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θ: Parameters of deep net 
 
(x1,y1), (x2,y2),…  iid (point, label) 

from distribution D  
(training data)

Loss function (how well net output matched true 
label y on point x) Can be l2, cross-entropy….

Objective

Gradient Descent 

7/

Stochastic GD: Estimate ∇ via small  sample of training data.

Source: Sanjeev Arora ICML 2018 Tutorial

Terminology



The Successes of Deep Learning



Baby Steps in Deep Learning Theory



Can Deep Nets Learn Linear Separators?

 A. Brutzkus et al., “SGD learns over-parameterized net- works that provably generalize on linearly separable data,” in ICLR 2018.

...W

Data:

Model:

Leaky ReLU

v

y = sign(x�w�)



Can Deep Nets Learn Linear Separators?

Why can it fail?
1. The loss is non-convex in W.
2. W can potentially “overfit” and not generalise.

Solve:

Gradient Descent:



Can Deep Nets Learn Linear Separators?

Theorem 1: Every critical point of LS(W) is a global minima.

Theorem 2: SGD converges to a global minimum after performing at most

M =
||w�||2

�2 +O
�

||w�||2

�

�

non-zero updates.

Theorem 3: For n > 2M, the test error goes down as follows:

L0�1
D (SGD) = �O

�
1
n

�



Can Deep Nets Learn Linear Separators?

Future directions open:
1. What if the vector “v” was also learnt using SGD?
2. What if the activation function was plain ReLU?

Take home points:
1. SGD acts as a “regulariser” biasing towards 

classifiers that can be expressed compactly.
2. Perceptron proof technique!



Can Deep Nets Learn Structured Data?

Yuanzhi Li, Yingyu Liang. Learning overparameterized neural networks via stochastic gradient descent on structured data. NIPS 2018.

Structured data:



...

W

Model:

Can Deep Nets Learn Structured Data?

V

m hidden nodes, and k classes.

fi(x) =
�m

r=1 Vi,r�(w�
r x)

L(W) = �
N�

s=1
log oys(xs,W)

One layer ReLU:

Output Probs:

Loss function:

o(x) = softmax(f(x))



Can Deep Nets Learn Structured Data?

Key Theorem: For large enough number of hidden nodes, 
SGD will output “right” answer with high probability.



Can Deep Nets Learn Structured Data?
Proof Ideas:

�L(W)

�wr
=

�

a�[k],b�[l]
pa,b

�

�
�

i �=a
(Vi,r � Va,r)oi(xalb,W)

�

� · xa,b · 1(w�
r xa,b � 0)

��L(W)

�wr
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�
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�
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�

i �=a
(Vi,r � Va,r)oi(xalb,W)

�

� · xa,b · 1(w�
r,initxa,b � 0)

Gradient:

“Pseudo-Gradient”:



Can Deep Nets Learn Structured Data?

Proof Ideas: 
 
Lemma 1: Throughout the training process, the “pseudo-
gradients” are “almost” the same as the true gradients.
 

Lemma 2: As the pseudo gradients resemble gradients 
of a convex function, it can be shown that the “pseudo-
gradients” are zero only at the global minimiser of the 
loss.



Can Deep Nets Learn Linear Separators?

Future directions open:
1. What if the matrix “V” was also learnt using SGD?  

2. Proof requires prohibitive amount of 
overparameterisation, is that necessary?

Take home points: 

1. Overparameterisation enables analysis using a 
“convex-like” loss function instead of the loss 
function.



Weight Tying



Data Model

 Shai Shalev-Shwartz et al. Weight sharing is crucial to succesful optimization. arXiv:1706.00687, 2017

Data point: x = (x1, . . . ,xk) � Rdk

Label: y = g�(h�(x))

h�(x) = [�(u�
0 x1), . . . , �(u�

0 xk)]

Example g�:
• g�

low(z) = z1

• g�
high(z) = cos(

�
i �zi)

• g�
mid(z) = g�

high(z) + g�
low(z)



Learning Hypothesis Class

 Shai Shalev-Shwartz et al. Weight sharing is crucial to succesful optimization. arXiv:1706.00687, 2017

Weight-sharing model:

w = [w1, . . . ,wk] � Rdk

wi = w0
(Thus, k times lesser

parameters)

by u0, and defined as:

pu0(x) = cku
⊤
0 x1 + cos

(

k
∑

i=1

u⊤
0 xi

)

.

For simplicity of notation, when using the 0 subscript for the weight vector, we refer to an element of
the WS sub-family. Additionally, we use ū0 to denote the vector composed of k duplicates of u0, namely
(u0,u0, . . . ,u0). Consider the objective

F (w) = Ex

[

1

2
(pw(x) − pu0(x))

2
]

,

where x is standard Gaussian. We consider the gap between optimizing a FC architecture, namely, one
parameterized by w, and a WS one, parameterized by a single weight vector w0. We note that our choice of
ck is merely to simplify the proofs – convergence guarantees can be proven for other choices of ck (including
ck = 1), but the proof requires more effort.

3.1 Hardness Result for Optimizing F using GD - FC Architecture

Theorem 1 Assuming k > 1, the following holds for some numerical constants c1, c2, c3, c4: For any w

such that ∥(w2, . . . ,wk)∥ ∈
[√

k−1
3 · ∥u0∥,

√
k−1
2 · ∥u0∥

]

, it holds that

∥

∥

∥

∥

∂

∂(w2, . . . ,wk)
F (w)

∥

∥

∥

∥

≤ c1
√
k∥u0∥ exp

(

−c2k∥u0∥2
)

.

Moreover, for any w such that ∥(w2, . . . ,wk)∥ ≤
√
k−1
2 ∥u0∥, it holds that

F (w)− F (ū0) ≥ 1− c3 exp(−c4k∥u0∥2).

The proof is given in Appendix B.1. To understand the implication of the theorem, consider a gradient-

based method, starting at some initial point w(0) such that ∥(w(0)
2 , . . . ,w(0)

k )∥ ≤
√
k−1
3 · ∥u0∥ (a reasonable

assumption). In that case, the theorem implies that the algorithm will need to cross the ring
{

(w2, . . . ,wk) : ∥(w2, . . . ,wk)∥ ∈
[
√
k − 1

3
· ∥u0∥,

√
k − 1

2
· ∥u0∥

]}

w.r.t. (w2, . . . ,wk), to get to a solution which ensures sub-constant error. However, in that ring, the
gradients are essentially exponentially small in k∥u0∥2. This implies that performing gradient steps with any
bounded step size, one would need exponentially many iterations (in k∥u0∥2) to achieve sub-constant error.

3.2 Positive Result for Optimizing F using GD - WS Architecture

We show that when using a WS architecture, the objective is transformed to be strongly convex, making for
simple proof techniques being applicable. The proof is given in Appendix B.2.

Theorem 2 Using the WS architecture, F is strongly convex, minimized at u0, and satisfies
maxw0 λmax(∇2F (w0))
minw0 λmin(∇2F (w0))

≤
5, where λmax(M) and λmin(M) are the top and bottom eigenvalues of a positive definite matrix M . Hence,
gradient descent starting from any point w(0), and with an appropriate step size, will reach a point w satis-
fying ∥w− u0∥ ≤ ϵ in at most 5 · log(∥winit − u0∥/ϵ) iterations.

4 Sum of Low and High Degree Parities

This section formalizes our main result, namely, a separation between WS and FC architectures for learning
a target function, g∗ ◦ h∗, when g∗ = g∗both is comprised of both high and low frequencies. The negative
result for the FC architecture is given in Theorem 3 and the positive result for the WS architecture is given
in Theorem 4.
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the vector w0 ∈ Rd, or with fully connected architecture, namely, h(x) = (σ(w⊤
1 ,x1), . . . ,σ(w⊤

k xk)),
where we learn the vector w = (w1, . . . ,wk).

• Known vs. Unknown g∗: for the function g we either use g = g∗ or learn g as well by using the following
architecture: FC layer with 50 outputs, ReLU, and FC layer with a single output.

• Input Distribution: we either sample x from a Gaussian distribution, or use real image patches of size
10× 10 from the MNIST data set, normalized to have zero mean.

We train all of our networks with SGD, with η = 0.5, batch size 128, and the Squared Loss, for 3000
iterations. The vectors xi were generated by sampling from a normal distribution. The results of these
experiments are depicted on the 6 graphs of Figure 1.

The graphs reveals several interesting observations. The first is the clear failure, of both WS and FC
architectures, for both real and Gaussian data, and for both known and unknown g∗, when the target
function is g∗high, and the contrasting success when it is g∗low. To explain this difference, let us characterize
the g∗s using tools from Fourier analysis of real functions over the boolean cube. The representation of such
functions in the Fourier basis can be used to define many different meaningful characterizations. Perhaps
one of the most natural ones is the degree, or frequency of the function. Specifically, in our case, g∗low is a
basis function of degree 1, while g∗high is a basis function of degree 5. Our theoretical analysis shows that the

number of GD iterations required to learn h∗ when g∗ is a basis function grows as ddegree. In our experiment
d = 75, or 100 for the MNIST patches, and we observe a clear separation already between degree 1 and
degree 5.

Next, since real-world functions will likely contain several frequencies, it is natural to study functions
that combine many basis elements. As a first step, we turn to observe the performance for g∗both. Here, we
suddenly see a strong separation between the WS and FC architectures: the optimization converges very
quickly for the WS architecture while for the FC one, the high frequency component has not been learnt.
Our theoretical analysis proves that, indeed, the number of GD iterations required by the FC architecture
still grows as dhigh-degree, while for the WS architecture, the required number of iterations is only polynomial
in the high degree.1 Intuitively, the low frequency term directs the single, shared, weight vector towards the
optimum. Once h converged to h∗, even if g∗ is unknown, the GD process succeeds in learning it, because
k is small. In contrast, without weight sharing, the components of w that appear only in the high degree
term are not being learnt, as was the case for g∗high.

Finally, while our analysis proves the positive and negative results for the case of known g∗ where x is
normally distributed, the graphs show that even in the more general case, when g∗ is also being learnt, and
even if the data is natural, the picture remains roughly the same.2

3 Sum of Low and High Degree Waves

In this section we provide our first separation result between the WS and FC architectures.
Let x = (x1, . . . ,xk) ∈ Rdk,w = (w1, . . . ,wk) ∈ Rdk denote input elements, and weight vectors, respec-

tively. Define:

pw(x) = ckw
⊤
1 x1 + cos

(

k
∑

i=1

w⊤
i xi

)

,

where ck is any parameter ≥ 3
√
k. As in the introduction, we define a sub-family of functions, parameterized

1We emphasize that this exponential gap between WS and FC is due to computational reasons and not due to overfitting.
The difference in sample complexity between the two architectures is only a factor of k, and in both cases the training set size
is sufficiently large.

2The only difference across this aspect, when learning a degree 1 parity with a convolutional architecture, between known
and unknown g∗, for Gaussian data, is perhaps due to smaller Signal to Noise Ratio in the case of learning g∗, as suggested in
[18].
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by u0, and defined as:

pu0(x) = cku
⊤
0 x1 + cos

(

k
∑

i=1

u⊤
0 xi

)

.

For simplicity of notation, when using the 0 subscript for the weight vector, we refer to an element of
the WS sub-family. Additionally, we use ū0 to denote the vector composed of k duplicates of u0, namely
(u0,u0, . . . ,u0). Consider the objective

F (w) = Ex

[

1

2
(pw(x) − pu0(x))

2
]

,

where x is standard Gaussian. We consider the gap between optimizing a FC architecture, namely, one
parameterized by w, and a WS one, parameterized by a single weight vector w0. We note that our choice of
ck is merely to simplify the proofs – convergence guarantees can be proven for other choices of ck (including
ck = 1), but the proof requires more effort.

3.1 Hardness Result for Optimizing F using GD - FC Architecture

Theorem 1 Assuming k > 1, the following holds for some numerical constants c1, c2, c3, c4: For any w

such that ∥(w2, . . . ,wk)∥ ∈
[√

k−1
3 · ∥u0∥,

√
k−1
2 · ∥u0∥

]

, it holds that

∥

∥

∥

∥

∂

∂(w2, . . . ,wk)
F (w)

∥

∥

∥

∥

≤ c1
√
k∥u0∥ exp

(

−c2k∥u0∥2
)

.

Moreover, for any w such that ∥(w2, . . . ,wk)∥ ≤
√
k−1
2 ∥u0∥, it holds that

F (w)− F (ū0) ≥ 1− c3 exp(−c4k∥u0∥2).

The proof is given in Appendix B.1. To understand the implication of the theorem, consider a gradient-

based method, starting at some initial point w(0) such that ∥(w(0)
2 , . . . ,w(0)

k )∥ ≤
√
k−1
3 · ∥u0∥ (a reasonable

assumption). In that case, the theorem implies that the algorithm will need to cross the ring
{

(w2, . . . ,wk) : ∥(w2, . . . ,wk)∥ ∈
[
√
k − 1

3
· ∥u0∥,

√
k − 1

2
· ∥u0∥

]}

w.r.t. (w2, . . . ,wk), to get to a solution which ensures sub-constant error. However, in that ring, the
gradients are essentially exponentially small in k∥u0∥2. This implies that performing gradient steps with any
bounded step size, one would need exponentially many iterations (in k∥u0∥2) to achieve sub-constant error.

3.2 Positive Result for Optimizing F using GD - WS Architecture

We show that when using a WS architecture, the objective is transformed to be strongly convex, making for
simple proof techniques being applicable. The proof is given in Appendix B.2.

Theorem 2 Using the WS architecture, F is strongly convex, minimized at u0, and satisfies
maxw0 λmax(∇2F (w0))
minw0 λmin(∇2F (w0))

≤
5, where λmax(M) and λmin(M) are the top and bottom eigenvalues of a positive definite matrix M . Hence,
gradient descent starting from any point w(0), and with an appropriate step size, will reach a point w satis-
fying ∥w− u0∥ ≤ ϵ in at most 5 · log(∥winit − u0∥/ϵ) iterations.

4 Sum of Low and High Degree Parities

This section formalizes our main result, namely, a separation between WS and FC architectures for learning
a target function, g∗ ◦ h∗, when g∗ = g∗both is comprised of both high and low frequencies. The negative
result for the FC architecture is given in Theorem 3 and the positive result for the WS architecture is given
in Theorem 4.
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Prediction:

Truth:

Loss:



Gradients Vanish For Standard Model

by u0, and defined as:

pu0(x) = cku
⊤
0 x1 + cos

(

k
∑

i=1

u⊤
0 xi

)

.

For simplicity of notation, when using the 0 subscript for the weight vector, we refer to an element of
the WS sub-family. Additionally, we use ū0 to denote the vector composed of k duplicates of u0, namely
(u0,u0, . . . ,u0). Consider the objective

F (w) = Ex

[

1

2
(pw(x) − pu0(x))

2
]

,

where x is standard Gaussian. We consider the gap between optimizing a FC architecture, namely, one
parameterized by w, and a WS one, parameterized by a single weight vector w0. We note that our choice of
ck is merely to simplify the proofs – convergence guarantees can be proven for other choices of ck (including
ck = 1), but the proof requires more effort.

3.1 Hardness Result for Optimizing F using GD - FC Architecture

Theorem 1 Assuming k > 1, the following holds for some numerical constants c1, c2, c3, c4: For any w

such that ∥(w2, . . . ,wk)∥ ∈
[√

k−1
3 · ∥u0∥,

√
k−1
2 · ∥u0∥

]

, it holds that

∥

∥

∥

∥

∂

∂(w2, . . . ,wk)
F (w)

∥

∥

∥

∥

≤ c1
√
k∥u0∥ exp

(

−c2k∥u0∥2
)

.

Moreover, for any w such that ∥(w2, . . . ,wk)∥ ≤
√
k−1
2 ∥u0∥, it holds that

F (w)− F (ū0) ≥ 1− c3 exp(−c4k∥u0∥2).

The proof is given in Appendix B.1. To understand the implication of the theorem, consider a gradient-

based method, starting at some initial point w(0) such that ∥(w(0)
2 , . . . ,w(0)

k )∥ ≤
√
k−1
3 · ∥u0∥ (a reasonable

assumption). In that case, the theorem implies that the algorithm will need to cross the ring
{

(w2, . . . ,wk) : ∥(w2, . . . ,wk)∥ ∈
[
√
k − 1

3
· ∥u0∥,

√
k − 1

2
· ∥u0∥

]}

w.r.t. (w2, . . . ,wk), to get to a solution which ensures sub-constant error. However, in that ring, the
gradients are essentially exponentially small in k∥u0∥2. This implies that performing gradient steps with any
bounded step size, one would need exponentially many iterations (in k∥u0∥2) to achieve sub-constant error.

3.2 Positive Result for Optimizing F using GD - WS Architecture

We show that when using a WS architecture, the objective is transformed to be strongly convex, making for
simple proof techniques being applicable. The proof is given in Appendix B.2.

Theorem 2 Using the WS architecture, F is strongly convex, minimized at u0, and satisfies
maxw0 λmax(∇2F (w0))
minw0 λmin(∇2F (w0))

≤
5, where λmax(M) and λmin(M) are the top and bottom eigenvalues of a positive definite matrix M . Hence,
gradient descent starting from any point w(0), and with an appropriate step size, will reach a point w satis-
fying ∥w− u0∥ ≤ ϵ in at most 5 · log(∥winit − u0∥/ϵ) iterations.

4 Sum of Low and High Degree Parities

This section formalizes our main result, namely, a separation between WS and FC architectures for learning
a target function, g∗ ◦ h∗, when g∗ = g∗both is comprised of both high and low frequencies. The negative
result for the FC architecture is given in Theorem 3 and the positive result for the WS architecture is given
in Theorem 4.
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Lemma 1:

If

by u0, and defined as:

pu0(x) = cku
⊤
0 x1 + cos

(

k
∑

i=1

u⊤
0 xi

)

.

For simplicity of notation, when using the 0 subscript for the weight vector, we refer to an element of
the WS sub-family. Additionally, we use ū0 to denote the vector composed of k duplicates of u0, namely
(u0,u0, . . . ,u0). Consider the objective

F (w) = Ex

[

1

2
(pw(x) − pu0(x))

2
]

,

where x is standard Gaussian. We consider the gap between optimizing a FC architecture, namely, one
parameterized by w, and a WS one, parameterized by a single weight vector w0. We note that our choice of
ck is merely to simplify the proofs – convergence guarantees can be proven for other choices of ck (including
ck = 1), but the proof requires more effort.

3.1 Hardness Result for Optimizing F using GD - FC Architecture

Theorem 1 Assuming k > 1, the following holds for some numerical constants c1, c2, c3, c4: For any w

such that ∥(w2, . . . ,wk)∥ ∈
[√

k−1
3 · ∥u0∥,

√
k−1
2 · ∥u0∥

]

, it holds that

∥

∥

∥

∥

∂

∂(w2, . . . ,wk)
F (w)

∥

∥

∥

∥

≤ c1
√
k∥u0∥ exp

(

−c2k∥u0∥2
)

.

Moreover, for any w such that ∥(w2, . . . ,wk)∥ ≤
√
k−1
2 ∥u0∥, it holds that

F (w)− F (ū0) ≥ 1− c3 exp(−c4k∥u0∥2).

The proof is given in Appendix B.1. To understand the implication of the theorem, consider a gradient-

based method, starting at some initial point w(0) such that ∥(w(0)
2 , . . . ,w(0)

k )∥ ≤
√
k−1
3 · ∥u0∥ (a reasonable

assumption). In that case, the theorem implies that the algorithm will need to cross the ring
{

(w2, . . . ,wk) : ∥(w2, . . . ,wk)∥ ∈
[
√
k − 1

3
· ∥u0∥,

√
k − 1

2
· ∥u0∥

]}

w.r.t. (w2, . . . ,wk), to get to a solution which ensures sub-constant error. However, in that ring, the
gradients are essentially exponentially small in k∥u0∥2. This implies that performing gradient steps with any
bounded step size, one would need exponentially many iterations (in k∥u0∥2) to achieve sub-constant error.

3.2 Positive Result for Optimizing F using GD - WS Architecture

We show that when using a WS architecture, the objective is transformed to be strongly convex, making for
simple proof techniques being applicable. The proof is given in Appendix B.2.

Theorem 2 Using the WS architecture, F is strongly convex, minimized at u0, and satisfies
maxw0 λmax(∇2F (w0))
minw0 λmin(∇2F (w0))

≤
5, where λmax(M) and λmin(M) are the top and bottom eigenvalues of a positive definite matrix M . Hence,
gradient descent starting from any point w(0), and with an appropriate step size, will reach a point w satis-
fying ∥w− u0∥ ≤ ϵ in at most 5 · log(∥winit − u0∥/ϵ) iterations.

4 Sum of Low and High Degree Parities

This section formalizes our main result, namely, a separation between WS and FC architectures for learning
a target function, g∗ ◦ h∗, when g∗ = g∗both is comprised of both high and low frequencies. The negative
result for the FC architecture is given in Theorem 3 and the positive result for the WS architecture is given
in Theorem 4.
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then

Lemma 2:

by u0, and defined as:

pu0(x) = cku
⊤
0 x1 + cos

(

k
∑

i=1

u⊤
0 xi

)

.

For simplicity of notation, when using the 0 subscript for the weight vector, we refer to an element of
the WS sub-family. Additionally, we use ū0 to denote the vector composed of k duplicates of u0, namely
(u0,u0, . . . ,u0). Consider the objective

F (w) = Ex

[

1

2
(pw(x) − pu0(x))

2
]

,

where x is standard Gaussian. We consider the gap between optimizing a FC architecture, namely, one
parameterized by w, and a WS one, parameterized by a single weight vector w0. We note that our choice of
ck is merely to simplify the proofs – convergence guarantees can be proven for other choices of ck (including
ck = 1), but the proof requires more effort.

3.1 Hardness Result for Optimizing F using GD - FC Architecture

Theorem 1 Assuming k > 1, the following holds for some numerical constants c1, c2, c3, c4: For any w

such that ∥(w2, . . . ,wk)∥ ∈
[√

k−1
3 · ∥u0∥,

√
k−1
2 · ∥u0∥

]

, it holds that

∥

∥

∥

∥

∂

∂(w2, . . . ,wk)
F (w)

∥

∥

∥

∥

≤ c1
√
k∥u0∥ exp

(

−c2k∥u0∥2
)

.

Moreover, for any w such that ∥(w2, . . . ,wk)∥ ≤
√
k−1
2 ∥u0∥, it holds that

F (w)− F (ū0) ≥ 1− c3 exp(−c4k∥u0∥2).

The proof is given in Appendix B.1. To understand the implication of the theorem, consider a gradient-

based method, starting at some initial point w(0) such that ∥(w(0)
2 , . . . ,w(0)

k )∥ ≤
√
k−1
3 · ∥u0∥ (a reasonable

assumption). In that case, the theorem implies that the algorithm will need to cross the ring
{

(w2, . . . ,wk) : ∥(w2, . . . ,wk)∥ ∈
[
√
k − 1

3
· ∥u0∥,

√
k − 1

2
· ∥u0∥

]}

w.r.t. (w2, . . . ,wk), to get to a solution which ensures sub-constant error. However, in that ring, the
gradients are essentially exponentially small in k∥u0∥2. This implies that performing gradient steps with any
bounded step size, one would need exponentially many iterations (in k∥u0∥2) to achieve sub-constant error.

3.2 Positive Result for Optimizing F using GD - WS Architecture

We show that when using a WS architecture, the objective is transformed to be strongly convex, making for
simple proof techniques being applicable. The proof is given in Appendix B.2.

Theorem 2 Using the WS architecture, F is strongly convex, minimized at u0, and satisfies
maxw0 λmax(∇2F (w0))
minw0 λmin(∇2F (w0))

≤
5, where λmax(M) and λmin(M) are the top and bottom eigenvalues of a positive definite matrix M . Hence,
gradient descent starting from any point w(0), and with an appropriate step size, will reach a point w satis-
fying ∥w− u0∥ ≤ ϵ in at most 5 · log(∥winit − u0∥/ϵ) iterations.

4 Sum of Low and High Degree Parities

This section formalizes our main result, namely, a separation between WS and FC architectures for learning
a target function, g∗ ◦ h∗, when g∗ = g∗both is comprised of both high and low frequencies. The negative
result for the FC architecture is given in Theorem 3 and the positive result for the WS architecture is given
in Theorem 4.
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by u0, and defined as:

pu0(x) = cku
⊤
0 x1 + cos

(

k
∑

i=1

u⊤
0 xi

)

.

For simplicity of notation, when using the 0 subscript for the weight vector, we refer to an element of
the WS sub-family. Additionally, we use ū0 to denote the vector composed of k duplicates of u0, namely
(u0,u0, . . . ,u0). Consider the objective

F (w) = Ex

[

1

2
(pw(x) − pu0(x))

2
]

,

where x is standard Gaussian. We consider the gap between optimizing a FC architecture, namely, one
parameterized by w, and a WS one, parameterized by a single weight vector w0. We note that our choice of
ck is merely to simplify the proofs – convergence guarantees can be proven for other choices of ck (including
ck = 1), but the proof requires more effort.

3.1 Hardness Result for Optimizing F using GD - FC Architecture

Theorem 1 Assuming k > 1, the following holds for some numerical constants c1, c2, c3, c4: For any w

such that ∥(w2, . . . ,wk)∥ ∈
[√

k−1
3 · ∥u0∥,

√
k−1
2 · ∥u0∥

]

, it holds that

∥

∥

∥

∥

∂

∂(w2, . . . ,wk)
F (w)

∥

∥

∥

∥

≤ c1
√
k∥u0∥ exp

(

−c2k∥u0∥2
)

.

Moreover, for any w such that ∥(w2, . . . ,wk)∥ ≤
√
k−1
2 ∥u0∥, it holds that

F (w)− F (ū0) ≥ 1− c3 exp(−c4k∥u0∥2).

The proof is given in Appendix B.1. To understand the implication of the theorem, consider a gradient-

based method, starting at some initial point w(0) such that ∥(w(0)
2 , . . . ,w(0)

k )∥ ≤
√
k−1
3 · ∥u0∥ (a reasonable

assumption). In that case, the theorem implies that the algorithm will need to cross the ring
{

(w2, . . . ,wk) : ∥(w2, . . . ,wk)∥ ∈
[
√
k − 1

3
· ∥u0∥,

√
k − 1

2
· ∥u0∥

]}

w.r.t. (w2, . . . ,wk), to get to a solution which ensures sub-constant error. However, in that ring, the
gradients are essentially exponentially small in k∥u0∥2. This implies that performing gradient steps with any
bounded step size, one would need exponentially many iterations (in k∥u0∥2) to achieve sub-constant error.

3.2 Positive Result for Optimizing F using GD - WS Architecture

We show that when using a WS architecture, the objective is transformed to be strongly convex, making for
simple proof techniques being applicable. The proof is given in Appendix B.2.

Theorem 2 Using the WS architecture, F is strongly convex, minimized at u0, and satisfies
maxw0 λmax(∇2F (w0))
minw0 λmin(∇2F (w0))

≤
5, where λmax(M) and λmin(M) are the top and bottom eigenvalues of a positive definite matrix M . Hence,
gradient descent starting from any point w(0), and with an appropriate step size, will reach a point w satis-
fying ∥w− u0∥ ≤ ϵ in at most 5 · log(∥winit − u0∥/ϵ) iterations.

4 Sum of Low and High Degree Parities

This section formalizes our main result, namely, a separation between WS and FC architectures for learning
a target function, g∗ ◦ h∗, when g∗ = g∗both is comprised of both high and low frequencies. The negative
result for the FC architecture is given in Theorem 3 and the positive result for the WS architecture is given
in Theorem 4.
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Gradients Vanish For Standard Model

Theorem 1: For the standard model, gradient descent 
will take exponential (in k) iterations to get to the 
solution. 



Weight Sharing Model Objective is Convex!

Theorem 2: For the weight-sharing model, the objective 
becomes strongly convex!



Illustration of 
Deep Network Learning and 
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Square Wave Learning Tricks

•  The objective is highly non-convex and direct 
minimisation of all parameters fails. 

• Observing the symmetry of the “right” answer, weights 
can be tied “negatively”: i.e. weights going into each 
node is forced to be the negative of the weights going 
into the other node in the same layer. 

• Number of parameters only halve, but chances of 
success in stochastic gradient descent improves 
dramatically. 



Theoretical Advantages of Weight Tying

Take Home Points: 

• The benefits of weight tying go beyond simply reducing 
parameter count. 

• Symmetries to be exploited should be expressed via tying.
• Convolutional weight tying: Location agnostic object 
detection

• Negative weight tying: Negation symmetry at multiple 
scales



Theoretical Advantages of Weight Tying

Future Directions: 

• Discover the “inductive bias” for various mechanisms of 
weight tying. 

• New weight tying schemes 

• Show benefits of weight tying with multiple layers.



Generalisation in Deep Networks



The Parameter Deluge

Training state of the art ConvNets for CIFAR10 (60k images):

# Parameters Train Accuracy Test Accuracy

Inception 1.6M 100 89

Inception v2 1.6M 100 83

Alexnet 1.4M 100 81

MLP 3 1.7M 100 52

Source: Zhang et al. 2017



Generali-
zation error

Real Life Deep learning

Longtime belief: SGD + regularization eliminates “excess capacity” 
of the net

Large Models Can Overfit

Source: Sanjeev Arora ICML 2018 Tutorial



Models that can Fit Anything, Even Noise
Training state of the art ConvNets for 

CIFAR10 with random labels:

# Parameters Train Accuracy Test Accuracy

Inception 1.6M 100 10

Inception v2 1.6M 100 10

Alexnet 1.4M 100 10

MLP 3 1.7M 100 10



Better Measures of Complexity?

1. A very similar problem arose in the early 2000s for a popular 
algorithm known as AdaBoost. 

2. AdaBoost also fit extremely complex models with very small 
training data, and had good generalisation power. 

3. The key to explaining that was a better notion of complexity 
than parameter counting: Margin distributions



Margin Distributions

Problem: Learn a weighted majority of 10 decision stumps

Distribution

Training data

Learned classifier

-1 -1
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Margin Distributions

(a) Margins. (b) Normalized margins.

Figure 2: Margin distributions at the end of training AlexNet on cifar10, with and without random
labels. With proper normalization, random labels demonstrably correspond to a harder problem.

A = (A1, . . . , AL) let FA denote the function computed by the corresponding network:

FA(x) := �L(AL�L�1(AL�1 · · ·�1(A1x) · · · )). (1.1)

The network output FA(x) 2 RdL (with d0 = d and dL = k) is converted to a class label in {1, . . . , k}
by taking the argmax over components, with an arbitrary rule for breaking ties. Whenever input data
x1, . . . , xn 2 Rd are given, collect them as rows of a matrix X 2 Rn⇥d. Occasionally, notation will be
overloaded to discuss FA(XT ), a matrix whose ith column is FA(xi). Let W denote the maximum of
{d, d1, . . . , dL}. The l2 norm k · k2 is always computed entry-wise; thus, for a matrix, it corresponds to
the Frobenius norm.

Next, define a collection of reference matrices (M1, . . . ,ML) with the same dimensions as A1, . . . , AL;
for instance, to obtain a good bound for ResNet (He et al., 2016), it is sensible to set Mi := I, the
identity map, and the bound below will worsen as the network moves farther from the identity map; for
AlexNet (Krizhevsky et al., 2012), the simple choice Mi = 0 suffices. Finally, let k · k� denote the spectral
norm, and let k · kp,q denote the (p, q) matrix norm, defined by kAkp,q :=

��(kA:,1kp, . . . , kA:,mkp)
��
q

for
A 2 Rd⇥m. The spectral complexity RFA = RA of a network FA with weights A is the defined as

RA :=

0

@
LY

i=1

⇢ikAik�

1

A

0

@
LX

i=1

kA>

i �M>

i k2/32,1

kAik2/3�

1

A
3/2

. (1.2)

The following theorem provides a generalization bound for neural networks whose nonlinearities are
fixed but whose weight matrices A have bounded spectral complexity RA.

Theorem 1.1. Let nonlinearities (�1, . . . ,�L) and reference matrices (M1, . . . ,ML) be given as above
(i.e., �i is ⇢i-Lipschitz and �i(0) = 0). Then for (x, y), (x1, y1), . . . , (xn, yn) drawn iid from any probability
distribution over Rd ⇥ {1, . . . , k}, with probability at least 1 � � over ((xi, yi))ni=1, every margin � > 0
and network FA : Rd ! Rk with weight matrices A = (A1, . . . , AL) satisfy

Pr
h
argmax

j
FA(x)j 6= y

i
 bR�(FA) + eO

 
kXk2RA

�n
ln(W ) +

r
ln(1/�)

n

!
,

where bR�(f)  n�1
P

i 1
⇥
f(xi)yi  � +maxj 6=yi f(xi)j

⇤
and kXk2 =

pP
i kxik22.

The full proof and a generalization beyond spectral norms is relegated to the appendix, but a sketch
is provided in Section 3, along with a lower bound. Section 3 also gives a discussion of related work:
briefly, it’s essential to note that margin and Lipschitz-sensitive bounds have a long history in the neural
networks literature (Bartlett, 1996; Anthony and Bartlett, 1999; Neyshabur et al., 2015); the distinction

3

0
Bartlett et al. Spectrally-normalized margin bounds for neural networks.arXiv:1706:08498



Normalised Margin Distributions

0
(a) Margins. (b) Normalized margins.

Figure 2: Margin distributions at the end of training AlexNet on cifar10, with and without random
labels. With proper normalization, random labels demonstrably correspond to a harder problem.

A = (A1, . . . , AL) let FA denote the function computed by the corresponding network:

FA(x) := �L(AL�L�1(AL�1 · · ·�1(A1x) · · · )). (1.1)

The network output FA(x) 2 RdL (with d0 = d and dL = k) is converted to a class label in {1, . . . , k}
by taking the argmax over components, with an arbitrary rule for breaking ties. Whenever input data
x1, . . . , xn 2 Rd are given, collect them as rows of a matrix X 2 Rn⇥d. Occasionally, notation will be
overloaded to discuss FA(XT ), a matrix whose ith column is FA(xi). Let W denote the maximum of
{d, d1, . . . , dL}. The l2 norm k · k2 is always computed entry-wise; thus, for a matrix, it corresponds to
the Frobenius norm.

Next, define a collection of reference matrices (M1, . . . ,ML) with the same dimensions as A1, . . . , AL;
for instance, to obtain a good bound for ResNet (He et al., 2016), it is sensible to set Mi := I, the
identity map, and the bound below will worsen as the network moves farther from the identity map; for
AlexNet (Krizhevsky et al., 2012), the simple choice Mi = 0 suffices. Finally, let k · k� denote the spectral
norm, and let k · kp,q denote the (p, q) matrix norm, defined by kAkp,q :=

��(kA:,1kp, . . . , kA:,mkp)
��
q

for
A 2 Rd⇥m. The spectral complexity RFA = RA of a network FA with weights A is the defined as

RA :=

0

@
LY
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⇢ikAik�

1

A

0
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i=1
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i �M>

i k2/32,1
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. (1.2)

The following theorem provides a generalization bound for neural networks whose nonlinearities are
fixed but whose weight matrices A have bounded spectral complexity RA.

Theorem 1.1. Let nonlinearities (�1, . . . ,�L) and reference matrices (M1, . . . ,ML) be given as above
(i.e., �i is ⇢i-Lipschitz and �i(0) = 0). Then for (x, y), (x1, y1), . . . , (xn, yn) drawn iid from any probability
distribution over Rd ⇥ {1, . . . , k}, with probability at least 1 � � over ((xi, yi))ni=1, every margin � > 0
and network FA : Rd ! Rk with weight matrices A = (A1, . . . , AL) satisfy

Pr
h
argmax

j
FA(x)j 6= y

i
 bR�(FA) + eO

 
kXk2RA

�n
ln(W ) +

r
ln(1/�)

n

!
,

where bR�(f)  n�1
P

i 1
⇥
f(xi)yi  � +maxj 6=yi f(xi)j

⇤
and kXk2 =

pP
i kxik22.

The full proof and a generalization beyond spectral norms is relegated to the appendix, but a sketch
is provided in Section 3, along with a lower bound. Section 3 also gives a discussion of related work:
briefly, it’s essential to note that margin and Lipschitz-sensitive bounds have a long history in the neural
networks literature (Bartlett, 1996; Anthony and Bartlett, 1999; Neyshabur et al., 2015); the distinction

3

Source: Bartlett et al.



Normalising Constant?

(a) Margins. (b) Normalized margins.

Figure 2: Margin distributions at the end of training AlexNet on cifar10, with and without random
labels. With proper normalization, random labels demonstrably correspond to a harder problem.

A = (A1, . . . , AL) let FA denote the function computed by the corresponding network:

FA(x) := �L(AL�L�1(AL�1 · · ·�1(A1x) · · · )). (1.1)

The network output FA(x) 2 RdL (with d0 = d and dL = k) is converted to a class label in {1, . . . , k}
by taking the argmax over components, with an arbitrary rule for breaking ties. Whenever input data
x1, . . . , xn 2 Rd are given, collect them as rows of a matrix X 2 Rn⇥d. Occasionally, notation will be
overloaded to discuss FA(XT ), a matrix whose ith column is FA(xi). Let W denote the maximum of
{d, d1, . . . , dL}. The l2 norm k · k2 is always computed entry-wise; thus, for a matrix, it corresponds to
the Frobenius norm.

Next, define a collection of reference matrices (M1, . . . ,ML) with the same dimensions as A1, . . . , AL;
for instance, to obtain a good bound for ResNet (He et al., 2016), it is sensible to set Mi := I, the
identity map, and the bound below will worsen as the network moves farther from the identity map; for
AlexNet (Krizhevsky et al., 2012), the simple choice Mi = 0 suffices. Finally, let k · k� denote the spectral
norm, and let k · kp,q denote the (p, q) matrix norm, defined by kAkp,q :=

��(kA:,1kp, . . . , kA:,mkp)
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q

for
A 2 Rd⇥m. The spectral complexity RFA = RA of a network FA with weights A is the defined as
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The following theorem provides a generalization bound for neural networks whose nonlinearities are
fixed but whose weight matrices A have bounded spectral complexity RA.

Theorem 1.1. Let nonlinearities (�1, . . . ,�L) and reference matrices (M1, . . . ,ML) be given as above
(i.e., �i is ⇢i-Lipschitz and �i(0) = 0). Then for (x, y), (x1, y1), . . . , (xn, yn) drawn iid from any probability
distribution over Rd ⇥ {1, . . . , k}, with probability at least 1 � � over ((xi, yi))ni=1, every margin � > 0
and network FA : Rd ! Rk with weight matrices A = (A1, . . . , AL) satisfy
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kXk2RA

�n
ln(W ) +

r
ln(1/�)

n

!
,

where bR�(f)  n�1
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i 1
⇥
f(xi)yi  � +maxj 6=yi f(xi)j

⇤
and kXk2 =

pP
i kxik22.

The full proof and a generalization beyond spectral norms is relegated to the appendix, but a sketch
is provided in Section 3, along with a lower bound. Section 3 also gives a discussion of related work:
briefly, it’s essential to note that margin and Lipschitz-sensitive bounds have a long history in the neural
networks literature (Bartlett, 1996; Anthony and Bartlett, 1999; Neyshabur et al., 2015); the distinction
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1. Usual log loss does maximise margins. 

2. But not, “normalised” margins. 

3. This immediately suggests a regulariser: the Lipschitz 
parameter above.
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Batch Normalisation: Internal Covariate Shift

Figure 1: Comparison of (a) training (optimization) and (b) test (generalization) performance of a
standard VGG network trained on CIFAR-10 with and without BatchNorm (details in Appendix A).
There is a consistent gain in training speed in models with BatchNorm layers. (c) Even though the
gap between the performance of the BatchNorm and non-BatchNorm networks is clear, the difference
in the evolution of layer input distributions seems to be much less pronounced. (Here, we sampled
activations of a given layer and visualized their distribution.)

We now explore these questions in more depth.

2.1 Does BatchNorm’s performance stem from controlling internal covariate shift?

The central claim in [10] is that controlling the mean and variance of distributions of layer inputs is
directly connected to improved training performance. Can we, however, substantiate this claim?

We propose the following experiment. We train networks with random noise injected after BatchNorm
layers. Specifically, we perturb each activation for each sample in the batch using i.i.d. noise sampled
from a non-zero mean and non-unit variance distribution. We emphasize that this noise distribution
changes at each time step (see Appendix A for implementation details).

Observe that such noise injection produces a severe covariate shift that skews activations at every
time step. Consequently, each unit in the layer experiences a different distribution of inputs at each

time step. We then measure the effect of this deliberately introduced distributional instability on
BatchNorm’s performance. Figure 2 visualizes the training behavior of standard, BatchNorm and our
“noisy” BatchNorm networks. Distributions of activations from layers at the same depth in each one
of the three networks are shown alongside.

Observe that the performance difference between models with BatchNorm layers, and “noisy”
BatchNorm layers is almost non-existent. Also, both these setups perform much better than standard
networks. In particular, “noisy” BatchNorm network has less stable distributions than even the

Figure 2: Connections between distributional stability and BatchNorm performance: We compare
VGG networks trained without BatchNorm (Standard), with BatchNorm (Standard + BatchNorm)
and with explicit “covariate shift” added to BatchNorm layers (Standard + “Noisy” BatchNorm).
In the later case, we induce distributional instability by adding time-varying, non-zero mean and
non-unit variance noise independently to each batch normalized activation. The “noisy” BatchNorm
model nearly matches the performance of standard BatchNorm model, despite complete distributional
instability. We sampled activations of a given layer and visualized their distributions (also cf. Figure 8).
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Batch Normalisation: Loss Smoother?
How much does the loss change in a direction,

 with and without Batch-Norm?

(a) loss landscape (b) “effective” �-smoothness (c) gradient predictiveness

Figure 4: Analysis of the optimization landscape of VGG networks. At a particular training step, we
measure the variation (shaded region) in loss (a) and `2 changes in the gradient (c) as we move in the
gradient direction. The “effective” �-smoothness (b) refers to the maximum � value observed while
moving in this direction. There is a clear improvement in each of these measures of smoothness of
the optimization landscape in networks with BatchNorm layers. (Here, we cap the maximum distance
to be ⌘ = 0.4⇥ the gradient since for larger steps the standard network just performs worse (see
Figure 1). BatchNorm however continues to provide smoothing for even larger distances.)

more Lipschitz too. In other words, the loss exhibits a significantly better “effective”3 �-smoothness
(Recall that a function f is �-smooth if its gradients are �-Lipschitz, i.e., if krf(x1)�rf(x2)| 
�kx1 � x2k, for each x1 and x2.).

These smoothening effects impact the performance of the training algorithm in a major way. To
understand why, recall that in a vanilla, i.e., non-BatchNorm, deep neural network, the loss function
is not only non-convex but also tends to have a large number of “kinks”, flat regions, and sharp
minima. This makes gradient descent–based training algorithms very unstable, e.g., due to exploding
or vanishing gradients, and thus highly sensitive to the choice of the learning rate and initialization.

Now, the key implication of BatchNorm’s reparametrization is that it makes the gradients more
reliable and predictive. After all, improved Lipschitzness of the gradients gives us confidence that
when we take a larger step in a direction of a computed gradient, this gradient direction remains a
fairly accurate estimate of the actual gradient direction after taking that step. It thus enables any
(gradient–based) training algorithm to take larger steps without the danger of running into a sudden
change of the loss landscape such as flat region (corresponding to vanishing gradient) or sharp local
minimum (causing exploding gradients). This, in turn, enables us to use a broader range of (and thus
larger) learning rates (see Figure 11 in Appendix B) and, in general, makes the training significantly
faster and less sensitive to hyperparameter choices. (This also illustrates how the properties of
BatchNorm that we discussed earlier can be viewed as a manifestation of this smoothening effect.)

Below, we provide empirical as well as theoretical evidence to support and illustrate these findings.

3.2 Exploration of the optimization landscape

To demonstrate the impact of BatchNorm on the stability of the loss itself, i.e., its Lipschitzness, for
each given step in the training process, we compute the gradient of the loss at that step and measure
how the loss changes as we move in that direction – see Figure 4(a). We see that, in contrast to the
case when BatchNorm is in use, the loss of a vanilla, i.e., non-BatchNorm, network indeed wildly
fluctuates, especially in the initial phases of training. (In the later stages, the network is already close
to convergence.)

Similarly, to demonstrate the effect of BatchNorm on the stability/Lipschitzness of the gradients of
the loss, we plot in Figure 4(b) the “effective” �-smoothness of the vanilla and BatchNorm networks
throughout the training. (“Effective” refers here to measuring the change of gradients as move in the
direction of the gradients.). Once more, we observe drastic and consistent differences between these
two networks.

3It is worth noting that, due to the existence of non-linearities, one should not expect the �-smoothness to
be bounded in an absolute, global sense. Still, as we will see, locally, i.e., as far as our training trajectory is
concerned, the loss does behave as if it was �-smooth.
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