation for the velocity alone

is most easily written in terms of the spatial Fourier transform ũ(k, t)
of u(x, t); and it can be shown easily that ũ(k, t) is affected directly by

all other Fourier modes. This is the mathematical representation of

the sweeping effect in which the largest eddies (i.e., modes with small

k ≡| k |) directly advect the smallest eddies (i.e., large-k modes); such

direct sweeping lies at the heart of the Taylor hypothesis [27] and

leads eventually to trivial dynamic scaling for time-dependent struc-

ture functions of Eulerian fields with a dynamic exponent zE = 1 for

fluid turbulence.

As we have mentioned above, nontrivial dynamic multiscaling is

expected if we use Lagrangian or quasi-Lagrangian velocities. The

Lagrangian formulation is well known [28]; the quasi-Lagrangian [5,

22] one uses the following transformation for any Eulerian field ψ(x, t):

ψ̂(x, t) ≡ ψ[x + R(t; r0, 0), t], (2.6)

where ψ̂ is the quasi-Lagrangian field and R(t; r0, 0) is the position at

time t of a Lagrangian particle that was at point r0 at time t = 0.
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The advection-diffusion (AD) equation for the Eulerian passive-

scalar field θ(x, t) is
∂θ

∂t
+ u.∇θ = κ∇2θ + fθ, (2.7)

where κ is the passive-scalar diffusivity and, if we consider decaying

passive-scalar turbulence, the external force fθ is set to zero. The ad-

vecting velocity field u should be obtained, in principle, by solving

equations (2.4) and (2.5). By using equation (2.6) we get the quasi-

Lagrangian version of the advection-diffusion equation (2.7):

∂θ̂(x, t)
∂t

+ [û(x, t) − û(x, 0)] .∇θ̂(x, t) = κ∇2θ̂(x, t) + f̂θ(x, t). (2.8)

Direct numerical simulations of equations (2.4) and (2.5) or equa-

tion (2.7), though feasible, have not yet provided data that are av-

eraged well enough to yield reliable time-dependent structure func-

tions of quasi-Lagrangian velocity [23] or passive-scalar fields. Time-

dependent Lagrangian structure functions have been obtained [21]

only for order p = 2. Thus a first-principles DNS study of dynamic

multiscaling in fluid or passive-scalar turbulence is not possible at

the moment. However, significant progress has been made in statis-

tically steady turbulence by studying dynamic multiscaling in simpli-

fied models like the Kraichnan model for passive-scalar turbulence

and shell models for fluid and passive-scalar turbulence. We discuss

these models below since our studies of decaying turbulence will be

based on them.

2.2.1 The Kraichnan Model (Model A)

The Kraichnan model for passive-scalar turbulence [4, 16, 17, 18]

begins with the advection-diffusion equation (2.7) but replaces the

Navier-Stokes velocity field by one in which each component ui(x, t) of
the velocity is a zero-mean, delta-correlated, Gaussian random vari-
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able with the covariance

〈
ui(x, t)u j(x + r , t′)

〉
= 2Di j(r )δ(t − t′). (2.9)

The Fourier transform of Di j(r ) has the form

D̃i j(q) ∝
(
q2
+

1
L2

)−(d+ξ)/2

e−ηq2

[
δi j −

qiq j

q2

]
, (2.10)

where q is the wave vector, L the characteristic large length scale, ηd

the dissipation scale, and ξ a tunable parameter. In the limits L → ∞
and ηd → 0, of relevance to turbulence, we have, in real space,

Di j(r ) = D0δi j −
1
2

di j(r ), (2.11)

with

di j = D1rξ
[
(d − 1+ ξ)δi j − ξ

rir j

r2

]
, (2.12)

where D0 ∼ C1Lξ; C1 and D1 are dimensional constants. We refer to

(2.7-2.12) as Model A to distinguish it from other models that we use.

For 0 < ξ < 2, this model shows multiscaling of order-p, equal-time

passive-scalar structure functions, as can be shown analytically, in

certain limits [4]. However, for the case of statistically steady turbu-

lence, this model exhibits simple dynamic scaling [8].

2.2.2 Shell Models

We will also use some shell models for fluid and passive-scalar tur-

bulence. These models are highly simplified representations of the

Navier-Stokes or the advection-diffusion equations (2.4-2.7) and are,

therefore, far more tractable numerically than (2.4-2.7). Neverthe-

less, shell models retain enough properties of their parent equations

to make them useful testing grounds for the multiscaling of structure

functions in turbulence. Shell models are defined on a logarithmically

discretised Fourier space in which complex scalar variables (e.g., the
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velocity un or passive scalar θn) are associated with the shells n and

scalar wave vectors kn = k0λ
n; typically λ = 2, k0 = 1/16; and the bound-

ary conditions are that the shell variables vanish if n < 1 or n > N
(we use N = 22). These models consist of coupled, nonlinear, ordinary

differential equations (ODEs) that specify the temporal evolution of

the shell variables un and θn. Shell-model ODEs are similar to the

Fourier-space versions of their parent partial differential equations:

(a) their dissipative terms are linear in one of the shell variables and

quadratic in kn; (b) their analogues of advection terms are linear in kn

and bilinear in the shell variables; e.g., for fluid turbulence a repre-

sentative term is of the form iknunun′, with n , n′; and (c) they conserve

the shell-model analogues of the energy, helicity, etc., in the absence

of dissipation and forcing. However, variables in a given shell are in-

fluenced directly only by their nearest- and next-nearest-neighbour

shell variables; by contrast, Fourier transformations of the NS and

the AD equations couple every Fourier mode to every other Fourier

mode, leading to the sweeping effect mentioned above. Thus direct

sweeping is absent in shell models, so they are often thought of as an

approximate, quasi-Lagrangian representation of their parent equa-

tions.

For studies of decaying turbulence one can envisage several initial

conditions. We have used initial conditions of two types: (a) in the

first (Type-I) we drive the system to a statistically steady turbulent

state by forcing the first shell (n = 1); we then turn off the force and

allow the turbulent state and the associated energy spectrum to decay

freely; our measurements are made in this decaying state; and (b) for

the case of fluid turbulence we use a second initial condition (Type-

II) in which all the energy is concentrated in the first few shells with

small kn, i.e., large length scales; we then allow the system to evolve

without any force; the energy cascades to large values of kn till the

energy spectrum becomes similar to that in forced turbulence; this
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spectrum then decays slowly in time and the measurements we report

are made during this stage of evolution.

2.2.3 Model B

We use the shell-model analogue of the Kraichnan model introduced

in [29] in which the equation for the passive-scalar variable θn is
[

d
dt
+ κk2

n

]
θn = ı

[
an(θ

∗
n+1u∗n−1 − θ∗n−1u∗n+1) + bn(θ

∗
n−1u∗n−2 + θ

∗
n−2un−1)

+ cn(θ
∗
n+2un+1 + θ

∗
n+1u∗n+2)

]
+ fn, (2.13)

where the asterisks denote complex conjugation, an = kn/2, bn = −kn−1/2,
and cn = kn+1/2; fn is an additive force that is used to drive the system

to a steady state; the boundary conditions are u−1 = u0 = θ−1 = θ0 =

0;uN+1 = uN+2 = θN+1 = θN+2 = 0. The advecting velocity variables are

taken to be zero-mean, white-in-time, Gaussian random complex vari-

ables with covariance

〈
un(t)u

∗
m(t′)

〉
= C2k−ξn δmnδ(t − t′), (2.14)

where C2 is a dimensional constant. We refer to equations (2.13-2.14)

as Model B.

In our numerical simulations of this model we first obtain a statis-

tically steady turbulent state by forcing the first shell with a random,

Gaussian, white-in-time force. The force is then switched off and mea-

surements are made as the turbulence decays. We use a weak, order-

one, Euler scheme to integrate the resulting Ito form [29] of (2.13)

with an integration time step δt = 2−24, diffusivity κ = 2−14, and ξ = 0.6.
For such a passive-scalar shell model the order-p, equal-time, struc-

ture function and its exponent are defined via

S θ
p(kn) ≡

〈
[θn(t)θ

∗
n(t)]

p/2
〉
∼ k
−ζθp
n ; (2.15)
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it is natural, therefore, to define the time-dependent version of S θ
p(kn)

as follows:

Fθ
p(kn, t0, t) ≡

〈
[θn(t0)θ

∗
n(t0 + t)] p/2

〉
. (2.16)

The power-law dependence on the right-hand-side of (2.15) is obtained

for kn in the inertial range. In our numerical calculations we use ex-

tended self-similarity (ESS) to extract the exponent ratios ζθp/ζ
θ
2.

2.2.4 Model C

The most commonly used shell-model analogue of the NS equation is

the GOY model [3, 24, 25]:
[

d
dt
+ νk2

n

]
un = ı

[
anun+1un+2 + bnun−1un+1 + cnun−1un−2

]∗
+ fn. (2.17)

The coefficients an = kn, bn = −δkn−1, cn = −(1 − δ)kn−2 are chosen in a

manner that conserves the shell-model analogues of energy and he-

licity in the inviscid, unforced limit; an external force fn drives the

system to a steady state. We use the standard value δ = 1/2; the

boundary conditions are u−1 = u0 = 0;uN+1 = uN+2 = 0. We will refer to

this as Model C.

We use two different kinds of initial conditions in our study of de-

caying fluid turbulence in this model. For Type-I initial conditions we

first drive the system to a statistically steady turbulent state with an

external force fn = (1 + ı) × 5 × 10−3δn,1. The force is then switched off

and the shell velocities at this instant are taken as the initial condi-

tion. The turbulence then decays. Our structure-function measure-

ments are made during this period of decay. To obtain the second

type of initial condition, the energy is initially concentrated in the

first few shells by choosing the following initial (superscript 0) veloc-
ities: u0

n = k1/2
n eıϑn, for n = 1, 2, and u0

n = k1/2
n e−kn

2
eıϑn, for 3 ≤ n ≤ N,

with ϑn a random phase angle distributed uniformly between 0 and
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2π. This energy then cascades down the inertial-range scales with-

out significant dissipation until it reaches dissipation-range scales at

cascade completion. The energy dissipation-rate per unit mass shows

a peak, as a function of time, roughly at cascade completion [11, 30],

and the energy spectrum E(k) and the structure function (2.18) show

well-developed inertial ranges. These decay very slowly in time, so at

each instant exponents can be determined from plots of E(k) and the

structure functions. Therefore, for initial conditions of this type, we

wait for cascade completion before making measurements of structure

functions.

We employ the slaved, Adams-Bashforth scheme [31, 32] to inte-

grate the GOY-model equations with a time step δt = 10−4. In our

numerical simulations the viscosity ν = 10−7 and the total number of

shells N = 22; this provides us with a large inertial range from which

exponents can be obtained reliably.

For this model, the order-p, equal-time structure function and its

exponent are defined as follows:

S u
p(kn) ≡

〈
[un(t)u

∗
n(t)]

p/2
〉
∼ k
−ζu

p
n ; (2.18)

the associated time-dependent structure function is

Fu
p(kn, t0, t) ≡

〈
[un(t0)u

∗
n(t0 + t)] p/2

〉
, (2.19)

where the power-law dependence on the right-hand-side of (2.18) holds

for kn in the inertial range. (For statistically steady turbulence, the

time-dependent structure function has no dependence on t0, so, with-

out loss of generality, t0 can be taken to be 0.) A direct determination

of ζu
p from (2.18) is not very accurate because of an underlying 3-cycle

in the static version of the GOY shell model [33]. The effects of this

3-cycle can be filtered out to a large extent by using the modified struc-

ture function

Σ
u
p(n) ≡

〈
|ℑ[un+2un+1un − (1/4)un−1unun+1]|p/3

〉
∼ k
−ζu

p
n ; (2.20)



2.2. Models and Numerical Simulations 66

we use Σu
p(n) in our numerical calculation of ζu

p. We measure time in

terms of the initial large eddy-turnover time tL ≡ 1/(urmsk1); the root-

mean-square velocity urms ≡ [
〈∑

n |u0
n|2

〉
]1/2.

2.2.5 Model D

A turbulent velocity field does not have the simple statistical proper-

ties assumed in Models A and B. To overcome this we study the shell

model of Ref.[34], hereafter referred to as Model D, in which the ad-

vecting velocity un is a solution of the GOY shell model(2.71). The

passive-scalar shell variables θn obey
[

d
dt
+ κk2

n

]
θn = ı

[
an(θn+1un−1 − θn−1un+1) + bn(θn−1un−2 + θn−2un−1)

+ cn(θn+2un+1 + θn+1un+2)
]∗
+ fn, (2.21)

where an = kn, bn = −kn−1/2, and cn = −kn+1/2; fn = (1+ı)×5×10−3δn,1 is an

additive force that drives the system to a steady state; the boundary

conditions are u−1 = u0 = θ−1 = θ0 = 0;uN+1 = uN+2 = θN+1 = θN+2 = 0.
For this model we start with Type-I initial conditions, i.e., we force

both the coupled equations (2.71) and (2.21) till a statistically steady

turbulent state is obtained and then switch off the force. The shell

variables at this instant of time are taken as the initial condition; and

then the turbulence is allowed to decay.

We employ a second-order Adams-Bashforth scheme to integrate

Model D with a time step δt = 10−4 and set the diffusivity κ = 5× 10−7

so the Schmidt number ν/κ = 1/5; and N = 22 as in Model C. The

definitions of structure functions for Model D are the same as those

for Model B, i.e., equations (2.15) and (2.16). We limit the effects of the

3-cycle (mentioned above for Model C) in our numerical evaluations of

ζθp by using the modified structure function

Σ
θ
p(n) ≡

〈
|ℑ[θn+2θn+1θn − (1/4)θn−1θnθn+1]|p/3

〉
∼ k
−ζθp
n . (2.22)
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2.3 Analytical Results for Models A and B

In this Section we present our analytical results for time-dependent,

passive-scalar structure functions for the Kraichnan model (Model A)

and its shell-model analogue Model B. For Model A we obtain results

for both Eulerian and quasi-Lagrangian structure functions. We find,

in particular, that time-dependent structure functions for these mod-

els can be factorised into a part that depends on the time origin t0 and
a part that depends on t but is independent of t0. This important re-

sult motivates a similar factorisation hypothesis that we propose, and

verify numerically, for Models C and D in subsequent Sections.

2.3.1 Model A

Consider first the Eulerian version of the AD equation (2.7). We as-

sume that a turbulent statistical steady state has been established

because of an external force fθ. We turn off this force at time 0. A

spatial Fourier transform of (2.7) now yields

∂θ̃(k, t)
∂t

= ı

∫
k jũ j(q, t)θ̃(k − q, t)ddq − κk jk jθ̃(k, t), (2.23)

where the tildes denote spatial Fourier transforms, we sum over re-

peated indices, and the statistics of ũ j(q, t) are specified by equations

(2.9) and (2.10). The Fourier-space, second-order correlation function

F̃ θ
2 (k, t0, t) ≡ 〈θ̃(−k, t0)θ̃(k, t0 + t)〉 (t0 ≥ 0 is any time origin) satisfies the

equation

∂F̃ θ
2 (k, t0, t)

∂t
= 〈θ̃(−k, t0)

∂θ̃(k, t0 + t)
∂t

〉, (2.24)

which can be combined with (2.23) to get

∂F̃ θ
2 (k, t0, t)

∂t
= ık j

∫
〈θ̃(−k, t0)ũ j(q, t0 + t)θ̃(k − q, t0 + t)〉d3q

− κk jk j〈θ̃(−k, t0)θ̃(k, t0 + t)〉. (2.25)
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We average over the statistics of the advecting velocity field (2.9) by

using Novikov’s theorem [35]: e.g., the first term in (2.25) reduces to

〈θ̃(−k, t0)ũ j(q, t0 + t)θ̃(k − q, t0 + t)〉 =∫ ∞

0
dt′

[
〈ũ j(q, t0 + t)ũi(−q, t′)〉〈θ̃(−k, t0)

δ

δũi(−q, t0 + t′)
θ̃(k − q, t0 + t′)〉

]
. (2.26)

Finally equations (2.9) and (2.23)-(24) yield

∂F̃ θ
2 (k, t0, t)

∂t
= −2kik jF̃ θ

2 (k, t0, t)
∫ ∞

0
ddqD̃i j(q). (2.27)

Since 2
∫ ∞

0
D̃i jddq = D0δi j ∼ C1Lξ, where C1 is a dimensional constant,

in the limits κ → 0, ηd → 0, and L → ∞ of relevance to turbulence, we

get
∂F θ

2 (r, t0, t)

∂t
∼ C1Lξ

∂2F θ
2 (r, t0, t)

∂r2
. (2.28)

A spatial Fourier transform allows us to integrate this equation to

obtain

F̃ θ
2 (k, t0, t) ∼ ϕθ2(k, t0) exp

[
−C1Lξk2t

]
. (2.29)

If we set t = 0, we see that F̃ θ
2 (k, t0, 0) is just the passive-scalar, equal-

time structure function; ϕθ2(k, t0) is, therefore, proportional to the Fourier
transform of the passive-scalar equal-time structure function Sθ2(r).
Thus, for a fixed but large value of L, we get, in the Eulerian frame-

work, simple dynamic scaling with an exponent zE2 = 2. We note that

we get an exponent which is not equal to unity (see Sec. 6.1) in this

case because of the white-in-time nature of the advecting field.

The analogue of equation (2.28) for the second-order, quasi-Lagrangian

structure function follows from [9] the quasi-Lagrangian form of the

advection-diffusion equation (2.8).

∂F θ̂
2 (r, t0, t)

∂t
= (D0δi j − Di j)

∂F θ̂
2 (r, t0, t)

∂ri∂r j

∼ di j
∂F θ̂

2 (r, t0, t)

∂ri∂r j
. (2.30)
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By substituting for di j from (2.12) we obtain, for the isotropic case,

∂F θ̂
2 (r, t0, t)

∂t
∼ D1rξ

∂2F θ̂
2 (r, t0, t)

∂r2
. (2.31)

A spatial Fourier transformation allows us to integrate this equation

to obtain, in the limits κ→ 0, η→ 0, and L→ ∞,

F̃ θ̂
2 (k, t0, t) ∼ ϕθ̂2(k, t0) exp

[
−D1k2−ξt

]
. (2.32)

ϕθ̂2(k, t0) is now proportional to the Fourier transform of the equal-

time, quasi-Lagrangian, passive-scalar structure function (which is,

of course, the same as the equal-time, Eulerian, passive-scalar struc-

ture function). Equation (2.32) shows that, in the quasi-Lagrangian

framework, F̃ θ̂
2 (k, t0, t) factorises into a part that depends on t0 and an-

other which depends only on t. From the second factor we get simple

dynamic scaling with an exponent z2 = 2 − ξ, which is different from

the Eulerian exponent zE2 = 2 for Model A. Such a factorisation should

also follow for higher-order, time-dependent, structure functions as we

show in the next subsection for Model B.

2.3.2 Model B

We can use the methods of the previous subsection to obtain analyt-

ical expressions for time-dependent structure functions for Model B.

Consider first the second-order structure function

Fθ
2(n, t0, t) = 〈θn(t0)θ

∗
n(t0 + t)〉, (2.33)

whence
∂Fθ

2(n, t0, t)

∂t
= 〈θn(t0)

∂θ∗n(t0 + t)
∂t

〉; (2.34)

the angular brackets denote an average over the statistics of un(t) that
are specified by equation (2.14). By using the complex conjugate of
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(2.13) in (2.34) and Novikov’s theorem we get terms of the form

〈θn(t0)θ
∗
n+1(t0 + t)u∗n−1(t0 + t)〉 = 〈u∗n−1(t0 + t)un−1(t0 + t)〉 ×〈

δ

δun−1(t0 + t)
θn(t0)θ

∗
n+1(t0 + t)

〉
. (2.35)

Finally by using (2.14) we obtain

∂Fθ
2(n, t0, t)

∂t
= −1

4
C2k2−ξ

n A(ξ)Fθ
2(n, t0, t), (2.36)

where C2 is a dimensional constant. Integration now yields

Fθ
2(n, t0, t) = φ

θ
2(n, t0) exp

[
−1

4
C2k2−ξ

n A(ξ)t

]
, (2.37)

with A(ξ) = (2(2ξ−2)
+ 2−(2ξ−2)) + (2ξ + 2−ξ) + (2(ξ−2)

+ 2−(ξ−2)). Similarly, we

obtain the following exact expression for the fourth-order structure

function:

Fθ
4(n, t0, t) = φ

θ
4(n, t0) exp

[
−1

2
C2k2−ξ

n A(ξ)t

]
. (2.38)

φθ2(n, t0) and φθ4(n, t0) are, respectively, the second- and fourth-order,

equal-time, quasi-Lagrangian, passive-scalar structure functions. Thus

z2 = z4 = 2−ξ, as for the quasi-Lagrangian structure functions of Model

A. (Recall that we expect quasi-Lagrangian behaviour for shell mod-

els since they do not have a direct sweeping effect.) The equality of

z2 and z4 indicates that we have simple dynamic scaling in Model B.

We expect all the quasi-Lagrangian exponents zp to be 2 − ξ for this

model, but the analytical demonstration of this result becomes more

and more complex with increasing p.

Given a factorisation of the form shown in (2.37), it is possible

to normalise the time-dependent, passive-scalar structure function

Fθ
p(n, t0, t) by its value at t = 0 and thus make it independent of t0.

We cannot prove that such a factorisation exists in Models C and D,

but we present compelling numerical evidence for it in Sec. 2.5.
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2.4 Multifractal Formalism for Models C and D

Equal-time Eulerian and quasi-Lagrangian structure functions are

the same for homogeneous and isotropic turbulence [36]. Since quasi-

Lagrangian structure functions are required for our study of dynamic

multiscaling, we present the multifractal formalism in terms of quasi-

Lagrangian variables. Multiscaling in statistically steady fluid turbu-

lence can be rationalised by using the multifractal formalism, which

assumes that a turbulent flow has a continuous set of scaling expo-

nents h in the set I ≡ (hmin, hmax), instead of a single exponent (e.g.,

h = 1/3 yields simple K41 scaling) [3]. The scaling exponents h charac-

terise the behaviour of velocity differences δûr(x): For each h ∈ I there

exists a set Σh ⊂ R3 of fractal dimensionDû(h) and δûr(x)/ûL ∼ (r/L)h for

separations r in the inertial range if x ∈ Σh and with ûL the velocity at

the forcing scale L. Given the measure dµ(h) for the weights of the dif-

ferent values of h, the order-p, equal-time velocity structure function

is
Sû

p(r)

ûp
L

≡
〈
δûp

r (x)
〉

ûp
L

∼
∫

I
dµ(h)

( r
L
)ph+3−Dû(h)

, (2.39)

where the ph term comes from p factors of (r/L)h and the additional

factor of (r/L)3−Dû(h) is the probability of being within a distance ∼ r of

the set Σh, of dimensionDû(h), which is embedded in three dimensions.

Dû(h), hmin, and hmax are assumed to be universal. In the limit r/L →
0, of relevance to fully developed turbulence, we get the equal-time

scaling exponent ζ û
p = infh[ ph + 3 − Dû(h)] by the method of steepest

descents.

We now define the order-p, time-dependent, quasi-Lagrangian ve-

locity structure function

F û
p (r, {t1, . . . , tp}) ≡

〈
[δû‖(x, r, t1) . . . δû‖(x, r, tp)]

〉
. (2.40)

For simplicity, we consider t1 = t and t2 = . . . = tp = 0, denote the

structure function by F û
p (r, t), and suppress the subscript ‖, i.e., we use
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δûr(x) ≡ δû‖(x, r, t1) . The natural extension of the multifractal formal-

ism to the case of time-dependent structure functions in statistically

steady fluid turbulence follows from the Ansatz [8]

F û
p (r, t)

ûp
L

∝
∫

I
dµ(h)

( r
L

)3+ph−Dû(h)
Gp,h

(
t
τp,h

)
, (2.41)

where the scaling function Gp,h
(

t
τp,h

)
is assumed to have a characteris-

tic decay time τp,h ∼ r/δûr(x) ∼ r1−h and Gp,h(0) = 1.
For statistically steady passive-scalar turbulence the application of

the multifractal formalism is more complicated than it is for fluid tur-

bulence. This is because we must now deal with a joint multifractal

distribution of both the velocity and passive-scalar variables. There-

fore, the order-(p, p′), equal-time structure function for passive-scalar

turbulence

Sθ̂,ûp,p′(r) ≡ 〈δθ̂p
r (x)δûp′

r (x)〉 (2.42)

has the multifractal representation

Sθ̂,ûp,p′(r)

θ̂
p
Lûp′

L

∝
∫

I,I′
dµ(h, g)

( r
L

)3+pg+p′h−Dû,θ̂(h,g)
, (2.43)

where û and θ̂ are assumed to possess a range of universal scaling ex-

ponents h ∈ I ≡ (hmin, hmax) and g ∈ I′ ≡ (gmin, gmax), respectively. For

each pair of h and g in these ranges, there exists a set Σh,g ⊂ R3 of

fractal dimension Dû,θ̂(h, g). The increments in the velocity δûr(x) and
the passive-scalar field δθ̂r(x) scale as δûr(x)/ûL ∼ (r/L)h and δθ̂r(x)/θ̂L ∼
(r/L)g for separations r in the inertial range if x ∈ Σh,g. ûL and θ̂L are, re-

spectively, the velocity and the passive-scalar variables at the forcing

scale L. For simplicity we will only consider passive-scalar structure

functions with p′ = 0 in equation (2.42), i.e.,

Sθ̂p(r) ≡ 〈δθ̂p
r (x)〉, (2.44)
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which have the multifractal representation

Sθ̂p(r)

θ̂
p
L

∝
∫

II′
dµ(h, g)

( r
L

)3+pg−Dû,θ̂(h,g)
; (2.45)

as before, the equal-time exponents ζ θ̂p can be related to Dû,θ̂(h, g) by
the method of steepest descents. The corresponding order-p, time-

dependent passive-scalar structure function is

F θ̂
p (r, {t1, . . . , tp}) ≡ 〈[δθ̂(x, r, t1)...δθ̂(x, r, tp)]〉. (2.46)

As in (2.40), we consider t1 = t and t2 = . . . = tp = 0 for simplicity.

Given the nature of multiscaling in passive scalars advected by a tur-

bulent velocity field, it is possible to understand passive-scalar turbu-

lence within the framework of the multifractal formalism. However,

the analogous expression for time-dependent structure functions in

passive-scalar turbulence has to take into account the multifractal na-

ture of the advecting velocity field [9]. We generalise the multifractal

representation of time-dependent structure functions in the following

way:

F θ̂
p (r, t)

θ̂
p
L

∝
∫

I,I′
dµ(h, g)

( r
L

)3+pg−Dû,θ̂(h,g)
Gp,h,g

(
t

τphg

)
; (2.47)

and we assume that (a) the function Gp,h,g( t
τphg

) has a characteristic

decay time τphg, (b) Gp,h,g(0) = 1, and (c) that the dominant contribution

to τphg, in the limits κ→ 0, ηd → 0 and L→ ∞, has the following scaling

form

τphg ∼ r/δûr(x) ∼ r1−h. (2.48)

Given F û
p (r, t) and F θ̂

p (r, t), we define the order-p, degree-M, integral-

(I) and derivative-(D) times as follows [8, 9] (if the integrals and deriva-

tives in equations (3.13) and (2.50) exist):

T I,φ̂
p,M(r) ≡


1

Sφ̂p(r)

∫ ∞

0
F φ̂

p (r, t)t(M−1)dt


(1/M)

(2.49)



2.4. Multifractal Formalism for Models C and D 74

and

T D,φ̂
p,M(r) ≡


1

Sφ̂p(r)

∂MF φ̂
p (r, t)

∂tM

∣∣∣∣∣
t=0



(−1/M)

, (2.50)

respectively, with φ̂ either û or θ̂. For statistically steady turbulence we

can then use the dynamic-multiscaling Ansatz to define the integral-

and derivative-time multiscaling exponents for fluid turbulence zI,û
p,M

and zD,û
p,M via

T I,û
p,M(r) ∼ rzI,û

p,M (2.51)

and

T D,û
p,M(r) ∼ rzD,û

p,M , (2.52)

respectively, for r in the inertial range.

By substituting the multifractal form (2.41) in (2.51), evaluating

the time integral first, and then performing the integration over the

multifractal measure by the saddle-point method, we obtain the inte-

gral bridge relations

zI,û
p,M = 1+

[
ζ û

p−M − ζ û
p

]
/M, (2.53)

which were first obtained in [5]. Similarly we get the derivative bridge

relations

zD,û
p,M = 1+

[
ζ û

p − ζ û
p+M

]
/M, (2.54)

which were first obtained in forced Burgers turbulence [37, 38] for the

special cases (a) p = 2, M = 1 and (b) p = 2, M = 2, respectively, and
for statistically steady fluid turbulence in [8]. We note that within the

K41 phenomenology (ζu,K41
p = p/3) the bridge relations yield the same

dynamic exponent zK41
p = 2/3 for both integral- and derivative-time

scales.

For passive-scalars advected by a turbulent velocity field, the cor-

responding dynamic-multiscaling exponents are defined via

T I,θ̂
p,M(r) ∼ rzI,θ̂

p,M (2.55)
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and

T D,θ̂
p,M(r) ∼ rzD,θ̂

p,M . (2.56)

To obtain bridge relations for dynamic-multiscaling exponents in sta-

tistically steady passive-scalar turbulence we define the degree-M,

order-p integral-time for this case:

T I,θ̂
p,1(r) ≡


1

Sθ̂p(r)

∫

I,I′
dµ(h, g)

( r
L

)Z

τM
p,g,h

∫ ∞

0
Gp,h,g

(
t

τpgh

)M−1

d

(
t

τpgh

)
1/M

, (2.57)

where Z = 3+ pg − Dû,θ̂(h, g) and the argument of the scaling function

is suppressed for notational convenience. By using the scaling form of

τpgh (2.48)and assuming, as in Ref.[34], that

〈δθ̂pδû−q〉 ≈ 〈δθ̂p〉〈δû−q〉, (2.58)

we get

T I,θ̂
p,1(r) ∼

[ rM

Sθ̂p(r)
〈δθ̂p〉〈δû−M〉

]1/M

. (2.59)

Thus the degree-M, order-p, integral-time, dynamic-multiscaling ex-

ponent zI,θ̂
p,1 = 1+ ζ û

−M/M.

Similarly we obtain the degree-M, order-p derivative time scale for

passive-scalars by substituting for F θ̂
p from (2.47) in (2.50) and using

(2.48) and (2.58):

T D,θ̂
p,M(r) =


1

Sθ̂p(r)

∫

I,I′
dµ(h, g)

( r
L

)Z
(
∂M

∂tM
Gp,h,g

∣∣∣∣∣
t=0

)
1

τM
pgh


−1/M

∼


1

Sθ̂p(r)

∫

I,I′
dµ(h, g)

( r
L

)Z
(
∂M

∂tM
Gp,h,g

∣∣∣∣∣
t=0

)
[δû(r)]M

rM


−1/M

∼


1

rMSθ̂p(r)

〈
δûM(r)δθ̂p(r)

〉
−1/M

∼


1

rMSθ̂p(r)

〈
δûM(r)

〉 〈
δθ̂p(r)

〉
−1/M

∼ r1−ζ û
M/M, (2.60)
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which, along with (2.56), yields the bridge relation zD,θ̂
p,M = 1 − ζ û

M/M.

To summarise, the bridge-relations for degree-M, order-p, derivative-
and integral-time dynamic-multiscaling exponents are, respectively:

zI,θ̂
p,M = 1+

ζ û
−M

M
; zD,θ̂

p,M = 1−
ζ û

M

M
. (2.61)

Note that, in contrast to the bridge relations (3.18) and (3.18), there is

no p-dependence on the right-hand sides of these relations. However

the M-dependence is the signature of nontrivial dynamic multiscaling

here. Furthermore, the integral scale bridge relation is meaningful

only for those values of M for which ζ û
−M is well defined [9]. We now

extend our discussion to the the case of decaying turbulence and de-

fine the order-p, time-dependent quasi-Lagrangian velocity structure

function (for fluid turbulence) and passive-scalar structure function

(for passive-scalar turbulence) as

F û
p (r, {t1, . . . , tp}) ≡

〈
[δû‖(x, r, t1) . . . δû‖(x, r, tp)]

〉
(2.62)

and

F θ̂
p (r, {t1, . . . , tp}) ≡ 〈[δθ̂(x, r, t1)...δθ̂(x, r, tp)]〉, (2.63)

respectively. For simplicity, we consider the case t1 = t0 + t and t2 =

. . . = tp = t0. The derivations of the bridge relations we have given

above go through if we assume the following multifractal forms for

time-dependent velocity and passive-scalar structure functions, re-

spectively, in decaying turbulence:

F û
p (r, t0, t)

ûp
L

∝ Aû(r, t0)
∫

I
dµ(h)

( r
L

)3+ph−Dû(h)
Gp,h

(
t
τp,h

)
; (2.64)

and

F θ̂
p (r, t0, t)

θ̂
p
L

∝ Aθ̂(r, t0)
∫

I,I′
dµ(h, g)

( r
L

)3+pg−Dû,θ̂(h,g)
Gp,h,g

(
t

τpgh

)
; (2.65)

i.e., we assume that the multifractal form factorises into a part Aû(r, t0)
[or Aθ̂(r, t0) in the case of passive scalars], which depends on the origin
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of time t0, and an integral that is independent of t0. This assumption

is motivated by the factorisation we have seen in Sec. 2.3 above in

(2.32), (2.37), and (2.38) for time-dependent passive-scalar structure

functions in Models A and B. [The analogous expressions for equal-

time structure functions in decaying turbulence are obtained by set-

ting t = 0 in (2.64) and (2.65).] Given (2.64) and (2.65), the integral-

and derivative-time scales for decaying turbulence become indepen-

dent of t0 and assume forms identical to (3.13) and (2.50); consequently

the bridge relations (3.18), (3.18) and (2.61) remain unaltered in de-

caying turbulence.

In the next Section we give compelling numerical evidence in sup-

port of our assumptions (2.64) and (2.65).

2.5 Numerical Results

We now present our numerical results for dynamic multiscaling in

decaying, homogeneous, isotropic turbulence in Models B,C, and D in

Secs. 2.5.1, 2.5.2, and 2.5.3, respectively. We show en passant that, for

Models B and D, equal-time multiscaling exponents are universal in

the sense that the exponents obtained from decaying-turbulence runs

are equal (within error bars) to the exponents for statistically steady

turbulence in these models [8, 29, 34]. The underlying reason for this

universality for passive-scalar turbulence has been discussed earlier

[39, 40], but we believe that ours is the first numerical demonstration

of such universality in these models. Since we use shell models in this

Section, we replace û and θ̂ by u and θ, respectively.

2.5.1 Model B

Let us begin with the equal-time exponents ζθp for the case of decay-

ing turbulence in Model B. As in Ref. [29], we use the extended-self-

similarity (ESS) procedure to obtain exponent ratios from log-log plots
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[Fig. (2.1)] of the equal-time structure functions S θ
p(kn) versus S θ

2(kn).
In particular, the slopes of the linear regions of the plots in Fig. (2.1),

with 4 ≤ n ≤ 12, yield the inertial-range exponent ratios ζθp/ζ
θ
2. From

50 such statistically independent runs (each run, in turn, is averaged

over 5000 independent initial conditions) we calculate the means of

the equal-time multiscaling exponent ratios ζθp/ζ
θ
2; these are plotted

in Fig. (2.2) as functions of the order p for 1 ≤ p ≤ 8. The standard

deviations of these exponent ratios (calculated from our 50 runs) pro-

vide us with error bars; these are smaller than the symbol sizes used

in Fig. (2.2). Our exponents ratios are in agreement (within the er-

ror bars) with earlier results for equal-time exponents for statistically

steady passive-scalar turbulence in Model B [9, 29]. We have also de-

termined the exponent ζθ2 directly from log-log plots of Σθ2(kn) versus kn

[equation (2.22)]. We find ζθ2 = 1.403± 0.003; this agrees well with the

analytical prediction [29, 41] ζθ2 = 2 − ξ, since we use ξ = 0.6 in our

simulations.

We begin the discussion of our numerical results for time-dependent,

passive-scalar structure functions in decaying turbulence by compar-

ing our analytical result (2.37) with data from our simulations of Model

B. In Fig. (2.3) we show the agreement between the two. The error

bars have been calculated as in the the case of equal-time multiscal-

ing exponents: The data we present are the means of the values ob-

tained from 50 different statistically independent runs; and the stan-

dard deviations of these values yield the error bars. Here and hence-

forth time is scaled by the large-eddy-turnover time tL. Given the

exponential decays of time-dependent passive-scalar structure func-

tions in Models A and B [equations (2.32) and (2.37)], we can extract

a unique time scale from plots like the one in Fig. (2.4). Thus we

do not expect time-dependent structure functions to exhibit dynamic

multiscaling in Models A and B. In particular, equation (2.37) implies

T θ
2(kn) = [1/4k2−ξ

n A(ξ)]−1 whence z2 = 2 − ξ. For our choice of ξ = 0.6
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Figure 2.1: Log-log plots of the order-p structure functions S θ
p(kn) versus the second-

order structure function S θ
2(kn) from our numerical simulations of Model B for p = 1

(uppermost curve) to p = 8 (lowermost curve).
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Figure 2.2: Plot of the exponent ratios ζθp/ζ
θ
2, obtained from the slopes of the linear,

inertial region in (a), versus p. Our data points (◦) are connected by a line to guide

the eye; the error bars are smaller than the sizes of our symbols; the dashed straight

line corresponds to the analogue of the K41 scaling prediction for this case.



2.5. Numerical Results 81

we should, therefore, obtain z2 = 1.4, and indeed our numerical sim-

ulations yield z2 = 1.398± 0.003 [Fig. (2.4)]. To demonstrate numeri-

cally that higher-order time-dependent structure functions also have

a dynamic scaling exponent equal to z2, as shown in Sec. 2.3.2 for

the fourth-order time-dependent structure function, we show in Figs.

(2.5) and (2.6) our numerical results for the third- and fourth-order

time-dependent structure functions versus t/tL for 6 ≤ n ≤ 13 from

which we extract T θ
3(kn) and T θ

4(kn), respectively. The insets show log-

log plots of these times versus kn; the slopes of these plots yield the

dynamic-scaling exponents z3 = 1.398± 0.003and z4 = 1.402± 0.005 in

agreement with our expectation zp = 2− ξ, for all p, since ξ = 0.6 in our

calculations.

2.5.2 Model C

The equality of equal-time exponents for decaying and statistically

steady fluid turbulence was demonstrated numerically for the Sabra

shell model in Ref. [26]. We have carried out a similar exercise for

the GOY shell model of fluid turbulence and found, unsurprisingly,

that the universality of equal-time multiscaling exponents holds for

the GOY model as well. Furthermore, we have also checked that a

replacement of the viscous term ν0k2
n in equation (2.71) by the hyper-

viscous term ναk2
n(kn/kd)α does not affect these exponents [2].

We investigate nowwhether time-dependent velocity structure func-

tions in decaying fluid turbulence show a factorisation similar to (2.32)

and (2.37) for Models A and B. Let us normalise the order-p, time-

dependent structure function by its value at t = 0:

Qu
p(n, t) ≡

Fu
p(kn, t0, t)

Fu
p(kn, t0, 0)

; (2.66)

to examine the dependence of Qu
p(n, t) on t0. We give, in Figure (2.7),

representative plots of Qu
2(n = 9, t) and Qu

4(n = 5, t) versus t/tL for 6
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Figure 2.3: Plots comparing the normalised, second-order, time-dependent structure

function versus the dimensionless time t/tL from our numerical simulations (o) of

Model B with our analytical expression (2.37) (*). For clarity we show data for four

shells, from n = 6 (uppermost) to n = 9 (lowermost). The error bars on our numerical

simulations are shown as vertical lines on the data points.
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Figure 2.4: A log-log plot of T θ
2(kn) versus kn. The slope of this plot gives the dynamic

scaling exponent z2 = 1.398± 0.003. Our result from numerical simulations agree

well with the analytical result z2 = 2− ξ, since we have chosen ξ = 0.6.
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Figure 2.5: Representative plots of the normalised, third-order time-dependent

structure function versus the dimensionless time t/tL from our numerical simula-

tions of Model B for shell numbers n = 6 (uppermost) to n = 11 (lowermost). The

inset shows a log-log plot of T θ
3(kn) versus kn. The slope of this plot gives the dynamic

scaling exponent z3 = 1.398± 0.003.
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Figure 2.6: A log-log plot of T θ
4(kn) versus kn. The slope of this plot gives the time-

dependent scaling exponent z4 = 1.402±0.005. Our result from numerical simulations

agree well with the analytical result z2 = z4 = 2− ξ, since we have chosen ξ = 0.6.
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different time origins t0; succesive values of t0 are separated from each

other by 0.5tL. To the extent that the symbols for different values of t0
overlap, our results show that Qu

p(n, t) is independent of t0 (so we have

not included t0 as an argument of Qu
p), i.e., Fu

p(kn, t0, t) factorises into

a part that depends on t0 and another that does not [cf., (2.32) and

(2.37) for the simple, linear Models A and B]. Clearly the dynamic-

multiscaling exponents extracted from Qu
p(n, t) cannot depend on t0.

Furthermore, these exponents are the same as their counterparts

for statistically steady, forced turbulence. We illustrate this in Fig.

(2.8) by comparing our numerical results for the normalised, time-

dependent structure function F f
4(kn, t)/S u

4(kn), for statistically steady,

forced (superscript f ) turbulence, and Qu
4(n, t). [To obtain a statisti-

cal steady state for the GOY shell model we use the external force

fn = (1 + ı) × 5 × 10−3δn,1.] We have checked explicitly, for 1 ≤ p ≤ 6,
that Qu

p(n, t) and F f
p(kn, t)/S u

p(kn) agree within our error bars. Hence we

propose the following factorisation that relates the time-dependent

structure functions for decaying and statistically steady (superscript

f ) turbulence,
Fu

p(kn, t0, t) = Ap(kn, t0)F
f
p(kn, t), (2.67)

with all the t0 dependence on the right-hand side in the coefficient

function Ap. If we now use the multifractal form for F f
p suggested

in [8], we obtain the shell-model analogue of equation (2.64).

We calculate the integral- and the derivative-time scales and their

associated exponents zI,u
p,1 and zD,u

p,2 . The counterparts of equations (3.13),

for M = 1, and (2.50), for M = 2, for the GOY model are :

T I,u
p,1(n) =

∫ tµ

0
Qu

p(n, t)dt; (2.68)

T D,u
p,2 (n) =


d2Qu

p(n, t)

dt2

∣∣∣∣∣
t=0


−1/2

; (2.69)

here tµ is the time at which Qu
p(n, t) = µ, with 0 ≤ µ ≤ 1. In principle we

should use µ = 0, i.e., tµ = ∞, but this is not possible in any numerical
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Figure 2.7: Representative plots of Qu
p(n, t) versus the dimensionless time t/tL, for

p=2, n=9 (lower curve) and p = 4, n=5 (upper curve), and 6 different time-origins

t0 in decaying fluid turbulence for Model C. Successive time origins are separated

by 0.5tL. The different symbols for the different sets of data for the different time-

origins are indistinguishable; this is compelling numerical evidence for our proposed

factorised form of the time-dependent structure functions.
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Figure 2.8: Plots of Qu
4(kn, t) and F f

4(kn, t) as a function of t/tL to numerically test our

proposed Ansatz (2.67) decaying turbulence in Model C. Results are shown only for

shells n = 4 (uppermost curve), 6, 8, and 12 (lowermost curve) for clarity.
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calculation since Qu
p cannot be obtained accurately for large t. We use

µ = 0.6; and we have checked in representative cases that our results

do not change for 0.3 < µ < 0.7. To compute T D,u
p,2 (n) we use a centred,

finite-difference, sixth-order scheme. Slopes of log-log plots of T I,u
p,1(n)

and T D,u
p,2 (n) versus kn (4 ≤ n ≤ 14) give us zI,u

p,1 (Fig 2.13) and zD,u
p,2 (Fig

2.14), respectively.

Our results for equal-time and dynamic-multiscaling exponents for

the GOY model (for both types of initial conditions) are given in Ta-

bles 1 and 2, respectively. We compute the multiscaling exponents

for equal-time and time-dependent structure functions for 50 different

cases. Tables 1 and 2 list the means of these values and their standard

deviations yield the error bars. By comparing columns 2 of Tables 1

and 2 with column 2 of Table II in Ref. [8] we confirm, for the GOY

model, the weak version of universality [26], i.e., the equal-time expo-

nents ζu
p are the same for both decaying and statistically steady tur-

bulence. Furthermore, our exponents for the GOY shell model agree

with those presented in Ref. [26] for the Sabra shell model.

A comparison of the remaining columns of Tables 1 and 2 with

their counterparts in Table II of Ref. [8] shows that this weak uni-

versality also applies to dynamic multiscaling exponents. Moreover,

our direct numerical results for zI,u
p,1 and zD,u

p,2 (columns 4 and 6 in Ta-

bles 1 and 2) agree with the bridge-relation values of these exponents

(columns 3 and 5 in Tables 1 and 2) that follow from equations (3.18)

and (3.18) and ζu
p (columns 2 of Tables 1 and 2). Note that the agree-

ment between corresponding entries in Tables 1 and 2 shows that our

results are insensitive to the type of initial conditions we use. Finally,

if we compare these Tables with Table II in Ref. [8], we find that our

dynamic-multiscaling exponents for decaying, homogeneous, isotropic

turbulence agree with their counterparts for the statistically steady

case. Pictorial comparisons of the data in Tables 1 and 2 and the re-

sults of Ref. [8] are shown in Figs. (2.15) and (2.16) for integral-time
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Figure 2.9: A representative plot of the normalised fourth order time-dependent

structure function versus the dimensionless time τ obtained from the GOY shell

model. The plots are for shells 4, 6, and 8 (from top to bottom).
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Figure 2.10: A log-log plot of T I,u
4,1(n) versus k (for convenience, we have dropped the

subscript n in the label of the x-axis in the figure); a linear fit gives the dynamic

mulstiscaling exponent zI,u
4,1.
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Figure 2.11: A representative plot of the normalised sixth order time-dependent

structure function versus the dimensionless time τ obtained from the GOY shell

model. The plots are for shells 4, 6, and 8 (from top to bottom).
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Figure 2.12: A log-log plot of T D,u
6,2 (n) versus k (for convenience, we have dropped the

subscript n in the label of the x-axis in the figure); a linear fit gives the dynamic

multiscaling exponent zD,u
6,2 .
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Figure 2.13: Representative plots of Qu
6(n, t) versus t/tL for Model C; for clarity we

show shell numbers n = 4 (uppermost), 6, 8 and 12 (lowermost). The inset shows

T I,u
6,1(n) versus kn on a log-log scale. A linear fit yields the dynamic-multiscaling expo-

nent zI,u
6,1 = 0.76± 0.02.
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Figure 2.14: Representative plots of Qu
4(n, t) versus t/tL for the same shell numbers

as in the previous figure. The inset shows T D,u
4,2 (n) versus kn on a log-log scale. A

linear fit yields zD,u
4,2 = 0.76± 0.01.
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order(p) ζu
p zI,u

p,1[Eq.(3.18)] zI,u
p,1 zD,u

p,2 [Eq.(3.18)] zD,u
p,2

1 0.379 ± 0.008 0.621 ± 0.008 0.61 ± 0.03 0.68 ± 0.01 0.699 ± 0.008

2 0.711 ± 0.002 0.66 ± 0.01 0.68 ± 0.01 0.716 ± 0.008 0.723 ± 0.006

3 1.007 ± 0.003 0.704 ± 0.005 0.711 ± 0.001 0.74 ± 0.01 0.752 ± 0.005

4 1.279 ± 0.006 0.728 ± 0.009 0.734 ± 0.002 0.76 ± 0.02 0.76 ± 0.01

5 1.525 ± 0.009 0.75 ± 0.02 0.755 ± 0.002 0.77 ± 0.02 0.77 ± 0.02

6 1.74 ± 0.01 0.78 ± 0.02 0.78 ± 0.03 0.77 ± 0.03 0.78 ± 0.02

Table 2.1: Our simulation results for Model C with Type I initial conditions. Order-p
(column 1); equal-time exponents ζu

p (column 2); integral-scale dynamic-multiscaling

exponent zI,u
p,1 (column 3) from the bridge relation (3.18) and the values of ζu

p in column

2; zI,u
p,1 from our calculation using time-dependent structure functions (column 4); the

derivative-time exponents zD,u
p,2 (column 6) from the bridge relation (3.18) and the

values of ζu
p in column 2; zD,u

p,2 from our calculation using time-dependent structure

function (column 7). The error estimates are obtained as described in the text.

(columns 4 in Tables 1 and 2) and derivative-time (columns 6 in Ta-

bles 1 and 2) exponents. Similarly Figs. (2.17) and (2.18) compare

the dynamic-multiscaling exponents from our direct numerical sim-

ulations with the values predicted for them by the bridge relations

(3.18) and (3.18) and the equal-time exponents ζu
p given in Tables 1

and 2.

2.5.3 Model D

From a numerical study of a passive-scalar shell model, with advect-

ing velocities from the Sabra shell model, it was shown [39, 40] that

the equal-time scaling exponents ζθp are universal: they are the same

for decaying and statistically steady turbulence; and, in the latter

case, they do not depend on the type of forcing. We find, not surpris-

ingly, that this universality holds even when the advecting velocity

field is a solution of the GOY model, i.e., for Model D: Table 3 column

2 shows the values of ζθp for 1 ≤ p ≤ 6, which we have obtained for

decaying turbulence; these agree with the results of Refs. [9, 34] for
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Figure 2.15: Plots of zI,u
p,1, with error bars, versus p for Model C with data from [8],

for statistically steady turbulence, and columns 4 of Tables 1 and 2, for decaying tur-

bulence; these plots illustrate the agreement between the three sets of exponents.
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Figure 2.16: We compare the derivative-time exponents zD,u
p,2 from [8] and columns 6

of Tables 1 and 2. As in (a), we find that the three sets of exponents agree, within

error bars, with each other.
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Figure 2.17: Plots of zI,u
p,1, with error bars, versus p for Model C with values obtained

via the bridge relations (columns 3, Tables 1 and 2) and those obtained from our

numerical simulations (columns 4, Tables 1 and 2).
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Figure 2.18: Plots of zD,u
p,2 , with error bars, versus p for Model C with values obtained

via the bridge relations (columns 5, Tables 1 and 2) and those obtained from our

numerical simulations (columns 6, Tables 1 and 2).
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order(p) ζu
p zI,u

p,1[Eq.(3.18)] zI,u
p,1 zD,u

p,2 [Eq.(3.18)] zD,u
p,2

1 0.380 ± 0.004 0.620 ± 0.004 0.60 ± 0.02 0.690 ± 0.009 0.687 ± 0.003

2 0.709 ± 0.003 0.671 ± 0.007 0.67 ± 0.03 0.72 ± 0.01 0.719 ± 0.005

3 1.000 ± 0.005 0.709 ± 0.008 0.707 ± 0.006 0.74 ± 0.02 0.743 ± 0.007

4 1.266 ± 0.008 0.73 ± 0.01 0.736 ± 0.008 0.76 ± 0.03 0.75 ± 0.01

5 1.51 ± 0.01 0.75 ± 0.02 0.752 ± 0.009 0.77 ± 0.03 0.77 ± 0.02

6 1.74 ± 0.02 0.77 ± 0.03 0.76 ± 0.02 0.77 ± 0.03 0.76 ± 0.02

Table 2.2: Our simulation results for Model C with Type II initial conditions.

Order-p (column 1); equal-time exponents ζu
p (column 2); integral-scale dynamic-

multiscaling exponent zI,u
p,1 (column 3) from the bridge relation (3.18) and the values

of ζu
p in column 2; zI,u

p,1 from our calculation using time-dependent structure func-

tions (column 4); the derivative-time exponents zD,u
p,2 (column 6) from the bridge re-

lation (3.18) and the values of ζu
p in column 2; zD,u

p,2 from our calculation using time-

dependent structure function (column 7). The error estimates are obtained as de-

scribed in the text.

statistically steady turbulence in Model D. Our equal-time exponents

are also within error bars of their counterparts for the passive-scalar

shell model of Refs. [39, 40]. We obtain ζθp from log-log plots such as

Fig. (2.19) for the modified, equal-time structure function (2.22) Σθp
versus kn; the slope of the linear region 4 ≤ n ≤ 12 yields ζθp that is

plotted versus p in Fig. (2.20).

To analyse the time-dependent, passive-scalar structure functions

we follow Sec. 2.5.2 for Model C: We obtain integral- and derivative-

time scales from equations (3.13) and (2.50), for M = 1 and M = 2,
respectively. In the integral in (3.13) we set the upper limit to tµ, the

time at which the normalised, time-dependent structure function

Qθ
p(n, t) ≡

Fθ
p(kn, t0, t)

Fθ
p(kn, t0, 0)

(2.70)

is equal to µ, with 0 ≤ µ ≤ 1. We use µ = 0.6, but we have checked in

representative cases that our results remain unchanged if we use the

range of values 0.3 ≤ µ ≤ 0.8. Slopes of log-log plots of T I,θ
p,1(n) versus

kn yield zI,θ
p,1. To extract the derivative-time scale, we use a centred,
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Figure 2.19: Representative plots of Σθp(n) versus kn on a logarithmic scale for p = 1

(uppermost curve) to 8 (lowermost curve) for Model D.



2.5. Numerical Results 103

0 2 4 6 8 10 12
0

0.5

1

1.5

2

2.5

3

3.5

4

p

ζθ p

(b) 

Figure 2.20: Plot of ζθp, obtained from the linear, inertial region in (a), versus p. Our

data points, shown as squares, are connected by a line; the error bars are smaller

than the size of the symbol. The straight line corresponds to the Kolmogorov pre-

diction of p/3.
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finite-difference, sixth-order scheme to obtain T D,θ
p,2 (n) from which we

get zD,θ
p,2. Integral- and derivative-time multiscaling exponents are ex-

tracted from linear fits in the inertial range 4 ≤ n ≤ 10as shown in the

insets of the representative plots in Figs. (2.21) and (2.22) for, respec-

tively, Qθ
5(n, t) and Qθ

3(n, t) versus t/tL. Finally, from the bridge relations

(2.61) and our GOY-model, equal-time exponents ζu
−1 = −0.44±0.04and

ζu
2 = 0.709± 0.003we obtain zI,θ

p,1 = 0.56± 0.04 and zD,θ
p,2 = 0.645± 0.003

in agreement with the values from our simulations listed in columns

3 and 4 of Table 3. By comparing these columns with their counter-

parts in Table II of Ref. [9], we find agreement, within our error bars,

between the dynamic-multiscaling exponents for Model D for both sta-

tistically steady and decaying turbulence.

We end this Section by investigating the effect of hyperviscosity,

i.e., by using different powers α of the Laplacian instead of the Lapla-

cian in the dissipation term, on the GOY shell model for fluid turbu-

lence [2]. We thus rewrite our GOY shell model evolution equation

as
[

d
dt
+ ν0

(
kn

kd

)α
k2

n

]
un = ı

[
anun+1un+2 + bnun−1un+1 + cnun−1un−2

]∗
, (2.71)

where the second term allows for hyperviscous dissipation with degree

α (the case α = 0 corresponds to conventional viscous dissipation); kd

is a large wavenumber whose inverse is comparable to the dissipation

length scale; we choose kd = 218 and α = 2. Since we concentrate

on decaying turbulence here, the forcing term, required to drive the

system into a statistically steady state, is absent.

We begin by looking at the mean energy dissipation rate ǫ as a

function of time. A representative plot, averaged over 2000 initial

conditions, is shown for α = 2 in Figure 2.23. Though this plot is noisy,

it shows a clear peak. This peak, at t/tL ≃ 1.2 (tL ≃ 5) in Figure 2.23,

signals the completion of the cascade that transfers energy from the

scale at which it is injected to the small scales where viscous dissi-
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Figure 2.21: Representative plots of Qθ
5(n, t) versus t/tL, for shell numbers 6 (upper-

most) to 11 (lowermost) for Model D. The inset shows a log-log plot of T I,θ
5,2(n) versus

kn. A linear fit yields zI,θ
5,1 = 0.562± 0.006.
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Figure 2.22: Representative plots of Qθ
3(n, t) versus t/tL for the same shell numbers

as in (a). The inset shows T D,θ
3,2 (n) versus kn on a log-log scale. A linear fit yields

zD,θ
3,2 = 0.646± 0.003.
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pation becomes significant. Representative energy spectra at cascade

completion are shown in Figure 5.2; after this point in time the en-

ergy spectrum decays very slowly without an appreciable change in

the slope of the scaling regime, which appears as a nearly straight-

line segment in the log-log plots of Figure 5.2. Straight-line segments

also show up in plots of the structure function Σp at (or after) cascade

completion as shown in the representative plots, for α = 2, of Figure
2.26; each curve in this Figure has been averaged over 5000 indepen-

dent initial conditions. From the slopes of the straight-line segments

in these plots (see Table 1) we obtain the equal-time multiscaling ex-

ponents ζp whose dependence on p is shown in Figure 2.27. The values

we quote for these (and other) exponents are the means of the slopes of

50 different plots like Figure 2.26, which are obtained from 50 statis-

tically independent runs; the corresponding standard deviations yield

the error bars shown in Table 1.

Our results for the equal-time exponents ζp for α = 0 and α = 2
are presented in Table 4. By comparing Columns 2 and 3 in this Ta-

ble we see that the exponents for both values of α agree with each

other and with the exponents reported earlier for statistically steady

turbulence [8]. Thus we reconfirm the universality of equal-time expo-

nents: they neither depend on the precise dissipation mechanism nor

on whether we consider statistically steady or decaying turbulence.

We next calculate the integral-time scale T I
p,1. In Figure 2.28 we

show representative plots of Q4 versus time t/tL for shells n = 3, 4, 7,
and 9 and α = 2; from this we obtain T I

4,1 as described above. The

slopes of log-log plots of T I
p,1 versus kn now yield zI

p,1 as shown in Figure

2.29 for p = 4. The derivative-time scale T D
p,2 is calculated by using a

sixth-order, centred difference scheme. The derivative-time exponent

zD
p,2 is then obtained from slopes of log-log plots of T D

p,2 versus kn.

Table 5 summarise our results for the dynamic-multiscaling expo-

nents. All these exponents have been calculated for kn in the iner-
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Figure 2.23: The mean energy dissipation rate ǫ versus time for α = 2 (for clarity

we show data for 0.8 ≤ t/tL ≤ 2.5); these data have been averaged over 2000 initial

conditions. The main peak at t/tL ≃ 1.2 is a signature of cascade completion. For

α = 0 ǫ displays a similar peak.
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Figure 2.24: Log-log plot of the kinetic energy spectrum E(kn) = S 2(kn)/kn versus kn

with the period-three oscillations (see text). The black dashed line corresponds to

the K41 scaling prediction E(kn) ∼ k−5/3.
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Figure 2.25: Log-log plot of Σ2(kn)/kn versus kn; note that the period-three oscillations

are suppressed here; the black dashed line indicates the K41 scaling prediction.
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Figure 2.26: (a) Log-log plot of the modified structure function Σp, for p = 1 to 4 (top

to bottom), versus kn for α = 2 and number of shells N = 35 (we show data only for

the first 22 shells).
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Figure 2.27: Plot of the equal-time multiscaling exponents ζp (obtained from (a) and

listed in Table 1) versus the order p. The open circles (o), connected by a curve to

guide the eye, indicate data from our numerical simulations; the thick black line is

the K41 prediction ζK41
p = p/3.
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Table 2.3: Our results for the equal-time multiscaling exponents ζp at cascade com-

pletion for α = 0 (Column 2) and α = 2 (Column 3). We indicate, in parentheses,

the ranges of shell numbers n over which we fit our data for equal-time structure

functions to obtain these exponents. Note that the exponents in Columns 2 and 3

agree very well with each other.

order-p ζp (4-14) ζp (4-16)

1 0.380 ± 0.001 0.37 ± 0.01

2 0.709 ± 0.003 0.699 ± 0.008

3 1.000 ± 0.005 1.003 ± 0.008

4 1.266 ± 0.008 1.29 ± 0.02

5 1.51 ± 0.01 1.55 ± 0.03

6 1.74 ± 0.02 1.79 ± 0.05

tial range 4 ≤ n ≤ 14. The exponents zI
p,1 for α = 2, which we ob-

tain for decaying turbulence, are equal (within error bars) to their

counterparts (see Ref. [8]) for statistically steady turbulence. Thus

the dynamic-multiscaling exponents for the GOY model are universal

even in the presence of hyperviscosity. Plots of these exponents versus

p are shown in Figures ?? and ??.

2.6 Conclusions

We have systematised the study of the dynamic multiscaling of time-

dependent structure functions in four Models (A-D) for passive-scalar

(A,B, and D) and fluid (C) turbulence. By a suitable normalisation of

these structure functions, we eliminate their dependence on the ori-

gin of time t0 at which we initiate our measurements. We have shown

analytically that for the Kraichnan model of passive-scalar turbulence

(Models A and B) the two-point time-dependent structure function can

be factorised into two parts, one depending on the origin of time t0 and

another that does not. This suggests a suitable normalisation of the
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Figure 2.28: Illustrative plots of the normalised, fourth-order, time-dependent struc-

ture function Q4(kn, t) versus time t/tL for shells n = 3, 4, 7 and 9 (from top to bottom).
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Table 2.4: Column 2: The dynamic multiscaling exponents zI
p,1 from the bridge rela-

tion (3.18) and our numerical results for ζp (Table 1). Column 3: The same exponents

as in Column 2 but now obtained from our numerical simulations of decaying tur-

bulence in the GOY shell model for the case α = 2. Note the agreement between the

exponents in Columns 2 and 3.

order-p zI
p,1[Eq.(3.18)] zI

p,1

1 0.630 ± 0.001 0.62 ± 0.01

2 0.675 ± 0.009 0.683 ± 0.003

3 0.69 ± 0.01 0.712 ± 0.004

4 0.71 ± 0.02 0.728 ± 0.006

5 0.74 ± 0.05 0.750 ± 0.009

6 0.76 ± 0.08 0.76 ± 0.01

structure functions by which we can eliminate their dependence on t0.
Surprisingly the same normalisation works for other models of fluid

turbulence (Model C) and passive-scalar turbulence (Model D) as we

have shown by extensive numerical simulations. Once this depen-

dence on t0 has been factored out, the methods developed earlier [8, 9]

for statistically steady turbulence yield linear bridge relations that

connect dynamic-multiscaling and equal-time exponents. We show

analytically, for Models A and B, and numerically, for Models B, C,

and D, that these exponents and bridge relations are the same for sta-

tistically steady and decaying turbulence. Thus we have generalised

the universality of equal-time exponents [26] and provided strong ev-

idence for dynamic universality, i.e., dynamic-multiscaling exponents

do not depend on whether the turbulence decays or is statistically

steady for each of the Models A-D.

It is useful to distinguish our results from other studies of tem-

poral dependences of quantities in turbulence. Two such results are

described below.
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The first example is the result Etot(t) ∼ t−2, which holds for the total

energy Etot at large times t in decaying turbulence [3]. This result

holds for times that are longer than the time at which the integral

length scale becomes comparable to the size of the system. [In decay-

ing turbulence, the integral scale Lint(t) ≡ (
∫

dkE(k, t)/k)/(
∫

dkE(k, t)) in-
creases with time since the large-k part of the energy spectrum E(k, t),
at time t, gets depleted as t increases.] In all the results we report

here, our shell-model analogue of Lint is well below the linear size of

the system, i.e., Lint ≪ k−1
0 . Thus our results are not modified sig-

nificantly by finite-size corrections, nor does the trivial decay of Etot,

mentioned above, set in and mask the dynamic multiscaling we have

elucidated.

The second example is the intermittency of velocity time incre-

ments studied in Ref. [42]. These studies calculate structure func-

tions along a single Lagrangian trajectory. Spatial separations, of the

sort used in defining equal-time Eulerian structure functions, are re-

placed by temporal separations along a Lagrangian trajectory. This is

distinct from the spatiotemporal structure functions we consider and

which are required for a full elucidation of dynamic multiscaling here

(and analogous dynamic scaling in critical phenomena).

We have described the way in which we have obtained error bars

for the equal-time and dynamic-multiscaling exponents. These error

bars only account for statistical errors but not the systematic errors

associated with the values of n over which we fit inertial-range expo-

nents. One can try to estimate such systematic errors by obtaining

local slopes of log-log plots that yield these exponents. However, lo-

cal slopes can be deceptive in shell models since the values of kn are

separated by factors of 2. Instead, we can try to estimate these sys-

tematic errors by comparing the exponents we obtain by fitting over

the ranges 3 ≤ n ≤ 15, 4 ≤ n ≤ 14, and 5 ≤ n ≤ 13. We have carried

out such checks in representative cases for the dynamic-multiscaling
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order(p) ζθp zI,θ
p,1 zD,θ

p,2

1 0.342 ± 0.002 0.522 ± 0.002 0.632 ± 0.003

2 0.634 ± 0.003 0.531 ± 0.004 0.647 ± 0.003

3 0.873 ± 0.003 0.553 ± 0.006 0.646 ± 0.003

4 1.072 ± 0.004 0.563 ± 0.003 0.642 ± 0.005

5 1.245 ± 0.004 0.562 ± 0.006 0.643 ± 0.006

6 1.370 ± 0.006 0.576 ± 0.006 0.640 ± 0.005

Table 2.5: Our simulation results for Model D. Order-p (column 1); equal-time ex-

ponents ζθp (column 2); integral-scale dynamic-multiscaling exponent zI,θ
p,1 (column 3);

the derivative-time exponents zD,θ
p,2 (column 4). The error estimates are obtained as

described in the text.

exponents we report. The error bars we then obtain are about a factor

of 4 larger than those shown in Tables 1-3.

We hope our work will stimulate experimental studies of dynamic

multiscaling in turbulence. Recent advances in the experimental tech-

niques of particle tracking in turbulent flows [43, 44] have made it

possible to obtain accurate measurements of Lagrangian properties.

To obtain the types of structure functions that we have described

it will be necessary at least to track two Lagrangian trajectories of

particles that are separated initially by a distance r. At the level of

second-order structure functions this has been attempted in the direct

numerical simulations of Ref. [21].



Appendix A

The Adams-Bashforth method

In this Appendix we outline the numerical scheme used for time inte-

gration of the shell-model equations studied in this Chapter. For clar-

ity let us consider the following ordinary differential equation (ODE):

dq
dt
= −αq + f (t). (A.1)

For an ODE of the form above, we have the identity :

eα(t+δt)q(t + δt) − eαt
=

∫ t+δt

t
eαs f (s)ds. (A.2)

The slaved scheme is obtained by first writing down the equation for

q(t) and q(t − δt); we then add the two to obtain :

q(t + δt) = e−2αδtq(t − δt) +
∫ t+δt

t−δt
e−α(t+δt−s f (s)ds. (A.3)

It is now reasonable to approximate f (s) by either replacing f (s) by

f (t) (the slaved-frog scheme) or by making the substitution f (s) =
(3/2) f (t) − (1/2) f (t − δt). The former yields the solution

q(t + δt) = e−2αδtq(t − δt) +
1− e−2αδt

α
f (t); (A.4)

the latter yields the slaved Adams-Bashforth scheme

q(t + δt) = e−2αδtq(t − δt) +
1− e−2αδt

α

[3
2

f (t) − 1
2

f (t − δt)
]
. (A.5)
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In this Chapter we use the slaved Adams-Bashforth scheme to in-

tegrate the shell model evolution equations.
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Chapter 3

Dynamic Multiscaling in

Two-dimensional Fluid Turbulence

In the previous Chapter we had discussed the universality of dynamic

multiscaling for turbulence in fluids and passive-scalars in a vari-

ety of shell models for the three-dimensional Navier-Stokes and the

advection-diffusion equations. As we had pointed out, such studies

have not been carried out via Direct Numerical Simulations (DNS) of

the Navier-Stokes equation or in experiments so far. In two dimen-

sions there have been no such studies to the best of our knowledge.

In this Chapter we address the issue of dynamic multiscaling in two-

dimensional fluid flows. In particular we show that just like in three-

dimensional flows there exists different ways of extracting time scales

from time-dependent vorticity structure functions in two-dimensional

turbulence. These lead to different dynamic-multiscaling exponents

which are related to equal-time multiscaling exponents by different

classes of bridge relations. We also find, surprisingly, that sweeping

effects in two dimensions are eliminated because of the presence of

air-drag induced Ekman friction. Thus the non-trivial dynamic ex-

ponents that we obtain by using quasi-Lagrangian vorticity structure

functions are the same as those we obtain by using their Eulerian

counterparts. [In contrast, in three-dimensions, because of the sweep-

ing effect discussed in Chapter 2, it is believed that time-dependent
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velocity structure functions yield trivial dynamic exponents.] We check

this explicitly by detailed numerical simulations of statistically steady,

forced, two-dimensional turbulence with Ekman friction.

We recall that, in critical phenomena, the scaling properties of both

time-dependent and equal-time structure functions close to a critical

point have been well understood for nearly four decades [1]. How-

ever, so far, we do not have an analogous understanding of struc-

ture functions in turbulent flows. Since the pioneering work of Kol-

mogorov [2] for three-dimensional turbulence which, based on dimen-

sional grounds, predicts a simple scaling form for the equal-time ve-

locity structure functions, various experiments and numerical simu-

lations have shown that, unlike in critical phenomenon, the deviation

from simple scaling is marked. Indeed the consensus is that there

is multiscaling in equal-time velocity structure functions in three-

dimensional homogeneous, isotropic turbulence [3]. Studies of time-

dependent structure functions, in contrast to their equal-time coun-

terparts, have been even rarer [4, 5, 6, 7, 8, 9, 10]. The reason for

this partly stems from the sweeping effect which relates spatial and

temporal scales linearly and thus give rise to trivial dynamic scaling

of Eulerian structure functions (see Chapter 2). Moreover, as we shall

show below, even when we eliminate such sweeping, by going to a La-

grangian or quasi-Lagrangian description, time-dependent structure

functions give rise to an infinity of multiscaling exponents. The elu-

cidation of dynamic multiscaling exponents have so far been limited

to shell models for three-dimensional, homogeneous, isotropic turbu-

lence [6, 7, 8, 9, 10] as we have discussed in Chapter 2. These studies

have not yet been extended to DNS of three-dimensional flows.

The study of time-dependent structure functions has not been at-

tempted for two-dimensional turbulence. Ever since the work of Kraich-

nan, we know that fluid turbulence in two dimensions is markedly

different from that of three dimensions primarily because of its dual
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cascade : the kinetic energy cascades from small to large length scales

(this is the inverse cascade) and the enstrophy cascade in the opposite

direction (this is the direct cascade) [11]. The scaling properties of

various quantities in this direct cascade regime have been the subject

of many studies. For statistically steady, two-dimensional turbulence,

in the presence of an air-drag induced friction term, there is consen-

sus that scaling exponents of equal-time, order-p structure functions

of the velocity field depend linearly on p, whereas those of the vor-

ticity field multiscale [12]. However, there is little consensus on the

universality of these multiscaling exponents; in particular, they seem

to depend on α, the coefficient of Ekman friction. Furthermore, there

have been no studies of the statistical properties of time-dependent

structure functions in two-dimensional turbulence. Given the rich

equal-time multiscaling nature of the vorticity field, it behooves us

to investigate dynamic multiscaling of vorticity structure functions in

two-dimensional turbulence. Therefore we have initiated a systematic

DNS of homogeneous, isotropic turbulence in thin fluid films with air-

drag induced Ekman friction. Before giving the details of our study,

we outline our principal results. We show, for the first time via a DNS

of homogeneous, isotropic turbulence in two dimensions, how to obtain

time-dependent quasi-Lagrangian structure functions for the vorticity

field. From these and their Eulerian counterparts we extract integral

and derivative time scales, and thence dynamic exponents, as we did

for shell-model structure functions in Chapter 2. Here too we find that

our data are consistent with linear bridge relations between dynamic

exponents and equal-time exponents. We find, in accord with earlier

studies of equal-time structure functions for two-dimensional turbu-

lence, that velocity structure functions show simple scaling whereas

the vorticity structure functions display multiscaling in the forward

cascade regime if Ekman friction is present. The implications of this

for dynamic exponents is elucidated here. We also find that Ekman
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friction terms suppresses small-wave-vector modes and hence also the

sweeping effect.

Our formulation for the forced, two-dimensional Navier-Stokes equa-

tion, with periodic boundary conditions, and the Ekman friction term

uses the stream-function ψ and vorticity ω. The velocity u is a function

of the x and y coordinates only and the vorticity, which is a pseudo-

scalar, is defined as

ω ≡ ∇ × u. (3.1)

The incompressibility constraint,

∂xux + ∂yuy = 0 (3.2)

ensures that the velocity is uniquely determined by the stream-function,

ψ, as

u ≡ (−∂yψ, ∂xψ). (3.3)

The Navier-Stokes equation, in the ω − ψ formulation, can thus be

written as

∂tω − J(ψ,ω) = ν∇2ω − µω + f , (3.4)

where

∇2ψ = ω, (3.5)

J(ψ,ω) ≡ (∂xψ)(∂yω) − (∂xω)(∂yψ), (3.6)

f is the forcing term, and µ is the coefficient of the Ekman friction.

To study dynamic multiscaling in time-dependent vorticity structure

functions, we work with both Eulerian and quasi-Lagrangian fields.

The quasi-Lagrangian velocity field, defined with respect to a La-

grangian particle which was at the point ~r0 at time t0, is defined by

uql(~x, t|~r0, t0) = ~u(~x + ~r(t|~r0, t0), t), (3.7)

where ~u denotes the Eulerian velocity and ~r(t|~r0, t0) is the position of

the Lagrangian particle at time t. Likewise, we can define the quasi-

Lagrangian vorticity field ωql. The superscript ql is used to denote



129

quasi-Lagrangian. In short, the quasi-Lagrangian field is the field

associated with a single Lagrangian particle which moves with the

Eulerian flow.

The equal-time, order-p, vorticity structure functions, in homoge-

neous, isotropic turbulence

Sp(r) ≡ 〈[δω(r, t)] p〉 ∼ rζp, (3.8)

for ηd ≪ r ≪ Linj, where

δω(~r, t) = [ω(~x + ~r, t) − ω(~x, t)], (3.9)

ω(~x, t) is the vorticity at point x and time t, Linj is the large spatial scale

at which energy is injected into the system, ηd is the small length scale

at which enstrophy dissipation becomes significant and r lies in the

forward-cascade range of length scales over which power-law scaling

holds. ζp is the order-p, equal-time multiscaling exponent, and the

angular brackets denote an average over the statistical steady state

of the turbulent fluid. We will often be interested in the equal-time

structure functions for the quasi-Lagrangian fields; in such cases we

will use the superscript ql to make a distinction between the Eulerian

quantities. Thus, for instance we will denote the equal-time structure

function as Sql
p (r) and the equal-time exponents ζ

ql
p .

As in Chapter 2 we now define the time-dependent, order-p struc-

ture function [13] associated with the Eulerian field ω is given by

Fp(r, {t1, . . . , tp}) ≡ 〈[δω(r, t1) . . . δω(r, tp)]〉; (3.10)

for the quasi-Lagrangian field ωql the time-dependent structure func-

tion F ql
p (r, {t1, . . . , tp}) is defined in an analogous way by making use of

the quasi-Lagrangian instead of the Eulerian field. We also observe

that, by definition,

Fp(r, {t1 = . . . = tp = 0}) = Sp(r) (3.11)
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and

F ql
p (r, {t1 = . . . = tp = 0}) = Sql

p (r). (3.12)

In this Chapter, we take the simplest case t1 = t2 = . . . = tq ≡ t

and tq+1 = tq+2 = . . . = tp = 0 and for simplicity write Fp(r, t) and

F ql
p (r, t). The q-dependence does not affect dynamic-multiscaling ex-

ponents and hence is suppressed Given Fp(r, t), it is possible to extract

a characteristic time scale τp(r) in many different ways. These time

scales can, in turn, be used to extract the order-p dynamic-multiscaling

exponents zp via the dynamic-multiscaling Ansatz τp(r) ∼ rzp. In par-

ticular we concentrate on the order-p, degree-M, integral time scale

T I
p,M(r) ≡

[ 1
Sp(r)

∫ ∞

0
Fp(r, t)t

(M−1)dt
](1/M)

, (3.13)

whence it is possible to extract the integral dynamic-multiscaling ex-

ponents zI
p,M by using the relation T I

p,M ∼ rzI
p,M . We also look at the

order-p, degree-M, derivative time scale, defined as,

T D
p,M(r) ≡

[ 1
Sp(r)

∂M

∂tM
Fp(r, t)

∣∣∣∣∣
t=0

](−1/M)

; (3.14)

the associated derivative dynamic-multiscaling exponents zD
p,M can be

extracted via T D
p,M ∼ rzD

p,M . Similarly, we obtain the time-scales T I,ql
p,M and

T D,ql
p,M and their related exponents zI,ql

p,M and zD,ql
p,M.

Given the clear evidence of multiscaling of equal-time vorticity struc-

ture functions in two-dimensional flows with Ekman friction (Fig. 3.3),

we adapt the multifractal model [3] for 2D turbulent flows. It was

shown earlier that for three-dimensional, homogeneous, isotropic tur-

bulence the dynamic multiscaling exponents are related to the equal-

time exponents ζp through bridge relations [6, 7, 8, 9, 10]. By analogy,

the corresponding bridge relations for the vorticity exponents in two-

dimensional turbulence should be

zI
p,M = 1+ [ζp−M − ζp]/M, (3.15)

zD
p,M = 1+ [ζp − ζp+M]/M; (3.16)
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and

zI,ql
p,M = 1+ [ζql

p−M − ζ
ql
p ]/M, (3.17)

zD,ql
p,M = 1+ [ζql

p − ζql
p+M]/M. (3.18)

For homogeneous, isotropic three-dimensional turbulence a detailed

derivation of the bridge relations is given in Refs [6, 7, 8, 9, 10] and

Chapter 2.

To obtain evidence for dynamic multiscaling and to verify our bridge

relations we integrate the two-dimensional Navier-Stokes equations

by using a pseudospectral method and a second-order Runge-Kutta

scheme for time marching (see Appendix B). The fluid is forced deter-

ministically on the second shell (k = 2) and we use an Ekman coef-

ficient of friction µ = 0.1, kinematic viscosity ν = 10−4 and N = 20482

collocation points. In our simulations, a single Lagrangian particle is

tracked by the method of bilinear interpolation (see Appendix C). The

quasi-Lagrangian field is then calculated by using Eq. (3.2).

The vorticity field ω = 〈ω〉 + ω′, is composed of the mean flow 〈ω〉,
where the angular brackets imply time averages, and fluctuations ω′

about the mean. We make a similar decomposition for the quasi-

Lagrangian field, namely, ωql
= 〈ωql〉 + ω′ql. In Fig. (3.1), we show

a snapshot of the quasi-Lagrangian vorticity field in a statistically

steady state.

To obtain good statistics, it is important to eliminate any anisotropy

in the flow. This is most conveniently done by subtracting out the

mean flow from the field and then using only the fluctuations to cal-

culate statistical quantities. Hence we use ω′ (or ω′ql) to calculate

the order-p, equal-time and time-dependent, structure functions. The

equal-time exponents are extracted as follows: We first redefine the

order-p structure function

S pω(r c,R) ≡ 〈|ω′(r c + R) − ω′(r )|p〉, (3.19)
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Figure 3.1: A snapshot of the quasi-Lagrangian vorticity field in the statistically

steady state.
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where R has magnitude R and r c is an origin. We next use

S 2(R) ≡ 〈S ω
2 (r c,R)〉r c, (3.20)

where the subscript r c denotes an average over the origin (we use

r c = (i, j), 2 ≤ i, j ≤ 5). These averaged structure functions are isotropic;

the same method is applied for the quasi-Lagrangian case. In Figs.

(3.2) and (3.3) we show representative pseudocolor plots for third-

order, equal-time, vorticity Eulerian and quasi-Lagrangian structure

functions, respectively. The isotropic parts of such structure functions

are obtained, by using an S O(2) decomposition [14], via an integra-

tion over the angle θ that R makes with the x axis. We thus get

S p(R) ≡
∫ 2π

0
S p(R)dθ and S ql

p (R).
Having obtained the order-p, equal-time structure functions, we ex-

tract the scaling exponents ζp and ζ
ql
p through linear fits in scaling

ranges of log-log plots of S p(r) and S ql
p (r), respectively, versus r. To cal-

culate these exponents and their error bars, in a given plot we fit in 30

different regions of the scaling range and obtain a set of 30 different

exponents. The mean of these yield ζp and ζ
ql
p and we quote their stan-

dard deviations as error bars. The equal-time multiscaling exponents

for 1 ≤ p ≤ 6 versus p for both the Eulerian vorticity fields (Column 2,

Table 1) and the quasi-Lagrangian (Column 2, Table 2) and are shown

in Fig. (3.4). We see that the two sets of exponents are equal within

error bars. We also find that not only do the two sets of exponents

agree, the Eulerian and quasi-Lagrangian structure functions them-

selves are in agreement with each other. We show an illustrative plot

of this for the third-order structure function in Fig. (3.5).

Next, we look at the dynamic scaling exponents. We obtain the

time-dependent structure function in a manner similar to the one

detailed above for equal-time structure functions : We calculate the

vorticity differences, in the isotropic sector, at different times and use

such a time series to calculate Fp(r, t) and F ql
p (r, t). Having obtained the

order-p, time-dependent structure function of the quasi-Lagrangian
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Figure 3.2: Pseudocolor plot of the equal-time, third-order vorticity Eulerian struc-

ture function averaged over different centers.



135

Figure 3.3: Pseudocolor plot of the equal-time, third-order vorticity quasi-

Lagrangian structure function averaged over different centers.
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Figure 3.4: The equal-time exponents ζp, for the vorticity field, versus p for both the

Eulerian (in red) and quasi-Lagrangian (in blue) fields. The two sets of exponents

are equal to each other within error bars. The error bars are seen to be comparable

to the symbol size.
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Figure 3.5: A comparison of the third-order equal-time structure function for the

Eulerian (in red) and quasi-Lagrangian fields (in blue) versus the separation r.
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field it is possible to calculate the degree-1, order-p integral-time scale.

Although in principle, we should integrate over time from t = 0 to

t = ∞, in practice, because of poor statistics at long times, we integrate

F ql
p (r, t) from t = 0 to t = t∗, where t∗ is the time at which F ql

p (r, t) = ǫ; we

choose ǫ = 0.6 but have checked that the results do not change, within

error bars for 0.5 ≤ ǫ ≤ 0.75. From a log-log plot of T I,ql
p,1 versus r, we

extract the dynamic multiscaling exponent zI,ql
p,1. In Fig. (3.9) we show

a representative plot, on a log log scale, of T I,ql
2,1 versus r; a linear fit

yields the dynamic multiscaling exponent zI,ql
2,1 . We show the same for

the Eulerian field in Fig. (3.7). Similarly, we calculate the degree-2,

order-p derivative time exponents by using a sixth-order finite differ-

ence scheme to obtain T D,ql
p,2 from which we calculate zD,ql

p,2 . In Fig. (3.8)

we show a representative plot of the T D,ql
6,2 versus r. We use a linear fit

to obtain the dynamic multiscaling exponent zD,ql
6,2 .

Our different dynamic multiscaling exponents and their errorbars

are calculated from loglog plots of the different time-scales versus the

separation in the same way as has been detailed for the case of the

equal-time exponents. In Table 1, we compare the dynamic multi-

scaling exponents obtained from our numerical simulation with those

obtained from the linear bridge relations (by using equal-time expo-

nents which are obtained from our DNS). We see that the dynamic

multiscaling exponents, obtained through these two different ways,

are in agreement with each other within errorbars (see Table 1).

We have shown systematically how different ways of extracting

time scales from time-dependent vorticity structure functions lead to

different sets of dynamic-multiscaling exponents, which are related in

turn to the equal-time multiscaling exponents by different classes of

bridge relations. Our extensive numerical study, the first of its kind

in fluid turbulence, of two-dimensional flows verifies explicitly that

such bridge relations hold. Importantly our work shows that in two-

dimensional turbulence the Ekman friction controls the size of the
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Figure 3.6: A loglog plot of T I,ql
2,1 versus the separation r; the data points are shown by

open red circles and the straight black line shows the line of best fit in the inertial

range.
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black line shows the line of best fit in the inertial range.
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order(p) ζp zI
p,1[Eq.(3.18)] zI

p,1 zD
p,2[Eq.(3.18)] zD

p,2

1 0.625 ± 0.003 0.375 ± 0.007 0.37 ± 0.02 0.541 ± 0.008 0.53 ± 0.02

2 1.131 ± 0.005 0.49 ± 0.02 0.48 ± 0.01 0.618 ± 0.009 0.62 ± 0.02

3 1.541 ± 0.005 0.58 ± 0.01 0.57 ± 0.01 0.66 ± 0.01 0.67 ± 0.01

4 1.895 ± 0.004 0.65 ± 0.01 0.65 ± 0.01 0.675 ± 0.008 0.66 ± 0.03

5 2.222 ± 0.008 0.67 ± 0.01 0.65 ± 0.02 0.70 ± 0.01 0.70 ± 0.02

6 2.544 ± 0.004 0.68 ± 0.01 0.66 ± 0.02 0.71 ± 0.02 0.71 ± 0.03

Table 3.1: Order-p (column 1); equal-time Eulerian exponents ζ
ql
p (column 2);

integral-scale dynamic-multiscaling exponent zI
p,1 (column 3) from the bridge rela-

tion and the values of ζ
ql
p in column 2; zI

p,1 from our calculation using time-dependent

structure functions (column 4); the derivative-time exponents zD
p,2 (column 6) from

the bridge relation and the values of ζ
ql
p in column 2; zD,u

p,2 from our calculation using

time-dependent structure function (column 7). The error estimates are obtained as

described in the text.

order(p) ζ
ql
p zI,ql

p,1[Eq.(3.18)] zI,ql
p,1 zD,ql

p,2 [Eq.(3.18)] zD,ql
p,2

1 0.625 ± 0.005 0.375 ± 0.005 0.37 ± 0.03 0.54 ± 0.01 0.53 ± 0.01

2 1.131 ± 0.005 0.49 ± 0.01 0.48 ± 0.01 0.62 ± 0.01 0.62 ± 0.01

3 1.540 ± 0.007 0.58 ± 0.01 0.57 ± 0.01 0.66 ± 0.02 0.67 ± 0.01

4 1.896 ± 0.006 0.65 ± 0.01 0.65 ± 0.01 0.67 ± 0.01 0.67 ± 0.03

5 2.221 ± 0.009 0.67 ± 0.02 0.65 ± 0.02 0.70 ± 0.01 0.70 ± 0.02

6 2.554 ± 0.007 0.68 ± 0.02 0.66 ± 0.02 0.71 ± 0.02 0.71 ± 0.02

Table 3.2: Order-p (column 1); equal-time quasi-Lagrangian exponents ζ
ql
p (column

2); integral-scale dynamic-multiscaling exponent zI
p,1 (column 3) from the bridge

relation and the values of ζ
ql
p in column 2; zI

p,1 from our calculation using time-

dependent structure functions (column 4); the derivative-time exponents zD
p,2 (col-

umn 6) from the bridge relation and the values of ζ
ql
p in column 2; zD,u

p,2 from our cal-

culation using time-dependent structure function (column 7). The error estimates

are obtained as described in the text.
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largest vortices and thus provides a cut-off scale. To see this more

clearly we performed a simulation with 10242 collocation points and a

forcing at wave-vector 80 with different values of µ. Such a simulation

resolves the inverse cascade regime in the statistically steady state.

In Fig. (??) we see that clearly with increasing values of µ a cut-off in

the inverse cascade occurs at larger and larger values of k. Or in other

words, Ekman friction produces a regularisation of the flow which in-

hibits infrared divergences. Thus the numerical evidence seems to

suggest that for such flows sweeping is eliminated and, hence, Eule-

rian and quasi-Lagrangian statistics lead to the same dynamic expo-

nents.

In conclusion, we find that our results are in close agreement with

those found in shell models for three-dimensional turbulence. Anal-

ogous studies in a DNS of three-dimensional, homogeneous, isotropic

turbulence still remains a challenge. Experimental studies of La-

grangian quantities in three-dimensional turbulence have been in-

creasing over the past few years [17]. We hope our work will encour-

age studies of dynamic multiscaling in such experiments.
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Appendix B

Algorithm for the Eulerian code

We consider the Navier-Stokes equation in 2D with periodic boundary

conditions. Our formulation uses the stream-function ψ and vorticity

ω. The velocity u is a function of the x and y coordinates only. The

vorticity, which is a pseudo-scalar, is defined as

ω ≡ ∇ × u. (B.1)

The incompressibility constraint

∂xux + ∂yuy = 0 (B.2)

ensures that the velocity is uniquely determined by the stream-function

via

u ≡ (−∂yψ, ∂xψ). (B.3)

The Navier-Stokes equation, in the ω − ψ formulation, can be written

as follows :

∂tω − J(ψ,ω) = ν∇2ω + f ; (B.4)

∇2ψ = ω; (B.5)

here

J(ψ,ω) ≡ (∂xψ)(∂yω) − (∂xω)(∂yψ). (B.6)

Our pseudospectral DNS proceeds along the following lines :
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We first write the Navier-Stokes equation in the following equiva-

lent form :

ψ̂ = − 1
k2
ω̂; (B.7)

∂tω + ∂x(uxω) + ∂y(uyω) = ν∇2ω + f , (B.8)

where ux and uy are, respectively, the x and y component of the velocity

vector u. f is the source function or the forcing. The spatial Fourier

transform of this equation is

∂tω̂ = ı(kxûxω + kyûyω) − νk2ω̂, (B.9)

where carets denote Fourier transformation. Our algorithm proceeds

via the following steps:

1. Start with ω̂ in Fourier space.

2. Evaluate the stream function ψ̂ and from it the velocities in Fourier

space ûx and ûy :

ψ̂ = − 1
k2
ω̂; (B.10)

ûx = ıkyψ̂; (B.11)

ûy = −ıkxψ̂. (B.12)

(B.13)

3. Inverse Fourier Transform (IFT) ω̂ to real space ω. IFT ûx → ux

and ûy → uy.

4. Evaluate ωux and ωuy in real space.

5. Fourier Transform (FT) ωux → ω̂ux and ωuy → ω̂uy. Let us define

N̂ = ı(kxûxω + kyûyω). (B.14)

Then the evolution equation (B.9) becomes:

∂tω̂ = N̂ − νk2ω̂. (B.15)
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6. We now solve this equation by using the second-order Runge–

Kutta scheme. Equation (B.15) can be written as

∂t(e
νk2tω̂) = eνk

2tN̂ . (B.16)

This suggests the following scheme

ω̂∗ = e−νk
2δt/2

{
ω̂n +

δt
2
N̂ [ω̂n]

}
; (B.17)

ω̂∗∗ = e−νk
2δtω̂n + δte−νk

2δt/2N̂ [ω̂∗]; (B.18)

ω̂n+1 = ω̂∗∗. (B.19)



Appendix C

Lagrangian particle tracking

In this Appendix we describe how a Lagrangian particle is tracked in

a 2D flow. Let us assume that the tracer particle is at a point (x, y)
where (x, y) does not correspond to any point on the Eulerian grid. Let

us assume therefore that this particle is somewhere inside a square

whose vertices are the Eulerian grid points (xi, y j), (xi+1, y j), (xi, y j+1),
and (xi+1, y j+1). To know the position of the particle at the next time

step, we need first to know the velocity of the particle at its present

position; then we use Newton’s laws to update the particle position at

the next time step. Thus, if (ux, uy) is the Eulerian velocity at the point

(x, y), then, after a time step δt, the particle will be in the new position

(x′, y′), where

x′ = x + uxδt;

y′ = y + uyδt. (C.1)

Therefore, to track a particle efficiently it is important to interpolate

the velocity field at an off-grid position from the known velocities at

the neighbouring grid points. The bilinear-interpolation method gives

the following interpolation formula for each component of u(x, y):

u(x, y) = u(xi, y j)
(xi+1 − x)(y j+1 − y)

(xi+1 − xi)(y j+1 − y j)
+

u(xi+1, y j)
(x − xi)(yi+1 − y)

(xi+1 − xi)(y j + 1− y j)
+

148
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u(xi, y j+1)
(xi+1 − x)(y − y j)

(xi+1 − xi)(y j+1 − y j)
+

u(xi, y j+1)
(x − xi)(y − y j)

(xi+1 − xi)(y j+1 − y j)
. (C.2)
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Chapter 4

Hyperviscosity, Galerkin

Truncation and Bottlenecks in

Turbulence

In this Chapter we study the bottleneck in the energy spectrum of tur-

bulent flows in three dimensions as well as the hyperviscous Burgers

equation. We interpret the bottleneck as stemming from incomplete

thermalization. The EQDNM calculations were done by S. Kurien and

J-Z. Zhu in Los Alomos and the work was done in collaboration with

U. Frisch. W. Pauls and R. Pandit. A. Wirth was the first person, to

our knowledge, to observe this phenomenon in the hyperviscous Burg-

ers equation in the 1990s. We follow Ref. [1] closely for most of this

Chapter.

A single Maxwell daemon embedded in a turbulent flowwould hardly

notice that the fluid is not exactly in thermal equilibrium because in-

compressible turbulence, even at very high Reynolds numbers, con-

stitutes a tiny perturbation on thermal molecular motion. Dissipa-

tion in real fluids is just the transfer of macroscopically organized

(hydrodynamic) energy to molecular thermal energy. Artificial mi-

croscopic systems can act just like the real one as far as the emer-

gence of hydrodynamics is concerned; for instance, in lattice gases

the “molecules” are discrete Boolean entities [2] and thermalization
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is easily observed at high wavenumbers [3]. Another example has

been found recently by Cichowlas et al. [4] wherein the Euler equa-

tions of ideal non-dissipative flow are (Galerkin) truncated by keep-

ing only a finite – but large – number of spatial Fourier harmonics.

The modes with the highest wavenumbers k then rapidly thermalize

through a mechanism discovered by T.D. Lee [5] and studied further

by R.H. Kraichnan [6], leading in three dimensions (3D) to an equipar-

tition energy spectrum ∝ k2. The thermalized modes act as a fictitious

microworld on modes with smaller wavenumbers in such a way that

the usual dissipative Navier–Stokes dynamics is recovered at large

scales 1.

All the known systems presenting thermalization are conservative.

As we shall show themalization may be present in dissipative hy-

drodynamic systems when the dissipation rate increases so fast with

the wavenumber that it mimics ideal hydrodynamics with a Galerkin

truncation. This is best understood by considering hydrodynamics

with hyperviscosity: the usual momentum diffusion operator (a Lapla-

cian) is replaced by the αth power of the Laplacian, where α > 1 is the

dissipativity. Hyperviscosity is frequently used in turbulence model-

ing to avoid wasting numerical resolution by reducing the range of

scales over which dissipation is effective [7].

The unforced hyperviscous 1D Burgers and multi-dimensional in-

compressible Navier–Stokes (NS) equations are:

∂tv + v∂xv = −µkG
−2α(−∂2

x)
αv; (4.1)

∂tv + v · ∇v = −∇p − µkG
−2α(−∇2)αv; ∇ · v = 0 . (4.2)

The equations must be supplemented with suitable initial and bound-

ary conditions. We employ 2π-periodic boundary conditions in space,

so that we can use Fourier decompositions such as v(x) =
∑

k v̂k ei k·x.

1A similar mechanism, involving sound waves, explains why superfluid and ordinary turbulence

can be similar; see C. Nore, M. Abid, and M.E. Brachet, Phys. Rev. Lett. 78, 3896 (1997).
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Note that minus the Laplacian is a positive operator, with Fourier

transform k2, which can be raised to an arbitrary power α. The coef-

ficient µ is taken positive to make the hyperviscous operator dissipa-

tive. The Galerkin wavenumber kG > 0 is chosen off-lattice so that no

wavenumber is exactly equal to kG. In Fourier space the hyperdissipa-

tion rate is µ(k/kG)2α, where k ≡ |k|.
If we now hold µ and kG fixed and let α → ∞ we see that the hy-

perdissipation rate tends to zero, for k < kG, and to infinity, for k > kG.

This implies that in the limit of infinite dissipativity, the solution of a

hyperviscous hydrodynamical equation converges to that of the corre-

sponding inviscid equations Galerkin-truncated at wavenumber kG.

To define inviscid Galerkin truncation precisely, we rewrite Eqs. (4.1)

and (4.2) in the abstract form ∂tv = B(v, v)+ Lαv, where B is a quadratic

form representing the nonlinear term (including the pressure p in the

NS case). The truncation projector PkG is the linear, low-pass filter-

ing operator that, when applied to v, sets all Fourier harmonics with

k > kG to zero. The inviscid, Galerkin-truncated equation, with initial

condition v0, is

∂tu = PkGB(u, u), u0 = PkGv0 . (4.3)

Since u can be written in terms of a finite number of modes with k < kG,

Eq. (4.3) is a dynamical system of finite dimension. In addition to

momentum, it conserves the energy and other quadratic invariants for

the inviscid equations [6]. There is good numerical evidence – but no

rigorous proof – that the solutions of the Galerkin-truncated inviscid

Burgers and 3D Euler equations tend, at large times, to statistical

equilibria defined by their respective invariants.

A rigorous proof of the convergence, as α → ∞, of solutions of

the hyperviscous Burgers equation (4.1) and of the hyperviscous NS

equation (4.2) in any dimension to those of the associated Galerkin-

truncated, inviscid equation will be given elsewhere. It uses standard

tools of functional analysis; note that the formidable mathematical
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difficulties that beset the ordinary (α = 1) 3D NS equation disappear

for α ≥ 5/4 [8].

From a physicist’s point of view the convergence result looks rather

obvious, though it has hardly been noted before (see, however, Refs. [9,

10, 11]): as α → ∞ all the modes with k > kG are immediately sup-

pressed by an infinite dissipation, whereas those with k < kG obey

inviscid truncated dynamics. Not surprisingly, the fate of couplings

between triads of modes whose wavenumbers straddle kG is a deli-

cate point. In a Galerkin truncation any such triad should be left

out. It may be shown that for α → ∞ such straddling couplings

are suppressed, not only for the Burgers and NS equation but also

for the hyperviscous magnetohydrodynamical equations and for some

turbulence closures, specifically, the Direct Interaction Approximation

(DIA) [9] and the Eddy-Damped-Quasi-Normal-Markovian (EDQNM)

approximation [12]. Hence the convergence to the corresponding Galerkin-

truncated equations holds for all the aforementioned equations in any

dimension of space.

There are, however, interesting exceptions among hydrodynamical

equations for which the result does not hold. They include the kinetic

theory of resonant wave interactions [13] and the Markovian Random

Coupling Model [14]. Indeed, the resonant wave interaction theory

arises in the limit when the period of the waves goes to zero and this

limit does not commute with the limit of a vanishing damping time for

modes having k > kG; a similar remark can be made about the MRCM

equation.

Let us stress that systems with a finite dissipativity – however

large – are quite different from Galerkin-truncated systems. For ex-

ample, consider the 3DNS equation with a random force, delta-correlated

in time, for which we know the mean energy input ε per unit volume.

It is still true that, for α → ∞, the solution of this equation converges

to that of the Galerkin-truncated equation, but this time with a ran-
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dom force. If E0 is the initial energy, this solution has a mean energy

E(t) = E0 + εt, which grows indefinitely in time. But, as soon as α is

given a finite value, however large, a statistical steady state, in which

energy input and hyperviscous energy dissipation balance, is achieved

at large times. Such a steady state presents an interesting interplay

of thermalization and dissipation, when α is large, as we show below.

The direct numerical simulation (DNS) of the Galerkin-truncated

3D Euler equations in Ref. [4] used 16003 Fourier modes. Large-α sim-

ulations of Eq. (4.2) would require significantly higher resolution to

identify the various spectral ranges that we can expect, namely, in-

ertial, thermalized, and far-dissipation ranges and transition regimes

between these. Fortunately, Bos and Bertoglio [15] have shown that

key features of the Galerkin-truncated Euler equations, such as the

presence of inertial and thermalized ranges, can be reproduced by the

two-point EDQNM closure [12] for the energy spectrum. For Eq. (4.2),

with stochastic, white-in-time, homogeneous and isotropic forcing with

spectrum F(k), the hyperviscous EDQNM equations are
∂t + 2µ

(
k
kG

)2α E(k, t) =
∫∫

△k

dpdq θkpq ×

b(k, p, q)
k
pq

E(q, t)
[
k2E(p, t) − p2E(k, t)

]
+ F(k) ,

θkpq =
1

µk + µp + µq
, b(k, p, q) =

p
k

(xy + z3) ,

µk = µ

(
k
kG

)2α

+ λ

[∫ k

0
p2E(p, t)dp

]1
2

.



(4.4)

Here E(k, t) is the energy spectrum, △k defines the set of p ≥ 0 and q ≥ 0
such that k, p, q can form a triangle, x, y, z are the cosines of its angles

and the eddy-damping parameter λ is expressed in terms of the Kol-

mogorov constant. The EDQNM equations have been studied numeri-

cally for more than three decades [16], but their hyperviscous versions

Eq. (4.4) present new difficulties that we overcome as follows. Since
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we are interested in the steady state we use an iterative method: the

emission term, E(p, t)E(q, t) in Eq. (4.4), is considered as a renormaliza-

tion of the force F(k); the absorption term, E(q, t)E(k, t), is treated as a

renormalization of the hyperviscous damping [17]. We then construct

a sequence of energy spectra that, at stage n + 1, is just the renormal-

ized force divided by the renormalized damping, both based on stage

n. This gives rapid convergence to the steady state at low wavenum-

bers; but, beyond a certain (α-dependent) wavenumber, convergence

slows down dramatically and it is better to use time marching to ob-

tain the steady state. At large values of k and α the problem becomes

very stiff, so we use a slaved fourth-order Runge–Kutta scheme [18].

We discretize k logarithmically, with Nc collocation points per octave.

Triad interactions involving wavenumber ratios significantly larger

than Nc are poorly represented [19]; so, since wavenumber ratios of

up to 50 play an important role for large α, we have used Nc . 90; this
is computationally demanding because the complexity of the code is

O(N3
c ). We force at the lowest wavenumber (k = 1) in our numerical

study of Eq. (4.4) with kG = 105, λ = 0.36, and 1 ≤ α ≤ 729. The result-

ing compensated, steady-state energy spectra k+5/3E(k) are shown in

Fig. 4.1; flat regions, extending over two to five decades of k (depend-

ing on α), are close to the Kolmogorov inertial range; for large α there

is a distinct thermalized range with E(k) ∼ k2 (also found in the tran-

sition between classical and quantum superfluid turbulence [20]), as

we expect from our discussion of the Galerkin-truncated Euler equa-

tions 2. In the far-dissipation range k > kG the spectra fall off very

rapidly 3. For all values of α the far-dissipation range is preceded by a

bump or bottleneck. It is also observed, in some experiments [21] and

DNS of Navier–Stokes, with a shape that is quite independent of the

2A scaling argument suggests that the width of the thermalized range grows as α1/4 (up to loga-

rithms); checking this numerically at high α is difficult because there is a boundary layer near kG, of

width O(kG/α), in which a transition occurs from very small to very large dissipation.
3Dominant balance gives for the leading term a decreasing exponential with a k2α+1 prefactor for

the 3D EDQNM case and a k2α−2 prefactor for the 1D Burgers case.
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Reynolds number [22]. The bottleneck for α = 1 has previously been

explained as the inhibition of the energy cascade from low to high

wavenumbers because of viscous suppression of the cascade in the

dissipation range [23]. Our work provides an alternative explanation:

the usual bottleneck may be viewed as incomplete thermalization.

At large values of α the thermalized range gives rise to an eddy vis-

cosity νeddy. This acts on modes with wavenumbers lower than those in

the thermalized range; the corresponding damping rate is νeddyk2. The

eddy viscosity can be expressed as an integral over the thermalized

range [15, 19]. As α grows, so does νeddy and, eventually, the renor-

malized viscous damping overwhelms the hyperviscous damping for

modes at low wavenumbers (below those in the thermalized range).

The dynamics of these modes is then governed by the usual α = 1
equation. Not surprisingly, then, we find a pseudo-dissipation range

around k ≃ 104 that is shown in an expanded scale in the inset of

Fig. 4.1; a similar range for the Galerkin-truncated case is discussed

in Ref. [15] and is already visible in the DNS of Ref. [4]. For large

α the inset of Fig. 4.1 also shows a secondary bottleneck range for

103 < k < 104; this may be viewed as the usual (α = 1) EDQNM bottle-

neck stemming from νeddy
4.

Our results apply to compressible flows also. We have studied the

simplest instance, that is the unforced hyperviscous 1D Burgers equa-

tion (4.1) 5. Its solution converges to the entropy solution, i.e., the

standard solution with shocks, obtained when kG → ∞ for any α ≥ 1
[24]. Here we are interested in the large-α behavior at fixed kG. We

do not have to resort to closure now since we can solve the primitive

equation (4.1) directly by a pseudospectral method. If we choose a

single initial condition the resulting spectrum is noisy because, un-

4The secondary bottleneck overshoots by ≃ 3 − 5%, compared to ≃ 20% for the usual bottleneck,

perhaps because of higher-order terms in the renormalized damping, which are beyond the eddy-

viscosity approximation.
5It is easily shown that the ordinary Burgers equation produces no bottleneck.
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Figure 4.1: Log-log plots of the compensated spectrum k5/3E(k) versus k from a nu-

merical integration of the hyperviscous EDQNM Eq. (4.4) for different values of α;

inset: enlarged spectra showing a secondary bottleneck (see text).
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like the ordinary Burgers equation, its Galerkin-truncated version

and thus also the high-α versions are believed to be chaotic dynam-

ical systems [25]. So we solve (4.1) with the two-mode random initial

condition v0(x) = sinx + sin(2x + φ), where φ is distributed uniformly

in the interval [−π, π]. We use 214 collocation points and set µ = 1,
kG = 342.1 and α = 1000.

In Fig. 4.2 we show the Burgers energy spectrum E(k) =| ṽ(k) |2,
averaged over 20 realizations of the phase φ at various times. At

the latest output times the spectrum is almost completely flat, i.e.,

thermalized, with equipartition of the energy between all the Fourier

modes. At earlier times E(k) behaves approximately as k−2 in an iner-

tial range that corresponds to shocks in physical space; there is a ther-

malized range at higher wavenumbers up to kG; for k > kG the spectrum

falls very rapidly. In Figs. 4.3 and 4.4 we show some more representa-

tive plots showing the effects of thermalisation for different values of

α. No pseudo-dissipation range is observed here between the inertial

and thermalized ranges as seen in the 3D NS case (Fig. 4.1). Perhaps

the data are too noisy, but a careful examination of v(x) in physical

space indicates that this phenomenon might arise from the compress-

ible nature of the Burgers dynamics: thermalization begins over the

whole physical range (as high-frequency noise with wavenumber ≈ kG);

noise generated close to shocks is absorbed by them and not enough is

left to produce any appreciable eddy viscosity that could broaden the

shocks.

We now summarize our main findings from the study of hypervis-

cous hydrodynamical equations with powers α of the Laplacian rang-

ing from unity to very large values.

The simplest results are obtained for very large α. The solutions

of the 1D Burgers equation or the Navier–Stokes equations in any

space dimension d are then very close to the solutions of the corre-

sponding Galerkin-truncated equations, displaying thermalization at
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wavenumbers below kG. The detailed scenario will of course be af-

fected by the dimension of space. In 3D, with enough resolution, we

may be able to observe up to five ranges: an inertial range, a sec-

ondary bottleneck, a pseudo-dissipation range, a thermalized range,

and a far dissipation range. Because of enstrophy conservation and of

the predominance of Fourier-space nonlocal interactions, the 2D case

is rather special and deserves a separate study6.

The most relevant case is of course that of ordinary dissipation

(α = 1). The energy-spectrum bottleneck generally observed at high

Reynolds numbers in 3D incompressible turbulence may be viewed

as an incomplete thermalization: as we increase α larger and larger

bottlenecks are present, eventually displaying thermalization on their

rising side.

We finally deal with the case of moderately large α of the sort used

in many simulations [7]. How safe is this procedure and what kind of

artifacts can we expect?

Using large values of α in simulations to “avoid wasting resolution”

is hardly advocated by anybody, but we now understand what goes

wrong: a huge thermalized bottleneck will develop at high wavenum-

bers, whose action on smaller wavenumbers is an ordinary α = 1 dis-

sipation with an eddy viscosity much larger than what would be per-

missible in a normal α = 1 simulation.

When α is chosen just a bit larger than unity (e.g. α = 2 which is

standard in oceanography [7]) the advantage of widening the inertial

range may be offset by artifacts at bottleneck scales; indeed, even an

incomplete thermalization will bring the statistical properties of such

scales closer to Gaussian, thereby reducing the rather strong intermit-

tency which would otherwise be expected 7. For similar reasons spu-

6In the 2D case several aspects other than thermalization can be captured by the linear hypervis-

cous theory of Ref. [10].
7For α = 1 a lull in the growth of intermittency at bottleneck scales may already be observed; cf.

Fig. 2 Panel R4 of J.-Z. Zhu, Chin. Phys. Lett. 8, 2139 (2006).
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rious isotropization can be expected for problems with an anisotropic

constraint, such as rapidly rotating or stratified flow or MHD with a

strong uniform magnetic field.
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Chapter 5

Bottlenecks in the Hyperviscous

Burgers Equation and their

Real-space Manifestations

A first step in the statistical characterization of fluid turbulence, in ex-

periments and theory, is the measurement of the distribution of fluid

kinetic energy amongst the Fourier modes k, i.e., the energy spectrum

E(k). In a statistically steady state and in the inertial range of length

scales r, which lie between the large length scale L (small wavenum-

bers) and the dissipation length scale ηd (large wavenumbers), the en-

ergy spectrum typically shows a power law scaling E(k) ≡ |ũ(k)|2 ∼ k−n,

where ũ(k) is the Fourier modes of the velocity field, before falling off

exponentially in the dissipation range. The exponent n is close to 5/3

in 3D turbulence and 2 in the ordinary, deterministic Burgers equa-

tion [1]. In a variety of experiments [2] and numerical simulations

[3] it has been seen that there is often a non-monotonic cross over

from the power-law inertial range to the exponential dissipation range

in the energy spectrum. This manifests itself as a bump, commonly

called a bottleneck, between the inertial and dissipation scales. A key

problem in fully developed turbulence is to understand the origins

of this bottleneck. In this Chapter we elucidate how this bottleneck

comes about in the one-dimensional, hyperviscous Burgers equation
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and provide a theoretical framework for understanding our results

from direct numerical simulations (DNS). Our work here builds on

the work of Ref. [4]. We show, in particular, that, in real space, the

bottleneck manifests itself as oscillations in the velocity field.

The one-dimensional hyper-viscous Burgers equation for the veloc-

ity field u(x, t), at point x and time t, is

∂u(x, t)
∂t

+ u(x, t)
∂u(x, t)
∂x

= −να
(
−∂

2

∂x

)α
u(x, t) + f (x), (5.1)

where the coefficient of viscosity is denoted by ν, the degree of dissipa-

tivity is determined by the exponent α, and f (x) is an external force.

To begin with we choose the initial condition u(x, 0)= sinx and the forc-

ing f (x) = sinx. We note in passing that the ordinary Burgers equation

is recovered by setting α = 1. For large α >> 1 and with f (x) = 0, it was

shown recently that the solution thermalises at long times and the

thermalisation is the underlying reason for bottlenecks seen in such

solutions. This phenomenon has been described in detail in Chapter

4 of this Thesis and in Ref. [5]. In this Chapter we concern ourselves

with steady-state solutions of Eq. (5.1) and moderate values of α (=

2,4,8,16).

It is useful to recall that, in complex physical space, the hypervis-

cous Burgers equation can be shown to have simple pole singularities,

which can be derived simply through the method of dominant balance

as follows. In the steady state we can ignore the term which has a

time-derivative. Next, by making the change of variable X ≡ x/νβα,

where β = 1
2α−1, in Eq. (5.1) we obtain the equation for the inner solu-

tion ui(X) of the hyperviscous Burgers equation :

d
dX

(ui2

2

)
= (−1)α+1 d2α

dX2α
ui
+ ν

2αβ−1
α sin(νβX). (5.2)

In the asymptotic case of small viscosity, by ignoring the term ν2αβ−1 sin(νβx)
and solving the equation in complex z-space, we obtain the solution

ui(z) ∼ Dα(z − z∗)
ρα, (5.3)
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where

ρα = −2α + 1 (5.4)

and

Dα = 2(−1)α+1
2α−2∏

m=0

(−2α − m) (5.5)

We solve the hyperviscous Burgers equation by using a pseudo-

spectral method with 2/3 de-aliasing scheme and a fourth-order Runga-

Kutta method for integration in time [?]. For dimensional reasons,

the dissipative term is normalised by a factor k−(2α−2)
d , where kd is a ref-

erence wavenumber. We choose N = 214 collocation points, ν2 = 5×10−3,

ν4 = 5 × 10−8, ν8 = 5 × 10−14, ν16 = 10−20, the time step δt = 10−4, and

kd = 100. Our choice of parameters is dictated by the need to have

a sufficiently large inertial range and the thinnest possible boundary

layer straddling the shock. We also keep in mind that, for arbitrarily

large kd and an arbitrarily small να, the hyperviscous Burgers equa-

tion reduces to the Galerkin-truncated equation and thermalisation

sets in as discussed in Chapter 4.

We begin by looking at the evolution of the total kinetic energy

E(t) =
∑

k |ũ(k, t)|2 with time in Fig. (5.1) for the four different values of

α, namely, α = 2, 4, 8, and 16. In the steady state we find that for all

values of α, the total energy is equal to 2 [shown as a thick black hori-

zontal line in Fig. (5.1)]. We now show how to derive this analytically.

Once the steady state is reached we can drop the ∂tu(x, t) term from

the Burgers equation to obtain

d
dx

(u2/2) = (−1)α+1να
d2α

dx2α
u + sinx. (5.6)

To leading order, we can neglect the hyperviscous term to obtain the

leading-order solution

u0 = sgn(π − x)
√

2(1− cosx),

i.e.,

u0 = sgn(π − x)2 sin(x/2). (5.7)
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Figure 5.1: Plot of the total energy E(t) versus time for α = 2, 4, 8, 16. In the steady

state the total energy saturates to E(t) = 2 as obtained via theoretical arguments

(see text).
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From Eq. 5.7, we can calculate the total kinetic energy E0 =
∫

u2
0dx =

2, the steady state result from our DNS (see the thick black line in

Fig. (5.1)).

We now calculate the energy spectra for the different values of α.

These are shown in Fig. ( 5.2) in which the thick black line corre-

sponds to the inertial-range scaling law k−2. For the sake of clarity,

in the Figure, we do not show E(k), for α = 4, 8 and 16, for values of

k larger than the ones shown because the large dissipativity α makes

E(k) fall rapidly to values close to roundoff noise. To observe the bottle-

neck, it is best to look at the compensated energy spectra Ec ≡ k2E(k);
this is shown in Fig. ( 5.3) for α = 2, 4, 8 and 16. The bottlenecks, which

appear as bumps between the horizontal inertial ranges and the dis-

sipation ranges, becomes more and more prominent as we increase α

and they appear at wavenumbers Kα
b . An expanded view of the bot-

tlenecks, given in Fig. ( 5.4), shows their structure of the bottleneck

– a bump with a peak at Kα
b . The width of this bump decreases as α

increases. We now seek to provide an explanation of such bottlenecks.

In Ref. [4], it was shown that the solution of the hyperviscous Burg-

ers equation, in the vicinity of the shock, shows damped oscillations.

These solutions were obtained numerically by using low resolution

spectral methods. Our high-resolution pseudospectral DNS extends

the study of Ref. [4] considerably. Furthermore it helps us to es-

tablish a link between these real-space oscillations and Fourier-space

bottlenecks; this link has not been noticed in earlier studies.

Let us first look at the steady solution of the hyperviscous Burgers

equation for various values of α in Fig. ( 5.5). As is clear from the

figure, our numerical solution agrees with the asymptotic result uo(x)
(Eq 5.7), shown in black, away from the shock. Around the region of

the shock (x = π), there are oscillations, which are clearly visible when

we zoom in to the region close to the shock as shown in Fig. ( 5.6).

In order to characterise these oscillations, it is useful to look at the
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Figure 5.2: A loglog plot of the energy spectrum E(k versus k for different values of

α. The black line is a guide to the eye to show the inertial range scaling E(k) ∼ k−2.
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range.
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Figure 5.5: The steady state DNS solution u(x) versus x for different values of α.

At points away from a thin layer around the shock at x = π the solution is in excel-

lent agreement with the outer solution shown in black. Near x = π we see strong

oscillations and, hence, deviation from the outer solution.
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deviation ud(x) = u(x) − u0(x) as shown if Fig. ( 5.7). It is evident from

the figures that the oscillations have a characteristic wavelength λα

and the amplitude of the oscillations decays as we move away from

the thin layer around the shock region. We have measured the wave-

length of these oscillations carefully and have found that, for α = 8
and α = 16, the wavelengths are λ8 = 0.006 and λ16 = 0.012, respec-
tively. From the plots of compensated spectra in Figs. 6.3 and 6.4 we

find K8
b = 1042and K16

b = 512 for α = 8 and 16, respectively. These val-

ues are consistent with our results for λ8 and λ16 because 2π/K8
b ≈ 0.006

and 2π/K16
b ≈ 0.012. We thus provide strong numerical evidence that

the real-space manifestation of the bottleneck in the energy spectrum

of the hyperviscous Burgers equation is the oscillatory behaviour of

the solution in a thin boundary layer around the shock : a Fourier

transform of such oscillations gives a peak in k space at a wavenum-

ber equal to the wavenumber of the oscillations. This is also consis-

tent with what is known for the ordinary (α = 1) Burgers equation:

In Ref. [4] it is shown that the ordinary Burgers equation does not

have any oscillatory behaviour around the shock region; and we also

know from a variety of numerical simulations that no bottleneck in

the energy spectrum exists for this equation.

The bottleneck in the energy spectrum of the hyperviscous Burgers

equation is not a sharp, delta-function (Figs. 6.3 and 6.4). We show

now that the width of the bottleneck peak is related to the decay of

the envelope of the oscillations as we move away from the position of

the shock. In the domain 0 ≤ x ≤ π, let us denote the oscillatory part of

the solution to be uαd = Aα(π− x) sin(Kα
b (π− x)), where π− x is the distance

from the shock. (The symmetry of the solution ensures that the region

π ≤ x ≤ 2π will have the same form.) We have measured Aα(π − x) as a

function of (π− x) for α = 8 and α = 16as shown in Figs. (5.8) and Figs.

(5.10); semilog plots of Aα(π− x) versus (π− x) are shown Fig. (5.9) and

Fig. (5.11). As is evident from the plots our data is consistent with the
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exponential decay

Aα = exp[−x/ξα]. (5.8)

For α = 8, ξ8 = 0.008± 0.003and α = 16, ξ16 = 0.038± 0.001. We also find

that the full-width-at-half-maximum of the bottleneck bumps in Figs.

(6.3) and (6.4) are comparable to ξ−1
α .

In this Chapter we have shown conclusively that bottlenecks in the

energy spectrum of the hyperviscous Burgers equations have clear

real space manifestations. In particular, our work shows that such

bottlenecks are inevitable in the presence of hyperviscosity. Further-

more, the bottleneckmanifests itself as oscillations in u(x) in the vicin-

ity of the shock.
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Figure 5.6: The steady state DNS solution u(x) versus x for α = 2, 4, 8 and 16 close to

x = π. We see strong oscillations whose wavelength and amplitude depend strongly

on α. The amplitude of these oscillations decays as we move away from the shock

region.
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Figure 5.7: Plots of the deviation of the DNS steady solution from the outer solution,

ud(x) = u(x)− u0(x), versus x around x = π. These give clear evidence of oscillations in

the vicinity of the shock at x = π; the wavelength of these oscillations increases with

α as does the length ξα over which these oscillations get damped.
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Figure 5.8: A plot of the amplitude Aα(π− x) versus the distance from the shock π− x
for α = 8. The line connecting the data points, shown in red *, is a guide to the eye.

As we move away from the shock at x = π the amplitude of the oscillations decay

exponentially.
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Figure 5.9: A semilog of Aα(π− x), shown as red *, versus the distance from the shock

π − x for α = 8. The shock is at x = π. The black line is a linear fit; the plot is a clear

signature that A8(π − x) decays exponentially with (π − x).
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Figure 5.10: A plot of the amplitude Aα(π − x) versus the distance from the shock

π − x for α = 16. The line connecting the data points, shown in red *, is a guide to

the eye. As we move away from the shock at x = π the amplitude of the oscillations

decay exponentially.
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Figure 5.11: A semilog of Aα(π − x), shown as red *, versus the distance from the

shock π − x for α = 16. The shock is at x = π. The black line is a linear fit; the plot is

a clear signature that A16(π − x) decays exponentially with (π − x).
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Chapter 6

Extended Self Similarity for the

Burgers Equation

6.1 Introduction

Extended Self-Similarity (ESS) was discovered in Ref. [1]. It is the

empirical observation that, in fully developed turbulence, when plot-

ting velocity structure functions of order p versus, say, the structure

function of order three, rather than in the traditional way where they

are plotted versus the separation, then the range over which clean,

power-law scaling is observed can be substantially increased. This has

improved the determination of the scaling exponents ζp of the struc-

ture functions of order p — or at least of ratios of such exponents —

and has played a key role in confirming that three-dimensional, high-

Reynolds-number, incompressible turbulence does not follow the [2]

scaling law ζp = p/3, but instead has anomalous scaling, with expo-

nents that cannot be obtained solely through dimensional arguments.

In this Chapter we revisit the problem of Extended Self-Similarity,

principally for the Burgers equation, and also make predictions for

the 3D Navier–Stokes equation. This work benefitted greatly from

collaborations with U. Frisch and S. Chakraborty and the remaining

part of this Chapter follows Ref. [3] closely.
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In spite of several attempts to explain the success of ESS [4, 5, 6,

7, 8], the latter is still not fully understood and we do not know how

much we can trust scaling exponents derived by ESS. It would be nice

to have at least one instance for which ESS not only works, but does

so for reasons we can rationally understand. A very natural candidate

is the one-dimensional Burgers equation. Early attempts to test ESS

on the Burgers equation did not show any appreciable increase in the

quality of scaling through the use of ESS. As we show below, the con-

clusion that “ESS does not work for the Burgers equation” [9] was just

a reflection of the computational limitations of the early 1990s.

In Section 6.2 we recall some basic facts and notations for ESS in

three-dimensional Navier–Stokes turbulence. Then in Section 5.3 we

turn to the Burgers equation and present new numerical evidence

that ESS works for Burgers, provided high enough spatial resolution

is used. In Section 6.4 we use asymptotic theory to explain in de-

tail why ESS works for the Burgers case. Finally, in Section 6.5 we

examine the possible lessons from our Burgers ESS study for three-

dimensional Navier–Stokes turbulence.

6.2 ESS in a nutshell

Consider the three-dimensional Navier–Stokes (3DNS) equation

∂tv + v · ∇v = −∇p + ν∇2v, ∇ · v = 0. (6.1)

For the case of homogeneous, isotropic turbulence, (longitudinal) struc-

ture functions of integer order p are defined as

S p(r) ≡ 〈(
δv‖(r )

)p〉
, (6.2)

in terms of the longitudinal velocity increments

δv‖(r ) ≡ [v(x + r ) − v(x)] · r
r
, (6.3)
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where r ≡ |r |. There is experimental and numerical evidence that, at

high Reynolds numbers, structure functions follow scaling laws [10,

11]

S p(r) ∝ rζp (6.4)

over some range of separations (the inertial range) L ≫ r ≫ ηp. Here

L is the integral scale and ηp the dissipation scale. The latter may

depend on the order p [12, 13].

Of course, the dominant-order behaviour given by (6.4) is accompa-

nied by subdominant corrections involving the two small parameters

characteristic of inertial-range intermediate asymptotics, namely r/L
and ηp/r. The simplest would be to have

S p(r) = Cprζp
(
1+ DIR

p (r/L)gIR
p + DUV

p (ηp/r)gUV
p

)
+ h.o.t. , (6.5)

where h.o.t. stands for “higher-order terms” and where gIR
p > 0 and

gUV
p > 0 are the infrared (IR) and ultraviolet (UV) gaps, respectively.

For a given Reynolds number and thus a given ratio L/ηp, the smaller

the gaps and the constants DIR
p and DUV

p , the larger the range of sepa-

rations over which subdominant corrections remain small.

The ESS is an operational procedure that effectively enlarges the

range of separations over which dominant-order scaling is a good ap-

proximation. In its simplest formulation, one considers two integer

orders n and m and plots |S n(r)| vs |S m(r)| and finds empirically that the

scaling relations

|S n(r)| ≈ |S m(r)|α(n,m) , (6.6)

with suitable exponents α(n,m), hold much better than (6.4). One par-

ticularly interesting instance of this procedure is when m = 3. We then

know from [2] that to dominant order we have the four-fifths law [11]

S 3(r) = −4
5
εr , (6.7)

where ε is the mean energy dissipation per unit mass. Thus, the

third-order structure function (divided by −(4/5)ε) may be viewed as
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a deputy of the separation r. A variant of the ESS, which frequently

gives even better scaling, is to use alternative structure functions, de-

fined with the absolute values of the longitudinal velocity increments,

namely

Fp(r) ≡
〈∣∣∣δv‖(r )

∣∣∣p
〉
. (6.8)

It is then found empirically that

Fn(r) ≈ Fm(r)β(n,m) , (6.9)

with suitable scaling exponents β(n,m). Whatever its empirical merits,

the variant procedure has the drawback that there is no equivalent to

the four-fifths law for the third-order structure function with the ab-

solute value of the longitudinal velocity increment. Thus we cannot

safely use F3(r) as a deputy of r. We shall come back to this in Sec-

tion 6.5.

6.3 ESS revisited for the Burgers equation

The one-dimensional Burgers equation

∂tu + u∂xu = ν∂
2
xu; u(x, 0) = u0(x), (6.10)

which was introduced originally as a poor man’s Navier–Stokes equa-

tion [14], has some dramatic differences with three-dimensional Navier–

Stokes (3DNS) turbulence. Foremost of these is that it is integrable

[15, 16] and — as a consequence — does not display self-generated

chaotic behaviour. Nevertheless it does display anomalous scaling in

the following sense: superficially, the K41 theory [2] is applicable to

the Burgers equation as much as it is to 3DNS. However, when start-

ing with smooth initial data u0(x), the evolved solution displays shocks

in the limit of vanishing viscosity ν. Thus ζp = 1 for p ≥ 1. When

the Reynolds number is finite, structure functions will display scal-

ing only over a limited range of separations r. Therefore, the Burgers
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equation may be a good testing ground for ESS and also perhaps for

understanding why and when it works. Such considerations did not

escape the creators of the ESS technique. Unfortunately, no clean

scaling for structure functions is observed with the Burgers equation,

either in the standard representation or in ESS, as long as simula-

tions are done with the spatial resolution easily available in the early

nineties, namely, a few thousand collocation points. Scaling emerges

only at much higher spatial resolutions with 128K (128×1024) Fourier
modes and becomes fully manifest with 256K modes, which is now

also the highest resolution achievable numerically within a time span

of a few weeks.

Let us now explain our numerical strategy for studying ESS with

the Burgers equation. Our goal in doing preliminary numerical exper-

iments is to understand ESS in a rational way, starting from the basic

equations. For this it is advisable to keep the formulation minimally

complex. For example, there is no need at first to assume random

initial conditions: we can just take an L-periodic initial condition and

define the structure functions by integrating over the period:

S p(r) ≡ (1/L)
∫ L

0
dx [u(x + r, t) − u(x, t)] p. (6.11)

We shall mostly work with a very simple single-mode model for which

the initial condition is 2π-periodic, deterministic, and has a single

Fourier mode, i.e.,

u0 = sinx. (6.12)

As we shall see in Section 6.4, it is easy to extend the theory from

the deterministic to the random case.

We integrated the Burgers equation (6.10) with the initial condition

(6.12) by using a pseudo-spectral method with N collocation points

and a two-thirds alias-removal rule. Time stepping was done in dou-

ble precision by a fourth-order Runge–Kutta scheme with a constant

time step δt. The viscous term was handled by the slaving technique
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Figure 6.1: Compensated sixth-order structure function in standard (continuous

line) and ESS (dashed line) representations.
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known as ETDRK4 described in [17], which allows taking a time step

about ten times larger than would be permitted with a direct handling

of the viscous term. (It was pointed out by [18] that ETDRK4 can

produce numerically ill-conditioned cancellations; following a sugges-

tion of Zhu (private communication), we handled these by performing

Taylor expansions to suitable order rather than by the complex-plane

method proposed by [18].) This results not only in considerable speed-

up but in much less accumulation of rounding noise.

The parameters of the run were N = 256K and δt = 10−5. Output

was processed at t = 2, well beyond the time of appearance of the first

shock at t = t⋆ = 1 .

Figure 6.1 shows the compensated structure function — that is

divided by the theoretically predicted inertial-range dominant term

— of order six in both the standard representation and in a variant of

the ESS representation. Our variant uses

S̃ 3(r) ≡ S 3(r)
−12ε

, (6.13)

where ε ≡ −(1/L)(d/dt)
∫ L

0
dx u2/2 is the mean energy dissipation. It

is easy to show that the Burgers counterpart of the four-fifth law for

fluid turbulence is a “minus twelve” law [19], which makes S̃ 3 the ap-

propriate deputy of the separation r. In our opinion it is important

to chose the constant in the definition of S̃ 3 in such a way that it be-

comes r with a unit factor (to dominant order). Otherwise an ESS plot

in log-log coordinates may show an overall improvement in quality

of scaling, without our being able to disentangle the small-separation

(UV) improvement from the large-separation (IR) improvement. As

we shall see, both are present in general and have quite different ori-

gins.

A comparison of the two plots of compensated structure functions

in Fig. 6.1 show that the ESS represents a substantial improvement

in scaling both at the IR and UV ends. This is the first evidence that
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ESS works for the Burgers equation. Next we shall understand why

it works.

6.4 Asymptotic theory of ESS for the Burgers equa-

tion

We now give the theory for improved ESS scaling when p ≥ 3, first for
the single mode case and then for the case of random solutions.

To handle the infrared (IR) contributions to the structure functions

we can work with an infinitely sharp shock by taking ν → 0. The

dominant contribution to structure functions of integer order comes

clearly from intervals [x, x+ r] which straddle the shock location xS (in

this Section the time variable is written explicitly only when needed).

It is also easily shown that for p ≥ 3 the first-order subdominant con-

tributions comes from the small changes of the velocity, immediately

to the left and the right of the shock, which are expressible by Taylor

expanding the velocity to first order in these two regions [20]:

u(x) = u− + (x − xS)s− + h.o.t., u(x) = u+ + (x − xS)s+ + h.o.t., (6.14)

where u− and u+ are the velocities immediately to the left and to the

right of the shock and s− and s+ their respective gradients. By starting

from (6.11), limiting the integration domain to the interval [xS − r, xS],
which corresponds to the straddling condition, and using (6.14), we

obtain

LS p(r) = (−1)p
(
∆

pr − ∆p−1(s+ + s−)f p2r2
)
+ h.o.t., (6.15)

where

∆ ≡ u− − u+ > 0 (6.16)

is the amplitude of the shock and L = 2π is the spatial period. Special-

ising to the third-order structure function and to its rescaled version
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the separation deputy S̃ 3(r) ≡ S 3(r)/(−12ε), we obtain

LS 3(r) = −∆3r + (f32)∆2(s− + s+)r
2
+ h.o.t. (6.17)

S̃ 3(r) = r − (f32∆) (s− + s+)r
2
+ h.o.t., (6.18)

where we have used the relation

ε =
∆

3

12L
(6.19)

between the energy dissipation and the shock strength.

We now eliminate r between (6.18) and (6.15), so as to rewrite the

structure function of order p as an expansion in the separation deputy

as follows :

LS p = (−1)p
(
∆

pS̃ 3 − ∆p−1 (f p − 32) (s− + s+)S̃
2
3

)
+ h.o.t. (6.20)

Comparison of the standard expansion (6.15) of the structure func-

tion and its ESS expansion (6.20) shows that they have the same dom-

inant terms and that their first subdominant corrections differ only

by a numerical coefficient: p/2 for the standard case and (p − 3)/2
for ESS. Hence the subdominant correction has been decreased by a

factor p/(p − 3). For the case of the sixth-order structure function,

considered in Fig. 6.1, this is a reduction by a factor two. Hence, the

ESS inertial-range scaling extends by a factor 2 further into the IR

direction before the same level of degradation is achieved as for the

standard case. Note that for large ps the gain in scaling range be-

comes smaller.

Next we turn to the ultraviolet (UV) contributions which now re-

quire a finite viscosity ν that broadens the shock. Standard boundary-

layer analysis for the shock, in the frame where the shock is at rest,

(this basically amounts to dropping the time derivative term in the

Burgers equation) gives the following, well-known result :

u(x) ≈ −∆
2

tanh
x∆
4ν
. (6.21)
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Hence the UV structure functions are given by

LS p(r) =

(
∆

2

)p ∫ ∞

−∞
dx

[
tanh

x∆
4ν
− tanh

(x + r)∆
4ν

]p

. (6.22)

We are interested in the expansion of these structure functions for r
much larger than the typical width 4ν/∆ of the shock. For this, we first

establish the following expansion (for large r̃)
∫ ∞

−∞
dx̃ [tanh(x̃) − tanh(x̃ + r̃)] p

= (−2)p(r̃ − Hp−1) + t.s.t. (6.23)

where t.s.t. stands for transcendentally small terms such as exp(−r̃)
and

Hp ≡ 1+ 1/2+ 1/3+ ... + 1/p is the Harmonic function, which behaves

as ln p for large p. By using (5.23) in (6.22), we obtain

LS p(r) = (−1)p
(
∆

pr − 4νHp−1∆
p−1

)
+ t.s.t., (6.24)

and specialising to the case p = 3, we have

LS 3 = −∆3r + 6ν∆2
+ t.s.t., S̃ 3(r) = r − 6

ν

∆
+ t.s.t.. (6.25)

Proceeding as in the IR case, we re-expand S p in terms of the deputy

separation S̃ 3:

LS p(r) = (−1)p

(
S̃ 3∆

p − 4ν

(
Hp−1 −

3
2

)
∆

p−1

)
+ t.s.t. (6.26)

Thus, we see that with ESS the subdominant UV term for the struc-

ture function of order p is reduced by a factor 2Hp−1/(2Hp−1 − 3) and,
again, the range of scaling is extended by the same factor. For p = 6
the extension factor is 137/47 ≈ 2.91. Combining the UV and the IR

gains, we see that the scaling for S 6 is extended by a factor 5.92, that
is about three quarters of a decade.

Next we generalise these arguments to the case of the Burgers

equation with smooth, random initial conditions and forcing, defined
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on the whole real line. We assume that the forces and the initial condi-

tions are statistically homogeneous and have rapidly decreasing spa-

tial correlations (i.e., the system is mixing). We can then use ergodic-

ity to obtain the following representation of structure functions:

S p(r) ≡ 〈(u(x + r) − u(x))p〉 = lim
L→∞

1
L

∫ L

0
dx (u(x + r) − u(x))p , (6.27)

where the limit is in the almost sure sense and the angular brackets

denote averaging over the statistically steady state. In the present

context we have, typically, an infinite number of shocks on the whole

line, but a finite number per unit length. The shock amplitudes ∆

and the left and right velocity gradients s− and s+ become random

variables. Revisiting the arguments given above for the deterministic,

single-mode case, we find that, in both the IR and UV expansions, we

now have to add the contributions stemming from the various shocks.

By using ergodicity we obtain, in the UV domain,

S p(r) = (−1)p
(
〈∆p〉r − 4νHp−1〈∆p−1〉

)
+ t.s.t. (6.28)

and, in the IR domain,

S p(r) = (−1)p
(
〈∆p〉r − 〈∆p−1(s+ + s−)〉f p2r2

)
+ h.o.t. (6.29)

In the UV case we nowmake use of the inequality 〈∆p〉/〈∆p−1〉 ≥ 〈∆3〉/〈∆2〉,
which follows, for p ≥ 3, from the log-convexity of the moment func-

tion q 7→ ln〈∆q〉 for a positive random variable ∆. We can then finish

the analysis of the depletion of subdominant contributions essentially

as done above in the UV case and conclude that ESS extends the UV

scaling by at least a factor 2Hp−1/(2Hp−1 − 3). In the IR domain, the

presence of the random quantity s+ + s− prevents us from reaching

similar conclusions and it is thus not clear that there is a general re-

sult regarding improved ESS scaling in the IR regime. This can, how-

ever, be circumvented, if we assume (i) that the Burgers turbulence is

freely decaying (no forcing) and (ii) we limit ourselves to times large
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compared to the typical turnover time of the initial condition. The

solution degenerates then into a set of ramps of slope exactly 1/t, sep-
arated by shocks. Hence s+ + s− ≈ 2/t, which is the same as in the

deterministic case. Thus, by using the same log-convexity inequality

as above, we infer that ESS extends the IR scaling by at least a factor

p/(p − 3).

6.5 Back to three-dimensional Navier–Stokes tur-

bulence

We have explained the success of ESS by a depletion of subdominant

IR and UV contributions. How does this relate to various explana-

tions given over the past one-and-a-half decades for 3DNS turbulence?

Let us mention a few. Sain and Bhattacharjee [4, 5] resorted to phe-

nomenology in proposing cross-over functions from the dissipation- to

the inertial-range for the structure functions defined in Fourier space.

They inferred that, in the UV regime, the linear scaling in log-log

plots of structure functions deteriorate at lower values of wavenum-

bers than in the corresponding ESS plots. Reference [6] introduced a

scaling variable — again phenomenologically — to include crossovers

between various subranges of scaling behaviour for the magnitude of

longitudinal velocity differences and thereby showed that the scaling

improves at the IR end when ESS is used. In the spirit of our for-

mulation of a theory for ESS, the work of Ref. [7] comes closest. In

this paper they have correctly identified the mechanism of increased

scaling range at the UV end: a reduced coefficient in the subdominant

diffusive correction. Their work on ESS was in the context of intermit-

tency and anomalous scaling for passive-scalar dynamics. They used

the model of Ref. [21, 22] and supplemented it by a closure relation

suggested by Ref [22] which was later shown not to be fully inconsis-
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tent with the original model by [23]. Benzi (private communication)

also made a similar observation using a passive-scalar shell model.

How much of our findings for the Burgers equation carry over to

3DNS? It is important to realize that the improvement in scaling can

arise both at the IR and the UV end of the scaling regime. In order to

avoid mixing up these two types of improvements one should correctly

calibrate the choice of the deputy for the separation r, by using the

four-fifths law for 3DNS:

S̃ 3(r) ≡ − S 3

(4/5)ε
. (6.30)

If a given turbulent flow shows a gain in scaling when using ESS, ei-

ther in the IR or the UV domain or both, we can then use (6.5) to inter-

pret the gain in terms of subdominant corrections. It is best to handle

the IR and UV cases separately. By following the same procedure as

in Section 6.4 it is easily shown that ESS gives just a modification of

the coefficient of the first subdominant contribution provided the gap

gp, between the dominant and the first subdominant exponent, is in-

dependent of the order p. The fact that ESS works so nicely for 3DNS

suggests that this independence may actually hold. If so, it is imme-

diately seen that the reduction in the subdominant coefficient is equal

to the gain in scaling raised to the gap value.

Thus we begin to see ESS as a way to obtain information on sub-

dominant corrections. This is of interest for several reasons. For ex-

ample, subdominant corrections can give rise to spurious multifrac-

tal scaling [24, 25]. Furthermore, consideration of subdominant cor-

rections is needed to explain the absence of logarithms in the third-

order structure function [26]. Also, the multifractal description of

turbulence is quite heuristic and arbitrary and would be much more

strongly constrained if we had information on subdominant terms and

on gap values.

This may be the right place to discuss the issue of the best deputy of

separation in the ESS procedure. Should one use S 3(r) or the function
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F3(r) which is defined with the third moment of the absolute value of

the longitudinal velocity increment? It is not clear to what extent the

two procedures are equivalent. For the case of the Burgers turbulence

it is easy to show that −S 3(r) and F3(r) have the same dominant and

first-order subdominant terms: they differ only in sub-subdominant

contributions. For 3DNS longitudinal velocity increments are some-

what more likely to be negative than positive but they have no reason

to have exactly the same scaling behaviour. There has also been some

amount of discussion regarding the scaling of longitudinal and trans-

verse structure functions [27]. It may well be that they differ only by

the relative strength of subdominant terms.

We finally address the issue of appropriate strategies to obtain sys-

tematically subdominant corrections from experimental or simulation

data. The most straightforward method is to determine the dominant-

order contribution by using ESS and then to subtract it from the data.

The result can then be analysed either in the standard way or in the

ESS fashion. However, it is known that, when subdominant terms are

sizeable, it is best to determine them at the same time as the domi-

nant ones. One instance of this is the simultaneous determination of

dominant-order isotropic scaling and subdominant anisotropic correc-

tions for weakly anisotropic turbulence [28, 29].

It might be possible to improve the determination of both dominant

and subdominant terms by using the method of asymptotic interpola-

tion [31, 32] which we will discuss in Chapter 7.
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Chapter 7

Entire Solutions of

Hydrodynamical Equations with

Exponential Dissipation

In this Chapter we consider a modification of the three-dimensional

Navier–Stokes equations and other hydrodynamical evolution equa-

tions with space-periodic initial conditions in which the usual Lapla-

cian of the dissipation operator is replaced by an operator whose Fourier

transform grows exponentially as e|k|/kd at high wavenumbers |k|. By

using estimates in suitable classes of analytic functions, we show that

the solutions with initially finite energy become immediately entire

in the space variables and that the Fourier coefficients decay faster

than e−C(k/kd) ln(|k|/kd) for any C < 1/(2 ln 2). The same result holds for

the one-dimensional Burgers equation with exponential dissipation

but can be improved: heuristic arguments and very precise simu-

lations, analyzed by the method of asymptotic interpolation of van

der Hoeven, indicate that the leading-order asymptotics is precisely

of the above form with C = C⋆ = 1/ ln 2. The same behavior with a

universal constant C⋆ is conjectured for the Navier–Stokes equations

with exponential dissipation in any space dimension. This universal-

ity prevents the strong growth of intermittency in the far dissipation

range. Such intermittency is obtained for ordinary Navier–Stokes

204



7.1. Introduction 205

turbulence. This work was done in collaboration with C. Bardos, U.

Frisch, W. Pauls, and E. Titi [1]. The rest of the Chapter follows closely

Ref. [1].

7.1 Introduction

More than a quarter of a millenium after the introduction by Euler of

the equations of incompressible fluid dynamics the question of their

well-posedeness in three dimensions (3D), with sufficienty smooth ini-

tial data, is still moot [2, 3, 4, 5] (also many papers in [6] and refer-

ences therein). Even more vexing is the fact that switching to viscous

flow for the solution of the Navier–Stokes equations (NSE), barely im-

proves the situation in 3D [7, 8, 9, 10, 11]. Finite-time blow up of the

solution to the NSE can thus not be ruled out, but there is no numer-

ical evidence that this happens.

In contrast, there is strong numerical evidence that, for analytic

spatially periodic initial data, both the 3D Euler and NSE have complex-

space singularities. Indeed, when such equations are solved by (pseudo-

)spectral techniques the Fourier transforms of the solution display an

exponential decrease at high wavenumbers, which is a signature of

complex singularities [12]. This behavior was already conjectured by

von Neumann [13] who pointed out that the solution should be an-

alytic with an exponentially decreasing spectrum. Recently Li and

Sinai used a Renormalization-Group method to prove that for certain

complex-valued initial data the 3D NSE display finite-time blow up

in the real domain (and, as a trivial corollary, also in the complex do-

main) [14].

For some PDEs in space dimensions lower than 3, explicit infor-

mation about the position and type of complex singularities may be

available. For example, complex singularities can sometimes be re-

lated to poles of elliptic functions in connection with the reaction-
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diffusion equation [15] and the 2D incompressible Euler equations in

Lagrangian coordinates [16]. The best-understood case is that of the

1D Burgers equation with ordinary (Laplacian) dissipation:1 its sin-

gularities are poles located at the zeroes of the solutions of the heat

equation to which it can be mapped by using the Hopf–Cole transfor-

mation (see, e.g., [17, 18] and references therein).

We now return to the 3D NSE with real analytic data. It is known

that blow up in the real domain can be avoided altogether by mod-

ifying the dissipative operator, whose Fourier-space symbol is µ|k|2,
to a higher power of the Laplacian with Fourier-space symbol µ|k|2α
(α > 5/4) [7, 19]. The numerical evidence is, however, that complex sin-

gularities cannot be avoided by this “hyperviscous” procedure, which

is frequently used in geophysical simulations (see, for example, [20]).

Actually, we are unaware of any instance of a nonlinear space-time

PDE, with the property that the Cauchy problem is well posed in the

complex space domain for at least some time and which is guaran-

teed never to have any complex-space singularities at a finite dis-

tance from the real domain. In other words, such that the solution

stays or becomes entire for all t > 0. Here we shall show that so-

lutions of the Cauchy problem are entire for a fairly large class of

pseudo-differential nonlinear equations, encompassing variants of the

3D NSE, which possess “exponential dissipation”, that is dissipation

with a Fourier-space symbol growing exponentially as e|k|/kd with the

ratio of the wavenumber |k| to a reference wavenumber kd.

The Chapter is organized as follows. In Section 7.2 we consider

the forced 3D incompressible NSE in a periodic domain with expo-

nential dissipation. The initial conditions are assumed just to have

finite energy. The main theorem is established by using classes of an-

alytic functions whose norms contain exponentially growing weights

in the Fourier space [21, 22]. In Section 7.3 we show that the Fourier

1The case of the Burgers equation with modified dissipation will be considered in Section 7.5.
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transform of the solution decays at high wavenumbers faster than

exp (−Ck̃ ln k̃) for any C < 1/(2 ln 2). Here, k̃ ≔ |k|/kd is the nondimen-

sionalised wavenumber. In Section 7.4 we briefly present extensions

of the result to other instances: different space dimensions and dissi-

pation rates, problems formulated in the whole space and on a sphere,

and different equations. In Section 7.5 we then turn to the 1D Burgers

equation with a dissipation growing exponentially at high wavenum-

bers, for which the same bounds hold as for the 3D Navier–Stokes

case. However, in the Burgers case, simple heuristic considerations

(Section 7.5.1) and very accurate numerical simulations performed

by two different techniques (Sections 7.5.2 and ??), indicate that the

leading-order asymptotic decay is precisely exp ((−1/ ln 2)k̃ ln k̃). In the

concluding Section 7.6 we discuss open problems and a possible appli-

cation.

7.2 Proof that the solution is entire

We consider the following 3D periodic Navier–Stokes equations with

an exponential dissipation (expNSE) :

∂u
∂t
+ u · ∇u = −∇p − µDu + f , ∇ · u = 0, (7.1)

u(x, 0) = u0(x). (7.2)

Here,D is the (pseudo-differential) operator whose Fourier space sym-

bol is e2σ|k|, that is a dissipation rate varying exponentially with the

wavenumber |k|, u0 is the initial condition, f is a prescribed driving

force, and µ and σ are prescribed positive coefficients. The problem is

formulated in a periodic domain Ω = [0, L]3 (for simplicity of notation

we take Ω = [0, 2π]3). The driving force is assumed to be a divergence-

free trigonometric polynomial in the spatial coordinates. For technical

convenience we use σ in the statements and proofs of mathematical
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results, whereas the use of the reference wavenumber kd = 1/(2σ) is
preferred when discussing the results.

The initial condition is taken to be a divergence-free periodic vector

field with a finite L2 norm (finite energy).

As usual the problem is rewritten as an abstract ordinary differen-

tial equation in a suitable function space, namely,

du
dt
+ µe2σA1/2

u + B(u, u) = f ; (7.3)

u(0) = u0; (7.4)

here A ≔ −∇2 and B(u, u) is a suitable quadratic form which takes into

account the nonlinear term, the pressure term and the incompress-

ibility constraint (see, e.g. [7, 8, 10]). Note that the Fourier symbol of

A1/2 is |k|.
The problem is formulated in the space H ≔ {ϕ ∈ (L2(Ω))3 : ϕ is

periodic,
∫
ϕ dx = 0, ∇ · ϕ = 0}. Here, for any λ ≥ 0, the Fourier symbol

of the operator eλA1/2
is given by eλ|k|, where k ∈ Z3\{(0, 0, 0)}.

To prove the entire character, with respect to the spatial variables,

of the solution u(t) of expNSE for t > 0, it suffices to show that its

Fourier coefficients decrease faster than exponentially with the wavenum-

ber |k|. This will be done by showing that, for any λ > 0, the L2 norm

of eλA1/2
u, the solution with an exponential weight in Fourier space, is

finite. As usual, we here denote the L2 norm of a real space-periodic

function f by | f | ≔
√∫

[0,2π]3 | f (x)|2dx. Moreover, Hm will be the usual

L2 Sobolev space of index m (i.e., functions which have up to m space

derivatives in L2).

Themain result (Theorem 2.1) will make use of the following Propo-

sition which was inspired from [21] (see also [22])

Proposition 2.1 Let α ≥ 0 , β > 0, κ > 3 and ϕ ∈ dom (e(α+β)A1/2
). Then

∣∣∣∣eαA1/2
B(ϕ, ϕ)

∣∣∣∣ ≤ CA[lκ(β)]a(κ)
∣∣∣∣eαA1/2

ϕ
∣∣∣∣
b(κ) ∣∣∣∣e(α+β)A1/2

ϕ
∣∣∣∣
a(κ)

, (7.5)
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where CA is a universal constant and

lκ(β) ≔ sup
0≤x<∞

xκe−βx
=

(
κ

β

)κ
e−1. (7.6)

Notation In Proposition 2.1 and also in the sequel we have made use

of the following notation (to avoid fractions in exponents):

a(κ) ≔
5
2κ
, b(κ) ≔

4κ − 5
2κ

, c(κ) ≔
2κ + 5

2κ
, d(κ) ≔

2κ + 5
2κ − 5

e(κ) ≔
4κ − 5
2κ − 5

, f(κ) ≔
2κ

2κ − 5
, g(κ) ≔

10
2κ − 5

. (7.7)

Proof Let w ∈ H, by using the Fourier representations ϕ(x) =∑
l ei l·xϕ̂l and w(x) =

∑
k ei k·xŵk and Parseval’s theorem, we have

1
(2π)3

(
eαA1/2

B(ϕ, ϕ),w
)
=

∑

k∈Z3 k,0

eα|k|


∑

l+m=k; l,m,0

(ϕ̂l · i m)ϕ̂m

 · ŵ
∗
k, (7.8)

where the ∗ means complex conjugation.

Since eα|k| ≤ eα|m|+α|l|, when k = l + m, we can estimate the absolute

value of the right-hand side from above as

≤
∑

k,0

∑

l+m=k, l,m,0

eα|l||φ̂l| |m|eα|m||φ̂m| |ŵk|

=
1

(2π)3

∫
Φ(x)Ψ(x)W(x)dx ≤ 1

(2π)3
‖Ψ‖L∞ |Φ| |W | ,

(7.9)

where the functions Φ(x), Ψ(x) and W(x) are given by

Φ(x) =
∑

l,0

eα|l||ϕ̂l|ei l·x, (7.10)

Ψ(x) =
∑

m,0

|m|eα|m||ϕ̂m|ei m·x, (7.11)

and

W(x) =
∑

k,0

|ŵk|ei k·x, (7.12)
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and the last inequality follows from the Cauchy–Schwarz inequality.

By Agmon’s inequality [23] (see also [8]) in 3D we have

‖Ψ‖L∞ ≤ CA‖Ψ‖
1
2

H1‖Ψ‖
1
2

H2 ≤ CA

∣∣∣A1/2
Ψ

∣∣∣
1
2 |AΨ| 12 = CA

∣∣∣∣AeαA1/2
ϕ
∣∣∣∣
∣∣∣∣A3/2eαA1/2

ϕ
∣∣∣∣ ,

(7.13)

where CA > 0 is a universal constant. By using (7.10), (7.13) and the

fact that |W | = |w|, we obtain

∣∣∣∣(eαA1/2
B(ϕ, ϕ),w)

∣∣∣∣ ≤ CA

∣∣∣∣eαA1/2
ϕ
∣∣∣∣
∣∣∣∣AeαA1/2

ϕ
∣∣∣∣

1
2
∣∣∣∣A

3
2eαA1/2

ϕ
∣∣∣∣

1
2 |w|. (7.14)

And by using the interpolation inequality between L2 and Hκ, where

κ > 3, we obtain2

∣∣∣∣(eαA1/2
B(ϕ, ϕ),w)

∣∣∣∣ ≤ CA

∣∣∣∣eαA1/2
ϕ
∣∣∣∣
b(κ) ∣∣∣∣A

κ
2eαA1/2

ϕ
∣∣∣∣
a(κ)
|w|. (7.15)

Now, to obtain the inequality in Proposition 2.1, we just need to esti-

mate the operator norm (in the sense of the L2-operator norm)

∥∥∥∥A
κ
2e−βA1/2

∥∥∥∥L(H)
≤ sup

0≤x<∞
xκe−βx

=

(
κ

β

)κ
e−1
= lκ(β). (7.16)

This concludes the proof of Proposition 2.1.

Next, we state and present the proof of the main theorem. The

steps of the proof are made in a formal way; however, they can be

justified rigorously by establishing them first for a Galerkin approx-

imation system and using the usual Aubin compactness theorem to

pass to the limit (see, e.g. [7, 8, 10]). Furthermore, we do not assume

that the initial condition u0 is entire; it is only assumed to be square

integrable, although it will become entire for any t > 0. This is why in

estimating L2 norms of the solution with exponential weights we have

to stay clear of t = 0.

2The simplest formulation is obtained for κ = 5 but the optimisation of the bound for the law of

decay in Section 7.3 requires using arbitrary κ.
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Theorem 2.1 Let u0 ∈ H, T > 0 and let f (x, t) be an entire function

with respect to the spatial variable. Then for every n = 0, 1, 2 . . . there
exist constants Cn, C̄n,Kn and K̄n which depend on |u0|, µ, T, σ and on

∫ T

0

∣∣∣∣e(n−1)σA1/2
f (s)

∣∣∣∣
2

ds; (7.17)

moreover there exists integers pn, qn ≥ 1 such that
∣∣∣∣enσA1/2

u(t)
∣∣∣∣
2
≤ Kn

tpn
+ Cn, for all t ∈ (0, T ] (7.18)

and ∫ T

t
|e(n+1)σA1/2

u(s)|2ds ≤ K̄n

tqn
+ C̄n, for all t ∈ (0, T ]. (7.19)

Corollary 2.1 Let u0 ∈ H, T > 0 and let f (x, t) be an entire func-

tion with respect to the spatial variable x such that for every M ≥ 0
we have

∫ T

0

∣∣∣eMσA1/2
f (s)

∣∣∣2 ds < ∞. Then, the solution u(t) of (7.3)-(7.4) is

an entire function with respect to the spatial variable on the interval

(0, T ], and satisfies the estimates (7.18) and (7.19) in Theorem 2.1 for

any n = 1, 2, . . ..

Proof of Corollary 2.1 Consider the Fourier series representa-

tion

u(x, t) =
∑

k

ei k·x û(k, t). (7.20)

From (7.18) and Parseval’s theorem, we have, for any n = 0, 1, 2 . . .
∑

k

e2nσ|k| |û(k, t)|2 < ∞, (7.21)

for t > 0. In (7.20) we change x to a complex location z = x + i y and

obtain

u(x + i y, t) =
∑

k

ei k·(x+i y) û(k, t) (7.22)

=

∑

k

[
ei k·x e−|k|

] [
e−k·y+|k| û(k, t)

]
. (7.23)
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For any n = 1, 2, . . ., the series (7.23) of complex analytic functions con-

verges uniformly in the strip |y| + 1 ≤ 2n. This is because the sum in

(7.23) is shown to be bounded, for any y, by use of the Cauchy–Schwarz

inequality applied to the two bracketed expressions and use of (7.21)

with 2n > |y| + 1. Hence the Fourier series representation converges

in the whole complex domain. This concludes the proof of the entire

character of the solution with respect to the spatial variables.

Remark This corollary just expresses the most obvious part of the

Paley–Wiener Theorem.

Proof of Theorem 2.1 The proof of the theorem proceeds by math-

ematical induction.

Step n = 0 We prove the statement of the theorem for n = 0. We

take the inner product of (7.3) with u and use the fact that (B(u, u), u) =
0 to obtain (when there is no ambiguity we shall henceforth frequently

denote u(t) by u)

1
2

d
dt
|u|2 + µ

∣∣∣∣eσA1/2
u
∣∣∣∣
2
= ( f , u) = (e−σA1/2

f , eσA1/2
u) (7.24)

≤
∣∣∣∣e−σA1/2

f
∣∣∣∣
∣∣∣∣eσA1/2

u
∣∣∣∣

≤ |e
−σA1/2

f |
2µ

+
µ

2
|eσA1/2

u|2, (7.25)

where Young’s inequality has been used to obtain the third line. There-

fore
d
dt
|u|2 + µ

∣∣∣∣eσA1/2
u
∣∣∣∣
2
≤ |e

−σA1/2
f |

µ
. (7.26)

Integrating the above from 0 to T , we obtain

|u(t)|2 + µ
∫ T

0

∣∣∣∣eσA1/2
u(s)

∣∣∣∣
2

ds ≤ |u0|2 +
1
µ

∫ T

0

∣∣∣∣e−σA1/2
f (s)

∣∣∣∣
2

ds = C0. (7.27)

Hence

|u(t)|2 ≤ C0. (7.28)
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and

µ

∫ T

0

∣∣∣∣eσA1/2
u(s)

∣∣∣∣
2

ds ≤ C0 (7.29)

From (7.28) and (7.29) we obtain (7.18) and (7.19) for the case n = 0.
Here C0 is given by (7.27), K0 = 0, K̄0 = 0 and C̄0 = C0. Notice that

since K0 = K̄0 = 0 there is no need to determine the integers p0 and q0

; however, for the sake of initializing the induction process we chose

p0 = q0 = 1.
Step n→ n + 1 Assume that (7.18) and (7.19) are true up to n = m

and we would like to prove them for n = m + 1. Let us take the inner

product of (7.3) with e2(m+1)σA1/2
u and obtain

1
2

d
dt

∣∣∣∣e(m+1)σA1/2
u
∣∣∣∣
2
+ µ

∣∣∣∣e(m+2)σA1/2
u
∣∣∣∣
2

≤
∣∣∣∣( f , e2(m+1)σA1/2

u)
∣∣∣∣ +

∣∣∣∣(B(u, u), e2(m+1)σA1/2
u)

∣∣∣∣
≤

∣∣∣∣emσA1/2
f
∣∣∣∣
∣∣∣∣e(m+2)σA1/2

u
∣∣∣∣ +

∣∣∣∣emσA1/2
B(u, u)

∣∣∣∣
∣∣∣∣e(m+2)σA1/2

u
∣∣∣∣ .

Now we use Proposition 2.1 to majorize the previous expression by

≤
∣∣∣∣emσA1/2

f
∣∣∣∣
∣∣∣∣e(m+2)σA1/2

u
∣∣∣∣ + CA[lκ(β)]a(κ)

∣∣∣∣emσA1/2
u
∣∣∣∣
b(κ) ∣∣∣∣e(m+2)σA1/2

u
∣∣∣∣
c(κ)

. (7.30)

By Young’s inequality we have

CA[lκ(β)]a(κ)
∣∣∣∣emσA1/2

u
∣∣∣∣
b(κ) ∣∣∣∣e(m+2)σA1/2

u
∣∣∣∣
c(κ)
≤

2κ − 5
4κ

µ−d(κ) C2f(κ)
A [lκ(β)]g(κ)

(
2κ + 5
κ

)d(κ) ∣∣∣∣emσA1/2
u
∣∣∣∣
2e(κ)
+
µ

4

∣∣∣∣e(m+2)σA1/2
u
∣∣∣∣
2
,

(7.31)

from which follows

d
dt

∣∣∣∣e(m+1)σA1/2
u
∣∣∣∣
2
+ µ

∣∣∣∣e(m+2)σA1/2
u
∣∣∣∣
2
≤ 2
µ

∣∣∣∣emσA1/2
f
∣∣∣∣
2

+
2κ − 5

2κ
µ−d(κ) C2f(κ)

A [lκ(β)]g(κ)

(
2κ + 5
κ

)d(κ) ∣∣∣∣emσA1/2
u
∣∣∣∣
2e(κ)

.

(7.32)
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Now we integrate this inequality on the interval (s, t) ⊂ (0, T ), obtain-
ing

∣∣∣∣e(m+1)σA1/2
u(t)

∣∣∣∣
2
+ µ

∫ t

s

∣∣∣∣e(m+2)σA1/2
u(s′)

∣∣∣∣
2

ds′

≤
∣∣∣∣e(m+1)σA1/2

u(s)
∣∣∣∣
2
+

2
µ

∫ t

s

∣∣∣∣emσA1/2
f (s′)

∣∣∣∣
2

ds′ + C
∫ t

s

∣∣∣∣emσA1/2
u(s′)

∣∣∣∣
2e(κ)

ds′

≤
∣∣∣∣e(m+1)σA1/2

u(s)
∣∣∣∣
2
+

2
µ

∫ T

0

∣∣∣∣emσA1/2
f (s′)

∣∣∣∣
2

ds′ +C
∫ t

s

∣∣∣∣emσA1/2
u(s′)

∣∣∣∣
2e(κ)

ds′,

(7.33)

where we have set for brevity

C = C(µ, β, κ) ≔
2κ − 5

2κ
µ−d(κ) C2f(κ)

A [lκ(β)]g(κ)

(
2κ + 5
κ

)d(κ)

, (7.34)

where lκ(β) is given by (7.6).

Now we come to the point where we use the actual induction as-

sumptions. We use (7.18) and the midpoint convexity to estimate the

integrand in the last integral:

∣∣∣∣emσA1/2
u(t)

∣∣∣∣
2e(κ)
≤

(Km

tpm
+ Cm

)e(κ)

≤ 2f(κ)
(Km

tpm

)e(κ)

+ 2f(κ)Ce(κ)
m . (7.35)

Therefrom follows

C
∫ t

s

∣∣∣∣emσA1/2
u(s′)

∣∣∣∣
2e(κ)

ds′ ≤ 2f(κ)C
1

e(κ)pm − 1
Ke(κ)

m

(
1

se(κ)pm−1
− 1

te(κ)pm−1

)

+ 2f(κ)C Ce(κ)
m (t − s) ≤ 2f(κ)C

1
e(κ)pm − 1

Ke(κ)
m

1
se(κ)pm−1

+ 2f(κ)C Ce(κ)
m (t − s).

(7.36)

Discarding the positive term µ
∫ t

s

∣∣∣e(m+2)σA1/2
u(s′)

∣∣∣2 ds′ in (7.33), we ob-

tain from (7.33) and (7.36)

∣∣∣∣e(m+1)σA1/2
u(t)

∣∣∣∣
2
≤

∣∣∣∣e(m+1)σA1/2
u(s)

∣∣∣∣
2
+

2
µ

∫ T

0

∣∣∣∣emσA1/2
f (s′)

∣∣∣∣
2

ds′

+ 2f(κ)C
1

e(κ)pm − 1
Ke(κ)

m
1

se(κ)pm−1
+ 2f(κ)C Ce(κ)

m (t − s).
(7.37)
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Integrating this inequality with respect to s over (t/2, t) we get

∣∣∣∣e(m+1)σA1/2
u(t)

∣∣∣∣
2
≤ 2

t

∫ t

t/2

∣∣∣∣e(m+1)σA1/2
u(s)

∣∣∣∣
2

ds +
2
µ

∫ T

0

∣∣∣∣emσA1/2
f (s′)

∣∣∣∣
2

ds′

+
2f(κ) C Ke(κ)

m

(e(κ)pm − 1)(e(κ)pm − 2)

(
2
t

)e(κ)pm−1

+ 2f(κ)C Ce(κ)
m

t
4
.

(7.38)

Note that pm ≥ 1 implies that

4κ − 5
2κ − 5

pm − 2 > 0. (7.39)

By using (7.19), we have

∣∣∣∣e(m+1)σA1/2
u(t)

∣∣∣∣
2
≤ Km

(
2
t

)qm+1

+ Cm
2
t
+

2
µ

∫ T

0

∣∣∣∣emσA1/2
f (s′)

∣∣∣∣
2

ds′

+
2f(κ) C Ke(κ)

m

(e(κ)pm − 1)(e(κ)pm − 2)

(
2
t

)e(κ)pm−1

+ 2f(κ)C Ce(κ)
m

T
4
.

(7.40)

From this relation follows that (7.18) holds for m + 1 with

pm+1 = max

{
4κ − 5
2κ − 5

pm − 1, qm + 1

}
, (7.41)

qm+1 = max

{
4κ − 5
2κ − 5

pm − 1, qm + 1

}
. (7.42)

By the induction assumption we use (7.33) to estimate

∫ T

t
2

∣∣∣∣e(m+1)σA1/2
u(s)

∣∣∣∣
2

ds ≤ 2qmK̄m

tqm
+ C̄m. (7.43)

From this estimate and the above we conclude the existence of the

constants Km+1,Cm+1 and the integer pm+1 such that (7.18) holds for

n = m + 1. Using the estimate that we have just established in (7.18)

for n = m+1, and substituting this in (7.33), we immediately obtain the

estimate (7.19) for n = m + 1. This concludes the proof of Theorem 2.1.
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7.3 Rate of decay of the Fourier coefficients

The purpose of this section is to specify the behavior of various con-

stants appearing in the preceding section to obtain the rate of decay

with the wavenumber of the Fourier coefficients û(k, t) for t > 0. We

again consider the 3D case in the periodic domain. Since the decay

may depend on the rate of decay of the Fourier transform of the forc-

ing term f (x, t), for simplicity we assume zero external forcing. The

adaptation to sufficiently regular forced cases, for example a trigono-

metric polynomial, is similar.3 Furthermore, it is enough to prove the

decay result up to a time T such that 1/N ≔ TU/L < 1, where L and U
are a typical length scale and velocity of the initial data. Extending

the results to later times is easy (by propagation of regularity).

We shall show that the bound for the square of the L2 norm of the

velocity weighted by enσA1/2
is a double exponential in n. Specifically,

we have

Theorem 3.1 Let u(t) be the solution of (7.3)-(7.4) in [0, T ] with

f = 0 and 0 < T < L/U. Then for every κ > 3 and δ > 0, there exists a

large enough number Λ, depending on δ and κ, such that, for all integer

n ≥ 0
∣∣∣∣enσA1/2

u(t)
∣∣∣∣
2
≤

(
ΛL
Ut

)an

, t ∈ (0, T ], (7.44)

∫ T

t

∣∣∣∣e(n+1)σA1/2
u(s)

∣∣∣∣
2

ds ≤
(
ΛL
Ut

)an

, t ∈ (0, T ] (7.45)

an =

(
(1+ δ)

4κ − 5
2κ − 5

)n

. (7.46)

Corollary 3.1 For any t > 0 the function u(t) of (7.3)-(7.4) is an en-

tire function in the space variable and its (spatial) Fourier coefficients

3It is conceivable that the results can be extended to forces entire in the space variables whose

Fourier transforms decrease faster than e−C|k| ln |k| with sufficiently large C.



7.3. Rate of decay of the Fourier coefficients 217

tend to zero in the following faster-than-exponential way: there exists

a constant Λ such that, for any 0 < ε < 1, we have

|û(k, t)| ≤ e
−σ(1−ε)

βκ,δ
|k| ln |k|

, for all |k| ≥

√
ΛL
Ut



βκ,δ
εσ

, (7.47)

where

βκ,δ = ln

(
(1+ δ)

4κ − 5
2κ − 5

)
. (7.48)

Proof of Corollary 3.1 Since we are dealing with a Fourier se-

ries, the modulus of any Fourier coefficient of the function e(n+1)σA1/2
u(t)

cannot exceed its L2 norm, hence it is bounded by (7.44). Thus, dis-

carding a factor (2π)−3/2 < 1, we have for all k and n

|û(k, t)| ≤ e−nσ|k|

√
ΛL
Ut


((1+δ) e(κ))n

= exp
(
ln

√
ΛL
Ut

enβκ,δ − nσ|k|
)
, (7.49)

where notation such as e(κ) is defined in (7.7). Now choosing

ln |k| ≥ 1
ε

βκ,δ

σ
ln

√
ΛL
Ut

, (7.50)

we obtain with n = ln |k|/βκ,δ the following estimate

|û(k, t)| ≤ exp
[
− σ

βκ,δ
|k| ln |k|

(
1− βκ,δ ln

√
ΛL/Ut

σ ln |k|
)]
≤ e
−σ(1−ε)

βκ,δ
|k| ln |k|

. (7.51)

Remark 3.1 Since ε and δ can be chosen arbitrarily small and κ

arbitrarily large, Corollary 3.1 implies that, in terms of the dimen-

sionless wavenumber k̃ = 2σk, the Fourier amplitude has a bound (at

high enough k̃) of the form e−Ck̃ ln k̃ for any C < 1/(2 ln 2). We shall see

later that the upper bound for the constant C can probably be im-

proved to 1/ ln 2.
Proof of Theorem 3.1 We proceed again by induction. We as-

sume that the following inequalities hold
∣∣∣∣enσA1/2

u(t)
∣∣∣∣
2
≤ Kn

tan
, (7.52)
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and ∫ T

t

∣∣∣∣e(n+1)σA1/2
u(s)

∣∣∣∣
2

ds ≤ Kn

tan
, (7.53)

where Kn and an ≥ 1 are still to be determined. Starting from expNSE

(7.3), we take the inner product with e2(n+1)σA1/2
u. Then we obtain from

Proposition 2.1 with α = mσ and β = 2σ

1
2

d
dt

∣∣∣∣e(n+1)σA1/2
u
∣∣∣∣
2
+ µ

∣∣∣∣e(n+2)σA1/2
u
∣∣∣∣
2
≤

∣∣∣∣
(
B(u, u), e2(m+1)σA1/2

u
)∣∣∣∣

≤
∣∣∣∣emσA1/2

B(u, u)
∣∣∣∣
∣∣∣∣e(m+2)σA1/2

u
∣∣∣∣ ≤ CA

(
lκ(β)

)a(κ)
∣∣∣∣emσA1/2

u
∣∣∣∣
e(κ) ∣∣∣∣e(m+2)σA1/2

u
∣∣∣∣
c(κ)

≤ 2κ − 5
4κ

µ−d(κ) Cb(κ)
A

(
lκ(β)

)g(κ)
(c(κ))d(κ)

∣∣∣∣emσA1/2
u
∣∣∣∣
2e(κ)
+
µ

2

∣∣∣∣e(m+2)σA1/2
u
∣∣∣∣
2
.

(7.54)

Then it follows that

d
dt

∣∣∣∣e(n+1)σA1/2
u
∣∣∣∣
2
+ µ

∣∣∣∣e(n+2)σA1/2
u
∣∣∣∣
2

≤ 2κ − 5
2κ

µ−d(κ) Cf(κ)
A

(
lκ(β)

)g(κ)
(
2κ + 5

2κ

)d(κ) ∣∣∣∣emσA1/2
u
∣∣∣∣
2e(κ)

.

(7.55)

By using the induction assumption we obtain

d
dt

∣∣∣∣e(n+1)σA1/2
u
∣∣∣∣
2
+ µ

∣∣∣∣e(n+2)σA1/2
u
∣∣∣∣
2
≤ C′

(Kn

tan

)e(κ)

, (7.56)

where we have set

C′ =
2κ − 5

2κ
µ−d(κ) C2f(κ)

A

(
lκ(β)

)g(κ)
(
2κ + 5

2κ

)d(κ)

. (7.57)

Renaming the time variable in (7.56) from t to s′ and integrating over

s′ from s to t (with 0 < s < t ≤ T ) we obtain
∣∣∣∣e(n+1)σA1/2

u(t)
∣∣∣∣
2
+ µ

∫ t

s

∣∣∣∣e(n+2)σA1/2
u(s′)

∣∣∣∣
2

ds′

≤ 1
ane(κ) − 1

C′ Ke(κ)
n

(
1

sane(κ)−1
− 1

tane(κ)−1

)
+

∣∣∣∣e(n+1)σA1/2
u(s)

∣∣∣∣
2

≤ 1
ane(κ) − 1

C′ Ke(κ)
n

1
sane(κ)−1

+

∣∣∣∣e(n+1)σA1/2
u(s)

∣∣∣∣
2
.

(7.58)
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Omitting the positive integral term on the left-hand side of the in-

equality we obtain
∣∣∣∣e(n+1)σA1/2

u(t)
∣∣∣∣
2
≤ 1

ane(κ) − 1
C′ Ke(κ)

n
1

sane(κ)−1
+

∣∣∣∣e(n+1)σA1/2
u(s)

∣∣∣∣
2
. (7.59)

Choosing 1 < γ ≤ Nδ
= (L/UT )δ and integrating over s from t/γ to t we

obtain

(γ − 1)
t
γ

∣∣∣∣e(n+1)σA1/2
u(t)

∣∣∣∣
2
≤ 1

ane(κ) − 1
1

ane(κ) − 2
C′ Ke(κ)

n

{(γ
t

)ane(κ)−2
−

(1
t

)ane(κ)−2
}

+

∫ t

t/γ

∣∣∣∣e(n+1)σA1/2
u(s)

∣∣∣∣
2

ds ≤ 1
ane(κ) − 1

1
ane(κ) − 2

C′ Ke(κ)
n

(γ
t

)ane(κ)−2
+ Kn

(γ
t

)an
,

(7.60)

where we have used the induction assumption (7.53). We obtain thus

the following estimate
∣∣∣∣e(n+1)σA1/2

u(t)
∣∣∣∣
2
≤ 1
γ − 1

1
ane(κ) − 1

1
ane(κ) − 2

C′ Ke(κ)
n

(γ
t

)ane(κ)−1
+

1
γ − 1

Kn

(γ
t

)an+1
,

(7.61)

which holds for every 0 < t ≤ T .
To estimate

∫ T

t

∣∣∣e(n+2)σA1/2
u(s)

∣∣∣2 ds we integrate (7.56) from t to T :

∣∣∣∣e(n+1)σA1/2
u(T )

∣∣∣∣
2
+ µ

∫ T

t

∣∣∣∣e(n+2)σA1/2
u(s)

∣∣∣∣
2

ds

≤ C′
1

ane(κ) − 1
C′ Ke(κ)

n
1

tane(κ)−1
+

∣∣∣∣e(n+1)σA1/2
u(t)

∣∣∣∣
2
.

(7.62)

Omitting the first term on the right-hand side and using (7.61) we

obtain

µ

∫ T

t

∣∣∣∣e(n+2)σA1/2
u(s)

∣∣∣∣
2

ds ≤ C′
1

ane(κ) − 1
C′ Ke(κ)

n
1

tane(κ)−1

+
1

γ − 1
1

ane(κ) − 1
1

ane(κ) − 2
C′ Ke(κ)

n

(γ
t

)ane(κ)−1
+

1
γ − 1

Kn

(γ
t

)an+1
.

(7.63)

We conclude that since an ≥ 1 and

an + 1 ≤ an

(
2+

5
2κ − 5

)
= ane(κ), (7.64)
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for a suitable constant E > 0 we have
∣∣∣∣e(n+1)σA1/2

u(t)
∣∣∣∣
2
≤ E(Kn)

e(κ)
(
γ

t

)ane(κ)
(7.65)

and ∫ T

t

∣∣∣∣e(n+2)σA1/2
u(s)

∣∣∣∣
2
≤ E(Kn)

e(κ)
(
γ

t

)ane(κ)
. (7.66)

Since, for t ≤ T ,
γ

t
≤ Nδ

t
=

( L
UT

)δ 1
t
≤

( L
Ut

)1+δ U
L
,

it follows that
∣∣∣∣e(n+1)σA1/2

u(t)
∣∣∣∣
2
≤ E(Kn)

e(κ)
( L
Ut

)an(1+δ)e(κ) (U
L

)ane(κ)

(7.67)

and
∫ T

t

∣∣∣∣e(n+2)σA1/2
u(s)

∣∣∣∣
2
≤ E(Kn)

e(κ)
( L
Ut

)an(1+δ)e(κ) (U
L

)ane(κ)

. (7.68)

This finishes the induction step.

From the above follows that we can take

an+1 = an(1+ δ)
4κ − 5
2κ − 5

, Kn+1 = EKe(κ)
n . (7.69)

Note that in the induction step we use the assumption that an ≥ 1.
This fixes the value of a0 = 1. The solution of the recursion relations

is given by

an =

(
(1+ δ)

4κ − 5
2κ − 5

)n

, ln Kn = ln E
an − 1

(1+ δ) 4κ−5
2κ−5 − 1

+ an ln K0. (7.70)

Finally, choosing a large enough number Λ we get the desired esti-

mates (7.44) and (7.45). This concludes the proof of Theorem 3.1.

7.4 Remarks and extensions for the main results

Although our main theorems are stated for the case of the 3D expNSE,

their statements and proofs are easily extended mutatis mutandis to
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arbitrary space dimensions d: with exponential dissipation for any d
the solution is entire in the space variables and the decay of Fourier

coefficients is bounded by exp(−C|k̃| ln |k̃|) for any C < C⋆ = 1/(2 ln 2).
Some of the intermediate steps in the proof, such as the formulation

of Agmon’s inequality, change with d but not the result about the con-

stant 1/(2 ln 2).
We can also easily change the functional form of the dissipation.4

One instance is a dissipation operator D with a Fourier symbol e2σ|k|α

with 0 < α < 1. One should then be able to prove that the solution in

this case satisfies ∑

k,0

e2n|k|α |û(k, t)|2 ≤ Kn

tpn
+ Cn, (7.71)

for all t ∈ (0, T ] and for all n. Hence the solution in this case belongs

to C∞ but is not necessarily an entire function. In fact it belongs to

the Gevrey class G1/α. Gevrey regularity with 0 < α < 1 does not even

imply analyticity.5 Actually, with such a dissipation, the solutions are

analytic even when α < 1. We shall return to this case of dual Gevrey

regularity and analyticity in Section 7.5.1.

Next, consider the case α > 1. The dissipation has a lower bound of

the ordinary exponential type, so that the entire character of the solu-

tion is easily established. However, for α > 1 the bound exp(−C|k| ln |k|)
can be improved in its functional form, as we shall see in Section 7.5.1.

Obviously, the results of Sections 7.2 and 7.3 do still hold if we

change the functional form of the Fourier symbol of the dissipation

at low wavenumbers |k| while keeping its exponential growth at high

wavenumber. One particularly interesting instance, to which we shall

come back in the next Section on the Burgers equation and in the Con-

clusion, is “cosh dissipation”, namely a Fourier symbol µ(1−cosh(k/kd)).
4Note that the proof of Proposition 2.1 and Theorem 2.1 holds mutatis mutandis if we replace, in

the argument of the exponential, |k| by a subadditive function of |k| subject to some mild conditions,

such as |k|α with 0 < α < 1.
5The special class when α = 1 of analytic functions is considered by some authors as one of the

Gevrey classes [21, 22].
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The dissipation rate at wavenumber much smaller than kd is then ν|k|2
with ν = µ/(2kd

2), just as for the ordinary Navier–Stokes equation.

It is worth mentioning that the key results of Sections 7.2 and 7.3

still hold when the problem is formulated in the whole space Rd rather

than with periodicity conditions. Similarly they should hold on the

sphere S 2, a case for which spherical harmonics can be used (see [24]).

Of course the result on the entire character of the solution, when

exponential dissipation is assumed, holds for a large class of partial

differential equations. Besides the Navier–Stokes equations it applies

for example to the magnetohydrodynamical equations and to the com-

plex Ginzburg–Landau equation

∂

∂t
u − αuxx + βu + γ|u|2u = 0, (7.72)

where

Re α > 0 , Re γ > 0. (7.73)

The main idea would be in proving the analogue of Proposition 2.1 for

the corresponding nonlinear terms in the underlying equations follow-

ing our proof combined with ideas presented in [22] and [25].

7.5 The case of the 1D Burgers equation

The (unforced) one-dimensional Burgers equation with modified dis-

sipation reads:

∂u
∂t
+ u

∂u
∂x
= −µDu, (7.74)

u(x, 0) = u0(x). (7.75)

We shall mostly consider the case of the cosh Burgers equation when

D has the Fourier symbol µ(1 − cosh(k/kd)). Since the cosh Burgers

equation is much simpler than expNSEwe can expect to obtain stronger

results or, at least, good evidence in favor of stronger conjectures.
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Let us observe that the cosh Burgers equation can be rewritten in

the complexified space of analytic functions of z ≔ x + i y as

∂u(z, t)
∂t

+ u(z, t)
∂u(z, t)
∂x

= −µ
2

[u(z + i /kd, t) + u(z − i /kd, t) − 2u(z, t)] . (7.76)

This is the ordinary Burgers equation with the dissipative Laplacian

replaced by its centered second-order finite difference approximation,

differences being taken in the pure imaginary direction with a mesh

1/kd.

As already stated, Corollary 2.1 on the entire character of the so-

lution and Corollary 3.1 on the bound of the modulus of the Fourier

coefficients by exp(−C|k̃| ln |k̃|) for any C < 1/(2 ln 2) hold in the same

form as for the expNSE. Of course, if the finite differences were taken

in the real rather than in the pure imaginary direction, the solution

would not be entire. Actually, (7.76) relates the values of the velocity

on lines parallel to the real axis shifted by ±1/kd in the imaginary di-

rection. It thereby provides a kind of Jacob’s Ladder allowing us to

climb to complex infinity in the imaginary direction. This can be used

to show, at least heuristically, that the complexified velocity grows

with the imaginary coordinate y as exp
(
C2|y|kd

)
.

Such a heuristic derivation turns out to be equivalent to another

derivation by dominant balance which can be done on the Fourier-

transformed equation, the latter being not limited to cosh dissipation.

Section 7.5.1 is devoted to Fourier space heuristics for different forms

of the dissipation. For exponential and cosh dissipation this suggests

a leading-order behavior of the Fourier coefficients for large wavenum-

ber of the form exp(−C⋆|k| ln |k|) with C⋆ = 1/ ln 2, a substantial improve-

ment over the rigorous bound. Various numerical and semi-numerical

results, discussed in Section 7.5.2 and ??, support this improved re-

sult.
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7.5.1 Heuristics: a dominant balance approach

We want to handle dissipation operators D with an arbitrary positive

Fourier symbol, taken here to be eG(k) whereG(k) is a real even function

of the wavenumber k ∈ Z which is increasing without bound for k > 0.
It is then best to rewrite the Burgers equation in terms of the Fourier

coefficients. We set

u(x, t) =
∑

k∈Z
ei kx û(k, t), (7.77)

and obtain from (7.74)

∂û(k, t)
∂t

+
i k
2

∑

p+q=k

û(p, t)û(q, t) = −µeG(k)û(k, t). (7.78)

This is the place where we begin our heuristic analysis of the large-

wavenumber asymptotics. First, we drop the time derivative term

since it will turn out not to be relevant to leading order. (A suitable

Galilean change of frame may be needed before this becomes true.)

For simplicity we now drop the time variable completely. The next

heuristic step is to balance the moduli of the two remaining terms,

taking

|û(k)| ∼ e−F(k), (7.79)

where F(k) is still to be determined but assumed sufficiently smooth

and the symbol ∼ is used here to connect two functions “asymptoti-

cally equal up to contants and algebraic prefactors” (in other words,

asymptotic equality of the logarithms). The convolution in (7.78) can

be approximated for large wavenumbers by a continuous wavenumber

integral ∼
∫

e−F(p)−F(k−p)dp. Next we evaluate the integral by steepest

descent, assuming that the leading order comes from the critical point

p = k/2, where the p-derivative of F(p) + F(k − p) obviously vanishes.

This will require that this point be truly a minimum of F(p)+ F(k− p).
Balancing the logarithms of the nonlinear term and of the dissipative
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term we obtain the following simple equation for the function F(k):

2F

(
k
2

)
= F(k) −G(k). (7.80)

This is a linear first order finite difference equation (in the variable

ln k) which is easily solved for values of the wavenumber of the form

k = 2n:

F(2n) = 2n

[
F(1)+

G(2)
2
+

G(4)
4
+ · · · + G(2n)

2n

]
. (7.81)

For exponential dissipation (and for cosh dissipation when |k|/kd ≫
1), we have G(k) ≃ 2σ|k| and we obtain from (7.81), to leading order for

large positive k

F(k) ≃ 1
ln 2

k̃ ln k̃; k̃ ≔ 2σk =
k
kd
. (7.82)

If this heuristic result is correct – and the supporting numerical ev-

idence is strong as we shall see in Sections 7.5.2 and ?? – the esti-

mate given by Corollary 3.1 (adapted to the Burgers case) that |û(k)| <
e−C|k̃| ln |k̃| for sufficiently large |k̃| and any C < C⋆ = 1/(2 ln 2) still leaves
room for improvement as to the value of C⋆. It can be shown that

this dominant balance argument remains unchanged if we reinsert

the time-derivative term, since its contribution is easily checked to be

subdominant. Actually, the conjecture that the solution of NSE is en-

tire with exponential or cosh dissipation was based on precisely this

kind of dominant balance argument, which suggests a faster-than-

exponential decay of the Fourier coefficients.

When G(k) = 2σ|k|α with α > 1 we obtain to leading order

F(k) ≃ 2σ
1− 21−α |k|

α. (7.83)

This is an even faster decay of the Fourier coefficients than in the

exponential case (7.3).6

6Actually, one can show, for the Burgers equation and the NSE that when α > 1 the Fourier

coefficients of the solution decay faster than exp(−C|k|α−ǫ) for any ǫ > 0.
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It is easily checked that for α ≥ 1 the condition of having a mini-

mum of F(p)+F(k− p) at p = k/2 is satisfied. If however we were to use

(7.83) for 0 < α < 1 the condition would not be satisfied. In this case

it is easily shown for the Burgers equation and the NSE, by using a

variant of the theory present in Section 7.2, that the solution is in the

Gevrey class G1/α in the whole space Rd. It is actually not difficult to

show that the solution is also analytic when 0 < α < 1, in a finite strip

in Cd about the real space Rd. For this it suffices to adapt to the proof

of analyticity given for the ordinary NSE under the condition of some

mild regularity. Such regularity is trivially satisfied with the much

stronger dissipation assumed here [21].7

It is of interest to point out that, although analyticity is a stronger

regularity than Gevrey when 0 < α < 1, the Gevrey result implies a

decay of the form exp(−C|k|α ln |k|), independently of the viscosity coef-

ficient µ, whereas analyticity in a finite strip gives a decay of the form

exp(−η|k|) where η depends on µ [27].

7.5.2 Spectral simulation for the Burgers case

Here we begin our numerical tests on the 1D Burgers equation. So

far we have a significant gap in the value of the constant C appear-

ing in the e−C|k̃| ln |k̃| estimate of Fourier coefficient, between the bounds

and a heuristic derivation of the asymptotic behavior. In this section

we shall exclusively consider the case of the unforced Burgers equa-

tion with initial condition u0(x) = − sinx and dissipation with a rate

1− coshk. (Thus, µ = 1 and kd = 1.) The numerical method is, however,

very easily extended to other functional forms of the dissipation and

other initial conditions. The spectral method is actually quite versa-

tile. Its main drawback will be discussed at the end of this section.
7The first results on analyticity, derived in the more complex setting of flow with boundaries, were

obtained in [26].
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The standard way of obtaining a high-order scheme when numeri-

cally integrating PDE’s with (spatial) periodic boundary conditions is

by the (pseudo)-spectral technique with the 2/3 rule of alias removal

[28]. The usual reason this is more precise than finite differences is

that the truncation errors resulting from the use of a finite number N
of collocation points (and thus a finite number N/3 of Fourier modes)

decreases exponentially with N if the solution is analytic in a strip

of width δ around the real axis. Indeed this implies a bound for the

Fourier coefficients at high |k| of the form |û(k)| < e−C|k| for any C < δ. In

the present case, the solution being entire, the bound is even better.

There are of course sources of error other than spatial Fourier trun-

cation, namely rounding errors and temporal discretization errors.

Temporal discretization is a non-trivial problem here because the dis-

sipation grows exponentially with |k| and thus the characteristic time

scale of high-|k| modes can become exceedingly small. Fortunately,

these modes are basically slaved to the input stemming from nonlin-

ear interaction of lower-lying modes. It is possible to take advantage

of this to use a slaving technique which bypasses the stiffness of the

equation (a simple instance of this phenomenon is described in Ap-

pendix B of [29]). We use here the slaved scheme Exponential Time

Difference Runge Kutta 4 (ETDRK4) of [30] with a time step of 10−3 .8

As to the rounding noise, it is essential to use at least double preci-

sion since otherwise the faster-than-exponential decrease of the Fourier

coefficients would be swamped by rounding noise beyond a rather

modest wavenumber. Even with double precision, rounding noise prob-

lems start around wavenumber 17, as we shall see. Hence it makes

no sense to use more than, say, 64 collocation points, as we have done.

Fig. 7.1 shows the discrepancy

Discr (k) ≔ − ln |û(k, 1)|
|k| ln |k| −

1
ln 2

, (7.84)

8This is far larger than would have have been permitted without the slaving. Actually it can still

be increased somwehat to 5× 10−3 without affecting the results.
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which, according to heuristic asymptotic theory (7.79)-(7.82), should

converge to 0 as |k| → ∞.
It is seen that the discrepancy falls to about 3.5% of the nomi-

nal value 1/ ln 2 before getting swamped by rounding noise around

wavenumber 17.

It is actually possible to decrease significantly the discrepancy by

using a better processing of the numerical output, called asymptotic

interpolation, developed recently by van der Hoeven [31] and which is

related to the theory of transseries [32, 33]. The basic idea is to per-

form on the data a succession of transformations which successively

strip off the leading and subleading terms in the asymptotic expan-

sion (here for large |k|). Eventually, the transformed data allow a very

simple interpolation (mostly by a constant). The procedure can be

carried out until the transformed data become swamped by rounding

noise or display lack of asymptoticity, whichever occurs first. After the

interpolation stage, the successive transformations are undone. This

determines the asymptotic expansion of the data up to a certain order

of subdominant terms. An elementary introduction to this method

may be found in [34], from which we shall also borrow the notation

for the various transformations: I for “inverse”, R for “ratio”, SR for

“second ratio”, D for “difference” and Log for “logarithm”. The choice

of the successive transformations is dictated by various tests which

roughly allow us to find into which broad asymptotic class the data

and their transformed versions fall.

In the present case, the appropriate set of transformations is: Log,

D, D, I, D. Because of the relatively low precision of the data it is

not possible to perform more than five transformations, so that the

method gives us access only to the leading-order asymptotic behav-

ior, namely |û(k, 1)| ≃ e−C⋆|k| ln |k|. It may be shown that the constant

C⋆ = −1/u(5), where u(5) is the constant value of the high-|k| interpo-
lation u(5)(|k|) after the 5th stage of transformation. Fig. 7.2 shows
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Figure 7.1: Discrepancy Discr, as predicted by (7.84), vs wavenumber k for data

obtained by spectral simulation in double precission; rounding noise becomes sig-

nificant beyond wavenumber 17.
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Figure 7.2: Discrepancy Discr vs wavenumber k for the same data as in Fig. 7.1, but

proccessed by a 5-stage asymptotic interpolation method.
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the discrepancy u(5)(|k|) + ln 2 . The absolute value of the discrepancy

lingers around 0.002 to 0.005 before being swamped by rounding noise

at wavenumber 17. Thus with asymptotic interpolation the discrep-

ancy does not exceed 0.7% of the nominal value ln 2. The accuracy of

the determination has thus improved by about a factor 5, compared to

the naive method without asymptotic interpolation.

To improve further on this result and get some indication as to the

type of subdominant corrections present in the large-wavenumber ex-

pansion of the Fourier coefficients it would not suffice to increase the

spatial resolution, since rounding noise would still swamp the signal

beyond a wavenumber of roughly 17. Higher precision spectral cal-

culations are doable but not very simple because high-precision fast

Fourier transform packages are still in the experimental phase.

It is possible to use an alternative method which is significantly

less versatile as to the choice of the initial condition because it exploits

the algebraic structure of a certain special class of solutions, but which

also allows to work easily in arbitrary precision and thus to make

better use of asymptotic interpolation for determining the constant

C⋆. We refer the reader to Ref. [1] for a discussion on this.

7.6 Conclusions

In this Chapter we have proven that, for a large class of evolution

PDE’s, including the 3D NSE, exponential or faster-growing dissipa-

tion implies that the solution remains an entire function in the space

variables at all times. Exponential growth constitutes a threshold:

subexponential growth with a Fourier symbol e|k|
α

, where 0 < α < 1
makes the solution analytic (but not entire) as is the case in 2D (and

generally conjectured in 3D). Furthermore, for the 3D NSE and the

1D Burgers equation with a dissipation having the Fourier symbol

µe|k|/kd, we have shown that the amplitude of the Fourier coefficients
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is bounded by e−C|k̃| ln |k̃| (where k̃ ≔ k/kd) for any C < 1/(2 ln 2). For the

case of the 1D Burgers equation we have good evidence that this can

be improved to C < C⋆ = 1/ ln 2 since the high-|k| asymptotics seems

to have a leading term precisely of the form e−C⋆|k̃| ln |k̃|; the evidence

comes from a heuristic dominant-balance argument and from high-

precision simulations. The heuristic argument can actually be carried

over somewhat loosely to the expNSE in any dimension: again the

dominant nonlinear interaction contributing to wave vector k comes

from the wave vectors p = q = k/2; actually the condition of incom-

pressibility kills nonlinear interactions between exactly parallel wave

vectors but this is only expected to modify algebraic prefactors in front

of the exponential term.

We thus conjecture that C⋆ = 1/ ln 2 also holds for expNSE in any

space dimension d ≥ 2. Of course there is a substantial gap between

the bound and the conjectured asymptotic behavior. It seems that

such a gap is hard to avoid when using L2-type norms. For proving the

entire character of the solution such norms were appropriate. Beyond

this, it is appears more advisable to try bounding directly the moduli

of Fourier coefficients by using the power series method [14, 35]. A

first step in this direction would be to prove that C⋆ = 1/ ln 2 for ini-

tial conditions whose Fourier coefficients are compactly supported in

a product of half-spaces, of the kind considered in Section ??.

Exponential dissipation differs from ordinary dissipation (with a

Laplacian or a power thereof) not only by giving a faster decay of the

Fourier coefficients but by doing so in a universal way: with ordinary

dissipation the decay of the Fourier coefficient is generally conjectured

to be, to leading order, of the form e−η|k|, where η depends on the vis-

cosity ν and on the energy input or on the size of the initial velocity;

with exponential dissipation the decay is e−C⋆|k̃| ln |k̃|, where C⋆ = 1/ ln 2
and thus depends neither on the coefficient µ, which plays the role
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of the viscosity, nor on the initial data.9 As a consequence, it is ex-

pected that exponential dissipation will not exhibit the phenomenon

of dissipation-range intermittency, which for the usual dissipation can

be traced back either to the fluctuations of η [37] or to complex singu-

larities of a velocity field that is analytic but not entire [38].

Finally some comments on the practical relevance of modified dis-

sipation. First, let us comment on “hyperviscosity”, the replacement

of the (negative) Laplacian by its power of order α > 1. Of course we

know that specialists of PDE’s have traditionally been interested in

the hyperviscous 3D NSE, perhaps to overcome the frustration of not

being able to prove much about the ordinary 3D NSE. But scientists

doing numerical simulations of the NSE, say, for engineering, astro-

physical or geophysical applications, have also been using hypervis-

cosity because it is often believed to allow effectively higher Reynolds

numbers without the need to increase spatial resolution. We have

shown in Chapter 4 and in Ref. [39] that, when using a high power α

of the Laplacian in the dissipative term for 3DNSE or 1D Burgers, one

comes very close to a Galerkin truncation of Euler or inviscid Burgers,

respectively [39]. This produces a range of nearly thermalized modes

which shows up in large-Reynolds number spectral simulations as a

huge bottleneck in the Fourier amplitudes between the inertial range

and the far dissipation range. Since the bottleneck generates a fairly

large eddy viscosity, the hyperviscosity procedure with large α actu-

ally decreases the effective Reynolds number.

Next, consider exponential dissipation. In 1996 it was noticed that

when used in the 1D Burgers equation, cosh dissipation produces al-

most no bottleneck although it grows much faster than a power of the

wavenumber at high wavenumbers [40]. It is now clear that such a

dissipation will produce a faster-than-exponential decay at the high-

9It does, however, depend on the type of nonlinearity. For example, with a cubic nonlinearity the

same kind of heuristics as presented earlier predicts a constant C⋆ = 1/ ln 3.
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est wavenumbers. But at wavenumbers such that |k| ≪ kd a dissi-

pation rate µ(1 − coshk/kd) reduces to µ|k|2/(2kd
2), to leading order in

k/kd, which is the ordinary (Laplacian) dissipation. With the ordinary

1D Burgers equation it may be shown analytically that there is no

bottleneck. For the ordinary 3D NSE, experimental and numerical

results show the presence of a rather modest bottleneck (for exam-

ple the “compensated” three-dimensional energy spectrum |k|+5/3E(|k|)
overshoots by about 20%.). If in a simulation with cosh dissipation

µ and kd are adjusted in such a way that dissipation starts acting at

wavenumbers slighter smaller than kd, the beginning of the dissipa-

tion range will be mostly as with an ordinary Laplacian, that is with

no or little bottleneck.10 At higher wavenumbers, where the expo-

nential growth of the dissipation rate is felt, faster than exponential

decay will be observed. In principle this can be used to avoid wast-

ing resolution without developing a serious bottleneck. Faster than

exponentially growing dissipation, e.g. µ
(
e(|k|/kd)2 − 1

)
, may be even bet-

ter because the prediction is that the Fourier coefficients will display

Gaussian decay.11 Testing the advantages and drawbacks of different

types of faster-than-algebraically growing dissipations for numerical

simulations is left for future work.

10If µ and kd are not carefully chosen, effective dissipation can start well beyond kd. One may then

observe the same kind of thermalization and of bottleneck than with a high power of the Laplacian

[41].
11Here we mention that this may be related to the use of Gaussian filters at each time step, a

procedure described to one of us (UF) as allowing to absorbe energy near the maximum wavenumber

without having it reflected back to lower wavenumbers [42].



Appendix D

Inequalities

D.1 Cauchy-Schwarz Inequality

The CauchySchwarz inequality is commonly used in a variety of math-

ematical problems. The inequality for sums was published by Au-

gustin Cauchy (1821); the corresponding inequality for integrals was

first stated by Viktor Yakovlevich Bunyakovsky (1859) and rediscov-

ered by Hermann Amandus Schwarz (1888)

The CauchySchwarz inequality states that for all vectors x and y

|〈x, y〉|2 ≤ 〈x, x〉 · 〈y, y〉, (D.1)

where 〈·, ·〉 is the inner product. This can be rewritten, by taking

square roots and using the norms of the vectors, as

|〈x, y〉| ≤ ‖x‖ · ‖y‖. (D.2)

The equality holds if and only if x and y are linearly dependent (par-

allel) or if one of the vectors is equal to zero).

If x1, · · · , xn ∈ C and y1, · · · , yn ∈ C are the components of x and y in

an orthonormal basis one can write:

∣∣∣∣∣∣∣

n∑

i=1

xiyi

∣∣∣∣∣∣∣

2

≤
n∑

j=1

|x j|2
n∑

k=1

|yk|2. (D.3)
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For square-integrable complex-valued functions the Cauchy-Schwarz

inequality states

∣∣∣∣∣
∫

f (x)g(x) dx
∣∣∣∣∣
2

≤
∫
| f (x)|2 dx ·

∫
|g(x)|2 dx. (D.4)

D.2 Young’s Inequality

Young’s Inequality states that if a and b are nonnegative real numbers

then for any p and q which are positive real numbers and satisfy the

condition 1/p + 1/q = 1 then

ab ≤ ap

p
+

bq

q
. (D.5)

The equality holds if and only if ap = bq.
A special case of Young’s inequality is

ab ≤ a2

2
+

b2

2
. (D.6)

This can be generalised to

ab ≤ a2

2ε
+
εb2

2
, (D.7)

which is valid for any positive ε.

In real analysis, we use Young’s inequality in the following form.

For any function f in Lp and g in Lq and where

1
p
+

1
q
=

1
r
+ 1 (D.8)

for 1 ≤ p, q, r ≤ r, we have

| f ∗ g|r ≤ | f |p|g‖q. (D.9)

The star denotes convolution, Lp is Lebesgue space, and
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| f |p =
(∫
| f (x)|p, dx

)1/p
(D.10)

denotes the usual Lp norm.

For the special case p, q > 1 we obtain

| f ∗ g|r ≤ cp,q| f |p|g|q, (D.11)

where the constant cp,q < 1.

D.3 Agmon’s Inequality

Agmon’s inequalities, which consists of closely related inequalities be-

tween the Lebesgue space L∞ and the Sobolev spaces Hs, are used in

the study of partial differential equations.

The result, obtained in R3, states that for u, a vector-valued func-

tion, such that u ∈ (H2(Ω) ∩ H1
0(Ω))3, where Ω ⊂ R3, there exists a

constant C such that

‖u‖L∞(Ω) ≤ C‖u‖1/4
L2(Ω)
‖u‖3/4

H2(Ω)
(D.12)

and

‖u‖L∞(Ω) ≤ C‖u‖1/2
H1(Ω)
‖u‖1/2

H2(Ω)
. (D.13)
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