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1. INTRODUCTION

Turbulence is a macroscopic state of flow in which the instantaneous flow
variables exhibit a seemingly random variation in time and in the three
spatial coordinates. The temporal and spatial disorder has finite decor-
relation time and length scales. This article reviews those features of the
turbulent state that depend on compressibility. Effects associated with the
volume changes of fluid elements in response to changes in pressure are
regarded as compressibility effects. These are contrasted with variable
inertia effects associated with either variable composition or volume
changes due to heat transfer. The behavior of incompressible turbulent
flows has been frequently reviewed in this series and compressibility effects
on turbulent shear layers have been reviewed by Bradshaw (1977). Mor-
kovin (1961, 1992) has reviewed compressibility effects on wall-bounded
and free-shear flows; Smits (1991) and Spina et al (1994) have recently
reviewed the turbulent boundary layer structure in supersonic flow.

In recent years the renewed interest in high-speed civil transport aircraft
and supersonic combustion ramjet engines for high altitude hypersonic
propulsion has invigorated fundamental research on compressible tur-
bulent flows. New experimental information on shear flows under com-
pressible conditions has been gathered. Direct numerical simulations
(DNS) of turbulence in compressible regimes have also been performed.
Despite these research efforts the phenomenology of compressible tur-
bulence is far from mature. This article is as much a review of what is not
known about compressible turbulence vis-~t-vis its incompressible counter-
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A Glimpse of compressibility effects on Turbulence 
 Supersonic mixing  -- Scramjet  

Supersonic/Hypersonic Turbulent Boundary layers – High speed Aerodynamics 
Shock-Turbulence interaction  -- High speed Aerodynamics 

Kawai & Lele, AIAA J, vol 48, 2010 



Shock-induced Separation 
v Shock-induced separation 
v Shock-induced unsteadiness 
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Figure 6.9: Instantaneous isosurface
of Q-crite

rion pQ “ 1q colore
d by x-velocity pu{u8q.

Dawson & Lele, AIAA 2015-1518 

3D Shock-Turbulent Boundary Layer 
 Interaction 
Compression ramp with fence 
 

Over-expanded Planar Nozzle 
 

Olson & Lele    AIAA 2011-3908  



A Glimpse of compressibility effects on Turbulence 
 

Solar convection 
Supernova collapse 
Intersteller density fluctuations 
Inertial confinement fusion 

Inertial confinement fusion by shock-induced 
implosion of a deuterium/tritium capsule 

Source: lasers.llnl.gov/programs/nic/icf/ 

Source: flash.uchicago.edu 

Supernova explosion 



Compressibility Effects on Turbulence - Fundamentals  
Three Modes of fluctuations     Yaglom (1948), Moyal (1952), Kovasznay (1953) 
         
v  Vortical mode or Gust Mode -- Solenoidal velocity, no pressure or density variations 
v  Acoustic mode – No vorticity, irrotational velocity, pressure, density fluctuation-isentropic 
v  Entropic mode – No velocity or pressure, density and temperature fluctuations 
 
Linearized modes of uniform state 
Evolve independently at first order in amplitude  
            mode coupling: due to mean gradients and nonlinearity 
 
Incompressible turbulence – Nonlinearly interacting vortical modes 
Not just gust modes; (incompressible) Pressure effects (non-locality) important 
 
Variable density turbulence (low M reacting flow, low M mixing) 
Compressible turbulence – density of fluid parcel changes in response to pressure 
    Low Mt  -- Pseudo sound (Ristorcelli, 1997) Enslaved dilatational motions 
 
Linearized modes of non-uniform state ?  Linear stability analysis; non-linear interactions 
Primary Instability à Secondary Instability à Transition to turbulence 
Useful framework but not well suited for broadband turbulence dynamics 
                             global modes/DMD/POD useful for modeling large-scale dynamics 



Compressibility Effects on Turbulence - Fundamentals 
Decomposition of variables: Favre decomposition (mass weighted velocity) 
(define) 

 
Energy Transfer pathways  (coupling of momentum with thermodynamics)   
  Favre (1965),  Huang et al (1995,JFM), ….    
 

Kinetic Energy of Mean motion 

Turbulent kinetic energy 

Internal Energy of Mean state 

Pressure work 



Compressibility Effects on Turbulence - Fundamentals  

Dimensionless parameters  -- summary 
 
Relative/Convective Mach Number     Mc   ,  Mr    = (U1 – U2)/(C1+ C2) 
 
Turbulence Mach Number    Mt   =  q/C 
 
Gradient/Deformation Mach Number   Mg  = SL/C = (L/C) / (1/S) = L / (C/S) 
 

Friction Mach Number   Mτ  =  uτ/ C 
 
Mixing Layer   uτ / ΔU ~ 0.2;     Boundary Layer    uτ /U∞  ~  1/25 
So for TBL require M∞ which is at least 5 times larger than mixing layers for significant 
compressibility effects 
 
In practice, even at M∞ = 10 intrinsic compressibility effects seem absent!  Why ?  
Intense aerodynamic heating in supersonic/hypersonic TBL à 
Very low density and high viscosity near the wall 



Compressibility Effects on Turbulence - Fundamentals  
Flow Physics of Supersonic Mixing  -- Observations I       
Suppression of mechanical mixing    
Brown & Roshko (1974), Bogdonoff (1983), Papamoschou & Roshko (1986) 

468 D. Papamoschou and A.  Roshko 
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FIGURE 12 Turbulent shear layer. ( a )  Stationary frame of reference, (0) convective frame of 
reference with sketches of streamlines after Coles (1981). 

Since large structures are also present in compressible turbulent shear layers, a frame 
of reference moving with U,. where U, is the velocity of the dominant waves and 
structures, appears to be the most suitable one in which to discuss the flow. 
Accordingly, we define the convective Mach numbers of a turbulent shear layer as 
follows : 

An idealized view of the large-scale structure, shown on figure 12(a), leads to 
Bogdanoffs (1983) formulation of a pressure boundary condition by which the 
convective U, is calculated. It is implicit in Cole's (1981) sketches of streamlines in 
the moving coordinates of the large structures, depicted on figure 12 ( b ) ,  and was first 
suggested to us by P. E. Dimotakis (private communication and 1986). In this 
coordinate system, there is a saddle point between the structures; it is a common 
stagnation point for both streams, thus implies equality of total pressures in the two 
streams in that systemn. For equal static pressures and assuming steady flow this 
results in 

For M,, and MC2 not very large and y1 and y2 not greatly different, (5) can be 
approximated by 
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FIGURE 15. Model for visual growth of incompressible shear layer. Circle and square data points 
from Brown & Roshko (1974) for p2/p ,  = 7 and 3 respectively ; triangle from Dimotakis & Brown 
(1976) for p2/p1 = 1 .  
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M,,, starting at  subsonic values of M,,. This contrasts with some earlier views that 
the decline of growth rate would come abruptly, immediately after some relative 
Mach number becomes supersonic (Cosner 1976). The general features of this curve, 
particularly the flattening a t  large values of M,,, are similar to those of 
Gropengiesser 's curve (figure 1 1 ) . 

Assuming that (15) is approximately valid, a t  a given value of M,, the effects of 
density ratio and velocity ratio on the growth rate are similar to those in an 
incompressible shear layer, given by (14) : the growth rate is smaller when the heavier 
gas is on the high-speed side and greater when the heavier gas is on the low-speed 
side; the growth rate increases with decreasing velocity ratio, i.e. with increasing 
free-stream-velocity difference. 

The same type of correlation used with the present growth rates can be applied to 
the growth rates measured by previous investigators. The experimental data are 

36 M. D. Slessor, M. Zhuang and P. E. Dimotakis

This proposal was corroborated by the results of linear-stability analysis by Ragab
& Wu (1987, 1988, 1989), who correlated shear-layer growth with the most-unstable-
mode eigenvalue, i.e.

�↵i,max / �0(x), (4)

over a limited free-stream-density-ratio range. They concluded that the convective
Mach numbers proposed by Papamoschou & Roshko (1986, 1988),

Mc,1 =
U1 � Uc

a1
and Mc,2 =

Uc � U2

a2
, (5)

where Uc is an appropriate convection velocity of turbulent structures, provide useful
compressibility-scaling parameters and correlate shear-layer growth rate and com-
pressibility. Sandham & Reynolds (1989) proposed that shear-layer growth could
be modelled in terms of the most-unstable eigenvalue for a particular shear-layer
base-flow profile. Further linear-stability analyses by Zhuang, Dimotakis & Kubota
(1990a), Zhuang, Kubota & Dimotakis (1990b) and Zhuang (1990), for a range of
flow parameters and geometry, provided additional support for this proposal.

An issue in the parametrizations above is the choice of the convection velocity,
Uc, which is not unique. For nearly matched free-stream specific-heat ratios, i.e.
for �1 ' �2, equation (5) yields Mc,1 ' Mc,2 ' Mc, if the convection velocity is
estimated using the isentropic pressure-recovery model of Papamoschou & Roshko
(1988). Other choices have also been argued for. They include the phase speed of
the (linearly) most-unstable mode (Ragab & Wu 1989), its phase speed at a point in
its (linear) evolution corresponding to neutral stability (Sandham & Reynolds 1989),
its phase speed as modified by reflected-/resonant-wave systems in bounded shear
layers (Tam & Hu 1989; Zhuang et al. 1990b), or, for more complicated mixing-
layer flows, e.g. shear layers with wake components, the phase speed of the most
unstable mode, in each case (Zhuang & Dimotakis 1995). Finally, for supersonic
shear layers that can support shocks between convected turbulent structures and the
respective free streams (Papamoschou 1989; Dimotakis 1989, 1991a, b; Papamoschou
& Bunyajitradula 1996), models for the convective speed of turbulent structures in
the presence of shocks (Dimotakis 1991b) provide yet another alternative.

Estimates for �0
0(x) = �0(x;Mc ! 0), the incompressible-flow growth used to

normalize the compressible-flow growth rate, have typically relied on the Brown
(1974) temporal-growth model, or the Dimotakis (1986) spatial-growth model, i.e.

�0
0(x; r, s) ' C�

(1 � r)(1 + s1/2)

2(1 + s1/2r)

⇢
1 � (1 � s1/2)/(1 + s1/2)

1 + 2.9(1 + r)/(1 � r)

�
, (6)

where C� is assumed to be a constant (independent of r and s). The Brown (1974)
temporal-growth model yields a similar estimate, with the exception of the term in
braces, which stems from spatial-growth asymmetries.

The Brown & Roshko (1974) experimental data provide a good assessment of
density-ratio e↵ects, with values for �0

0 reported for 1/7 6 s 6 7 and 0 6 r 6
p

1/7.
The velocity- and density-ratio dependence prediction of the two models (filled and
open symbols) are compared and tested against the Brown–Roshko growth-rate data
in figure 1. The model predictions were computed as �0

0/C� (cf. equation (6)), i.e.
assuming no particular value for C� . The model predictions are seen to be close to
each other and to provide reasonably good estimates of incompressible shear-layer
growth, with no systematic deviation from the experimental values as a function of
the free-stream density ratio, s. The straight line in figure 1 is a least-squares fit

Factor of 5 

Mc    = (U1 – U2)/(C1+ C2) 
 



Compressibility Effects on Turbulence - Fundamentals  
Flow Physics of Supersonic Mixing  -- Observations II 
 
Explanations/Hypotheses 
 
 Dilatational/Shocklet dissipation Zeman (1990), Sarkar et al (1991) 
 
 Damping via Acoustic Radiation 
  
 Suppression of linear instability  
Sandham & Reynolds (1990), Ragab & Wu (1989), Grosch & Jackson (1989), Lu & Lele (1993) 

 
Turbulence structure change Vreman et al (1996), Pantano & Sarkar (2002) 
 
 
Sonic Eddy Hypothesis Briedenthal (1992) AIAA J. 

       
 



Compressibility Effects on Turbulence - Fundamentals  
Flow Physics of Supersonic Mixing  -- Observations III 
Freund, Lele & Moin, JFM (2003)       
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Figure 21. (a) Ratio of dilatational to solenoidal dissipation and (b) ratio of integrated pressure
dilatation to the integrated production.
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Figure 22. Ratio of the integrated dissipation to production for all cases.

Despite minimal dilatational e↵ects, the ratio of the integrated total viscous dis-
sipation to integrated turbulence production increases by a factor of two between
the lowest- and highest-Mach-number cases (figure 22). Decreasing production, which
drops by a factor of 3.9 between the Mc = 0.2 and the Mc = 1.80 cases, is primarily
responsible for this increase. Sarkar (1995) found a significant decrease in production
with increasing Mach number in homogeneous shear flow, as did Vreman et al. (1996)
in plane mixing layers. This is not surprising because the production of turbulent
kinetic energy is related to the momentum thickness growth rate by (2.6). Therefore,
reduced P ⇡ Pxx and reduced growth rate have a relationship that is closer to an
identity than an explanation. In the Reynolds-stress transport equations, Pxx is a
source of Rxx, but, clearly, Rxr acts to spread the layer:

@⇢̄ṽx
@t

+
1

r

@⇢̄rṽxṽr
@r

= �1

r

@r⇢̄gv00
xv

00
r

@r
+

1

r

@r⌧̄xr
@r

. (5.2)

Since Rxx, when normalized by ⇢jU
2
j , is independent of Mc (figure 3), the decrease in

Pxx at high Mach numbers does not provide a satisfactory explanation for the level
of Rxr and thereby the growth rate. Thus, energetics alone do not seem su�cient to
explain the suppressed growth. It is the mechanism discussed in 4.2 by which the
energy is removed from Rxx and produces Rxr that regulates growth rate. Therefore,
models based on turbulent kinetic energy (e.g. a k–" model) to predict shear-layer
compressibility e↵ects are physically unrealistic.
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Figure 5. Normalized pressure fluctuation for all cases (from top to bottom): , Mc = 0.2;
, Mc = 0.21; , Mc = 0.41; , Mc = 0.59; , Mc = 0.79; , Mc = 0.99; ——,

Mc = 1.29; – – –, Mc = 1.54; · · · · · ·, Mc = 1.80.
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Figure 6. Transverse large-eddy lengthscale.

To examine this hypothesis, we define a transverse large-eddy lengthscale for the
mixing layer, `, in terms of the two-point correlation of radial velocity at r = ro,

v0
r(ro � `/2)v0

r(ro + `/2)

v0
r(ro)v

0
r(ro)

= 0.1. (3.2)

Figure 6 shows that there is a clear decrease in this lengthscale with increasing Mach
number. Changing the threshold of 0.1 in equation (3.2) to 0.05 or 0.2 has little e↵ect
on this trend. Fluctuations at r = ro rescaled with Uj`/�m are plotted in figure 7.
Clearly, the large suppression of p0p0, v0

rv
0
r, and v0

xv
0
r has been removed. Poor statistical

convergence of the data is blamed for the bumpiness of the curves.
There remain, however, some questions concerning how these terms can scale as they

do and be consistent with the observed growth rate. For example, the Uj`/� scaling
does not explain how v0

xv
0
x/U

2
j can remain nearly constant while other components

are suppressed; it also does not explain why v0
xv

0
r should scale with U2

j `
2/�2

m rather

than U2
j `/�m as might be expected given the v0

xv
0
x scaling. In addition, we note that

the growth rate does not scale with either `/�m or `2/�2
m ([`/�m]1.5 is perhaps the

best fit but there is no physical basis for this). An analysis of the Reynolds-stress
equations is necessary to understand the interrelation of these turbulence quantities
and the growth rate. In the following section, it will be shown that these apparent
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Figure 31. Turbulence lengthscale at r = ro.

both of these interpretations relate to the fluid compression only indirectly. The
quintessential element appears to be the decreased transverse lengthscale of the
turbulence.

6.4. Criticism of alternative lengthscales

Bradshaw (1996) criticizes the gradient Mach number as a parameter to account
for compressibility e↵ects. He assumed that ` = q3/", as is often done in modelling,
and rewrote the gradient Mach number as Mg = Mt(Sq2/"). Proceeding further, he
assumed that b12 = u0v0/q2 was nearly constant to arrive at Mg / MtP/" which is
attractive because it leaves the compressibility in a single parameter, Mt. However,
these choices are not supported by the present simulations. In figure 4 it is shown
that b12 changes by over a factor of 2 for the range of Mach numbers studied. In
addition, L" = q3/" behaves di↵erently from `. Shown in figure 31, it falls by 25%
at intermediate Mach numbers before increasing for the highest Mc cases. Evidently,
L" does not contain the physical information contained in the transverse correlation
scale `.

7. Conclusions
Direct numerical simulation was used to study turbulence in an annular com-

pressible free shear flow. To isolate compressibility e↵ects, the Mach number was
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Figure 4. Passive scalar concentration in the Mc = 0.21 mixing layer at �m = 0.2ro. Black is pure
ambient fluid and white is pure interior fluid. The end views are from x = 1

3Lx,
2
3Lx, and Lx.

Figure 5. Passive scalar concentration in the Mc = 0.99 mixing layer at �m = 0.2ro. Black is pure
ambient fluid and white is pure interior fluid. The end views are from x = 1

3Lx,
2
3Lx, and Lx.

these structures, but they are less prevalent and do not cause such deep penetrations
across the mixing region. A similar suppression with increasing Mach number was
observed by Clemens & Mungal (1995). There is no evidence of these structures in
the Mj = 1.80 case (side view, figure 6) and there are no associated fluid intrusions.

The end views in figures 4 to 6 are remarkably similar, given the very di↵erent
nature of the side views. There is perhaps more mixed fluid (grey) in the higher-
Mach-number cases, but the structures appear remarkably similar. In all cases, there
is evidence that counter-rotating streamwise vortices expel jet fluid as mushroom
shaped ejection into the ambient flow. Similar structures have been observed in
subsonic jets by Liepmann & Gharib (1992) and Fatica, Verzicco & Orlandi (1994).

4.3. Mixture fraction probability density functions

P.d.fs of mixture fraction, calculated using 26 bins, are shown in figure 7 for the
Mc = 0.21, 0.99 and 1.80 cases at the �m = 0.2ro point of layer development. These
cases were selected to represent the changes that occur in the flow with increasing
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Figure 4. Passive scalar concentration in the Mc = 0.21 mixing layer at �m = 0.2ro. Black is pure
ambient fluid and white is pure interior fluid. The end views are from x = 1

3Lx,
2
3Lx, and Lx.

Figure 5. Passive scalar concentration in the Mc = 0.99 mixing layer at �m = 0.2ro. Black is pure
ambient fluid and white is pure interior fluid. The end views are from x = 1

3Lx,
2
3Lx, and Lx.

these structures, but they are less prevalent and do not cause such deep penetrations
across the mixing region. A similar suppression with increasing Mach number was
observed by Clemens & Mungal (1995). There is no evidence of these structures in
the Mj = 1.80 case (side view, figure 6) and there are no associated fluid intrusions.

The end views in figures 4 to 6 are remarkably similar, given the very di↵erent
nature of the side views. There is perhaps more mixed fluid (grey) in the higher-
Mach-number cases, but the structures appear remarkably similar. In all cases, there
is evidence that counter-rotating streamwise vortices expel jet fluid as mushroom
shaped ejection into the ambient flow. Similar structures have been observed in
subsonic jets by Liepmann & Gharib (1992) and Fatica, Verzicco & Orlandi (1994).

4.3. Mixture fraction probability density functions

P.d.fs of mixture fraction, calculated using 26 bins, are shown in figure 7 for the
Mc = 0.21, 0.99 and 1.80 cases at the �m = 0.2ro point of layer development. These
cases were selected to represent the changes that occur in the flow with increasing
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Figure 6. Passive scalar concentration in the Mc = 1.80 mixing layer at �m = 0.2ro. Black is pure
ambient fluid and white is pure interior fluid. The end views are from x = 1

3Lx,
2
3Lx, and Lx.

Mach number. Again, the Mc = 0.21 case was chosen over the Mc = 0.1 case because
4 realizations were available. Ensemble averaging was also used for the Mc = 0.99
case. The Mc = 1.80 case has a more ‘jagged’ appearance because only one realization
was available.

In all cases, the initial condition for the scalar was a laminar profile (no per-
turbations), and so the initial p.d.f. was a delta function that moved (marched)
monotonically from one pure stream to the other as a function of the radial location.
The Mc = 0.21 p.d.f. (figure 7a) has developed from its initial marching form, into a
non-marching form and the most probable scalar concentration jumps discontinuously
from ⇠ = 1 to ⇠ = 0 with increasing r. The behaviour in figure 7(a) is qualitatively
similar to p.d.f.s observed in incompressible or nearly incompressible experiments
(Konrad 1976; Koochesfahani & Dimotakis 1986; Frieler 1992; Karasso & Mungal
1996). Though most experimental measurements of p.d.f.s are unreliable owing to
poor resolution (Koochesfahani & Dimotakis 1986; Karasso & Mungal 1996), mea-
sured p.d.f.s typically have a more distinct bump at a concentration midway between
the pure concentrations.

Karasso & Mungal (1996) have concluded, based upon indirect evidence and p.d.f.s
inferred by others with resolution-free methods (Frieler 1992), that after the layer has
undergone three vortex pairings, the true incompressible p.d.f. should change from
a non-marching type to a ‘tilted’ type, where the bump at an intermediate mixture
fraction is biased toward the mean concentration. They estimated the three vortex
pairing point based upon initial shear layer instability modes. The central bump in
figure 7(a) is not distinct enough to draw any conclusions about non-marching versus
tilted behaviour, and it is not clear that the same rule should apply to the annular
mixing layer.

In a time-developing incompressible plane mixing-layer simulation, Rogers & Moser
(1994) observed both marching and non-marching p.d.f.s depending upon the initial
conditions. Their layer with the largest initial forcing developed large roller structures
and braid regions and had a non-marching mixture fraction p.d.f. They proposed that
pure fluid engulfed by the large structures caused the observed p.d.f. behaviour. Our
p.d.f. for the Mc = 0.21 simulations is similar to their most highly forced case and so
we adopt their conclusion that large structures are responsible for engulfing significant

Mc = 0.2 

Mc = 1.0 

Mc = 1.9 

Passive tracer cuts 

Transverse length scale 



Compressibility Effects on Turbulence - Fundamentals  
Absence of significant effects in Supersonic/Hypersonic TBLs 
Morkovin (1962), Bradshaw (1977), Smits & Dussauge (1986) 

Direct numerical simulation of hypersonic turbulent boundary layers 251
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Figure 4. Van Driest transformed velocity for different free-stream Mach number cases.

PIV measurements at such a high Mach number, and this is the first direct comparison
between a DNS and an experiment at Mach number greater than 5.

3. Turbulence statistics
For all cases, averages are computed over streamwise and spanwise directions of

each field; then an ensemble average is calculated over fields spanning over more
than 20δ/uδ , with uδ being the boundary-layer edge velocity. Using periodic boundary
conditions, the change in (δ∗, uτ , Cf ) across the fields for ensemble averaging is less
than 5 % and the flow can be viewed as a good approximation of a boundary layer
at a static station (see Xu & Martı́n 2004).

3.1. Mean flow

Figure 4 plots the van Driest transformed velocity ŪV D , for different Mach number
cases, which is defined as

ŪV D =
1

ūτ

∫ U

0

(Tw/T )1/2 dU. (3.1)

The profiles of ŪV D for various Mach number cases collapse extremely well. The
log region can be very well described by (1/κ)logz+ + C, with κ = 0.41 and C = 5.2.

One of the commonly used temperature–velocity relationships for zero-pressure-
gradient boundary layers is Walz’s equation or Crocco’s relation (Walz 1969):

T̄

T̄δ

=
T̄w

T̄δ

+
T̄r − T̄w

T̄δ

(
ū

ūδ

)
+

T̄δ − T̄r

T̄δ

(
ū

ūδ

)2

. (3.2)

Figure 5 shows the comparison between (3.2) and DNS results. It is shown that
there is excellent agreement for all the Mach number cases.

3.2. Turbulence quantities

Figure 6(a–f ) plots turbulence intensities and density-weighted intensities in
streamwise, spanwise and wall-normal directions across boundary layers for different
free-stream Mach number cases. It is shown that turbulence intensities decrease with
free-stream Mach number for all directions, and a much better collapse of the data
is achieved by Morkovin’s scaling, which takes into account the variation in mean
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Case Mδ ρδ (kgm−3) Tδ (K) Tw/Tδ Reθ Reτ Reδ2 θ (mm) H δ (mm)

M0 0.30 0.0900 220.0 1.00 1514.7.6 569.9 1515.2 2.76 1.41 23.0
M3 2.97 0.0910 219.9 2.51 3028.6 486.9 1586.7 0.619 5.09 8.85
M4 3.98 0.0902 219.2 3.83 4093.7 438.2 1587.4 0.658 8.01 12.0
M5 4.90 0.0962 224.4 5.31 4931.7 416.5 1578.0 0.682 11.29 15.1
M6 5.81 0.0990 230.7 7.02 5775.1 412.8 1582.2 0.730 15.4 19.7
M7 6.89 0.0929 224.2 9.49 7207.3 391.7 1586.4 0.838 20.2 28.1
M8 7.70 0.0990 232.8 11.2 7508.3 397.5 1577.5 0.861 24.2 31.8
M12 11.93 0.0906 228.0 27.6 11356.4 376.8 1577.5 1.33 46.1 84.7

Table 1. Dimensional boundary-layer edge and wall parameters for the DNS database.

the turbulent kinetic energy budget are given in §§ 4 and 5, respectively. The effect
of compressibility is investigated in § 6. Turbulence structure analysis is given in § 7.
Finally, conclusions are drawn in § 8.

2. Simulation details
2.1. Flow conditions

To study Mach number effects, we use a DNS database of turbulent boundary
layers (Martı́n 2004, 2007) with nominal free-stream Mach numbers ranging from
3 to 12, with an additional incompressible reference case. The boundary-layer edge
conditions and wall parameters for the DNS database are given in table 1, which
provides boundary-layer edge Mach number, density and temperature, Mδ , ρδ and Tδ ,
respectively, and boundary-layer properties, namely momentum thickness θ , shape
factor H = δ∗/θ , with δ∗ being the displacement thickness, boundary-layer thickness δ,
and different definitions of Reynolds number, where Reθ ≡ ρδuδθ/µδ , Reτ ≡ ρwuτ δ/µw

and Reδ2 ≡ ρδuδθ/µw . We have used subscripts δ and w to denote quantities at the
boundary-layer edge and at the wall, respectively. Here uτ is the friction velocity
defined as uτ =

√
τw/ρw , with τw being the wall shear stress. For all cases, the wall

condition is isothermal and prescribed to be nearly the adiabatic temperature.
To isolate the effect of varying free-stream Mach number, it is desirable to match

the Reynolds number of the different cases. Here, we keep Reτ and Reδ2 nearly
constant, with insignificant variation of Reθ across the cases.

2.2. Numerical simulation parameters

Following Martı́n (2007), the computational domain size and grid resolution are
determined based on the characteristic large length scale, δ, and the characteristic
small, near-wall length scale zτ , respectively. The computational domain must be large
enough to contain a good sample of the large scales, while the grid resolution must
be fine enough to resolve the near-wall structures. The domain size (Lx ×Ly ×Lz),
the grid size (%x ×%y ×%z) and the number of grid points (Nx ×Ny ×Nz) are
given in table 2. We take the streamwise, spanwise and wall-normal directions to
be x, y and z, respectively. Uniform grids are used in the streamwise and spanwise
directions as %x+ and %y+, where the superscript (+) indicates scaling with inner
or wall values. Geometrically stretched grids are used in the wall-normal direction,
with zk = z2(αk−1 − 1)/(α − 1). The governing equations, numerical method, boundary
conditions and initialization procedure are given in Martı́n (2007). The working fluid
is calorically perfect air.

DNS  Duan & Martin, JFM (2011) 
026102-2 A. Trettel and J. Larsson Phys. Fluids 28, 026102 (2016)

U
+
VD =

⌅ u+

0

 
⇢̄

⇢w

!1/2

du
+, (2)

where u
+ = u/u⌧. The transformation adjusts the velocity gradient by the factor

p
⇢̄/⇢w, which

is derived by dimensional reasoning in the log-layer. The transformed velocity is then used in
Equation (1) with the coordinate y+ = y ⇢w

p
⌧w/⇢w/µw.

Who exactly developed what is now called the Van Driest transformation is a matter of debate.
Several pioneering researchers, most notably Van Driest,10 developed roughly similar trigonometric
transformations during the early 1950s. These forms all derive from the log-law but di↵er in their
velocity-temperature couplings. The integral form came later. By the early 1960s, several textbooks
(for example, Dorrance18 and Kutateladze and Leont’ev19) contained this integral equation but inter-
preted it as part of a skin friction formula. The modern interpretation of this integral as a velocity
transformation came from Danberg,15 who realized that it represented the ultimate generalization of
the velocity transformation work of Van Driest10 and others.

A. Accuracy of the Van Driest transformation for adiabatic and cooled walls

The status of the Van Driest transformation as the current state-of-the-art stems from its
accuracy in boundary layers over adiabatic walls. An example of its ability to restore approxi-
mate universality—that is, that the velocity transformed according to Equation (2) satisfies the
law-of-the-wall—is shown in Figure 1. The collapse between the di↵erent cases in the inner layer
(in the viscous sublayer, the bu↵er layer, and the log-layer) is clear. More broadly, the validity and
accuracy of the Van Driest transformation for adiabatic walls up to Mach 20 has been confirmed in
many experiments23–25 and direct numerical simulations (DNS).20,26–31 The collapse in the log-layer
specifically means that the Van Driest transformed velocity follows an approximately universal
log-law, with von Kármán constant  and log-law intercept C that do not depend on the Mach
number.15

The accuracy of the Van Driest transformation deteriorates for increasingly non-adiabatic walls
(that is, walls with heat leaving or entering the fluid). Most practical applications have cooled
walls, where the wall heat transfer rate qw < 0. The relevant dimensionless measure of the wall heat
transfer rate for wall-turbulence is13

FIG. 1. Van Driest transformed velocity U+VD for boundary layers over adiabatic walls. Mach 4 boundary layer at Re⌧ = 505
from DNS of Pirozzoli and Bernardini20 (dashed line), Mach 4.8 boundary layer at Re⌧ = 1549 from experiment of Voisinet
and Lee21 (72020205) (circles); compared to incompressible reference at Re⌧ = 578 from DNS of Jiménez et al.22 (solid
line).
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Figure 6. Turbulence intensities and density-weighted turbulence intensities of the (a, b)
streamwise, (c, d ) spanwise and (e, f ) wall-normal fluctuating velocity components for different
free-stream Mach number cases.

The improved performance of Huang’s version of the modified Reynolds analogy
is also demonstrated by the simulations of Guarini et al. (2000) and Maeder et al.
(2001).

Figure 11 plots the correlation between temperature and velocity fluctuations across
the boundary layer for different Mach number cases. It is shown that −Ru′′T ′′ is not
a strong function of free-stream Mach number. Through most of the boundary layer,
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FIG. 4. Compensated spectrum of velocity at Reλ ≈ 180, 250, and 350. The solid line and dash-dotted line
represent the compensated spectrum of velocity in incompressible isotropic turbulence at Reλ ≈ 180 and 430
respectively [38,42].

the thickness of the isosurface becomes smaller, and the transverse length scale becomes larger at
Mt = 0.8, implying that the shocklets become stronger.

B. Spectra of velocity and its compressible component

In Fig. 4, we plot the compensated spectrum of velocity E(k)ϵ−2/3k5/3 at different turbulent
Mach numbers and at Reλ ≈ 180, 250, and 350. We can identify an inertial range with a
Kolmogorov constant of approximately 1.6, similar to the velocity spectrum of incompressible
turbulence. The compensated spectrum curves overlap in all scales for Mt ! 0.8. At Mt = 1.0, the
compensated spectrum of velocity is slightly larger at small scales kη > 1.0, owing to the effect
of the compressibility. In addition, we plot the velocity spectrum of incompressible turbulence at
Reλ ≈ 180 and 430 [38,42]. We show that the solid and dashed-dotted lines overlap at high k. We
also find that the velocity spectrum of compressible turbulence at turbulent Mach numbers Mt ! 0.8
almost overlap with the velocity spectrum of incompressible turbulence. The observations of the
velocity spectrum are consistent with previous studies [13,14,24].

According to previous analysis, for weakly compressible turbulence, the statistics of the
compressible velocity component can be well described by the pseudosound constitutive
relationship at relatively small scales, where the inertial spectrum Ec(k) is given by Eq. (36). We
plot the compensated spectrum Ec(k)M−4

t L
4/3
I ϵ−2/3k3 of the compressible velocity at Reλ ≈ 180

and 350 in Figs. 5(a) and 6(a). The solid line and dash-dotted line represent the compensated
spectrum Ecs(k)M−4

t L
4/3
I ϵ−2/3k3 for the pseudosound velocity ucs . We do not observe a clear

and definite plateau of the compensated spectrum Ecs(k)M−4
t L

4/3
I ϵ−2/3k3 at Reλ ≈ 180. At

Reλ ≈ 350, we can see a very narrow plateau: Ecs(k)M−4
t L

4/3
I ϵ−2/3k3 ≈ CPS

v in the range of
0.015 ! kη ! 0.03, where the constant CPS

v ≈ 0.55. A similar observation has been reported for
the pressure spectrum of incompressible turbulence [43,44]. A misleading k−5/3 scaling of the
pressure spectrum can be observed for low and moderate Taylor Reynolds numbers, mainly due
to the spectral bump at the end of the inertial range. The appearance of a k−7/3 scaling is apparent
only at Reλ " 400 as shown by Gotoh and Fukayama [43] and Tsuji and Ishihara [44]. Since the
pseudosound velocity component is closely related to the solenoidal pressure, it is reasonable that
we cannot observe a wide scaling range at Reλ ! 350.

We plot the compensated spectrum of the compressible velocity component at Mt = 0.11 and
Reλ ≈ 110, 250, and 350 in Fig. 7. We find that the compensated spectrum does not overlap
at small scales for different Taylor Reynolds numbers. This is due to the low Reynolds number
effect. We expect that the compensated spectrum will overlap at small scales for large enough
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TABLE III. Simulation parameters and resulting flow statistics for 10243 grid resolution.

Resolution Reλ Mt η/#x LI/η λ/η S3 D = ϵLI/(u′/
√

3)3

10243 350 0.11 0.64 371 36.5 −0.55 0.41
10243 355 0.17 0.64 374 36.8 −0.55 0.43
10243 369 0.23 0.62 382 37.7 −0.56 0.41
10243 361 0.30 0.58 395 37.4 −0.55 0.44
10243 365 0.40 0.59 390 37.6 −0.54 0.43
10243 253 0.51 1.00 233 31.2 −0.53 0.44
10243 262 0.60 1.02 231 31.6 −0.53 0.42
10243 261 0.79 1.05 229 30.9 −0.83 0.41
10243 250 1.02 1.04 226 29.1 −1.95 0.42

in each direction. Consequently, the resolution parameter kmax η is in the range 1.82 < kmax η < 3.30,
where the largest wave number kmax is half of the number of grids N in each direction: kmax =
N/2 = π/#x. For a high turbulent Mach number Mt ! 0.5, the resolution parameter η/#x > 0.7
and kmax η > 2.2 in our numerical simulations. It was found that the resolutions of η/#x ! 0.5 are
sufficient for the convergence of high-order moments of velocity gradients, for Mt " 0.6 [9]. We note
that the highest turbulent Mach number is about 1.0 in our numerical simulations. Most shocklets
are weak and have finite thickness at the scales typically comparable to the Kolmogorov length
scale for Mt ≈ 1.0 [14]. In order to resolve most of the shocklets, we choose higher resolution
parameters kmax η > 2.2 in compressible turbulence as compared to kmax η ≈ 1 in incompressible
isotropic turbulence [14]. Previous studies showed that convergent small-scale statistics can be
obtained at resolutions kmax η ≈ 2.0 at the turbulent Mach number Mt = 1.0 [13,14]. Therefore, the
overall statistics should be well converged in our numerical simulations.

The integral length scale LI is defined by

LI = 3π

2(u′)2

∫ ∞

0

E(k)
k

dk, (40)

where E(k) is the spectrum of kinetic energy per unit mass, namely,
∫ ∞

0 E(k)dk = (u′)2/2. We also
calculate the velocity derivative skewness S3, which is defined by

S3 = [⟨(∂u1/∂x1)3 + (∂u2/∂x2)3 + (∂u3/∂x3)3⟩]/3
{⟨(∂u1/∂x1)2 + (∂u2/∂x2)2 + (∂u3/∂x3)2⟩/3}3/2

. (41)

We present that for relatively small turbulent Mach numbers Mt " 0.6, values of S3 are similar to
typical values of −0.6 to −0.4 in incompressible turbulence [39]. At higher turbulent Mach numbers
Mt ! 0.8, the magnitude of S3 becomes larger, due to the formation of shocklets in compressible
turbulence [13]. We also calculate the normalized dissipation rate: D = ϵLI/(u′/

√
3)3. The factor√

3 is due to the fact that u′ is the root mean square value of the velocity magnitude in our study,
which is different from the definition of the root mean square value of the velocity component in
incompressible turbulence. We find that the normalized dissipation D decreases with the increase
of Taylor Reynolds number and approaches an asymptotic value at high Taylor Reynolds numbers.
The typical values of D are in the range of 0.4 < D < 0.5 at Taylor Reynolds numbers Reλ ! 110.
These observations are consistent with previous studies in incompressible turbulence [40,41] and
compressible turbulence [9].

V. NUMERICAL RESULTS ON SPECTRA

A. Transition between the pseudosound mode and the acoustic mode

Now we begin to study the transition between the pseudosound mode and the acoustic mode
by numerical simulations. We plot Ecc(k)/Ec(k) as a function of the normalized wave number kη
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FIG. 5. Compensated spectrum of the compressible velocity at Reλ ≈ 180. (a) Ec(k)M−4
t L

4/3
I ϵ−2/3k3.

The solid line and dash-dotted line represent the compensated spectrum of the pseudosound velocity
Ecs(k)M−4

t L
4/3
I ϵ−2/3k3 at Mt = 0.057 and 0.11 respectively. (b) Ec(k)M−2

t ϵ−2/3k5/3.

Taylor Reynolds numbers. The behavior of the compensated spectrum of the compressible velocity
component at small scales is similar to the behavior of the compensated spectrum of the pressure in
incompressible turbulence [43]. The compensated spectrum of the pressure overlap at small scales
only for Reλ > 400 in incompressible turbulence. Gotoh and Fukayama [43] reported a small plateau
between 0.007 ! kη ! 0.04 for the compensated pressure spectrum at Reλ > 300. Here, we report
a k−5/3 scaling of velocity spectrum, and a k−3 scaling of the spectrum of the compressible velocity
component in the range of 0.007 ! kη ! 0.04 at Mt = 0.11 and Reλ ≈ 350. The compensated
spectrum of the pseudo-sound velocity component at Mt = 0.11 and Reλ ≈ 110, 250, and 350 is
also plotted in Fig. 7, which exhibits a very narrow plateau between 0.015 ! kη ! 0.03 at Mt = 0.11
and Reλ ≈ 350.

From Figs. 5(a) and 6(a), we observe that the compensated spectrum of the compressible velocity
has an overlapped region with the compensated spectrum of the pseudosound velocity, at low
turbulent Mach numbers and at high wave numbers. In particular, the two spectra overlap only for
a narrow range kη " 0.4 at Mt = 0.4. As the turbulent Mach number decreases, the overlapping
region of the two spectra gradually extends into the inertial range. For the turbulent Mach number
of 0.057, the compressible velocity spectrum satisfies the pseudosound constitutive relationship
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FIG. 6. Compensated spectrum of the compressible velocity at Reλ ≈ 250 and 350.
(a) Ec(k)M−4

t L
4/3
I ϵ−2/3k3. The solid line and dash-dotted line represent the compensated spectrum of

the pseudosound velocity Ecs(k)M−4
t L

4/3
I ϵ−2/3k3 at Mt = 0.11 and 0.23 respectively. (b) Ec(k)M−2

t ϵ−2/3k5/3.
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FIG. 8. Compensated spectrum of pressure at different turbulent Mach numbers for Reλ ≈ 350 and 250.

C. Spectra of pressure, density, and temperature

We consider the spectrum of pressure Ep(k) at different Mach numbers in compressible
turbulence, where the pressure spectrum obeys the relation

∫ ∞
0 Ep(k)dk = ⟨(p − p0)2⟩. A previous

study revealed that at low turbulent Mach numbers Mt < 0.3, the fluctuation of the compressible
pressure component is much smaller than its solenoidal counterpart, while at high turbulent Mach
numbers Mt > 0.3, the fluctuation of the compressible pressure component has the same order of
the magnitude as the solenoidal component [9]. Thus, we need to normalize the pressure spectrum
in different manners for different turbulent Mach numbers.

For the case of a low turbulent Mach number, we consider the following normalization of
the pressure spectrum: Ep(k)ϵ− 4/3k7/3ρ− 2

0 , which is the same as the case of incompressible
turbulence [43]. In incompressible turbulence, the density is constant and does not appear in
the normalization. We plot the compensated spectrum of pressure at Reλ ≈ 350 and at turbulent
Mach number ranging from 0.11 to 0.4 in Fig. 8(a). At Mt ! 0.3, the compensated pressure
spectrum overlaps with one another and exhibits a small plateau between 0.015 ! kη ! 0.04:
Ep(k)ϵ− 4/3k7/3ρ− 2

0 ≈ 8.0. We also observe a bump with the slope close to 2/3 in the range of
0.04 ! kη ! 0.2, indicating that the pressure spectrum exhibit a k− 5/3 scaling at the end of the
inertial range. The observations are consistent with the case of incompressible turbulence [43]. A
previous DNS study showed a scaling of Ep(k) ∼ k− 5/3 at relatively low Taylor Reynolds numbers
in weakly compressible isotropic turbulence [24].

From Fig. 8(a), we observe that at Mt = 0.4, the compensated pressure spectrum is larger than
those at low turbulent Mach numbers and does not exhibit any plateau. We note that the compensated
spectrum of the solenoidal pressure component at Mt = 0.4 is similar to that of the incompressible
turbulence. The difference of the compensated pressure spectrum between Mt = 0.4 and Mt ! 0.3
can be attributed to the effect of the compressible pressure component. As turbulence Mach number
increases from Mt = 0.4, the impact of the compressible component on the pressure spectrum
becomes larger. According to the equipartition relation between the compressible velocity and
compressible pressure in the acoustic scenario [16], we assume that Ec

p(k) ∼ 2ρ2
0c2

0E
c(k), where c0

is the average speed of sound, Ec
p(k) is the spectrum of compressible pressure component, and Ec(k)

is the spectrum of compressible velocity component. The relation Ec
p(k) ∼ 2ρ2

0c2
0E

c(k) was verified
at the turbulent Mach numbers Mt = 0.3 and 0.6 by Jagannathan and Donzis [9]. Moreover, we
assume that the pressure spectrum Ep(k) has the same scaling as the spectrum of the compressible
pressure component Ec

p(k) at high turbulent Mach numbers. Thus, we have the relation Ep(k) ∼
2ρ2

0c2
0E

c(k). Provided the scaling of Ec(k) ∼ M2
tϵ2/3k− 5/3, we obtain Ep(k) ∼ 2γρ0p0M

2
tϵ2/3k− 5/3

at high turbulent Mach numbers.
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Therefore, by integration of the dissipation spectrum ϵc = ϵcs ≈
∫ 1/η

1/LI
Ecs

dissipation(k) dk, we obtain
the following scaling relation:

ϵc/ϵs ∼ M4
t Re−1

L log(ReL), (45)

where ReL = urmsLI/ν is the Reynolds number based on the integral scale. The theoretical
scaling (45) is consistent with an EDQNM model [1,27]. In numerical simulations of isotropic
turbulence, we usually consider Reλ instead of ReL. The relation between Reλ and ReL is [35]
Reλ ∼ Re1/2

L , which has been verified in weakly compressible isotropic turbulence [9]. Thus, we
obtain the scaling relation

ϵc/ϵs ∼ M4
t Re−2

λ log(Reλ). (46)

From Fig. 14, we show that in numerical simulations Reλ ≈ 350 is not high enough for the
appearance of the M4

t Re−2
λ log(Reλ) scaling.

B. Mach number scaling of pressure, density, and temperature

Now we begin to consider the rms values of pressure, density, and temperature in simulated
compressible turbulent flows. We plot the normalized rms values of pressure and its two components,
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FIG. 2. PDF of the normalized velocity divergence θ/θ ′.

We see that at Mt = 0.5, the isosurfaces are blob-like and quite sparse in space. The number of the
isosurfaces increases rapidly with the increase of turbulent Mach number, indicating the appearance
of more shocklet structures at higher turbulent Mach number. The shape of isosurfaces becomes
sheet-like for Mt ! 0.6. A volume-rendered snapshot of the velocity divergence field was provided
by Samtaney et al. [2], at turbulent Mach number around 0.4. The high compression regions were
blob-like, similar to these in our numerical simulation at Mt = 0.5. The isosurfaces of the velocity
divergence at high compression level were also shown in previous works at Mt = 1.0 [5,14]. Here,
we confirm the sheet-like structures of high compression θ = − 3θ ′ in the range of 0.6 " Mt " 1.0.

IV. STATISTICS OF SHOCKLETS IN COMPRESSIBLE TURBULENCE

Turbulent flows interacting with shock waves are very important in many areas, including
supersonic combustion and astrophysics. There are lots of efforts that have been devoted to the
problem of the isotropic turbulence interacting with a shock wave [30– 35]. By contrast, there are less
studies on the dynamics and statistics of shocklets generated in compressible isotropic turbulence.
The locations, sizes, and shapes of shocklets are quite random. Following Samtaney et al. [2],
we apply the shocklet detection algorithm to extract and analysis the shocklets in compressible
turbulence. The regions occupied by the shocklets are defined based on two criteria: ∇2ρ = 0 and
θ < − 3θ ′, namely, the surface elements where the density exhibits inflection along the local normal
and the compression rate is strong. The detailed extraction algorithm is described by Samtaney
et al. [2]. After the detection of shocklets, we assume that the normal direction of a shocklet is along
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FIG. 7. Fitting functions for the PDFs of the shocklet strength. Symbols represent the result from numerical
simulation. PDFs for different Taylor Reynolds numbers have been offset vertically for clarity.

where ν1 and c1 are, respectively, the kinematic viscosity and local speed of sound upstream of the
shock. Assuming ν1 ≈ u′λ/(

√
3Reλ) and c1 ≈ u′/Mt , it is straightforward to show that

δshock

η
≈ λ

η

√
3Mt

Reλ(Mn − 1)
. (20)
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FIG. 6. The most probable shocklet strength at different Taylor Reynolds numbers and at different turbulent
Mach numbers.

where the power law exponent β1 = 3.0, 2.5, 2.2, respectively, for Mt = 0.6, 0.8, 1.0. Moreover,
we propose the following fitting function for the PDF of the shocklet strength:

P (Mn − 1) = C1 exp
[
−Mn − 1

β2

][
1 +

(
Mn − 1

M
exp
n − 1

)−β1
][

1 +
(

Mn − 1
β3

)−β1−4]−1

, (18)

where β2 = C2(Mexp
n − 1) and β3 = C3(Mmost

n − 1). All parameters in the fitting function are
summarized in Table II. There are five free parameters: Mmost

n , M
exp
n , β1, C2, and C3. The parameter

C1 is determined by the condition:
∫ +∞

0 P (s)ds = 1. The parameters C2 and C3 are close to 1.0,
and satisfy the relations: 0.7 ! C2 ! 0.85 and 0.8 ! C3 ! 1.0 in our numerical simulations. The
fitting function is found to be in good agreement with the result from numerical simulation, as
shown in Fig. 7. M

exp
n represents the joint between the power law region and the exponential tail of

the PDF. It is shown that M
exp
n exhibits the following scaling relation: M

exp
n − 1 = C0M

2
t Re0

λ,
where C0 ≈0.25. We estimate the range of the power law region Mmost

n ! Mn ! M
exp
n by:

(Mexp
n − 1)/(Mmost

n − 1) ∼M−1
t Reβ0

λ , where the exponent 0.5 ! β0 ! 1.0. Thus, the power-law
region becomes wider with the increase of Taylor Reynolds number and becomes narrower with the
increase of turbulent Mach number.

For weak shocks (Mn − 1 ≪ 1), the shock thickness δshock can be approximated by [2]

δshock ≈ 3ν1

c1(Mn − 1)
, (19)

TABLE II. Parameters for shocklet statistics.

Reλ Mt Mmost
n − 1 Mexp

n − 1 β1 C1 C2 C3 δmost
shock/η

115 0.61 0.018 0.09 3.0 0.89 0.70 0.9 11
114 0.81 0.05 0.16 2.5 2.2 0.80 0.95 5.3
114 1.01 0.086 0.25 2.2 2.1 0.72 0.95 3.9
177 0.60 0.014 0.09 3.0 0.44 0.72 0.85 11
176 0.81 0.034 0.16 2.5 1.1 0.75 0.95 6.3
176 1.01 0.062 0.25 2.2 1.3 0.72 0.95 4.3
262 0.60 0.01 0.09 3.0 0.21 0.70 0.85 13.0
261 0.79 0.022 0.16 2.5 0.55 0.70 0.95 7.8
250 1.02 0.046 0.25 2.2 0.78 0.82 0.95 4.9
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Canonical shock/turbulence interaction 
Isotropic turbulence passing through a normal shock in a perfect gas 
Isolates the core interaction between turbulence and shock 
 
 
 

Eddies visualized by Q-
criterion, colored by angle of 
vorticity from x1. Shock 
visualized by dilatation 
contour. 

Parameters: 

M1, Mt, Ret 
Entropy fluctuations 

Acoustic fluctuations 

δshock/L 

Real-gas effects 

From Larsson & Lele, Phys. Fluids, 2009 
          Larsson, Bermejo-Moreno & Lele, JFM, 2013 
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Past studies:  Reλ = 20 on 129*642 grids (Lee et al, 1993, 1997, Mahesh et al, 1997) 
Present:  Reλ = 40 on 1040*3842 grid;  Reλ = 60 on 1675*5122 grid; Reλ = 74 on 2234*10242 grids 

 
Return to local (small-scale) isotropy in present DNS, but not in past work 
Vorticity redistribution is a nonlinear process 

Past work did not fully capture these processes due to lack of grid resolution 

Difference compared to previous studies 

Lee et al (1997) 
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Reynolds stresses: amplification across shock 

Linear theory predicts TKE amplification correctly, but misses the return to isotropy 
of small-scale turbulence and (post-shock) Reynolds stress anisotropy 
 
Also see, Donzis (2012) Phys. Fluids and Ryu & Livescu (2014) JFM  
Also K. Sinha and collaborators 
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Shock motion and approach flow at (M,Mt) = (1.50,0.38) 
Contours of streamwise velocity 

scaled by upstream speed-of-
sound (colors) 

Contours of dilatation at shock 
(gray scale) 

 
 
u’ > 0: 
§  “pushed back” shock 
§  strong shock    (high 

compression) 
 
u’ < 0: 
§  “pushed forward” shock 
§  weak shock     (low 

compression) 
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Instantaneous profiles through shock 

Hesselink & Sturtevant (JFM 1988): “Peaked” and 
“rounded” pressure profiles for shock propagating 
through random medium at M <= 1.1 

Source: Hesselink & Sturtevant, JFM 1988 
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Interaction regimes 
“Broken shock” regime -- existence of smooth (isentropic) profiles through shock 
“Wrinkled shock” regime -- every local interaction has a clear shock 
 
Under what conditions can “broken shock” regime be expected? 

§  Lee et al (1993): 

§  Present:  Consistent with Donzis 2013 
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Variable Property Effects: density and viscosity change 
Semi-local scaling   -- includes scaling of transport eqn  (recall Laminar BL theory) 
Coleman et al (1995), Patel et al (2016), Pecnik & Patel  JFM (2017)        

R. Pecnik and A. Patel
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FIGURE 2. Averaged profiles for density (a), viscosity (b), semi-local Reynolds number
(c), velocity (d), van Driest transformed velocity (e) and universal velocity scaling ( f ) for
the DNS cases presented in table 1.

and viscosity are decreasing away from the wall (figure 1a), such that the semi-local
Reynolds number Re

?
⌧ is constant across the whole channel height, meaning that

p
h⇢i/⇢w = hµi/µw. Although this case has arbitrary thermophysical properties, it is

worthwhile to mention that it bears similarities to supercritical fluids, for which both
density and viscosity decrease when heated across the pseudo-critical temperature
(Nemati et al. 2016; Peeters et al. 2016). Cases GL and LL (figure 1b,c) are flows
with gas-like and liquid-like property variations that both have large gradients in
Re

?
⌧ . More details on the governing equations and the numerical scheme can be

found in Patel et al. (2015, 2016). The last case in table 1 (case T&L) is a fully
compressible turbulent channel flow with isothermal walls, a bulk Mach number of 4
and a wall-based friction Reynolds number of 1017 (Trettel & Larsson 2016).

The largest decrease of density (⇢w/h⇢ci ⇡ 8.5) is obtained for case CRe?
⌧ , while

for cases GL and T&L the density decreases approximately by factors of 5 and
3.6 respectively (figure 2a). The profiles for viscosity are shown for the sake
of completeness in figure 2(b). However, the most important parameter for the
characterization of variable property flows is the semi-local Reynolds number shown
in figure 2(c). It can be seen that the cases GL and T&L show similar decreasing Re

?
⌧

profiles, while Re
?
⌧ for case LL increases. The case CRe?

⌧ has a constant Re
?
⌧ profile

by construction and collapses with the constant property case CP. The streamwise
velocity profiles are shown in figure 2(d–f ). It should be noted that, even if the
velocity hui for case CRe?

⌧ is considerably higher than for case CP, the van Driest
velocity transformation is capable of providing a collapse with the constant property
universal velocity profile. This is not the case for flows that have gradients in Re

?
⌧

(GL, LL and T&L) since the viscous scales for these cases are changing. On the
other hand, the universal velocity scaling proposed by Trettel & Larsson (2016), and
later independently derived by Patel et al. (2016), provides a good collapse for all
cases (figure 2f ). It should be noted that the normalized wall-normal coordinates are
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U
+
VD =

⌅ u+

0

 
⇢̄

⇢w

!1/2

du
+, (2)

where u
+ = u/u⌧. The transformation adjusts the velocity gradient by the factor

p
⇢̄/⇢w, which

is derived by dimensional reasoning in the log-layer. The transformed velocity is then used in
Equation (1) with the coordinate y+ = y ⇢w

p
⌧w/⇢w/µw.

Who exactly developed what is now called the Van Driest transformation is a matter of debate.
Several pioneering researchers, most notably Van Driest,10 developed roughly similar trigonometric
transformations during the early 1950s. These forms all derive from the log-law but di↵er in their
velocity-temperature couplings. The integral form came later. By the early 1960s, several textbooks
(for example, Dorrance18 and Kutateladze and Leont’ev19) contained this integral equation but inter-
preted it as part of a skin friction formula. The modern interpretation of this integral as a velocity
transformation came from Danberg,15 who realized that it represented the ultimate generalization of
the velocity transformation work of Van Driest10 and others.

A. Accuracy of the Van Driest transformation for adiabatic and cooled walls

The status of the Van Driest transformation as the current state-of-the-art stems from its
accuracy in boundary layers over adiabatic walls. An example of its ability to restore approxi-
mate universality—that is, that the velocity transformed according to Equation (2) satisfies the
law-of-the-wall—is shown in Figure 1. The collapse between the di↵erent cases in the inner layer
(in the viscous sublayer, the bu↵er layer, and the log-layer) is clear. More broadly, the validity and
accuracy of the Van Driest transformation for adiabatic walls up to Mach 20 has been confirmed in
many experiments23–25 and direct numerical simulations (DNS).20,26–31 The collapse in the log-layer
specifically means that the Van Driest transformed velocity follows an approximately universal
log-law, with von Kármán constant  and log-law intercept C that do not depend on the Mach
number.15

The accuracy of the Van Driest transformation deteriorates for increasingly non-adiabatic walls
(that is, walls with heat leaving or entering the fluid). Most practical applications have cooled
walls, where the wall heat transfer rate qw < 0. The relevant dimensionless measure of the wall heat
transfer rate for wall-turbulence is13

FIG. 1. Van Driest transformed velocity U+VD for boundary layers over adiabatic walls. Mach 4 boundary layer at Re⌧ = 505
from DNS of Pirozzoli and Bernardini20 (dashed line), Mach 4.8 boundary layer at Re⌧ = 1549 from experiment of Voisinet
and Lee21 (72020205) (circles); compared to incompressible reference at Re⌧ = 578 from DNS of Jiménez et al.22 (solid
line).

Van Driest Scaling 
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U
+ =

⌅ u+

0

 
⇢̄

⇢w

!1/2 "
1 +

1
2

1
⇢̄

d ⇢̄

dy
y � 1

µ̄

d µ̄

dy
y

#
du
+, (28)

R
+
uv =

⇢̄ruv

⌧w
, (29)

Re⇤⌧ =
⇢c(⌧w/⇢c)1/2

h

µc|            {z            }
For channels

=
⇢e(⌧w/⇢e)1/2�

µe|            {z            }
For boundary layers

. (30)

III. ASSESSMENT OF PROPOSED TRANSFORMATION

Now that the proposed transformation has been derived, the main question left concerns how
well this transformation performs. This section answers that question using both numerical data
(from the present channel DNS and from the boundary layer DNS of Duan and Martán49) and
experimental data (from data in Refs. 23 and 25), but it also seeks to answer what limits how well
the transformation works (its robustness). Finally, this section discusses the transformed Reynolds
number Re⇤⌧ and its use as a flow similarity parameter before concluding.

A. DNS of compressible channels flows

Compressible turbulent channel flows o↵er a computationally a↵ordable platform for studying
the e↵ects of wall-cooling on wall-bounded turbulence. This kind of flow was studied in the impor-
tant prior works of Coleman et al.,33 Huang et al.,37 and Foysi et al.34 The flow between two infinite
parallel plates is driven by a body force which performs work on the flow. This injected energy
can only leave the domain through wall heat transfer, and thus compressible channels necessarily
have cooled walls (at statistical steady state). The energy balance causes the cooling parameter Bq

defined in Equation (3) to be Bq = �(� � 1)Ma2
b/U

+
b , that is, there is a direct relationship between

the bulk Mach number Mab = uavg(�RTw)�1/2 and the cooling-rate. The 9 cases in the present study
are listed in Table I. The numerical details of the simulations (code, grid-spacing, domain size, etc.)
are described in the Appendix.

The accuracy of the Van Driest transformation and the proposed one is compared in Figure 4
for the highest Reynolds number. The profiles transformed by the proposed transformation are
almost indistinguishable from the incompressible reference, implying that the proposed transforma-
tion recovers an approximately universal law-of-the-wall.

The most strongly cooled cases at each Reynolds number are shown in Figure 5, which plots
both the mean velocity and the shear stresses. The shear stresses collapse almost as well as the
mean velocity, which in hindsight is unsurprising: the mean velocity profile in the inner layer is a
direct consequence of the variation and balance between the viscous and turbulent shear stresses.
The inclusion of the stress-balance condition (Equation (15)) in the derivation essentially enforces

TABLE I. Present DNS cases of compressible channel flow.

Case name Mab Reh Re⌧ Re⇤⌧ �Bq CVD Cproposed Cref SVD SVS Sproposed

M0.7R400 0.7 7 500 437 396 0.011 5.592 5.472 5.333 0.963 0.978 0.978
M0.7R600 0.7 11 750 652 591 0.010 5.499 5.384 5.399 0.963 0.978 0.978
M1.7R200 1.7 4 500 322 197 0.057 6.716 6.017 5.736 0.902 0.981 0.977
M1.7R400 1.7 10 000 663 406 0.053 6.040 5.427 5.336 0.910 0.984 0.982
M1.7R600 1.7 15 500 972 596 0.050 6.080 5.461 5.399 0.913 0.982 0.978
M3.0R200 3.0 7 500 650 208 0.131 7.503 5.913 5.711 0.824 0.982 0.976
M3.0R400 3.0 15 000 1232 396 0.123 6.937 5.429 5.333 0.832 0.982 0.976
M3.0R600 3.0 24 000 1876 601 0.116 6.894 5.406 5.399 0.839 0.983 0.977
M4.0R200 4.0 10 000 1017 203 0.189 8.020 5.883 5.723 0.780 0.992 0.984

Trettel & Larsson, PoF 2016 
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          DNS/LES 

 



Summary and Open Issues 

Physical understanding of compressibility effects has improved  
 
      Significant progress in some areas with DNS, LES 
                   (limitations in Re, Many non-dimensional parameters) 
 
      Theoretical framework still insufficient 
         How does acoustic communication impact vortex dynamics? 
         Engineering models incorporating physics of variable-density and compressibility 
 
      Limited experiments with detailed turbulence measurements 
          
         Inflow conditions, boundary conditions (confinement …) 
         Confirmation of phenomena and scaling laws 
            observed in idealized simulations 
  
          
      
 
  
        

        
 

 



Open Issues: Shape of things to come … ? 
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But this is not Moore’s law at IC level 
Multicore chips, million cpu’s, 
hyperthreading, memory hierarchies,… 
 
No 1 system in 2014 with 33.8 petaflops with 17.8 MW! 
Need high Flops/watt  
 
Will today’s petascale code (MPI+OpenMP) run 
on exascale system …. probably not! 
 
Need to develop exascale ready computational frameworks 

20
20

 

The race to Exascale 

Top500 

1000 X 

HPC Hardware 
and Software 



Thank you! 
 
Any questions ? 



The Challenge of High Reynolds Numbers 

Spatial and temporal bandwidth increases with Re 
 

             η/L scales as Re-3/4 

              

Computational cost (DNS) scales as Re9/4  times Re3/4  or Re3 

 
Computational cost Wall resolved LES scales as   Re13/7 
 
Wall modeled LES reduces the cost to  O(Re) 
 
Practically the computational cost restricts the resolution which can be 

afforded and thus the scale bandwidth.  
 
Need for modeling in turbulence simulations relevant to high Re continues 



Compressibility Effects on Turbulence - Fundamentals 
 
How to characterize ?         
v Effects on turbulence generation - flow instability and turbulence energetics 
v Effects on turbulence cascade 
v Effects on turbulence dissipation 

v System scale effects (multiple-scale interactions) 
•      Radiative damping 
•      Flow-acoustic resonance 
 

Choice of variables ? 
Thermodynamic    ρ; log(ρ); v=1/ρ; p; log(p); s (Entropy); B (Bernoulli enthalpy) 
 

Kinematic   ui; ρui; √ρ ui;  ρ^(1/3) ui  (for spatial scale decomposition) 
 



Compressibility Effects on Turbulence - Fundamentals 
 
Scaling of spectra/structure functions ?        
 
Vortical turbulence  -- Kolmogorov scaling 
 
Entropy fluctuations stirred by turbulence  
 
Random nonlinear acoustic field 
 
Random field of shocks 
 
Pressure spectra  -- hydrodynamic, pseudo-sound, sound 
 
Density spectra – entropic, acoustic, pseudo-sound 



Aeroacoustics 
Computational methods for predicting aerodynamic noise 
Physics of aerodynamic noise generation 
Modeling noise sources and the far-field radiated noise 
Supersonic Jet Noise 
Noise predictions using accurate LES of noise producing flow 
Approximate methods using source models 

• NASA Nozzle -- NA2C3 geometry (2:1 aspect ratio) 
•  CharLES solver 
•  Up to 500M isotropic adaptively refined mesh 
•  BlueGene/P with up to 160K cores (ALCC program, ANL)  

 



Flow visualization (207M mesh)  

Crackle : Annoying Component of Supersonic Jet Noise (Ffowcs Williams, 1975) 
      Intermittent, Steep N-wave signature, Skewness 

What causes crackle ?  Mechanism unknown –source nonlinearity vs non-lin. Propgn. 
Nichols et. al. 2013, ASME J. Eng. Gas Turbines and Power 213, Vol. 135.  

NPR= 4; TTR = 3. Md = 1.65, Mj = 1.56 



Pressure signal (skewness 0.425) 

(Zoom) 



Shock sensor (207M) 

!

(Ducros et al., 1999; Bhagatwala & Lele, 2009) 

∇⋅u( )2

∇⋅u( )2 +Ω2 +ε



Main Research Areas: Fluid Dynamics - Turbulence 
›  Shock-induced instability and multi-material mixing 
 

 Multi-material Eulerian elastic-plastic flow 11

(a)

(b) (c)

(d) (e)

Figure 6. Density and vorticity contours in the Cu-Al RM problem with 128 points in the
transverse direction. (a) initial mixture density (b) density profile at t = 0.75 (c) vorticity
profile at t = 0.75 (d) density profile at t = 3 (e) vorticity profile at t = 3.

Figure 7. (a) Spike (upper set of lines) and bubble locations (lower set of lines) and (b) net
integrated positive vorticity plotted for the three di↵erent grid resolutions. Number of points in
the transverse direction are represented in the legend. (c) x � t diagram showing evolution of
shock (solid lines) and interface (dashed line) locations with time.

localized artificial di↵usivity shock capturing method, is applied to a di↵use-interface
multi-material formulation governing elastic-plastic deformations of solids. The order
of accuracy and the ability to handle shocks and material interfaces is demonstrated
through several tests in one dimension. Robustness of the numerical method in handling
material interfaces with density ratios up to 1000 is demonstrated. For quantitative val-
idation, results of a single-material impact problem are reproduced accurately using the
current multi-material algorithm. Finally, as a demonstration of the capability to sim-
ulate problems of engineering interest, two-dimensional elastic-plastic flow arising due
to Richtmyer-Meshkov instability of an interface separating copper and aluminum is
discussed.

There are several issues that need to be addressed further. Quantitative accuracy of the
numerical framework needs to be established through more detailed comparisons with
previously published numerical and experimental multi-material results. For this purpose,
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Shock driven instability 
 at solid-solid interface 

Al Cu 

Numerical methods for shocks/interfaces 
Non-linear elastic/plastic deformations 

Unsteady Flow Physics and Aeroacoustics Laboratory 

3D Shock-Bubble Interaction [Niederhaus et al., 2007] 

• 1.68 normal shock interacts with Krypton 

bubble (Atwood number = 0.486) 

• 5 adaptive grid levels 

• Constant 1:2 refinement ratio 

• Detectors operate only on density field 

 

𝜏 = 0.5 

𝜏 = 7.5 

𝜏 = 13.5 

Iso-contours of mass fraction 
and vorticity magnitude * Nondimensional time 𝜏 = 𝑡𝑊𝑖

𝑅
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LES results Morgan, Kawai & Lele   AIAA 2011-3431, J. Fluid Mech. 2013, Vol 729  

Compressible turbulence, Shock-Boundary layer Interactions 
Capturing shock waves and turbulence 
 

M = 2.28;  Reθ = 2300; wedge angle = 8 deg  Expt: IUSTI, Marseille 

Temperature contours 
 


