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Collective Force Generation by Multiple 

Bio-filaments and Molecular Motors



Molecular motors 

Most forms of movement in the living world are powered by tiny protein machines.                                                                                                                        

Myosin II conventional kinesin ciliary dynein
Manfred Schliwa,Nature ,2003



Bio-filaments

Simplest Nano-machine, utilize chemical energy of polymerization to generate significant 
amount of force 

Iva Tolic, 2008, EBJ
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Figure 1: Optical-trap measurement of the force of polymerization.  (A) Schematic 
of the use of an optical trap to measure forces as the filament grows into an 
obstacle. (B) Microscopy image of a bead (2 µm diameter) with attached 
acrosomal bundle.  (c) Time evolution of the force during growth and catastrophe 
of microtubules.  (D) Force build up over time for actin polymerization.  (Adapted 
from (A), (C) J. W. Kerssemakers et al., Nature 442:709, 2006; (B) and (D) M. J. 
Footer et al., Proc. Nat. Acad. Sci. 104:2181, 2007.)"

Figure 2: Force due to polymerization of a bundle of actin filaments.  (A) 
Schematic of the geometry of force measurement using a calibrated cantilever.  
(B) Measurement of the build up of force over time.  (Adapted from S. H. Parekh 
et al., Nat. Cell Biol. 7:1219, 2005)."



Multiple motor working in coordination

Roop Mallik et. al., Trends in Cell Biology,2013 

Multiple bio-filament at work

S. H. Parekh et al., Nat. Cell Biol. 7:1219, 2005 
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Stall force generated by multiple filament

G. Sander van Doorn et al. , Eur Biophys J , 2000



Stall force generated by multiple filament

work of Tsekouras et al [9] by adding the ‘active’ phenomenon of ATP/GTP hydrolysis. The
first one is a simple model in which each filament switches between two depolymerization

states. Within the model, we analytically show that >f f2( ) ( )
s s

2 1 ; this result extends to >N 2.
We then proceed to study numerically two detailed models involving sequential and random
mechanisms for hydrolysis [6, 11, 14, 15]. Using parameters appropriate for the cytoskeletal

filaments, we show that indeed >f Nf( ) ( )
s

N
s

1 . The excess force (Δ = −f Nf( ) ( ) ( )N
s

N
s

1 ) being
∼ −1 9 pN for microtubules, and ∼ −0.1 1.5 pN for actin, is detectable in appropriately
designed experiments. Finally we show the robustness of our results by considering realistic
variants of the detailed models.

2. Models and results

2.1. An exactly solvable toy model that demonstrates the relationship f (2)s > 2f (1)s analytically

We first discuss a simple toy model which is analytically tractable and hence demonstrates the
phenomenon exactly. We consider N filaments, each composed of subunits of length d,
collectively pushing a rigid wall, with an external force f acting against the growth direction of
the filaments (see figure 1). Consistent with Kramers theory, each filament has a growth rate

New J. Phys. 16 (2014) 063032 D Das et al
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Figure 1. Schematic depiction of the toy model: (a) Single filament dynamics (b) Four
possible states of the two-filament system. (c–e) Microscopic dynamics of the filaments
in the {2,1} state. In all the cases, the left wall is fixed, while the right wall is movable
against a resistive force f.

Dipjyoti Das et al, NJP, 2014

Here γ = + +( ) ( )u w u w
1 20 0 1 and γ = + +( ) ( )u w u w

2 10 0 2 are both <1 for the existence of the
steady state. Combining all these, we find that the velocity of the two-filament system,
switching between two states, is

= + + +⎡⎣ ⎤⎦ ( )V k v k v k k v k k2 (4)( )2
21
2

11 12
2

22 12 21 12 12 21
2

with v11, v22, v12 and v21 given by equations (2) and (3). Note that various limits ( =w w10 20,

=k 012 , or → ∞k21 ) retrieve the expected result =V v( )2
11.

The equation (4) is valid for any δ. To obtain stall force we set =V 0( )2 and this leads to a

cubic equation (for δ = 1) in
˜

e f whose only real root gives f ( )
s

2 analytically (see (B.3)). The

analytical result for V ( )1 and V ( )2 (equations (1) and (4)) are plotted in figure 2 (main figure) as
continuous curves, and the data points obtained from kinetic Monte-Carlo simulations, with the
same parameters, are superposed on them. Most importantly we see that the scaled force

f f( ) ( )
s s

2 1 for which =V 0( )2 is clearly >2. For >N 2 filaments, we do not have any analytical
formula for the model, but we obtain stall forces from the kinetic Monte-Carlo simulation. We

plot the excess force Δ̃ = ˜ − ˜f Nf( ) ( ) ( )N

s

N

s

1
for different N in the inset of figure 2, for δ = 1 and

δ = 0. As can be seen, Δ̃ > 0( )N
increases with N, and seems to saturate at large N—this is true

for all δ ∈ [ ]0, 1 . Thus we have shown that dynamic switching between heterogeneous

depolymerization states lead to ≠f Nf( ) ( )
s

N
s

1 .
We now proceed to show that the introduction of switching between distinct chemical

states ( ≠w w1 2, ≠k k 012 21 or ≠ ∞k k12 21 ) produces non-equilibrium dynamics embodied in
the violation of the well known detailed balance condition. To demonstrate this for the single-
filament toy model, in figure 3(a), we consider a loop of dynamically connected configurations
(charaterized by its length and state): ⇌ + ⇌ + ⇌ ⇌{ } { } { } { } { }l l l l l, 1 1, 1 1, 2 , 2 , 1 .
The product of rates clockwise and anticlockwise are uk w k12 2 21 and k uk w12 21 1, respectively. For

New J. Phys. 16 (2014) 063032 D Das et al
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Figure 2. Main figure: scaled force-velocity relation for one (V ( )1 , ▴) and two ( •V ,( )2 )
filaments with switching. The continuous curves are analytical formulae given by
equations (1) and (4). The data points (▴ and •) are from kinetic Monte-Carlo

simulations with δ = 1. Inset: excess stall force Δ̃( )N
, with varying number of filaments

(N), at δ = 1 (■) and δ = 0 (▾). All results are for parameters = −u 40 s0
1, = −w 1 s10

1,
= −w 15 s20

1, and = = −k k 0.5 s12 21
1.



• Team work of single-headed KIF1A 
motors to extract membrane tubes 
from giant unilamellar vesicles. 

• ~15 KIF1A motors can extract tubes 
in similar conditions to conventional 
kinesin, despite having a stall force 
60 time smaller.

Cooperative force generation by single-headed KIF1A motors 

Casademunt, Nature Communications (2015) 



Simple kinetic model for bio-filaments



Derivation for stall formula using textbook stat mech.

• System is at equilibrium at 
stall

• Probability distribution of the 
wall-position for single 
filament

Here,
          

          is expected not to depend on  

  

   

 

T.Bameta et al PRE (2017) 



Probability distribution of the wall-position for two filament system

         is expected not to depend on

This argument can be easily extended to

P (x) =
1

Z

e

�f

(2)
s x

e

�✏

 
2

xX

x1=0

e

�✏x1 � e

�✏x

!
⇠ e

�(f(2)
s �2✏)x



Simple kinetic model for molecular motors

P (x) =

1

Z

e

��f

(2)
s x

e

�✏x

(

x�1X

x1=0

e

�✏x1
)

⇠ e

��(f(2)
s �2✏)x

, for large x.



Stall force is additive for simple models



Random hydrolysis model



System with larger number of filament is closer to equilibrium

Random hydrolysis model

T.Bameta et al PRE (2017) 



Random hydrolysis model



Random hydrolysis model



Stall forces are non-additive for biologically relevant 
non-equilibrium models



Conjectured connection between:  

detailed balance ↔ thermal 
equilibrium ↔ stall force additivity 



Reversible hydrolysis model



Reversible hydrolysis model



from the equilibrium condition at 
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FIG. 3: (a) Schematic diagram of a generalized random hydrolysis model with two-way switching (both T!D, and D!T).
Di↵erent processes (shown in arrows) are discussed in the text. (b) Schematic depiction of a connected loop in the configuration
space of a single filament, within the model. (c) Deviation �(2) versus u

T

(the red curve), and ↵ versus u

T

(the blue curve),
for the generalized random hydrolysis model. The parameters are: w

T

= 2s�1
, k

TD

= 0.3s�1
, k

DT

= 0.4s�1
, u

D

= 3s�1, and
w

D

= 1s�1.

if the two-filament system is closer to reversibility as
compared to a single filament, the two-filament system
should extract more work by increasing the stall force
per filament. To check this, in Fig.2(d), we show the stall
force per filament (i.e., the maximum work extracted per

filament), f (N)

s

/N as a function of the filament number
N . The stall force per filament indeed increases with N

for ↵ > 0, and saturates near the net free-energy input
(ln(u/w

T

)). In other words, as the number of filaments
increases, the collective stall force per filament gets closer
to the “reversible” value of ln(u/w

T

). This increase in

stall force per filament makes f

(2)

s

/2 > f

(1)

s

and in re-
turn gives positive �(2). Thus, the ↵ > 0 case corre-
lates with �(2)

> 0. Similar arguments can be given
for ↵ < 0 (see Fig.2(d)), where a single filament per-
forms more work than the energy provided by polymer-
ization. To bring the system closer to reversibility, the
two-filament system decreases the stall force per filament

(f (N)

s

/N < f

(1)

s

). Hence, �(2) is negative if ↵ < 0.

An interesting point to note in Fig.2(b) is that both
�(2) and ↵ are zero exactly at w

T

= w

D

. This shows
that T!D switching (hydrolysis) is necessary to produce
the phenomenon of non-additivity of stall forces. It is to
be noted that the hydrolysis is always a irreversible
process as it is unidirectional. However, the condition
w

T

= w

D

e↵ectively corresponds to absence of switch-
ing, since dynamically there remains no distinction be-
tween T and D subunits. The filaments cannot “sense”
their distinct presence as far as the force generation is
concerned. Yet, the condition w

T

= w

D

does not imply
a true reversibility until we set the T!D switching rate
to zero. Another way to possibly achieve reversibility
at stall is to incorporate the reverse switching (D!T)
and allow the polymerization of D subunits. Although
these additions are biologically unrealistic, we neverthe-
less study such a model in the next section to explore the
relevance of irreversible dynamics for non-additivity of
the stall forces.

B. A generalized random hydrolysis model for
filaments

We make the random hydrolysis model (discussed in
section IIIA) more general and symmetric by allowing
(i) D ! T conversion, and (ii) addition of both D and T
monomers to the filaments. In this model (see Fig.3(a))
both T and D subunits can bind to a filament with
constant rates u

T

and u

D

, respectively. When the fil-
aments come in contact with the wall (see Fig.3(a)), the
polymerization rates decrease to u

T

(f) = u

T

e�f and
u

D

(f) = u

D

e�f in the presence of the force f (using the
load distribution factor � = 1 for simplicity). The de-
polymerization occurs with a rate w

T

if the tip-monomer
is T, or w

D

if it is D. Any randomly chosen subunit in-
side a filament can convert either from T to D (with rate
k

TD

), or from D to T (with rate k

DT

).
Within the general version of the random hydrolysis

model, we now proceed to show that the two-way switch-
ing (T ! D, and D ! T) in general produces irre-
versible dynamics that is embodied in the violation of
the condition of detailed balance for the kinetic rates. For
a single filament, as shown in Fig. 3(b), we consider a
loop of dynamically connected configurations. The prod-
uct of clockwise and anticlockwise rates are u

T

k

TD

w

D

and u

D

k

DT

w

T

, respectively. For the condition of de-
tailed balance, that is, reversibility, to be reached at
steady state, the two products must be equal according to
the Kolmogorov’s criterion [99, 100] (or the Wegschieder
condition [101]), which leads to

u

T

w

T

k

TD

k

DT

w

D

u

D

= 1. (6)

If we fix the parameters w

T

= 2s�1

, k

TD

=
0.3s�1

, k

DT

= 0.4s�1

, u

D

= 3s�1, and w

D

= 1s�1, then
we would have u

T

= 8s�1 from the above reversibility
condition (Eq. 6). Though this criterion is written in
terms of force-free rates, it is clear that using the modi-
fied rates in the presence of the resisting force would not
change the condition in Eq. 6. We now plot the deviation

Reversible hydrolysis model



A toy model for filaments 





from the equilibrium condition  



Motor Models



Multiple step-size motor



Multiple step-size motor



from the equilibrium condition at 

Multiple step-size motor



Biased random walk model for many motors

Campas et al. PRL 2006 



Biased random walk model for many motors



Without any interaction

rearranging equations

Using energy landscape

Biased random walk model for many motors
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Two-state Brownian ratchet (BR) model

Always gives enhanced cooperativity for steric interaction



A

B

A

B B

B(x)

A(x) B(x)

A(x)

0 1 2 x

St
at
e

(b) (c)

B0
A0

ε

1(x) 2(x)

x
U(
x)

0 1 2 3

U

U1

2
f(a)

ω ω

ω
ω

ω

ω

sta
te

A

B

A

B B

B(x)

A(x) B(x)

A(x)

0 1 2 x

St
at
e

(b) (c)

B0
A0

ε

1(x) 2(x)

x

U(
x)

0 1 2 3

U

U1

2
f(a)

ω ω

ω
ω

ω

ω

Always show force additivity, no matter how many intermediate 
steps are present



In vivo dynein attache to Microtubule in pair. 

Is it possible that dynein are not attaching to the MT in pair 
but cooperating in such a way that generates twice the force?

A.K. Rai et.al. Cell, 2013



• Provides a simple description for stall force for “biased random walk” type 

collective motion using equilibrium arguments.

• In the presence of detailed balance for rates, stall forces for multiple 

filaments/motors are always additive.

• Lack of detailed balance almost always result in non-additivity of stall forces.

• In case of only one path one potential land scape, one will always get stall 

force additivity no matter how much intermediate steps are introduced.

• Works reasonable well for non-processive motor, as long as as long as the 

number of motors clustered behind the leading motor remains large enough

• Extremely broad

Conclusion
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