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Why Chern-Simons theory?



Infinitely many interacting CFT (conformal zoo).

Chern-Simons (CS) theories play many important roles. 

③ (M_theory)

Effective field theories of membranes.

④ (3d CFT)

⑤ (AdS/CFT correspondence)

Dual CFT3 of (HS) gravity on AdS4

① (Mathematics)
Knot theory, Jones polynomial

Pure [HS] gravity on AdS3 

[Witten ’89]

[BLG ’07, ABJM ’08]

② (string theory)
Cubic string field theory, Open topological string theory [Witten ’85]

Why Chern-Simons theory?

[Moore_Seiberg ’89]

[Gaberdiel_Gopakumar ’11]



(Pure) Chern-Simons theory

real p.imaginary
ψ̄ψ, ψ̄γµψ ψ̄γµνψ, ψ̄γµνρψ

2 Chern-Simons theory with a fundamental fermion

The Chern-Simons action is

iScs =
ik

4π

∫
tr(ÃdÃ+

2

3
Ã3) (22)

If we set Ã = −iA, then this becomes

iScs = − ik

4π

∫
tr(AdA− 2i

3
A3) (23)

The fermion action is

iSfermion = i

∫
dx0dx1dx2ψ̄( "D + im0)ψ (24)

= −
∫

dx1dx2dx3ψ̄( "D + im0)ψ (25)

where we used x0 = ix3. So the euclidean action −S = iSMinkowski is given by

−S = − ik

4π

∫
tr(AdA− 2i

3
A3)−

∫
d3x

√
gψ̄( "D + im0)ψ (26)

Define the light cone coordinate

x± =
x1 ± ix2

√
2

, A± =
A1 ∓ iA2√

2
= A∓, p± =

p1 ∓ ip2√
2

= p∓, (27)

Then

"A = γ+A+ + γ−A− + γ3A3 (28)

γ+γ+ = γ−γ− = 0, [γ3, γ±] = ±2γ±, γ+γ− = 1 + γ3 (29)

γ+− = γ3, γ+−3 = 1 (30)

p2s := p21 + p22 = (
p+ + p−√

2
)2 + (

p+ − p−

i
√
2

)2 = 2p+p− (31)

Let us fix the gauge by

A− = 0 (32)

Then the Chern-Simons action becomes

−S = − ik

2π

∫
d3x(−i)tr(A+∂−A3)−

∫
d3x

√
gψ̄( "D +m0 − γ3µ)ψ (33)

3

NOTE

① CS coupling constant (k) is protected as an integer.

② Independent of metric. (Topological).

③ Exact CFT parametrized by (k,N) or λ=N/k.

④ Exactly soluble. (Wilson loop ⇔ Knot) . [Witten ’89]

N: rank of gauge group
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Klebanov_Polyakov conjecture

3.1 Vector fermion matter

3.2 SUSY vector matter

3. Chern-Simons-Vector model



[Klebanov_Polyakov ’02]

AdS4/CFT3 correspondence
3d O(N)(U(N)) vector model ⇔ HS gravity on AdS4



[Klebanov_Polyakov ’02]

(Bosonic case)
Singlet sector of 3d free/critical vector boson model is 
dual to a HS theory in the large N limit with suitable bc.

AdS4/CFT3 correspondence

Parity-invariant theory with parity even scalar (A_type Vasiliev theory)

3d O(N)(U(N)) vector model ⇔ HS gravity on AdS4



[Klebanov_Polyakov ’02]

(Fermionic case)
Singlet sector of 3d free/GN vector fermion model is 

dual to a HS theory in the large N limit with suitable bc.

Parity-invariant theory with parity odd scalar (B_type Vasiliev theory)

(Bosonic case)
Singlet sector of 3d free/critical vector boson model is 
dual to a HS theory in the large N limit with suitable bc.

AdS4/CFT3 correspondence
3d O(N)(U(N)) vector model ⇔ HS gravity on AdS4

Parity-invariant theory with parity even scalar (A_type Vasiliev theory)



[Klebanov_Polyakov ’02]

AdS4/CFT3 correspondence

S =

∫
d4x

√
g
(
(∂µh)

2 − 2h2
)

A scalar field conformally coupling to AdS4

(AdS radius set to unity)



[Klebanov_Polyakov ’02]

AdS4/CFT3 correspondence

S =

∫
d4x

√
g
(
(∂µh)

2 − 2h2
)

(AdS radius set to unity)

∃ 2 solutions:

(i) Δ=1

h ∼ z∆

(ii) Δ=2

A scalar field conformally coupling to AdS4



[Klebanov_Polyakov ’02]

AdS4/CFT3 correspondence

S =

∫
d4x

√
g
(
(∂µh)

2 − 2h2
)

(AdS radius set to unity)

∃ 2 solutions:

(i) Δ=1

h ∼ z∆

(ii) Δ=2

Free N bosons

Free N fermions

∆OB = 1

∆OF = 2

A scalar field conformally coupling to AdS4



[Klebanov_Polyakov ’02]

AdS4/CFT3 correspondence

S =
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d4x

√
g
(
(∂µh)

2 − 2h2
)

(AdS radius set to unity)

∃ 2 solutions:

(i) Δ=1

h ∼ z∆

(ii) Δ=2

Critical vector boson 

GN vector fermion 

∆OB = 1

∆OF = 2

A scalar field conformally coupling to AdS4

Free vector boson

Free vector fermion

∆OB = 2 + ...

∆OF = 1 + ...



[Klebanov_Polyakov ’02]

AdS4/CFT3 correspondence

S =

∫
d4x

√
g
(
(∂µh)

2 − 2h2
)

(AdS radius set to unity)

∃ 2 solutions:

(i) Δ=1

h ∼ z∆

(ii) Δ=2

Free vector boson

O2
B = (φ̄φ)2

O2
F = (ψ̄ψ)2

∆OB = 1

A scalar field conformally coupling to AdS4

GN vector fermion 

Critical vector boson 

∆OF = 2

Free vector fermion

∆OB = 2 + ...

∆OF = 1 + ...



[Klebanov_Polyakov ’02]

AdS4/CFT3 correspondence

S =

∫
d4x

√
g
(
(∂µh)

2 − 2h2
)

(AdS radius set to unity)

∃ 2 solutions:

(i) Δ=1

h ∼ z∆

(ii) Δ=2

O2
B = (φ̄φ)2

O2
F = (ψ̄ψ)2

∆OB = 1

cf. [Witten ’01]

changing bc

(A_type)

(B_type)

A scalar field conformally coupling to AdS4

Free vector boson

GN vector fermion 

Critical vector boson 

∆OF = 2

Free vector fermion

∆OB = 2 + ...

∆OF = 1 + ...



A_type Vasiliev

AdS4

Free/Critical boson

CFT3

B_type Vasiliev Free/GN fermion

[Klebanov_Polyakov ’02]

HS gravity on AdS4 ⇔ O(N)(U(N)) vector model

[Giombi_Yin ’11] [Giombi_Prakarsh_Yin ’11]
[Sezgin_Sundell ’02]

???

[Vasiliev]



A_type Vasiliev

AdS4

Free/Critical boson

CFT3

B_type Vasiliev Free/GN fermion

[Klebanov_Polyakov ’02]

HS gravity on AdS4 ⇔ O(N)(U(N)) vector model

[Giombi_Yin ’11] [Giombi_Prakarsh_Yin ’11]

 SUSY Vasiliev SUSY vector model

[Sezgin_Sundell ’02]

[Sezgin_Sundell ’03]

 Parity Vasiliev CS-vector model
[Giombi_Minwalla_Prakash_Trivedi_Wadia_Yin ’11]

[Aharony_Gur-Ari_Yacoby ’11]

???

[Vasiliev et al]

[Vasiliev]



A_type Vasiliev

AdS4

Free/Critical boson

CFT3

B_type Vasiliev Free/GN fermion

[Klebanov_Polyakov ’02]

HS gravity on AdS4 ⇔ O(N)(U(N)) vector model

[Giombi_Yin ’11] [Giombi_Prakarsh_Yin ’11]

 SUSY Vasiliev SUSY vector model

[Sezgin_Sundell ’02]

 Parity Vasiliev CS-vector model
[Giombi_Minwalla_Prakash_Trivedi_Wadia_Yin ’11]

[Aharony_Gur-Ari_Yacoby ’11]

SUSY Parity Vasiliev SUSY CS-vector model
[Jain_Trivedi_Wadia_SY ’12][Chang_Minwalla_Sharma_Yin ’12]

[Sezgin_Sundell ’12]

???

[Vasiliev]

[Sezgin_Sundell ’03][Vasiliev et al]
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Klebanov_Polyakov conjecture

3.1 Vector fermion matter
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√
√

3. Chern-Simons-Vector model



Action on R3 (euclidean)

Appendices

A Conventions for Propagators and Gauge Condi-

tions

The Euclidean action for our theory is

S =
ik

4π

∫
Tr

(
AdA+

2

3
A3

)
+

∫
ψ̄γµDµψ, (A.1)

where

Dµψ = ∂µψ − iAaT aψ.

We have

ε123 = ε123 = 1,

γi = σi, (i = 1 . . . 3)

ψ̄α = (ψα)
∗,

(A.2)

where σi are the ordinary Pauli matrices. Note then that all γµ are Hermitian. This

implies that ψ̄ψ and ψ̄γµψ are real, while
∫
dxψ̄γµ∂µψ is imaginary. The gauge field

will be taken to be AaTa where Ta is the fundamental generator normalized so that

TrT 2
a = 1

2 . Note that
∑

a

(T a)nm(T
a)qp =

1

2
δqmδ

n
p . (A.3)

A.1 Lightcone gauge

Let us define

x± =
x1 ± ix2

√
2

,

A± = A∓ =
A1 ± iA2

√
2

,

p± = p∓ =
p1 ± ip2√

2
,

p2s ≡ p21 + p22 = 2p+p−.

(A.4)

We define the lightcone gauge in Euclidean signature by the condition A− = 0. This

can be obtained from Wick rotation of the standard lightcone gauge in Lorentzian

79

Feynman rule 

① gauge propagator

② fermion propagator ④ fermion_gauge vertex
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③ gauge 3pt vertex

3.1 Chern-Simons-Fermion system

1 Introduction
intro

1. higher spin, KP duality

2.

2 Chern-Simons-fermion theory with chemical poten-

tial

In this section we study SU(N) Chern-Simons gauge theory at level k with a fermion which
is in the fundamental representation of the gauge group with a chemical potential µ for
U(1) flavor symmetry. The action of this system is

S =

∫
d3x

[
iεµνρ

k

4π
Tr(Aµ∂νAρ −

2i

3
AµAνAρ) + ψ̄γµDµψ − µψ̄γ3ψ

]
(2.1) originalaction

We use the same convention in
Giombi:2011kc,Jain:2012qi
[? ? ].

This sytem can be exactly solved in the ’t Hooft limit

N, k → ∞ with λ :=
N

k
fixed (2.2)

as studied in
Giombi:2011kc
[? ], where a chemical potential is not turned on. The method is the following.

Firstly one fixes the gauge degrees of freedom by A− := 1√
2
(A1+iA2) = 0 and integrate out

the other component of the gauge field. This generates four fermi interaction. Secondly
one introduces the bilocal singlet field Σ so that the four fermi interaction term vanishes.
This is called Hubbard-Stratonovich method. Σ coincides with the self energy of ψ on
shell. The resulting action is quadratic with respect to ψ and thus we can integrate out ψ
by gaussian integration. The remaining action is written in terms of the singlet field Σ and
N can be factored out from the action. Finally one can obtain the exact effective action in
the leading of 1/N expansion in the steepest descent under the assumption of translational
invariance.

One can repeat the same procedure in the theory with chemical potential. The action
(
originalactionoriginalaction
2.1) suggests that the result can be obtained by exchanging the momentum in the fermion
propagator in such a way that

pµ → p̃µ := pµ + iµδµ,3. (2.3)

After this repalacement we find the exact effective action

Seff = NV

∫
d3q

(2π)3
tr

[
− log [iγµq̃µ + Σ(q)] +

1

2
Σ(q)

(
1

iγµq̃µ + Σ(q)

)]
(2.4) seff

where ‘tr′ acts on a two-by-two matrix with spinor indices and V is the volume of the
euclidean space. As shown in

Giombi:2011kc
[? ] this effective action correctly reproduces the connected

1



Action on R3 (euclidean)

Appendices

A Conventions for Propagators and Gauge Condi-

tions

The Euclidean action for our theory is

S =
ik

4π

∫
Tr

(
AdA+

2

3
A3

)
+

∫
ψ̄γµDµψ, (A.1)

where

Dµψ = ∂µψ − iAaT aψ.

We have

ε123 = ε123 = 1,

γi = σi, (i = 1 . . . 3)

ψ̄α = (ψα)
∗,

(A.2)

where σi are the ordinary Pauli matrices. Note then that all γµ are Hermitian. This

implies that ψ̄ψ and ψ̄γµψ are real, while
∫
dxψ̄γµ∂µψ is imaginary. The gauge field

will be taken to be AaTa where Ta is the fundamental generator normalized so that

TrT 2
a = 1

2 . Note that
∑

a

(T a)nm(T
a)qp =

1

2
δqmδ

n
p . (A.3)

A.1 Lightcone gauge

Let us define

x± =
x1 ± ix2

√
2

,

A± = A∓ =
A1 ± iA2

√
2

,

p± = p∓ =
p1 ± ip2√

2
,

p2s ≡ p21 + p22 = 2p+p−.

(A.4)

We define the lightcone gauge in Euclidean signature by the condition A− = 0. This

can be obtained from Wick rotation of the standard lightcone gauge in Lorentzian
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Feynman rule 

① gauge propagator

② fermion propagator ④ fermion_gauge vertex
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m
p
u
te

co
rr
el
at
or
s
ex
ac
tl
y
in

λ
(a
t
le
ad

in
g
or
d
er

in
la
rg
e
N
)
b
u
t
in
st
ea
d
tu
rn

to
st
u
d
y
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

fe
rm

io
n
b
il
in
ea
r
op

er
at
or
s/
cu
rr
en
ts

J
(s
)
p
er
tu
rb
at
iv
el
y
in

λ
.

W
e
w
il
l
b
eg
in

by
w
ri
ti
n
g
d
ow

n
th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

cu
rr
en
ts

in
th
e
fr
ee

fe
rm

io
n
th
eo
ry
,
an

d
d
es
cr
ib
e
so
m
e
ge
n
er
al

st
ru
ct
u
re
s
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

h
ig
h
er

sp
in

cu
rr
en
ts

as
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry
.
W

h
il
e
th
e
fu
ll
te
n
so
r
st
ru
ct
u
re

of

th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
〈J

J
J
〉
of

cu
rr
en
ts

of
n
on

ze
ro

sp
in

is
so
m
ew

h
at

co
m
p
li
ca
te
d
,

it
is
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry

to
b
e
th
e
li
n
ea
r
co
m
b
in
at
io
n
of

fi
n
it
el
y
m
an

y

in
d
ep

en
d
en
t
st
ru
ct
u
re
s.

In
fa
ct
,
as

sh
ow

n
in

[3
4]
,
fo
r
co
n
se
rv
ed

h
ig
h
er

sp
in

cu
rr
en
ts

al
l
p
ar
it
y
p
re
se
rv
in
g
st
ru
ct
u
re
s
of

〈J
(s

1
) J

(s
2
) J

(s
3
) 〉

ca
n
b
e
re
al
iz
ed

by
fr
ee

sc
al
ar
s
an

d

by
fr
ee

fe
rm

io
n
s,
w
h
il
e
a
p
ar
it
y
od

d
st
ru
ct
u
re

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉

ex
is
ts

w
h
en

th
e
th
re
e

sp
in
s
s 1
,s

2
,s

3
ob

ey
tr
ia
n
gu

la
r
in
eq
u
al
it
y.

2
0

T
h
e
la
tt
er

ca
n
n
ot

b
e
re
al
iz
ed

w
it
h
fr
ee

fi
el
d
s.

O
n
e
of

th
e
m
ai
n
re
su
lt
s
of

th
is
se
ct
io
n
is
th
at

th
e
p
ar
it
y
od

d
st
ru
ct
u
re

is
in
d
ee
d

p
re
se
nt

in
th
e
in
te
ra
ct
in
g
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry
.

T
h
e
p
ar
it
y
sy
m
m
et
ry

of
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry

m
ay

b
e
re
st
or
ed

by
si
m
u
lt
a-

n
eo
u
sl
y
ta
ki
n
g
k
→

−
k
.
T
h
er
ef
or
e,

in
p
er
tu
rb
at
io
n
th
eo
ry
,
th
e
p
ar
it
y
in
va
ri
an

t
te
n
so
r

st
ru
ct
u
re
s
of

〈J
J
J
〉
oc
cu
r
at

ev
en

lo
op

or
d
er
,
w
h
il
e
th
e
p
ar
it
y
od

d
te
n
so
r
st
ru
ct
u
re
s

oc
cu
r
at

od
d
lo
op

or
d
er
.
W
e
w
il
l
an

al
yz
e
th
e
on

e-
lo
op

co
nt
ri
b
u
ti
on

to
th
e
p
ar
it
y
od

d

st
ru
ct
u
re

of
〈J

(1
) J

(1
) J

(2
) 〉

an
d
〈J

(2
) J

(2
) J

(2
) 〉
,
an

d
th
e
tw

o-
lo
op

co
nt
ri
b
u
ti
on

to
th
e
p
ar
-

it
y
ev
en

st
ru
ct
u
re

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉

fo
r
ge
n
er
al

n
on

ze
ro

s 1
,s

2
,s

3
.
T
h
e
re
su
lt
s
w
il
l
b
e

2
0
R
ec
al
l
th
at

w
h
en

th
e
sp
in
s
s 1
,s

2
,s

3
ob

ey
th
e
tr
ia
n
gu

la
r
in
eq
u
al
it
y,

th
e
n
on

-c
on

se
rv
at
io
n
of

th
e

cu
rr
en
ts

in
ou

r
th
eo
ry

d
o
es

n
ot

sh
ow

u
p
in

3-
p
oi
n
t
fu
n
ct
io
n
s
at

le
ad

in
g
or
d
er

at
la
rg
e
N
.
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4
.2

T
h
re
e
p
o
in
t
fu
n
ct
io
n
s
in

p
er
tu

rb
a
ti
o
n
th

eo
ry

In
th
e
re
st

of
th
is
se
ct
io
n
,
w
e
p
os
tp
on

e
th
e
at
te
m
p
t
to

co
m
p
u
te

co
rr
el
at
or
s
ex
ac
tl
y
in

λ
(a
t
le
ad

in
g
or
d
er

in
la
rg
e
N
)
b
u
t
in
st
ea
d
tu
rn

to
st
u
d
y
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

fe
rm

io
n
b
il
in
ea
r
op

er
at
or
s/
cu
rr
en
ts

J
(s
)
p
er
tu
rb
at
iv
el
y
in

λ
.

W
e
w
il
l
b
eg
in

by
w
ri
ti
n
g
d
ow

n
th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

cu
rr
en
ts

in
th
e
fr
ee

fe
rm

io
n
th
eo
ry
,
an

d
d
es
cr
ib
e
so
m
e
ge
n
er
al

st
ru
ct
u
re
s
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

h
ig
h
er

sp
in

cu
rr
en
ts

as
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry
.
W

h
il
e
th
e
fu
ll
te
n
so
r
st
ru
ct
u
re

of

th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
〈J

J
J
〉
of

cu
rr
en
ts

of
n
on

ze
ro

sp
in

is
so
m
ew

h
at

co
m
p
li
ca
te
d
,

it
is
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry

to
b
e
th
e
li
n
ea
r
co
m
b
in
at
io
n
of

fi
n
it
el
y
m
an

y

in
d
ep

en
d
en
t
st
ru
ct
u
re
s.

In
fa
ct
,
as

sh
ow

n
in

[3
4]
,
fo
r
co
n
se
rv
ed

h
ig
h
er

sp
in

cu
rr
en
ts

al
l
p
ar
it
y
p
re
se
rv
in
g
st
ru
ct
u
re
s
of

〈J
(s

1
) J

(s
2
) J

(s
3
) 〉

ca
n
b
e
re
al
iz
ed

by
fr
ee

sc
al
ar
s
an

d

by
fr
ee

fe
rm

io
n
s,
w
h
il
e
a
p
ar
it
y
od

d
st
ru
ct
u
re

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉

ex
is
ts

w
h
en

th
e
th
re
e

sp
in
s
s 1
,s

2
,s

3
ob

ey
tr
ia
n
gu

la
r
in
eq
u
al
it
y.

2
0

T
h
e
la
tt
er

ca
n
n
ot

b
e
re
al
iz
ed

w
it
h
fr
ee

fi
el
d
s.

O
n
e
of

th
e
m
ai
n
re
su
lt
s
of

th
is
se
ct
io
n
is
th
at

th
e
p
ar
it
y
od

d
st
ru
ct
u
re

is
in
d
ee
d

p
re
se
nt

in
th
e
in
te
ra
ct
in
g
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry
.

T
h
e
p
ar
it
y
sy
m
m
et
ry

of
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry

m
ay

b
e
re
st
or
ed

by
si
m
u
lt
a-

n
eo
u
sl
y
ta
ki
n
g
k
→

−
k
.
T
h
er
ef
or
e,

in
p
er
tu
rb
at
io
n
th
eo
ry
,
th
e
p
ar
it
y
in
va
ri
an

t
te
n
so
r

st
ru
ct
u
re
s
of

〈J
J
J
〉
oc
cu
r
at

ev
en

lo
op

or
d
er
,
w
h
il
e
th
e
p
ar
it
y
od

d
te
n
so
r
st
ru
ct
u
re
s

oc
cu
r
at

od
d
lo
op

or
d
er
.
W
e
w
il
l
an

al
yz
e
th
e
on

e-
lo
op

co
nt
ri
b
u
ti
on

to
th
e
p
ar
it
y
od

d

st
ru
ct
u
re

of
〈J

(1
) J

(1
) J

(2
) 〉

an
d
〈J

(2
) J

(2
) J

(2
) 〉
,
an

d
th
e
tw

o-
lo
op

co
nt
ri
b
u
ti
on

to
th
e
p
ar
-

it
y
ev
en

st
ru
ct
u
re

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉

fo
r
ge
n
er
al

n
on

ze
ro

s 1
,s

2
,s

3
.
T
h
e
re
su
lt
s
w
il
l
b
e

2
0
R
ec
al
l
th
at

w
h
en

th
e
sp
in
s
s 1
,s

2
,s

3
ob

ey
th
e
tr
ia
n
gu

la
r
in
eq
u
al
it
y,

th
e
n
on

-c
on

se
rv
at
io
n
of

th
e

cu
rr
en
ts

in
ou

r
th
eo
ry

d
o
es

n
ot

sh
ow

u
p
in

3-
p
oi
n
t
fu
n
ct
io
n
s
at

le
ad

in
g
or
d
er

at
la
rg
e
N
.
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4.
2

T
h
re
e
p
oi
nt

fu
n
ct
io
n
s
in

p
er
tu
rb
at
io
n
th
eo
ry

In
th
e
re
st
of
th
is
se
ct
io
n,
w
e
po
st
po
ne

th
e
at
te
m
pt

to
co
m
pu
te
co
rr
el
at
or
s
ex
ac
tl
y
in

λ
(a
t
le
ad
in
g
or
de
r
in

la
rg
e
N
)
bu
t
in
st
ea
d
tu
rn

to
st
ud
y
of
th
re
e
po
in
t
fu
nc
ti
on
s
of

fe
rm

io
n
bi
lin
ea
r
op
er
at
or
s/
cu
rr
en
ts
J

(s
)
pe
rt
ur
ba
ti
ve
ly
in
λ.

W
e
w
ill

be
gi
n
by

w
ri
ti
ng

do
w
n
th
e
th
re
e
po
in
t
fu
nc
ti
on
s
of

cu
rr
en
ts

in
th
e
fr
ee

fe
rm

io
n
th
eo
ry
, a
nd

de
sc
ri
be

so
m
e
ge
ne
ra
l s
tr
uc
tu
re
s
of
th
re
e
po
in
t
fu
nc
ti
on
s
of
hi
gh
er

sp
in
cu
rr
en
ts
as
co
ns
tr
ai
ne
d
by

co
nf
or
m
al
sy
m
m
et
ry
.
W
hi
le
th
e
fu
ll
te
ns
or
st
ru
ct
ur
e
of

th
e
th
re
e
po
in
t
fu
nc
ti
on
s
〈J
J
J
〉 o

f
cu
rr
en
ts
of
no
nz
er
o
sp
in
is
so
m
ew
ha
t
co
m
pl
ic
at
ed
,

it
is
co
ns
tr
ai
ne
d
by

co
nf
or
m
al
sy
m
m
et
ry

to
be

th
e
lin
ea
r
co
m
bi
na
ti
on

of
fin
it
el
y
m
an
y

in
de
pe
nd
en
t
st
ru
ct
ur
es
.
In

fa
ct
,
as

sh
ow
n
in

[3
4]
,
fo
r
co
ns
er
ve
d
hi
gh
er

sp
in

cu
rr
en
ts

al
l
pa
ri
ty

pr
es
er
vi
ng

st
ru
ct
ur
es

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉
ca
n
be

re
al
iz
ed

by
fr
ee

sc
al
ar
s
an
d

by
fr
ee

fe
rm

io
ns
, w

hi
le
a
pa
ri
ty

od
d
st
ru
ct
ur
e
of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉 e

xi
st
s
w
he
n
th
e
th
re
e

sp
in
s
s 1
, s

2
, s

3
ob
ey

tr
ia
ng
ul
ar

in
eq
ua
lit
y.

20

T
he

la
tt
er

ca
nn
ot

be
re
al
iz
ed

w
it
h
fr
ee

fie
ld
s.
O
ne

of
th
e
m
ai
n
re
su
lt
s
of
th
is
se
ct
io
n
is
th
at
th
e
pa
ri
ty
od
d
st
ru
ct
ur
e
is
in
de
ed

pr
es
en
t
in
th
e
in
te
ra
ct
in
g
C
he
rn
-S
im
on
s-
fe
rm

io
n
th
eo
ry
.

T
he

pa
ri
ty
sy
m
m
et
ry

of
C
he
rn
-S
im
on
s-
fe
rm

io
n
th
eo
ry

m
ay

be
re
st
or
ed

by
si
m
ul
ta
-

ne
ou
sl
y
ta
ki
ng

k
→

−k
.
T
he
re
fo
re
, i
n
pe
rt
ur
ba
ti
on

th
eo
ry
, t
he

pa
ri
ty

in
va
ri
an
t
te
ns
or

st
ru
ct
ur
es

of
〈J
J
J
〉 o

cc
ur

at
ev
en

lo
op

or
de
r,
w
hi
le
th
e
pa
ri
ty

od
d
te
ns
or

st
ru
ct
ur
es

oc
cu
r
at

od
d
lo
op

or
de
r.
W
e
w
ill
an
al
yz
e
th
e
on
e-
lo
op

co
nt
ri
bu
ti
on

to
th
e
pa
ri
ty

od
d

st
ru
ct
ur
e
of
〈J

(1
) J

(1
) J

(2
) 〉 a

nd
〈J

(2
) J

(2
) J

(2
) 〉,
an
d
th
e
tw
o-
lo
op

co
nt
ri
bu
ti
on

to
th
e
pa
r-

it
y
ev
en

st
ru
ct
ur
e
of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉
fo
r
ge
ne
ra
l n
on
ze
ro

s 1
, s

2
, s

3
.
T
he

re
su
lt
s
w
ill
be

20
R
ec
al
l
th
at

w
he
n
th
e
sp
in
s
s 1
, s
2
, s
3
ob
ey

th
e
tr
ia
ng
ul
ar

in
eq
ua
lit
y,
th
e
no
n-
co
ns
er
va
ti
on

of
th
e

cu
rr
en
ts
in
ou
r
th
eo
ry

do
es
no
t
sh
ow

up
in
3-
po
in
t
fu
nc
ti
on
s
at

le
ad
in
g
or
de
r
at

la
rg
e
N
.
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4.
2

T
h
re
e
p
oi
nt

fu
n
ct
io
n
s
in

p
er
tu
rb
at
io
n
th
eo
ry

In
th
e
re
st
of
th
is
se
ct
io
n,
w
e
po
st
po
ne

th
e
at
te
m
pt

to
co
m
pu
te
co
rr
el
at
or
s
ex
ac
tl
y
in

λ
(a
t
le
ad
in
g
or
de
r
in

la
rg
e
N
)
bu
t
in
st
ea
d
tu
rn

to
st
ud
y
of
th
re
e
po
in
t
fu
nc
ti
on
s
of

fe
rm

io
n
bi
lin
ea
r
op
er
at
or
s/
cu
rr
en
ts
J(s

)
pe
rt
ur
ba
ti
ve
ly
in
λ.

W
e
w
ill

be
gi
n
by

w
ri
ti
ng

do
w
n
th
e
th
re
e
po
in
t
fu
nc
ti
on
s
of

cu
rr
en
ts

in
th
e
fr
ee

fe
rm

io
n
th
eo
ry
,a
nd

de
sc
ri
be

so
m
e
ge
ne
ra
ls
tr
uc
tu
re
s
of
th
re
e
po
in
t
fu
nc
ti
on
s
of
hi
gh
er

sp
in
cu
rr
en
ts
as
co
ns
tr
ai
ne
d
by

co
nf
or
m
al
sy
m
m
et
ry
.
W
hi
le
th
e
fu
ll
te
ns
or
st
ru
ct
ur
e
of

th
e
th
re
e
po
in
t
fu
nc
ti
on
s
〈J
J
J
〉o

f
cu
rr
en
ts
of
no
nz
er
o
sp
in
is
so
m
ew
ha
t
co
m
pl
ic
at
ed
,

it
is
co
ns
tr
ai
ne
d
by

co
nf
or
m
al
sy
m
m
et
ry

to
be

th
e
lin
ea
r
co
m
bi
na
ti
on

of
fin
it
el
y
m
an
y

in
de
pe
nd
en
t
st
ru
ct
ur
es
.
In

fa
ct
,
as

sh
ow

n
in

[3
4]
,
fo
r
co
ns
er
ve
d
hi
gh
er

sp
in

cu
rr
en
ts

al
l
pa
ri
ty

pr
es
er
vi
ng

st
ru
ct
ur
es

of
〈J(s

1)
J(s

2)
J(s

3)
〉c

an
be

re
al
iz
ed

by
fr
ee

sc
al
ar
s
an
d

by
fr
ee

fe
rm

io
ns
,w

hi
le
a
pa
ri
ty

od
d
st
ru
ct
ur
e
of
〈J(s

1)
J(s

2)
J(s

3)
〉e
xi
st
s
w
he
n
th
e
th
re
e

sp
in
s
s1
,s

2,
s3

ob
ey

tr
ia
ng
ul
ar

in
eq
ua
lit
y.2

0
T
he

la
tt
er

ca
nn
ot

be
re
al
iz
ed

w
it
h
fr
ee

fie
ld
s.
O
ne

of
th
e
m
ai
n
re
su
lt
s
of
th
is
se
ct
io
n
is
th
at

th
e
pa
ri
ty

od
d
st
ru
ct
ur
e
is
in
de
ed

pr
es
en
t
in
th
e
in
te
ra
ct
in
g
C
he
rn
-S
im
on
s-
fe
rm

io
n
th
eo
ry
.

T
he

pa
ri
ty

sy
m
m
et
ry

of
C
he
rn
-S
im
on
s-
fe
rm

io
n
th
eo
ry

m
ay

be
re
st
or
ed

by
si
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③ gauge 3pt vertex

gauge: A- =0

3.1 Chern-Simons-Fermion system

1 Introduction
intro

1. higher spin, KP duality

2.

2 Chern-Simons-fermion theory with chemical poten-

tial

In this section we study SU(N) Chern-Simons gauge theory at level k with a fermion which
is in the fundamental representation of the gauge group with a chemical potential µ for
U(1) flavor symmetry. The action of this system is

S =

∫
d3x

[
iεµνρ

k

4π
Tr(Aµ∂νAρ −

2i

3
AµAνAρ) + ψ̄γµDµψ − µψ̄γ3ψ

]
(2.1) originalaction

We use the same convention in
Giombi:2011kc,Jain:2012qi
[? ? ].

This sytem can be exactly solved in the ’t Hooft limit

N, k → ∞ with λ :=
N

k
fixed (2.2)

as studied in
Giombi:2011kc
[? ], where a chemical potential is not turned on. The method is the following.

Firstly one fixes the gauge degrees of freedom by A− := 1√
2
(A1+iA2) = 0 and integrate out

the other component of the gauge field. This generates four fermi interaction. Secondly
one introduces the bilocal singlet field Σ so that the four fermi interaction term vanishes.
This is called Hubbard-Stratonovich method. Σ coincides with the self energy of ψ on
shell. The resulting action is quadratic with respect to ψ and thus we can integrate out ψ
by gaussian integration. The remaining action is written in terms of the singlet field Σ and
N can be factored out from the action. Finally one can obtain the exact effective action in
the leading of 1/N expansion in the steepest descent under the assumption of translational
invariance.

One can repeat the same procedure in the theory with chemical potential. The action
(
originalactionoriginalaction
2.1) suggests that the result can be obtained by exchanging the momentum in the fermion
propagator in such a way that

pµ → p̃µ := pµ + iµδµ,3. (2.3)

After this repalacement we find the exact effective action

Seff = NV

∫
d3q

(2π)3
tr

[
− log [iγµq̃µ + Σ(q)] +

1

2
Σ(q)

(
1

iγµq̃µ + Σ(q)

)]
(2.4) seff

where ‘tr′ acts on a two-by-two matrix with spinor indices and V is the volume of the
euclidean space. As shown in

Giombi:2011kc
[? ] this effective action correctly reproduces the connected

1



① gauge_gauge

② fermion_fermion

(see (2.5)) Using the fact that

H+(H−(Σ)) = 4Σ

and integrating both sides of (2.48) against the kernel 1
(p−q)+ and using the defining

property of the function G−1, it follows from H+(B)) = 0 that

Σ(p) = −2πiλ

∫
d3q

(2π)3

(
γ3 1

iγµqµ + Σ
γ+ − γ+ 1

iγµqµ + Σ
γ3

)
1

(p− q)+
(2.50)

in precise agreement with (2.4).

The value of the Euclidean action on the saddle point, (2.46), may be rewritten as

S = −NV

∫
d3q

(2π)3
Tr ln (iγµqµ + Σ(q)) +

NV

16πiλ

∫
d2q

(2π)2
d2q′

(2π)2
G−1(q − q′)Tr (H−[Σ(q)]Σ(q

′))

= −NV

∫
d3q

(2π)3
Tr

[
ln (iγµqµ + Σ(q)) +

1

8
H−(Σ(q))H+

((
1

iγµqµ + Σ(q)

))]

= −NV

∫
d3q

(2π)3
Tr

[
ln [iγµqµ + Σ(q)]− 1

2
Σ(q)

(
1

iγµqµ + Σ(q)

)]

(2.51)

where we have used the equation of motion in going from first to the second line. In

going from the second to the third line we have used the fact that for an arbitrary

matrix A

Tr (H−(Σ)H+(A)) = −4Tr (ΣA) .

2.1.4 Diagrammatic expansion for the vacuum energy

The result (2.51), expressing the vacuum energy in terms of the exact fermion self-

energy Σ(p), has a clear diagrammatic interpretation. The perturbative planar dia-

grammatic expansion takes the form

vacuum energy = + 1
2 + 1

2 + 1
3

+ 1
2 + 1

4 + + 1
2 + · · ·

One may verify that, in terms of exact planar fermion self energy, the above expansion

can be written as

22

＝

＝

???

???
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light cone gauges. The temporal gauge has the advantage of having a very simple form

of the gauge field propagator, which makes explicit perturbative contributions easy. On

the other hand, we will see below that it introduces unphysical logarithmic divergences

in the fermion self energy at two loops (which should disappear in gauge invariant cor-

relators). The light cone gauge does not suffer from this log divergence problem. While

explicit perturbative calculations of correlation functions of gauge invariant operators

are sometimes more conveniently done in temporal gauge, the lightcone gauge allowed

us to partially solve the planar limit of the Chern-Simons-fermion theory (to all loop

order).

B.1 Feynman gauge

In Feynman gauge, the 1-loop free energy is

Σ(p) = 2πλ

∫
d3q

(2π)3
εµνρ

qρ

q2
γµ−i(/p+ /q)

(p+ q)2
γν

= −i2πλ

∫
d3q

(2π)3
qρ(p+ q)σ

q2(p+ q)2
εµνργ

µγσγ
ν

= −4πλ

∫
d3q

(2π)3
q · (p+ q)

q2(p+ q)2
= −2πλ

∫
d3q

(2π)3
(p+ q)2 + q2 − p2

q2(p+ q)2

=
π

4
λ|p|

(B.1)

The 1-loop corrected fermion propagator 〈ψiα(p)ψ̄
j
β(p)〉 is then proportional to λδji εαβ/|p|.
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The 1-loop corrected fermion propagator 〈ψiα(p)ψ̄
j
β(p)〉 is then proportional to λδji εαβ/|p|.
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, (E.1)

where Gµν is the relevant coefficient of the gauge propagator17 given by

Gµν(p) =
2π

kip−
(δµ,+δν,3 − δµ,3δν,+). (E.2)

One can easily reproduce the gap equation of boson in (2.58) from this equation18.
Next the fermionic 1PI self energy diagram is shown in Fig.5. We can read off an

equation from this diagram such that

−ΣF (p) = N
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1
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. (E.3)

It turns out that this agrees with the gap equation of fermion in (2.58).
Finally we check that the effective action (2.59) encodes the connected vacuum graph

in a perturbative way. For this purpose, we first expand −Seff (2.59) by −ΣB,−ΣF , which
is diagrammatically drawn in Fig.6. Plugging (E.1) and (E.3) into the equation expanded
by −ΣB,−ΣF , we obtain the perturbative expansion in terms of λ, x4, x6. Each term
represents a planar diagram contributing to the vacuum graph. These planar diagrams
are categorized into three classes by matter content: One includes only scalar, another
only fermion, the other both. The first class, which include only scalar and gauge field
propagators, is the following.19

16Note that 1PI self energy diagrams are given by −ΣB ,−ΣF in our notation.
17 The gauge propagator is given by

〈
Aa

µ(−p′)Ab
ν(p)

〉
= δab(2π)3δ3(p− p′)Gµν(p).

18We note that the first term in (E.1) vanishes.
19If we normalize λ6 → λ6

3 , then the 6th and 7th terms respectively have the coefficients 1
3 and 3.
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light cone gauges. The temporal gauge has the advantage of having a very simple form

of the gauge field propagator, which makes explicit perturbative contributions easy. On

the other hand, we will see below that it introduces unphysical logarithmic divergences

in the fermion self energy at two loops (which should disappear in gauge invariant cor-

relators). The light cone gauge does not suffer from this log divergence problem. While

explicit perturbative calculations of correlation functions of gauge invariant operators

are sometimes more conveniently done in temporal gauge, the lightcone gauge allowed

us to partially solve the planar limit of the Chern-Simons-fermion theory (to all loop

order).

B.1 Feynman gauge

In Feynman gauge, the 1-loop free energy is

Σ(p) = 2πλ

∫
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(B.1)

The 1-loop corrected fermion propagator 〈ψiα(p)ψ̄
j
β(p)〉 is then proportional to λδji εαβ/|p|.
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It turns out that this agrees with the gap equation of fermion in (2.58).
Finally we check that the effective action (2.59) encodes the connected vacuum graph

in a perturbative way. For this purpose, we first expand −Seff (2.59) by −ΣB,−ΣF , which
is diagrammatically drawn in Fig.6. Plugging (E.1) and (E.3) into the equation expanded
by −ΣB,−ΣF , we obtain the perturbative expansion in terms of λ, x4, x6. Each term
represents a planar diagram contributing to the vacuum graph. These planar diagrams
are categorized into three classes by matter content: One includes only scalar, another
only fermion, the other both. The first class, which include only scalar and gauge field
propagators, is the following.19

16Note that 1PI self energy diagrams are given by −ΣB ,−ΣF in our notation.
17 The gauge propagator is given by
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3 , then the 6th and 7th terms respectively have the coefficients 1
3 and 3.

39

= +
F

Figure 5: The fermionic 1PI self energy diagram is drawn.

such that16

−ΣB(p) = N

∫
d3q

(2π)3
(p+ q)µGµν(p− q)

1

q2 + ΣB(q)
(q + p)ν

− 2×N2

∫
d3q

(2π)3
d3q′

(2π)3
1

q′2 + ΣB(q′)
Gµν(q − q′)(q′ + q)ν

1

q2 + ΣB(q)
Gµ

ρ(p− q)(p+ q)ρ

−N2

∫
d3q

(2π)3
d3q′

(2π)3
(p+ q′)ν

1

q′2 + ΣB(q′)
Gνµ(p− q′)

1

q2 + ΣB(q)
Gµ

ρ(p− q)(p+ q)ρ

− 3λ6N
2

∫
d3q

(2π)3
d3q′

(2π)3
1

q2 + ΣB(q)

1

q′2 + ΣB(q′)

− λ4N

∫
d3q

(2π)3

(
−tr

1

iγµqµ + ΣF (q)

)
, (E.1)

where Gµν is the relevant coefficient of the gauge propagator17 given by

Gµν(p) =
2π

kip−
(δµ,+δν,3 − δµ,3δν,+). (E.2)

One can easily reproduce the gap equation of boson in (2.58) from this equation18.
Next the fermionic 1PI self energy diagram is shown in Fig.5. We can read off an

equation from this diagram such that

−ΣF (p) = N

∫
d3q

(2π)3
iγµGµν(p− q)

1

iγµqµ + ΣF (q)
iγν − λ4N

∫
d3q

(2π)3
1

q2 + ΣB(q)
. (E.3)

It turns out that this agrees with the gap equation of fermion in (2.58).
Finally we check that the effective action (2.59) encodes the connected vacuum graph

in a perturbative way. For this purpose, we first expand −Seff (2.59) by −ΣB,−ΣF , which
is diagrammatically drawn in Fig.6. Plugging (E.1) and (E.3) into the equation expanded
by −ΣB,−ΣF , we obtain the perturbative expansion in terms of λ, x4, x6. Each term
represents a planar diagram contributing to the vacuum graph. These planar diagrams
are categorized into three classes by matter content: One includes only scalar, another
only fermion, the other both. The first class, which include only scalar and gauge field
propagators, is the following.19

16Note that 1PI self energy diagrams are given by −ΣB ,−ΣF in our notation.
17 The gauge propagator is given by

〈
Aa

µ(−p′)Ab
ν(p)

〉
= δab(2π)3δ3(p− p′)Gµν(p).

18We note that the first term in (E.1) vanishes.
19If we normalize λ6 → λ6

3 , then the 6th and 7th terms respectively have the coefficients 1
3 and 3.

39

＝ ＋-Σ

light cone gauges. The temporal gauge has the advantage of having a very simple form

of the gauge field propagator, which makes explicit perturbative contributions easy. On

the other hand, we will see below that it introduces unphysical logarithmic divergences

in the fermion self energy at two loops (which should disappear in gauge invariant cor-

relators). The light cone gauge does not suffer from this log divergence problem. While

explicit perturbative calculations of correlation functions of gauge invariant operators

are sometimes more conveniently done in temporal gauge, the lightcone gauge allowed

us to partially solve the planar limit of the Chern-Simons-fermion theory (to all loop

order).

B.1 Feynman gauge

In Feynman gauge, the 1-loop free energy is

Σ(p) = 2πλ
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The 1-loop corrected fermion propagator 〈ψiα(p)ψ̄
j
β(p)〉 is then proportional to λδji εαβ/|p|.
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B.2 Temporal gauge

In the temporal gauge A3 = 0, the one-loop fermion self energy is

Σ(p) = 2πλ

∫
d3#q

(2π)3
εijγ

i p3 − q3

(p3 − q3)2 + ε2
−i/q

q2
γj

= −i2πλ

∫
d3#q

(2π)3
εijγ

i p3 − q3

(p3 − q3)2 + ε2
q3γ3

q2
γj

= − 8π2λ

(2π)3

∫ ∞

0

dQQ

∫
dq3

p3 − q3

(p3 − q3)2 + ε2
q3

(q3)2 +Q2

= λ

∫ ∞

0

dQ
Q2

(p3)2 +Q2

= λ
(
Λ− π

2
|p3|

)

(B.2)

After subtracting off the linear divergence by tuning the bare mass of the fermion, we

end up with the renormalized 1-loop self energy

Σ1(p) = −π

2
λ|p3|. (B.3)

We can carry on to the two-loop self energy in temporal gauge, which only receives the

contribution from the rainbow diagram. It is given by

Σ2(p) = −2πλ

∫
d3q

(2π)3
p3 + q3

(p3 + q3)2 + ε2
εijγ

i 1

q2
Σ1(p)γ

j

= i
(4πλ)2

4
γ3

∫
d3q

(2π)3
p3 + q3

(p3 + q3)2 + ε2
|q3|
q2

= iλ2γ3

∫ ∞

0

dQQ
p3 ln (p3)2

Q2

(p3)2 +Q2

= iλ2p3γ3

[
π2

12
−

(
ln

Λ

|p3|

)2
]

(B.4)

We believe that the log2 divergence is an artifact of the temporal gauge and should

drop out in gauge invariant observables. A systematic treatment of regularization in the

temporal gauge appears to be rather complicated. In the one and two loop corrections

to three point functions of gauge invariant operators that we will perform later, such

divergences are avoided by special choices of position and polarization configurations

of the operator insertions.
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Solution

‘t Hooft limit!!

Σ(p) = fps + igγ+p+ f = λ, g = −λ2
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Large N Effective action

① Integrate out gauge field  with gauge: A- =0.

② Introduce auxiliary singlet fields Σ to kill 4 fermi interaction. 
(Hubbard-Stratonovich transformation)

③ Integrate out ψ.

④ Evaluate it by saddle point approx. under translationally inv. config.

(see (2.5)) Using the fact that

H+(H−(Σ)) = 4Σ

and integrating both sides of (2.48) against the kernel 1
(p−q)+ and using the defining

property of the function G−1, it follows from H+(B)) = 0 that

Σ(p) = −2πiλ

∫
d3q

(2π)3

(
γ3 1

iγµqµ + Σ
γ+ − γ+ 1

iγµqµ + Σ
γ3

)
1

(p− q)+
(2.50)

in precise agreement with (2.4).

The value of the Euclidean action on the saddle point, (2.46), may be rewritten as

S = −NV

∫
d3q

(2π)3
Tr ln (iγµqµ + Σ(q)) +

NV

16πiλ

∫
d2q

(2π)2
d2q′

(2π)2
G−1(q − q′)Tr (H−[Σ(q)]Σ(q

′))

= −NV

∫
d3q

(2π)3
Tr

[
ln (iγµqµ + Σ(q)) +

1

8
H−(Σ(q))H+

((
1

iγµqµ + Σ(q)

))]

= −NV

∫
d3q

(2π)3
Tr

[
ln [iγµqµ + Σ(q)]− 1

2
Σ(q)

(
1

iγµqµ + Σ(q)

)]

(2.51)

where we have used the equation of motion in going from first to the second line. In

going from the second to the third line we have used the fact that for an arbitrary

matrix A

Tr (H−(Σ)H+(A)) = −4Tr (ΣA) .

2.1.4 Diagrammatic expansion for the vacuum energy

The result (2.51), expressing the vacuum energy in terms of the exact fermion self-

energy Σ(p), has a clear diagrammatic interpretation. The perturbative planar dia-

grammatic expansion takes the form

vacuum energy = + 1
2 + 1

2 + 1
3

+ 1
2 + 1

4 + + 1
2 + · · ·

One may verify that, in terms of exact planar fermion self energy, the above expansion

can be written as

22
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→ Consider theory on R2 x S1 (length β=T-1).

(anti-periodic bc)

where |λ| < 1. Σ finally becomes

Σ(p) = f(p′)psI + ig(p′)γ+p+. (2.27) sigmasol

Remark that the effective mass becomes |λµ|.
On the solution (

sigmasolsigmasol
2.27) the effective action (

seffseff
2.4) is evaluated by using dimensional reg-

ularization as

Seff = −
λ2(1− λ)

6π
|µ|3. (2.28) seffsol

We can also evaluate momentum distribution of U(1) flavor charge density

〈nps〉 :=
∫

d3q

(2π)3

∫
dp3
(2π)

(〈
ψ̄(p)γ3ψ(q)

〉
−

〈
ψ̄(p)γ3ψ(q)

〉
|µ=0

)
, (2.29) distributiondef

where the normalization is such that it vanishes when the chemical potential does. By
using (

propagatorpropagator
2.5) and (

sigmasolsigmasol
2.27) this becomes

〈nps〉 = N
(
1− θ(

√
p2s + (λµ)2 − µ)− θ(−

√
p2s + (λµ)2 − µ)

)
. (2.30) distribution

This momentum distribution describes Fermi liquid whose fermi surface is ps = |µ|
√
1− λ2.

To summarize, the Chern-Simons-fermion system in presence of chemical potential µ is
described by free fermion system with the mass squared (λµ)2 under the ’t Hooft limit.

3 Finite temperature analysis

In this section we study the Chern-Simons-fermion system in nonzero temperature T by
placing the system on R2 × S1 with circumfirence β = 1/T . We impose anti-periodic
boundary condition for S1 on the fermionic field in order to see thermal effect of the

system. Since the Fourier mode in the thermal time is quantized by p3 =
2π(n+ 1

2
)

β
, the

previous calculation in zero temperature is modifield by doing replacement such that
∫

dp3
2π

F (p3) →
1

β

∑

p3:F

F (p3) :=
1

β

∑

n∈Z

F (
2π(n+ 1

2)

β
), (3.1) replacement

where F (p3) is an arbitrary function of the momentum in the thermal direction.
We first solve the Schwinger-Dyson equation, which is now given by

Σ(p) =
1

β

∑

p3:F

∫
d2q

(2π)2

(
γ+ 1

iγµq̃µ + Σ(q)
γ3 − γ3 1

iγµq̃µ + Σ(q)
γ+

)
2πλ

i(p− q)−
. (3.2) sdT

Repeating the same calculation we obtain

Σ− = Σ3 = 0, (3.3)

ΣI(p) =
4πN

ik

1

β

∑

p3:F

∫
d2q

(2π)2

(
iq−

(q̃ − iΣ(q))2 + Σ1(q)2

)
1

(p− q)−
(3.4)

Σ+(p) =
4πN

ik

1

β

∑

p3:F

∫
d2q

(2π)2

(
Σ1(q)

(q̃ − iΣ(q))2 + Σ1(q)2

)
1

(p− q)−
(3.5)

4

Finite temperature



(1) Schwinger_Dyson equation.

(2) Free energy

→ Consider theory on R2 x S1 (length β=T-1).

(anti-periodic bc)

where |λ| < 1. Σ finally becomes

Σ(p) = f(p′)psI + ig(p′)γ+p+. (2.27) sigmasol

Remark that the effective mass becomes |λµ|.
On the solution (

sigmasolsigmasol
2.27) the effective action (

seffseff
2.4) is evaluated by using dimensional reg-

ularization as

Seff = −
λ2(1− λ)

6π
|µ|3. (2.28) seffsol

We can also evaluate momentum distribution of U(1) flavor charge density

〈nps〉 :=
∫

d3q

(2π)3
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dp3
(2π)
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ψ̄(p)γ3ψ(q)

〉
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〈
ψ̄(p)γ3ψ(q)

〉
|µ=0

)
, (2.29) distributiondef

where the normalization is such that it vanishes when the chemical potential does. By
using (

propagatorpropagator
2.5) and (

sigmasolsigmasol
2.27) this becomes

〈nps〉 = N
(
1− θ(

√
p2s + (λµ)2 − µ)− θ(−

√
p2s + (λµ)2 − µ)
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. (2.30) distribution

This momentum distribution describes Fermi liquid whose fermi surface is ps = |µ|
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4πN

ik

1

β
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(2π)2

(
iq−

(q̃ − iΣ(q))2 + Σ1(q)2

)
1

(p− q)−
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Σ+(p) =
4πN

ik

1

β

∑

p3:F
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d2q

(2π)2

(
Σ1(q)

(q̃ − iΣ(q))2 + Σ1(q)2

)
1

(p− q)−
(3.5)
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Finite temperature

Σ(p) =
1

β

∑

q3:F

∫
d2q

(2π)2

(
γ+ 1

iγµqµ + Σ(q)
γ3 − γ3 1

iγµqµ + Σ(q)
γ+

)
2πλ

i(p− q)−

Seff = NV2

∑

q3:F

∫
d2q

(2π)2
tr

[
− log [iγµqµ + Σ(q)] +

1

2
Σ(q)

(
1

iγµqµ + Σ(q)

)]



Σ = f · psI + g · ip+γ+

(1) Solution of Schwinger_Dyson equation.

We can show g(p̂) ∼ 0 around p′ ∼ 0 from (
gTgT
3.7) and (

f2Tf2T
3.11). Therefore (

gp0gp0
3.12) implies c ≥ 0

and

√
c = |λ| log

(
2(cosh

√
c+ cosh µ̂)

)
. (3.13)

A solution exists when |λ| < 1 and does not when |λ| > 1. This fact can be easily seen by
rewriting (

cc
3.13) as

e
√

c
|λ| = e

√
c + e−

√
c + eµ̂ + e−µ̂, (3.14) c2

which suggests e
√

c
|λ| > e

√
c and thus |λ| < 1.

Let us summarize the solution of the Schwinger-Dyson equation

f(p̂) =
λ

p̂
log

(
2(cosh

√
p̂2 + c+ cosh µ̂)

)
, (3.15) solfT

g(p̂) =
c

p̂2
− f(p̂)2, (3.16) solgT

where c is determined by (
cc
3.13) or (

c2c2
3.14).

As in the previous section we can compute the momentum distribution of U(1) charge
density in finite temperature

〈nps〉 =
1

β

∑

p3,q3:F

∫
d2q

(2π)2
(〈
ψ̄(p)γ3ψ(q)

〉
−

〈
ψ̄(p)γ3ψ(q)

〉
|µ=0

)
(3.17) distributionT

where we did replacement (
replacementreplacement
3.1) in (

distributiondefdistributiondef
2.29). Substituting the above solution and simplifying

it we find

〈nps〉 = N
− tanh

√
p̂2+c−µ̂

2 + tanh
√

p̂2+c+µ̂

2

2
. (3.18) distributionT

This is the momentum distribution of the free fermion in nonzero temperature with ther-
mal mass squared cT 2. The fermi surface clearly seen in (

distributiondistribution
2.30) is now smeared by finite

temperature effect.
Let us compute the grand canonical potential density in this system, which is defined

by

G(T, µ) =
Seff − Seff |T,µ=0

V2β
. (3.19)

where Seff is the effective action on R2 × S1 with chemical potential given by

Seff = NV2

∑

q3:F

∫
d2q

(2π)2
tr

[
− log [iγµq̃µ + Σ(q)] +

1

2
Σ(q)

(
1

iγµq̃µ + Σ(q)

)]
(3.20) sfta
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[
− log [iγµq̃µ + Σ(q)] +
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2
Σ(q)

(
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)]
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Repeating the same calculation we obtain

Σ− = Σ3 = 0, (3.3)

ΣI(p) =
4πN

ik

1

β

∑

p3:F

∫
d2q

(2π)2

(
iq−

(q̃ − iΣ(q))2 + Σ1(q)2

)
1

(p− q)−
(3.4)

Σ+(p) =
4πN

ik

1

β

∑

p3:F

∫
d2q

(2π)2

(
Σ1(q)

(q̃ − iΣ(q))2 + Σ1(q)2

)
1

(p− q)−
(3.5)

From the dimensional ground the ansatz is such that

ΣI(p) = f(p̂, µ̂)ps, Σ+(p) = ig(p̂, µ̂)p+ (3.6)

where f and g are unknown functions of p̂ = ps
T and µ̂ = µ

T . Hereafter we often abbreviate
µ̂ in the argument. Then the above equations become

f(p̂)ps = 4πλ
1

β

∑

p3:F

∫
d2q

(2π)2

(
q−

(1 + g(q̂))q2s + q̃23 + (f(q̂)qs)2

)
1

(p− q)−
,

g(p̂)p+ = −4πλ
1

β

∑

p3:F

∫
d2q

(2π)2

(
f(q̂)qs

(1 + g(q̂))q2s + q23 + (f(q̂)qs)2

)
1

(p− q)−
. (3.7)

The same argument in the previous section leads to

f(p̂)2 + g(p̂) =
c

p̂2
, (3.8) fgcT

where c is a dimensionless constant depending on λ and µ̂. Substituting (
fgcTfgcT
3.8) into (

fTfT
3.7)

we obtain

f(p̂)ps =4πλ
1

β

∑

p3:F

∫
d2q

(2π)2

(
q−

q2s + q̃23 + cT 2

)
1

(p− q)−

=4πλ

∫ ∞

ps

qsdqs
2π

1

β

∑

p3:F

−1

q2s + q̃23 + cT 2
. (3.9)

Regularizing UV divergence by dimensional regularization we find3

f(p̂) =
λ

p̂
log

(
2(cosh

√
|p̂2 + c|+ cosh µ̂)

)
. (3.11) f2T

c can be determined in the same way as in the previous section. Substituting (
f2Tf2T
3.11)

into (
fgcTfgcT
3.8) and expanding g around p̂ ∼ 0 we find

g(p̂) ∼ c

p̂2
−

λ2
(
log

(
2(cosh

√
|c|+ cosh µ̂)

))2

p̂2
. (3.12) gp0

3 A useful formula to derive this is

1

β

∑

n∈Z

1

(
2π(n+ 1

2 )
β + iµ)2 + h2

=
tanh β(h+µ)

2 + tanh β(h−µ)
2

4h
. (3.10)

5

(2) Free energy density

Finite temperature

F (T ) = −NT 3

6π

(√
c
3

|λ| −
√
c
3
+ 6

∫ ∞

√
c
dy y ln

(
1 + e−y

))
.



0.2 0.4 0.6 0.8 1.0

Λ

1

2

3

4

5

6

c

sqrtc

(a)

0.2 0.4 0.6 0.8 1.0

Λ

0.5

1.0

1.5

2.0

2.5

"

G

NT
3

grandpot

(b)

Figure 1: The graphs of
√
c and −G(T,µ)

NT 3 are shown as a function of λ varying µ̂ = 0, 1, 2, 3, 4
from the bottom in Fig.

sqrtcsqrtc
1(a), Fig.

grandpotgrandpot
1(b), respectively. They exist taking finite values in the

region 0 ≤ λ < 1.

and we normalize it as zero when T = µ = 0. By employing the dimensional regularization
the grand canonical potential density can be computed as4

G(T, µ) = −NT 3

6π

(√
c
3

|λ| −
√
c
3
+ 3

∫ ∞

√
c

dy y ln
(
1 + e−y−µ̂

)
+ 3

∫ ∞

√
c

dy y ln
(
1 + e−y+µ̂

))
.

(3.22) gcpd

We plot
√
c and −G(T,µ)

NT 3 as a function of λ varying µ̂ in Fig.
sqrtcsqrtc
1(a), Fig.

grandpotgrandpot
1(b), respectively.

We consider the region λ ≥ 0 here and hereafter.
The behaviors of

√
c and G(T, µ) around µ̂ ∼ ∞, which means low temperature or

small chemical potential, with λ fixed is the following.

√
c ∼ λµ̂+ λe(λ−1)µ̂ + · · · , (3.23)

G(T, µ) ∼ −NT 3

6π

(
1

2
(1− λ2)µ̂3 +

π2

2
µ̂+ · · ·

)
. (3.24)

Their behaviors around λ ∼ 1 with µ̂ fixed are

√
c ∼ log

(
2 cosh µ̂

1− λ

)
− log log

(
2 cosh µ̂

1− λ

)
+ · · · , (3.25)

G(T, µ) ∼ −NT 3(1− |λ|)
6π

(√
c
3
+

3

cosh µ̂

√
c
2
+ · · ·

)
. (3.26)

From the grand canonical potential one can compute mean U(1) flavor charge density
Q, mean internal energy U , the entropy density S and heat capacitance C with fixed two

4 We note a useful formula

1

β

∑

n∈Z

log

(
(
2π(n+ 1

2 )

β
+ iµ)2 + h2

)
= log(1 + e−β(h+µ)) + log(1 + e−β(h−µ)) + h. (3.21)
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Figure 1: The free energy on S1 × R2 as a function of λ.

that we can write the term in square brackets in (2.92) as

|c̃|3

|λ| − |c̃|3 + 6

∫ ∞

0

dy y ln
(
1 + e−y

)
+ 6

∫ |c̃|

0

dy

(
y2

2
− y ln

(
2 cosh

y

2

))

=
9

2
ζ(3) +

c̃3

λ
− 6

∫ |c̃|

0

dy y ln
(
2 cosh

y

2

)
,

(2.93)

where in the last line we used |c̃|3/|λ| = c̃3/λ, as follows from (2.77). Note that the

integral in the last term is clearly an even function of |c̃|, and so the absolute value

can be omitted. This shows that one may effectively rewrite (2.92) as in (1.1), which

is manifestly analytic. Indeed its small λ expansion is given by

F = −NV2T
3

[
3ζ(3)

4π
− 2(log 2)3

3π
λ2 − (log 2)4

2π
λ4 +O(λ6)

]
. (2.94)

Note that it contains only even powers of λ, consistently with parity. A plot of the free

energy as a function of λ is given in Fig. 1. We see that −F decreases monotonically

from the free field value −F = 3NV2T 3

4π ζ(3) to zero at λ = 1.

In the limit that |λ| → 1, |c̃| is large and the integral in (2.92) may be approximated

by ∫ ∞

|c̃|
dy y ln

(
1 + e−y

)
= |c̃|e−|c̃| + e−|c̃| +O(e−2c̃|).

At leading nontrivial order this evaluates to

c̃2
1− |λ|

2
,

31
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Why |λ|<1?
→ UV completion by Yang_Mills term!?

 SU(N) CSF SU(N) YMCSF
level kUVlevel kIR

UVIR

λUV =
N

kUV
λ =

N

kIR

the relation

|λ| = |λUV |
1 + |λUV |

≤ 1, (3.70)

in agreement with the expectation coming from the free energy calculation that the con-
formal theory does not exist for larger values of |λ|.

In fact an argument along these lines, now for the N = 2 theory leads to the conclusion
that the conformal theory in this case should continue to exist for all values of λ. In the
N = 2 case if one starts in the UV with an additional Yang Mills term for the gauge
field one must also add its supersymmetric completion which involves additional adjoint
fermions. It turns out that when one matches to the IR theory without the SUSY Yang
Mills term now there is no shift in the CS level. The gauge field results in the shift (3.69)
but the two (real) fermions give rise to an exactly opposite shift making the net total shift
in the CS level vanish12. This conclusion is in agreement with our results for the N = 2
theory. As mentioned above in this case the free energy does not vanish for any finite value
of λ (Figure 1(b)) and the thermal mass of the fermion and boson also remain finite for all
finite values of λ (Figure 1(a)).

Another interesting case is one with N = 1 supersymmetry with the parameter w
defined in (3.68) set to vanish. In this case the SUSY completion of the Yang Mills term
requires us to add one real adjoint fermion. Integrating out this fermion results in a shift
k → k −N/2 so that the net shift, after including the effects of the gauge field, are

|kIR| = |kUV |+
N

2
(3.71)

and the resulting value of the ’t Hooft coupling is

|λ| = |λUV |
1 + |λUV |

2

≤ 2. (3.72)

When λUV → ∞ we see that λ → 2 which is exactly the value we found in Figure 2(a),
2(b) where the free energy vanishes and the thermal masses blow up.

These observations serve as consistency checks on the results we have obtained.

4 Discussion

In this paper we have studied SU(N) level k Chern-Simons gauge theory with matter
consisting of fermions and bosons in the fundamental representation. We calculated the
self-energy for the matter fields and also obtained the free energy at finite temperature,
in the ’t Hooft limit. Our leading large N results, which were obtained using a saddle
point method, are valid to all orders in the ’t Hooft coupling. Although our emphasis in
the study has been on the N = 2 theory with one chiral superfield in the fundamental
representation, much of the analysis is general and would apply to other conformal field
theories in this class as well. Our results show that the free energy, F , of the N = 2 theory

12In addition the supersymmetric multiplet also contains a real scalar. However integrating it out does
not lead to a shift in the CS level.
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Figure 3: In Fig.3(a),
√
c and

√
σ are plotted as a function of λ by undotted and dotted

lines, respectively, when w = 0.5. They are finite when 0 ≤ λ < 4 and divergent at λ = 4.
In Fig.3(b), the free energy density divided by −NT 3 is shown. −F > 0 when 0 ≤ λ < 4
and F = 0 at λ = 4.

in term of λ and vanishes at λ = λcr. We show representative graphs of these functions in
Fig.3(a), 3(b) when w = 1

2 and λcr = 4.
The w = 1 case corresponds to the N = 2 theory. As w approaches this value one find

that λcr goes to larger values eventually becoming infinite when w = 1, in agreement with
our discussion of the N = 2 theory above.

3.5 Additional comments

In this subsection we comment further on the results obtained above for the solution to the
gap equations and the free energy at finite temperature. We saw in the previous subsection
that for the N = 2 case the magnitude of the free energy |F | monotonically decreases from
its free value and vanishes in the limit when λ → ∞. The thermal masses for the fermion
and the boson are also well defined for all finite values of |λ| and diverge at |λ| →∞ .

This behavior is different from what was found in the study of a single fundamental
fermion coupled to the CS gauge field [12]. In that case the free energy vanishes at |λ| = 1
with the thermal mass also diverges at that value of |λ|. This behavior suggests that
the conformal theory stops existing beyond |λ| = 1. An explanation was given in [12]
as follows. First, consider a theory in the UV which contains a Yang Mills term in its
Lagrangian besides also containing a CS term. The YM term dominates in the UV and
this theory can be regulated using any standard regulator. Now starting with such a theory
suppose we match in the IR to a theory which only contains the CS term for the gauge field.
The YM coupling, g2YM has dimensions of mass so it would natural to do this sufficiently
below the g2UV mass scale. On carrying out this matching one finds that the level of the
CS term in the IR theory is shifted compared to its value in the UV theory. This shift was
calculated in [26] and found to be

|kIR| = |kUV |+N. (3.69)

In the UV theory, since the UV behavior is that of a conventional YM theory, kUV can take
all values and therefore |λUV | ∈ [0,∞). From (3.69) it then follows that λ = N

kIR
satisfies

25
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2 Chern-Simons theory with fundamental matter in
the ’t Hooft limit

2.1 Action

In this section we present the exact solution of Chern-Simons theory coupling to fundamen-
tal bosons and fermions with conformal symmetry in the ’t Hooft limit. For this purpose,
we specifically study SU(N) Chern-Simons gauge theory with level k coupled to a single
fundamental boson φ and fermion ψ on R3. The action is given by

S =

∫
d3x

[
iεµνρ

k

4π
Tr(Aµ∂νAρ −

2i

3
AµAνAρ) +Dµφ̄D

µφ+ ψ̄γµDµψ

+ λ4(ψ̄ψ)(φ̄φ) + λ′
4(ψ̄φ)(φ̄ψ) + λ′′

4

(
(ψ̄φ)(ψ̄φ) + (φ̄ψ)(φ̄ψ)

)
+ λ6(φ̄φ)

3

]
. (2.1)

Here Levi-Civita symbol εµνρ is normalized as ε123 = ε123 = 1. The covariant derivative
acts on fields as follows (See Appendix A for relevant conventions).

Dµφ = ∂µφ− iAa
µT

aφ, Dµφ̄ = ∂µφ̄+ iAa
µφ̄T

a, (2.2)

Dµψ = ∂µψ − iAa
µT

aψ, Dµψ̄ = ∂µψ̄ + iAa
µψ̄T

a. (2.3)

The ’t Hooft limit is defined by

N, k → ∞ with λ := N
k fixed. (2.4)

Accordingly we define the coupling constants by

λ4 =
x4

κ
, λ′

4 =
x′
4

2κ
, λ′′

4 =
x′′
4

4κ
, λ6 =

x6

(2κ)2
, (2.5)

where we have set κ = k
4π . We keep the coefficients x4, x′

4, x
′′
4, x6 of order one in the ’t

Hooft limit. Note in advance that the relevant coefficients to the self energy and the free
energy are x4, x6 and the others do not matter in the ’t Hooft limit.

2.2 Exact effective action

2.2.1 Gauge fixing

The first important step to solve the gauge theory is gauge fixing. Since the gauge theory
is being defined in R2 × R1 or R2 × S1 we fix the gauge degrees of freedom by using
the following method. We first work with R1,1 × R1 or R1,1 × S1. R1,1 is a Lorentzian
space-time. Here we fix the light-cone gauge

A− :=
1√
2
(A1 + A2) = 0. (2.6)
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4

In the ‘t Hooft limit, x4, x’4, x’’4, x6 are of O(1). 
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Figure 2: In Fig.2(a), we plot the
√
c and

√
σ as a function of λ by undotted and dotted

lines, respectively, when w = 0. They are finite when 0 ≤ λ < 2 and divergent at λ = 2. In
Fig.2(b), the free energy density divided by −NT 3 is shown as a function of λ with w = 0.
−F > 0 when 0 ≤ λ < 2 and F = 0 at λ = 2.

3.4.2 N = 1 case

Another interesting case to consider is that of N = 1 SUSY11. N = 1 supersymmetry is
realized when the coefficients (2.5) are given by

x4 =
1 + w

2
, x′

4 = w, x′′
4 = w − 1, x6 = w2, (3.68)

where w is a constant, which appears as a coefficient of superpotential (F.36). More details
on the Chern-Simons-matter action of this theory can be found in Appendix F.2. The large
N limit of this theory is therefore characterized by two parameters, λ and w.

Let us now briefly consider the behavior for varying values of w ∈ [0, 1].

w = 0 In this case the N = 1 superpotential (F.36) vanishes. The graphs of
√
c,
√
σ are

shown in Fig.2(a) and that of free energy density (with some normalization) is in Fig.2(b).
From Fig.2(a), one can read off that

√
c and

√
σ monotonically increase up to λ = 2

and are divergent at that point. Since
√
c and

√
σ correspond to the thermal masses of the

fermion and scalar respectively we see that these masses diverge at λ = 2. Correspondingly
the free energy density with minus sign, which is shown in Fig.2(b), is a monotonically
decreasing function of λ and vanishes at λ = 2. This behavior of the system is consistent
with the following picture. As the coupling constant λ increases in value the thermal
masses grow and the finite temperature correlations become shorter ranged. Finally, at
λ = 2 the thermal masses diverge causing the effective degrees of freedom to vanish and
thus leading to a vanishing free energy density.

0 ≤ w ≤ 1 In this region,
√
c,

√
σ and the free energy behave qualitatively in the same

manner as the w = 0 case. Both
√
c and

√
σ monotonically increase with respect to λ and

blow up at some λ = λcr, and the free energy, with a minus sign, decreases monotonically

11 Application to N = 1 is first suggested by S. Kim. We thank him for discussion. Issues related to
conformal invariance in this case will be briefly discussed in Section 4
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N=1

N=2

Now, let us impose the conformal symmetry on this action, which requires the potential
W (φ̄φ) to be quadratic.

W (φ̄φ) = − w

4κ
(φ̄φ)2, (F.36)

where w is an arbitrary number. Then the above action becomes

SN=1 =

∫
d3x

[
iκεµνρTr(Aµ∂νAρ −

2i

3
AµAνAρ) +Dµφ̄D

µφ+ ψ̄/Dψ

+
( w

2κ

)2

(φ̄φ)3 +

(
1 + w

2κ

)
(ψ̄ψ)(φ̄φ)

+
w − 1

N

2κ
(φ̄ψ)(ψ̄φ) +

(
w − 1 + 1

N

4κ

)
((ψ̄φ)(ψ̄φ) + (φ̄ψ)(φ̄ψ))

]
, (F.37)

and supersymmetry transformation rule

∆εA
a
µ =

i√
2κ

(φT aεγµψ̄ − εγµψT
aφ̄), (F.38)

∆εφ = −
√
2εψ, (F.39)

∆εψα =
√
2(εβ #Dβ

αφ+
w

2κ
εαφ(φ̄φ)), (F.40)

∆εφ̄ = −
√
2εψ̄, (F.41)

∆εψ̄α =
√
2(εβ #Dβ

αφ̄+
w

2κ
εα(φ̄φ)φ̄). (F.42)

Note that N = 1 SUSY in this theory is enhanced to N = 2 when w = 1 − 1
N . This

can be explicitly seen by comparing N = 2 SUSY action constructed in Appendix F.1.
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Feynman rule

① gauge propagator

② fermion propagator ⑤ fermion_gauge vertex

(see (2.5)) Using the fact that

H+(H−(Σ)) = 4Σ

and integrating both sides of (2.48) against the kernel 1
(p−q)+ and using the defining

property of the function G−1, it follows from H+(B)) = 0 that

Σ(p) = −2πiλ

∫
d3q

(2π)3

(
γ3 1

iγµqµ + Σ
γ+ − γ+ 1

iγµqµ + Σ
γ3

)
1

(p− q)+
(2.50)

in precise agreement with (2.4).

The value of the Euclidean action on the saddle point, (2.46), may be rewritten as

S = −NV

∫
d3q

(2π)3
Tr ln (iγµqµ + Σ(q)) +

NV

16πiλ

∫
d2q

(2π)2
d2q′

(2π)2
G−1(q − q′)Tr (H−[Σ(q)]Σ(q

′))

= −NV

∫
d3q

(2π)3
Tr

[
ln (iγµqµ + Σ(q)) +

1

8
H−(Σ(q))H+

((
1

iγµqµ + Σ(q)

))]

= −NV

∫
d3q

(2π)3
Tr

[
ln [iγµqµ + Σ(q)]− 1

2
Σ(q)

(
1

iγµqµ + Σ(q)

)]

(2.51)

where we have used the equation of motion in going from first to the second line. In

going from the second to the third line we have used the fact that for an arbitrary

matrix A

Tr (H−(Σ)H+(A)) = −4Tr (ΣA) .

2.1.4 Diagrammatic expansion for the vacuum energy

The result (2.51), expressing the vacuum energy in terms of the exact fermion self-

energy Σ(p), has a clear diagrammatic interpretation. The perturbative planar dia-

grammatic expansion takes the form

vacuum energy = + 1
2 + 1

2 + 1
3

+ 1
2 + 1

4 + + 1
2 + · · ·

One may verify that, in terms of exact planar fermion self energy, the above expansion

can be written as
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③ scalar propagator ⑥ scalar_gauge vertex
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in
st
ea
d
tu
rn

to
st
u
d
y
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

fe
rm

io
n
b
il
in
ea
r
op

er
at
or
s/
cu
rr
en
ts

J
(s
)
p
er
tu
rb
at
iv
el
y
in

λ
.

W
e
w
il
l
b
eg
in

by
w
ri
ti
n
g
d
ow

n
th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

cu
rr
en
ts

in
th
e
fr
ee

fe
rm

io
n
th
eo
ry
,
an

d
d
es
cr
ib
e
so
m
e
ge
n
er
al

st
ru
ct
u
re
s
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

h
ig
h
er

sp
in

cu
rr
en
ts

as
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry
.
W

h
il
e
th
e
fu
ll
te
n
so
r
st
ru
ct
u
re

of

th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
〈J

J
J
〉
of

cu
rr
en
ts

of
n
on

ze
ro

sp
in

is
so
m
ew

h
at

co
m
p
li
ca
te
d
,

it
is
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry

to
b
e
th
e
li
n
ea
r
co
m
b
in
at
io
n
of

fi
n
it
el
y
m
an

y

in
d
ep

en
d
en
t
st
ru
ct
u
re
s.

In
fa
ct
,
as

sh
ow

n
in

[3
4]
,
fo
r
co
n
se
rv
ed

h
ig
h
er

sp
in

cu
rr
en
ts

al
l
p
ar
it
y
p
re
se
rv
in
g
st
ru
ct
u
re
s
of

〈J
(s

1
) J

(s
2
) J

(s
3
) 〉

ca
n
b
e
re
al
iz
ed

by
fr
ee

sc
al
ar
s
an

d

by
fr
ee

fe
rm

io
n
s,
w
h
il
e
a
p
ar
it
y
od

d
st
ru
ct
u
re

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉

ex
is
ts

w
h
en

th
e
th
re
e

sp
in
s
s 1
,s

2
,s

3
ob

ey
tr
ia
n
gu

la
r
in
eq
u
al
it
y.

20
T
h
e
la
tt
er

ca
n
n
ot

b
e
re
al
iz
ed

w
it
h
fr
ee

fi
el
d
s.

O
n
e
of

th
e
m
ai
n
re
su
lt
s
of

th
is
se
ct
io
n
is
th
at

th
e
p
ar
it
y
od

d
st
ru
ct
u
re

is
in
d
ee
d

p
re
se
nt

in
th
e
in
te
ra
ct
in
g
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry
.

T
h
e
p
ar
it
y
sy
m
m
et
ry

of
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry

m
ay

b
e
re
st
or
ed

by
si
m
u
lt
a-

n
eo
u
sl
y
ta
ki
n
g
k
→

−
k
.
T
h
er
ef
or
e,

in
p
er
tu
rb
at
io
n
th
eo
ry
,
th
e
p
ar
it
y
in
va
ri
an

t
te
n
so
r

st
ru
ct
u
re
s
of

〈J
J
J
〉
oc
cu
r
at

ev
en

lo
op

or
d
er
,
w
h
il
e
th
e
p
ar
it
y
od

d
te
n
so
r
st
ru
ct
u
re
s

oc
cu
r
at

od
d
lo
op

or
d
er
.
W
e
w
il
l
an

al
yz
e
th
e
on

e-
lo
op

co
nt
ri
b
u
ti
on

to
th
e
p
ar
it
y
od

d

st
ru
ct
u
re

of
〈J

(1
) J

(1
) J

(2
) 〉

an
d
〈J

(2
) J

(2
) J

(2
) 〉
,
an

d
th
e
tw

o-
lo
op

co
nt
ri
b
u
ti
on

to
th
e
p
ar
-

it
y
ev
en

st
ru
ct
u
re

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉

fo
r
ge
n
er
al

n
on

ze
ro

s 1
,s

2
,s

3
.
T
h
e
re
su
lt
s
w
il
l
b
e

2
0
R
ec
al
l
th
at

w
h
en

th
e
sp
in
s
s 1
,s

2
,s

3
ob

ey
th
e
tr
ia
n
gu

la
r
in
eq
u
al
it
y,

th
e
n
on

-c
on

se
rv
at
io
n
of

th
e

cu
rr
en
ts

in
ou

r
th
eo
ry

d
oe
s
n
ot

sh
ow

u
p
in

3-
p
oi
nt

fu
n
ct
io
n
s
at

le
ad

in
g
or
d
er

at
la
rg
e
N
.
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4.
2

T
hr
ee

po
in
t
fu
nc
tio
ns

in
pe
rt
ur
ba
tio
n
th
eo
ry

In
th
e
re
st
of
th
is
se
ct
io
n,
we

po
st
po
ne
th
e
at
te
m
pt
to
co
m
pu
te
co
rr
ela
to
rs
ex
ac
tly

in

λ
(a
t l
ea
di
ng

or
de
r i
n
la
rg
e
N
) b
ut
in
st
ea
d
tu
rn
to
st
ud
y
of
th
re
e
po
in
t f
un
ct
io
ns
of

fer
m
io
n
bi
lin
ea
r o
pe
ra
to
rs
/c
ur
re
nt
s J

(s
) pe

rt
ur
ba
tiv
ely

in
λ.

W
e
wi
ll
be
gi
n
by

wr
iti
ng

do
wn

th
e
th
re
e
po
in
t
fu
nc
tio
ns
of
cu
rr
en
ts
in
th
e
fre
e

fer
m
io
n
th
eo
ry
, a
nd
de
sc
rib
e s
om
e g
en
er
al
st
ru
ct
ur
es
of
th
re
e p
oi
nt
fu
nc
tio
ns
of
hi
gh
er

sp
in
cu
rr
en
ts
as
co
ns
tr
ai
ne
d
by
co
nf
or
m
al
sy
m
m
et
ry
. W

hi
le
th
e f
ul
l t
en
so
r s
tr
uc
tu
re
of

th
e
th
re
e
po
in
t f
un
ct
io
ns
〈J
JJ
〉 o
f c
ur
re
nt
s o
f n
on
ze
ro
sp
in
is
so
m
ew
ha
t c
om
pl
ica
te
d,

it
is
co
ns
tr
ai
ne
d
by
co
nf
or
m
al
sy
m
m
et
ry
to
be
th
e l
in
ea
r c
om
bi
na
tio
n
of
fin
ite
ly
m
an
y

in
de
pe
nd
en
t
st
ru
ct
ur
es
.
In
fa
ct
, a
s
sh
ow
n
in
[3
4]
, f
or
co
ns
er
ve
d
hi
gh
er
sp
in
cu
rr
en
ts

al
l p
ar
ity

pr
es
er
vi
ng

st
ru
ct
ur
es
of
〈J
(s
1
) J

(s
2
) J

(s
3
) 〉 c

an
be
re
al
ize
d
by

fre
e
sc
al
ar
s
an
d

by
fre
e f
er
m
io
ns
, w
hi
le
a
pa
rit
y
od
d
st
ru
ct
ur
e o
f 〈
J
(s
1
) J

(s
2
) J

(s
3
) 〉 e

xi
st
s w

he
n
th
e t
hr
ee

sp
in
s
s 1
, s 2
, s 3

ob
ey
tr
ia
ng
ul
ar
in
eq
ua
lit
y.
20

Th
e
la
tt
er
ca
nn
ot
be

re
al
ize
d
wi
th
fre
e

fie
ld
s.
O
ne
of
th
e m

ai
n
re
su
lts
of
th
is
se
ct
io
n
is
th
at
th
e p
ar
ity

od
d
st
ru
ct
ur
e i
s i
nd
ee
d

pr
es
en
t i
n
th
e
in
te
ra
ct
in
g
Ch
er
n-
Si
m
on
s-f
er
m
io
n
th
eo
ry
.

Th
e p
ar
ity

sy
m
m
et
ry
of
Ch
er
n-
Si
m
on
s-f
er
m
io
n
th
eo
ry
m
ay
be
re
st
or
ed
by
sim

ul
ta
-

ne
ou
sly

ta
ki
ng
k
→
−k
. T

he
re
fo
re
, i
n
pe
rt
ur
ba
tio
n
th
eo
ry
, t
he
pa
rit
y
in
va
ria
nt
te
ns
or

st
ru
ct
ur
es
of
〈J
JJ
〉 o
cc
ur
at
ev
en
lo
op

or
de
r,
wh
ile
th
e
pa
rit
y
od
d
te
ns
or
st
ru
ct
ur
es

oc
cu
r a
t o
dd

lo
op
or
de
r.
W
e
wi
ll
an
al
yz
e
th
e
on
e-
lo
op
co
nt
rib
ut
io
n
to
th
e
pa
rit
y
od
d

st
ru
ct
ur
e o
f 〈
J
(1
) J

(1
) J

(2
) 〉 a

nd
〈J
(2
) J

(2
) J

(2
) 〉, a

nd
th
e t
wo
-lo
op
co
nt
rib
ut
io
n
to
th
e p
ar
-

ity
ev
en
st
ru
ct
ur
e
of
〈J
(s
1
) J

(s
2
) J

(s
3
) 〉 f

or
ge
ne
ra
l n
on
ze
ro
s 1
, s 2
, s 3
.
Th
e
re
su
lts
wi
ll
be

20 R
ec
al
l t
ha
t
wh
en
th
e
sp
in
s
s 1
, s

2
, s

3
ob
ey
th
e
tr
ia
ng
ul
ar
in
eq
ua
lit
y,
th
e
no
n-
co
ns
er
va
tio
n
of
th
e

cu
rr
en
ts
in
ou
r t
he
or
y
do
es
no
t s
ho
w
up

in
3-
po
in
t f
un
ct
io
ns
at
lea
di
ng
or
de
r a
t l
ar
ge
N
.
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4.
2

T
h
re
e
p
oi
nt

fu
n
ct
io
n
s
in

p
er
tu
rb
at
io
n
th
eo
ry

In
th
e
re
st
of
th
is
se
ct
io
n,
w
e
po
st
po
ne

th
e
at
te
m
pt

to
co
m
pu
te
co
rr
el
at
or
s
ex
ac
tl
y
in

λ
(a
t
le
ad
in
g
or
de
r
in

la
rg
e
N
)
bu
t
in
st
ea
d
tu
rn

to
st
ud
y
of
th
re
e
po
in
t
fu
nc
ti
on
s
of

fe
rm

io
n
bi
lin
ea
r
op
er
at
or
s/
cu
rr
en
ts
J(s

)
pe
rt
ur
ba
ti
ve
ly
in
λ.

W
e
w
ill

be
gi
n
by

w
ri
ti
ng

do
w
n
th
e
th
re
e
po
in
t
fu
nc
ti
on
s
of

cu
rr
en
ts

in
th
e
fr
ee

fe
rm

io
n
th
eo
ry
,a
nd

de
sc
ri
be

so
m
e
ge
ne
ra
ls
tr
uc
tu
re
s
of
th
re
e
po
in
t
fu
nc
ti
on
s
of
hi
gh
er

sp
in
cu
rr
en
ts
as
co
ns
tr
ai
ne
d
by

co
nf
or
m
al
sy
m
m
et
ry
.
W
hi
le
th
e
fu
ll
te
ns
or
st
ru
ct
ur
e
of

th
e
th
re
e
po
in
t
fu
nc
ti
on
s
〈J
J
J
〉o

f
cu
rr
en
ts
of
no
nz
er
o
sp
in
is
so
m
ew
ha
t
co
m
pl
ic
at
ed
,

it
is
co
ns
tr
ai
ne
d
by

co
nf
or
m
al
sy
m
m
et
ry

to
be

th
e
lin
ea
r
co
m
bi
na
ti
on

of
fin
it
el
y
m
an
y

in
de
pe
nd
en
t
st
ru
ct
ur
es
.
In

fa
ct
,
as

sh
ow

n
in

[3
4]
,
fo
r
co
ns
er
ve
d
hi
gh
er

sp
in

cu
rr
en
ts

al
l
pa
ri
ty

pr
es
er
vi
ng

st
ru
ct
ur
es

of
〈J(s

1)
J(s

2)
J(s

3)
〉c

an
be

re
al
iz
ed

by
fr
ee

sc
al
ar
s
an
d

by
fr
ee

fe
rm

io
ns
,w

hi
le
a
pa
ri
ty

od
d
st
ru
ct
ur
e
of
〈J(s

1)
J(s

2)
J(s

3)
〉e
xi
st
s
w
he
n
th
e
th
re
e

sp
in
s
s1
,s

2,
s3

ob
ey

tr
ia
ng
ul
ar

in
eq
ua
lit
y.2

0
T
he

la
tt
er

ca
nn
ot

be
re
al
iz
ed

w
it
h
fr
ee

fie
ld
s.
O
ne

of
th
e
m
ai
n
re
su
lt
s
of
th
is
se
ct
io
n
is
th
at

th
e
pa
ri
ty

od
d
st
ru
ct
ur
e
is
in
de
ed

pr
es
en
t
in
th
e
in
te
ra
ct
in
g
C
he
rn
-S
im
on
s-
fe
rm

io
n
th
eo
ry
.

T
he

pa
ri
ty

sy
m
m
et
ry

of
C
he
rn
-S
im
on
s-
fe
rm

io
n
th
eo
ry

m
ay

be
re
st
or
ed

by
si
m
ul
ta
-

ne
ou
sl
y
ta
ki
ng

k
→

−k
.
T
he
re
fo
re
,i
n
pe
rt
ur
ba
ti
on

th
eo
ry
,t
he

pa
ri
ty

in
va
ri
an
t
te
ns
or

st
ru
ct
ur
es

of
〈J
J
J
〉o

cc
ur

at
ev
en

lo
op

or
de
r,
w
hi
le
th
e
pa
ri
ty

od
d
te
ns
or

st
ru
ct
ur
es

oc
cu
r
at

od
d
lo
op

or
de
r.
W
e
w
ill
an
al
yz
e
th
e
on
e-
lo
op

co
nt
ri
bu
ti
on

to
th
e
pa
ri
ty

od
d

st
ru
ct
ur
e
of
〈J(1

)
J(1

)
J(2

)
〉a

nd
〈J(2

)
J(2

)
J(2

)
〉,
an
d
th
e
tw
o-
lo
op

co
nt
ri
bu
ti
on

to
th
e
pa
r-

it
y
ev
en

st
ru
ct
ur
e
of
〈J(s

1)
J(s

2)
J(s

3)
〉f
or

ge
ne
ra
ln
on
ze
ro

s1
,s

2,
s3
.
T
he

re
su
lt
s
w
ill
be

20
R
ec
al
l
th
at

w
he
n
th
e
sp
in
s
s1
,s

2,
s3

ob
ey

th
e
tr
ia
ng
ul
ar

in
eq
ua
lit
y,
th
e
no
n-
co
ns
er
va
ti
on

of
th
e

cu
rr
en
ts
in
ou
r
th
eo
ry

do
es

no
t
sh
ow

up
in
3-
po
in
t
fu
nc
ti
on
s
at

le
ad
in
g
or
de
r
at

la
rg
e
N
.
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4
.2

T
h
re
e
p
o
in
t
fu
n
ct
io
n
s
in

p
er
tu

rb
a
ti
o
n
th

eo
ry

In
th
e
re
st

of
th
is
se
ct
io
n
,
w
e
p
os
tp
on

e
th
e
at
te
m
p
t
to

co
m
p
u
te

co
rr
el
at
or
s
ex
ac
tl
y
in

λ
(a
t
le
ad

in
g
or
d
er

in
la
rg
e
N
)
b
u
t
in
st
ea
d
tu
rn

to
st
u
d
y
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

fe
rm

io
n
b
il
in
ea
r
op

er
at
or
s/
cu
rr
en
ts

J
(s
)
p
er
tu
rb
at
iv
el
y
in

λ
.

W
e
w
il
l
b
eg
in

by
w
ri
ti
n
g
d
ow

n
th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

cu
rr
en
ts

in
th
e
fr
ee

fe
rm

io
n
th
eo
ry
,
an

d
d
es
cr
ib
e
so
m
e
ge
n
er
al

st
ru
ct
u
re
s
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

h
ig
h
er

sp
in

cu
rr
en
ts

as
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry
.
W

h
il
e
th
e
fu
ll
te
n
so
r
st
ru
ct
u
re

of

th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
〈J

J
J
〉
of

cu
rr
en
ts

of
n
on

ze
ro

sp
in

is
so
m
ew

h
at

co
m
p
li
ca
te
d
,

it
is
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry

to
b
e
th
e
li
n
ea
r
co
m
b
in
at
io
n
of

fi
n
it
el
y
m
an

y

in
d
ep

en
d
en
t
st
ru
ct
u
re
s.

In
fa
ct
,
as

sh
ow

n
in

[3
4]
,
fo
r
co
n
se
rv
ed

h
ig
h
er

sp
in

cu
rr
en
ts

al
l
p
ar
it
y
p
re
se
rv
in
g
st
ru
ct
u
re
s
of

〈J
(s

1
) J

(s
2
) J

(s
3
) 〉

ca
n
b
e
re
al
iz
ed

by
fr
ee

sc
al
ar
s
an

d

by
fr
ee

fe
rm

io
n
s,
w
h
il
e
a
p
ar
it
y
od

d
st
ru
ct
u
re

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉
ex
is
ts

w
h
en

th
e
th
re
e

sp
in
s
s 1
, s

2
, s

3
ob

ey
tr
ia
n
gu

la
r
in
eq
u
al
it
y.

20
T
h
e
la
tt
er

ca
n
n
ot

b
e
re
al
iz
ed

w
it
h
fr
ee

fi
el
d
s.

O
n
e
of

th
e
m
ai
n
re
su
lt
s
of

th
is
se
ct
io
n
is
th
at

th
e
p
ar
it
y
od

d
st
ru
ct
u
re

is
in
d
ee
d

p
re
se
nt

in
th
e
in
te
ra
ct
in
g
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry
.

T
h
e
p
ar
it
y
sy
m
m
et
ry

of
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry

m
ay

b
e
re
st
or
ed

by
si
m
u
lt
a-

n
eo
u
sl
y
ta
ki
n
g
k
→

−
k
.
T
h
er
ef
or
e,

in
p
er
tu
rb
at
io
n
th
eo
ry
,
th
e
p
ar
it
y
in
va
ri
an

t
te
n
so
r

st
ru
ct
u
re
s
of

〈J
J
J
〉
oc
cu
r
at

ev
en

lo
op

or
d
er
,
w
h
il
e
th
e
p
ar
it
y
od

d
te
n
so
r
st
ru
ct
u
re
s

oc
cu
r
at

od
d
lo
op

or
d
er
.
W
e
w
il
l
an

al
yz
e
th
e
on

e-
lo
op

co
nt
ri
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⑦ scalar_fermion vertex

⑧ scalar_fermion vertex

⑨ 6 scalar vertex

3.2 SUSY CS-vector model



Feynman rule

① gauge propagator

② fermion propagator ⑤ fermion_gauge vertex

(see (2.5)) Using the fact that

H+(H−(Σ)) = 4Σ

and integrating both sides of (2.48) against the kernel 1
(p−q)+ and using the defining

property of the function G−1, it follows from H+(B)) = 0 that

Σ(p) = −2πiλ

∫
d3q

(2π)3

(
γ3 1

iγµqµ + Σ
γ+ − γ+ 1

iγµqµ + Σ
γ3

)
1

(p− q)+
(2.50)

in precise agreement with (2.4).

The value of the Euclidean action on the saddle point, (2.46), may be rewritten as

S = −NV

∫
d3q

(2π)3
Tr ln (iγµqµ + Σ(q)) +

NV

16πiλ

∫
d2q

(2π)2
d2q′

(2π)2
G−1(q − q′)Tr (H−[Σ(q)]Σ(q

′))

= −NV

∫
d3q

(2π)3
Tr

[
ln (iγµqµ + Σ(q)) +

1

8
H−(Σ(q))H+

((
1

iγµqµ + Σ(q)

))]

= −NV

∫
d3q

(2π)3
Tr

[
ln [iγµqµ + Σ(q)]− 1

2
Σ(q)

(
1

iγµqµ + Σ(q)

)]

(2.51)

where we have used the equation of motion in going from first to the second line. In

going from the second to the third line we have used the fact that for an arbitrary

matrix A

Tr (H−(Σ)H+(A)) = −4Tr (ΣA) .

2.1.4 Diagrammatic expansion for the vacuum energy

The result (2.51), expressing the vacuum energy in terms of the exact fermion self-

energy Σ(p), has a clear diagrammatic interpretation. The perturbative planar dia-

grammatic expansion takes the form

vacuum energy = + 1
2 + 1

2 + 1
3

+ 1
2 + 1

4 + + 1
2 + · · ·

One may verify that, in terms of exact planar fermion self energy, the above expansion

can be written as
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③ scalar propagator ⑥ scalar_gauge vertex
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e
th
e
at
te
m
p
t
to

co
m
p
u
te

co
rr
el
at
or
s
ex
ac
tl
y
in

λ
(a
t
le
ad

in
g
or
d
er

in
la
rg
e
N
)
b
u
t
in
st
ea
d
tu
rn

to
st
u
d
y
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

fe
rm

io
n
b
il
in
ea
r
op

er
at
or
s/
cu
rr
en
ts

J
(s
)
p
er
tu
rb
at
iv
el
y
in

λ
.

W
e
w
il
l
b
eg
in

by
w
ri
ti
n
g
d
ow

n
th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

cu
rr
en
ts

in
th
e
fr
ee

fe
rm

io
n
th
eo
ry
,
an

d
d
es
cr
ib
e
so
m
e
ge
n
er
al

st
ru
ct
u
re
s
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

h
ig
h
er

sp
in

cu
rr
en
ts

as
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry
.
W

h
il
e
th
e
fu
ll
te
n
so
r
st
ru
ct
u
re

of

th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
〈J

J
J
〉
of

cu
rr
en
ts

of
n
on

ze
ro

sp
in

is
so
m
ew

h
at

co
m
p
li
ca
te
d
,

it
is
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry

to
b
e
th
e
li
n
ea
r
co
m
b
in
at
io
n
of

fi
n
it
el
y
m
an

y

in
d
ep

en
d
en
t
st
ru
ct
u
re
s.

In
fa
ct
,
as

sh
ow

n
in

[3
4]
,
fo
r
co
n
se
rv
ed

h
ig
h
er

sp
in

cu
rr
en
ts

al
l
p
ar
it
y
p
re
se
rv
in
g
st
ru
ct
u
re
s
of

〈J
(s

1
) J

(s
2
) J

(s
3
) 〉

ca
n
b
e
re
al
iz
ed

by
fr
ee

sc
al
ar
s
an

d

by
fr
ee

fe
rm

io
n
s,
w
h
il
e
a
p
ar
it
y
od

d
st
ru
ct
u
re

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉

ex
is
ts

w
h
en

th
e
th
re
e

sp
in
s
s 1
,s

2
,s

3
ob

ey
tr
ia
n
gu

la
r
in
eq
u
al
it
y.

20
T
h
e
la
tt
er

ca
n
n
ot

b
e
re
al
iz
ed

w
it
h
fr
ee

fi
el
d
s.

O
n
e
of

th
e
m
ai
n
re
su
lt
s
of

th
is
se
ct
io
n
is
th
at

th
e
p
ar
it
y
od

d
st
ru
ct
u
re

is
in
d
ee
d

p
re
se
nt

in
th
e
in
te
ra
ct
in
g
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry
.

T
h
e
p
ar
it
y
sy
m
m
et
ry

of
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry

m
ay

b
e
re
st
or
ed

by
si
m
u
lt
a-

n
eo
u
sl
y
ta
ki
n
g
k
→

−
k
.
T
h
er
ef
or
e,

in
p
er
tu
rb
at
io
n
th
eo
ry
,
th
e
p
ar
it
y
in
va
ri
an

t
te
n
so
r

st
ru
ct
u
re
s
of

〈J
J
J
〉
oc
cu
r
at

ev
en

lo
op

or
d
er
,
w
h
il
e
th
e
p
ar
it
y
od

d
te
n
so
r
st
ru
ct
u
re
s

oc
cu
r
at

od
d
lo
op

or
d
er
.
W
e
w
il
l
an

al
yz
e
th
e
on

e-
lo
op

co
nt
ri
b
u
ti
on

to
th
e
p
ar
it
y
od

d

st
ru
ct
u
re

of
〈J

(1
) J

(1
) J

(2
) 〉

an
d
〈J

(2
) J

(2
) J

(2
) 〉
,
an

d
th
e
tw

o-
lo
op

co
nt
ri
b
u
ti
on

to
th
e
p
ar
-

it
y
ev
en

st
ru
ct
u
re

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉

fo
r
ge
n
er
al

n
on

ze
ro

s 1
,s

2
,s

3
.
T
h
e
re
su
lt
s
w
il
l
b
e

2
0
R
ec
al
l
th
at

w
h
en

th
e
sp
in
s
s 1
,s

2
,s

3
ob

ey
th
e
tr
ia
n
gu

la
r
in
eq
u
al
it
y,

th
e
n
on

-c
on

se
rv
at
io
n
of

th
e

cu
rr
en
ts

in
ou

r
th
eo
ry

d
oe
s
n
ot

sh
ow

u
p
in

3-
p
oi
nt

fu
n
ct
io
n
s
at

le
ad

in
g
or
d
er

at
la
rg
e
N
.
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4.
2

T
hr
ee

po
in
t
fu
nc
tio
ns

in
pe
rt
ur
ba
tio
n
th
eo
ry

In
th
e
re
st
of
th
is
se
ct
io
n,
we

po
st
po
ne
th
e
at
te
m
pt
to
co
m
pu
te
co
rr
ela
to
rs
ex
ac
tly

in

λ
(a
t l
ea
di
ng

or
de
r i
n
la
rg
e
N
) b
ut
in
st
ea
d
tu
rn
to
st
ud
y
of
th
re
e
po
in
t f
un
ct
io
ns
of

fer
m
io
n
bi
lin
ea
r o
pe
ra
to
rs
/c
ur
re
nt
s J

(s
) pe

rt
ur
ba
tiv
ely

in
λ.

W
e
wi
ll
be
gi
n
by

wr
iti
ng

do
wn

th
e
th
re
e
po
in
t
fu
nc
tio
ns
of
cu
rr
en
ts
in
th
e
fre
e

fer
m
io
n
th
eo
ry
, a
nd
de
sc
rib
e s
om
e g
en
er
al
st
ru
ct
ur
es
of
th
re
e p
oi
nt
fu
nc
tio
ns
of
hi
gh
er

sp
in
cu
rr
en
ts
as
co
ns
tr
ai
ne
d
by
co
nf
or
m
al
sy
m
m
et
ry
. W

hi
le
th
e f
ul
l t
en
so
r s
tr
uc
tu
re
of

th
e
th
re
e
po
in
t f
un
ct
io
ns
〈J
JJ
〉 o
f c
ur
re
nt
s o
f n
on
ze
ro
sp
in
is
so
m
ew
ha
t c
om
pl
ica
te
d,

it
is
co
ns
tr
ai
ne
d
by
co
nf
or
m
al
sy
m
m
et
ry
to
be
th
e l
in
ea
r c
om
bi
na
tio
n
of
fin
ite
ly
m
an
y

in
de
pe
nd
en
t
st
ru
ct
ur
es
.
In
fa
ct
, a
s
sh
ow
n
in
[3
4]
, f
or
co
ns
er
ve
d
hi
gh
er
sp
in
cu
rr
en
ts

al
l p
ar
ity

pr
es
er
vi
ng

st
ru
ct
ur
es
of
〈J
(s
1
) J

(s
2
) J

(s
3
) 〉 c

an
be
re
al
ize
d
by

fre
e
sc
al
ar
s
an
d

by
fre
e f
er
m
io
ns
, w
hi
le
a
pa
rit
y
od
d
st
ru
ct
ur
e o
f 〈
J
(s
1
) J

(s
2
) J

(s
3
) 〉 e

xi
st
s w

he
n
th
e t
hr
ee

sp
in
s
s 1
, s 2
, s 3

ob
ey
tr
ia
ng
ul
ar
in
eq
ua
lit
y.
20

Th
e
la
tt
er
ca
nn
ot
be

re
al
ize
d
wi
th
fre
e

fie
ld
s.
O
ne
of
th
e m

ai
n
re
su
lts
of
th
is
se
ct
io
n
is
th
at
th
e p
ar
ity

od
d
st
ru
ct
ur
e i
s i
nd
ee
d

pr
es
en
t i
n
th
e
in
te
ra
ct
in
g
Ch
er
n-
Si
m
on
s-f
er
m
io
n
th
eo
ry
.

Th
e p
ar
ity

sy
m
m
et
ry
of
Ch
er
n-
Si
m
on
s-f
er
m
io
n
th
eo
ry
m
ay
be
re
st
or
ed
by
sim

ul
ta
-

ne
ou
sly

ta
ki
ng
k
→
−k
. T

he
re
fo
re
, i
n
pe
rt
ur
ba
tio
n
th
eo
ry
, t
he
pa
rit
y
in
va
ria
nt
te
ns
or

st
ru
ct
ur
es
of
〈J
JJ
〉 o
cc
ur
at
ev
en
lo
op

or
de
r,
wh
ile
th
e
pa
rit
y
od
d
te
ns
or
st
ru
ct
ur
es

oc
cu
r a
t o
dd

lo
op
or
de
r.
W
e
wi
ll
an
al
yz
e
th
e
on
e-
lo
op
co
nt
rib
ut
io
n
to
th
e
pa
rit
y
od
d

st
ru
ct
ur
e o
f 〈
J
(1
) J

(1
) J

(2
) 〉 a

nd
〈J
(2
) J

(2
) J

(2
) 〉, a

nd
th
e t
wo
-lo
op
co
nt
rib
ut
io
n
to
th
e p
ar
-

ity
ev
en
st
ru
ct
ur
e
of
〈J
(s
1
) J

(s
2
) J

(s
3
) 〉 f

or
ge
ne
ra
l n
on
ze
ro
s 1
, s 2
, s 3
.
Th
e
re
su
lts
wi
ll
be

20 R
ec
al
l t
ha
t
wh
en
th
e
sp
in
s
s 1
, s

2
, s

3
ob
ey
th
e
tr
ia
ng
ul
ar
in
eq
ua
lit
y,
th
e
no
n-
co
ns
er
va
tio
n
of
th
e

cu
rr
en
ts
in
ou
r t
he
or
y
do
es
no
t s
ho
w
up

in
3-
po
in
t f
un
ct
io
ns
at
lea
di
ng
or
de
r a
t l
ar
ge
N
.
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4.
2

T
h
re
e
p
oi
nt

fu
n
ct
io
n
s
in

p
er
tu
rb
at
io
n
th
eo
ry

In
th
e
re
st
of
th
is
se
ct
io
n,
w
e
po
st
po
ne

th
e
at
te
m
pt

to
co
m
pu
te
co
rr
el
at
or
s
ex
ac
tl
y
in

λ
(a
t
le
ad
in
g
or
de
r
in

la
rg
e
N
)
bu
t
in
st
ea
d
tu
rn

to
st
ud
y
of
th
re
e
po
in
t
fu
nc
ti
on
s
of

fe
rm

io
n
bi
lin
ea
r
op
er
at
or
s/
cu
rr
en
ts
J(s

)
pe
rt
ur
ba
ti
ve
ly
in
λ.

W
e
w
ill

be
gi
n
by

w
ri
ti
ng

do
w
n
th
e
th
re
e
po
in
t
fu
nc
ti
on
s
of

cu
rr
en
ts

in
th
e
fr
ee

fe
rm

io
n
th
eo
ry
,a
nd

de
sc
ri
be

so
m
e
ge
ne
ra
ls
tr
uc
tu
re
s
of
th
re
e
po
in
t
fu
nc
ti
on
s
of
hi
gh
er

sp
in
cu
rr
en
ts
as
co
ns
tr
ai
ne
d
by

co
nf
or
m
al
sy
m
m
et
ry
.
W
hi
le
th
e
fu
ll
te
ns
or
st
ru
ct
ur
e
of

th
e
th
re
e
po
in
t
fu
nc
ti
on
s
〈J
J
J
〉o

f
cu
rr
en
ts
of
no
nz
er
o
sp
in
is
so
m
ew
ha
t
co
m
pl
ic
at
ed
,

it
is
co
ns
tr
ai
ne
d
by

co
nf
or
m
al
sy
m
m
et
ry

to
be

th
e
lin
ea
r
co
m
bi
na
ti
on

of
fin
it
el
y
m
an
y

in
de
pe
nd
en
t
st
ru
ct
ur
es
.
In

fa
ct
,
as

sh
ow

n
in

[3
4]
,
fo
r
co
ns
er
ve
d
hi
gh
er

sp
in

cu
rr
en
ts

al
l
pa
ri
ty

pr
es
er
vi
ng

st
ru
ct
ur
es

of
〈J(s

1)
J(s

2)
J(s

3)
〉c

an
be

re
al
iz
ed

by
fr
ee

sc
al
ar
s
an
d

by
fr
ee

fe
rm

io
ns
,w

hi
le
a
pa
ri
ty

od
d
st
ru
ct
ur
e
of
〈J(s

1)
J(s

2)
J(s

3)
〉e
xi
st
s
w
he
n
th
e
th
re
e

sp
in
s
s1
,s

2,
s3

ob
ey

tr
ia
ng
ul
ar

in
eq
ua
lit
y.2

0
T
he

la
tt
er

ca
nn
ot

be
re
al
iz
ed

w
it
h
fr
ee

fie
ld
s.
O
ne

of
th
e
m
ai
n
re
su
lt
s
of
th
is
se
ct
io
n
is
th
at

th
e
pa
ri
ty

od
d
st
ru
ct
ur
e
is
in
de
ed

pr
es
en
t
in
th
e
in
te
ra
ct
in
g
C
he
rn
-S
im
on
s-
fe
rm

io
n
th
eo
ry
.

T
he

pa
ri
ty

sy
m
m
et
ry

of
C
he
rn
-S
im
on
s-
fe
rm

io
n
th
eo
ry

m
ay

be
re
st
or
ed

by
si
m
ul
ta
-

ne
ou
sl
y
ta
ki
ng

k
→

−k
.
T
he
re
fo
re
,i
n
pe
rt
ur
ba
ti
on

th
eo
ry
,t
he

pa
ri
ty

in
va
ri
an
t
te
ns
or

st
ru
ct
ur
es

of
〈J
J
J
〉o

cc
ur

at
ev
en

lo
op

or
de
r,
w
hi
le
th
e
pa
ri
ty

od
d
te
ns
or

st
ru
ct
ur
es

oc
cu
r
at

od
d
lo
op

or
de
r.
W
e
w
ill
an
al
yz
e
th
e
on
e-
lo
op

co
nt
ri
bu
ti
on

to
th
e
pa
ri
ty

od
d

st
ru
ct
ur
e
of
〈J(1

)
J(1

)
J(2

)
〉a

nd
〈J(2

)
J(2

)
J(2

)
〉,
an
d
th
e
tw
o-
lo
op

co
nt
ri
bu
ti
on

to
th
e
pa
r-

it
y
ev
en

st
ru
ct
ur
e
of
〈J(s

1)
J(s

2)
J(s

3)
〉f
or

ge
ne
ra
ln
on
ze
ro

s1
,s

2,
s3
.
T
he

re
su
lt
s
w
ill
be

20
R
ec
al
l
th
at

w
he
n
th
e
sp
in
s
s1
,s

2,
s3

ob
ey

th
e
tr
ia
ng
ul
ar

in
eq
ua
lit
y,
th
e
no
n-
co
ns
er
va
ti
on

of
th
e

cu
rr
en
ts
in
ou
r
th
eo
ry

do
es

no
t
sh
ow

up
in
3-
po
in
t
fu
nc
ti
on
s
at

le
ad
in
g
or
de
r
at

la
rg
e
N
.
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4
.2

T
h
re
e
p
o
in
t
fu
n
ct
io
n
s
in

p
er
tu

rb
a
ti
o
n
th

eo
ry

In
th
e
re
st

of
th
is
se
ct
io
n
,
w
e
p
os
tp
on

e
th
e
at
te
m
p
t
to

co
m
p
u
te

co
rr
el
at
or
s
ex
ac
tl
y
in

λ
(a
t
le
ad

in
g
or
d
er

in
la
rg
e
N
)
b
u
t
in
st
ea
d
tu
rn

to
st
u
d
y
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

fe
rm

io
n
b
il
in
ea
r
op

er
at
or
s/
cu
rr
en
ts

J
(s
)
p
er
tu
rb
at
iv
el
y
in

λ
.

W
e
w
il
l
b
eg
in

by
w
ri
ti
n
g
d
ow

n
th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

cu
rr
en
ts

in
th
e
fr
ee

fe
rm

io
n
th
eo
ry
,
an

d
d
es
cr
ib
e
so
m
e
ge
n
er
al

st
ru
ct
u
re
s
of

th
re
e
p
oi
nt

fu
n
ct
io
n
s
of

h
ig
h
er

sp
in

cu
rr
en
ts

as
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry
.
W

h
il
e
th
e
fu
ll
te
n
so
r
st
ru
ct
u
re

of

th
e
th
re
e
p
oi
nt

fu
n
ct
io
n
s
〈J

J
J
〉
of

cu
rr
en
ts

of
n
on

ze
ro

sp
in

is
so
m
ew

h
at

co
m
p
li
ca
te
d
,

it
is
co
n
st
ra
in
ed

by
co
n
fo
rm

al
sy
m
m
et
ry

to
b
e
th
e
li
n
ea
r
co
m
b
in
at
io
n
of

fi
n
it
el
y
m
an

y

in
d
ep

en
d
en
t
st
ru
ct
u
re
s.

In
fa
ct
,
as

sh
ow

n
in

[3
4]
,
fo
r
co
n
se
rv
ed

h
ig
h
er

sp
in

cu
rr
en
ts

al
l
p
ar
it
y
p
re
se
rv
in
g
st
ru
ct
u
re
s
of

〈J
(s

1
) J

(s
2
) J

(s
3
) 〉

ca
n
b
e
re
al
iz
ed

by
fr
ee

sc
al
ar
s
an

d

by
fr
ee

fe
rm

io
n
s,
w
h
il
e
a
p
ar
it
y
od

d
st
ru
ct
u
re

of
〈J

(s
1
) J

(s
2
) J

(s
3
) 〉
ex
is
ts

w
h
en

th
e
th
re
e

sp
in
s
s 1
, s

2
, s

3
ob

ey
tr
ia
n
gu

la
r
in
eq
u
al
it
y.

20
T
h
e
la
tt
er

ca
n
n
ot

b
e
re
al
iz
ed

w
it
h
fr
ee

fi
el
d
s.

O
n
e
of

th
e
m
ai
n
re
su
lt
s
of

th
is
se
ct
io
n
is
th
at

th
e
p
ar
it
y
od

d
st
ru
ct
u
re

is
in
d
ee
d

p
re
se
nt

in
th
e
in
te
ra
ct
in
g
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry
.

T
h
e
p
ar
it
y
sy
m
m
et
ry

of
C
h
er
n
-S
im

on
s-
fe
rm

io
n
th
eo
ry

m
ay

b
e
re
st
or
ed

by
si
m
u
lt
a-

n
eo
u
sl
y
ta
ki
n
g
k
→

−
k
.
T
h
er
ef
or
e,

in
p
er
tu
rb
at
io
n
th
eo
ry
,
th
e
p
ar
it
y
in
va
ri
an

t
te
n
so
r

st
ru
ct
u
re
s
of

〈J
J
J
〉
oc
cu
r
at

ev
en

lo
op

or
d
er
,
w
h
il
e
th
e
p
ar
it
y
od

d
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⑦ scalar_fermion vertex

⑧ scalar_fermion vertex

⑨ 6 scalar vertex

gauge: A- =0

3.2 SUSY CS-vector model



Feynman rule

① gauge propagator

② fermion propagator ⑤ fermion_gauge vertex

(see (2.5)) Using the fact that

H+(H−(Σ)) = 4Σ

and integrating both sides of (2.48) against the kernel 1
(p−q)+ and using the defining

property of the function G−1, it follows from H+(B)) = 0 that

Σ(p) = −2πiλ

∫
d3q

(2π)3

(
γ3 1

iγµqµ + Σ
γ+ − γ+ 1

iγµqµ + Σ
γ3

)
1

(p− q)+
(2.50)

in precise agreement with (2.4).

The value of the Euclidean action on the saddle point, (2.46), may be rewritten as

S = −NV

∫
d3q

(2π)3
Tr ln (iγµqµ + Σ(q)) +

NV

16πiλ

∫
d2q

(2π)2
d2q′

(2π)2
G−1(q − q′)Tr (H−[Σ(q)]Σ(q

′))

= −NV

∫
d3q

(2π)3
Tr

[
ln (iγµqµ + Σ(q)) +

1

8
H−(Σ(q))H+

((
1

iγµqµ + Σ(q)

))]

= −NV

∫
d3q

(2π)3
Tr

[
ln [iγµqµ + Σ(q)]− 1

2
Σ(q)

(
1

iγµqµ + Σ(q)

)]

(2.51)

where we have used the equation of motion in going from first to the second line. In

going from the second to the third line we have used the fact that for an arbitrary

matrix A

Tr (H−(Σ)H+(A)) = −4Tr (ΣA) .

2.1.4 Diagrammatic expansion for the vacuum energy

The result (2.51), expressing the vacuum energy in terms of the exact fermion self-

energy Σ(p), has a clear diagrammatic interpretation. The perturbative planar dia-

grammatic expansion takes the form

vacuum energy = + 1
2 + 1

2 + 1
3

+ 1
2 + 1

4 + + 1
2 + · · ·

One may verify that, in terms of exact planar fermion self energy, the above expansion

can be written as
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③ scalar propagator ⑥ scalar_gauge vertex
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⑦ scalar_fermion vertex

⑧ scalar_fermion vertex

⑨ 6 scalar vertex
t’ Hooft limit

3.2 SUSY CS-vector model

gauge: A- =0
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Figure 4: The bosonic 1PI self energy diagram is drawn. The dotted, undotted and wavy
lines respectively represent scalar, fermion and gauge field. The black and gray bubble
respectively stand for the planar propagators of scalar and fermion.

In the second equality we separate the divergent part. Now the first term is convergent, so
it can be evaluated without taking into account the integral of extra dimension as follows.
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The second term is calculated as
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Note that ε has to be greater than a + 1 to make this integral convergent. By analytic
continuation from some positive number ε to zero, we finish evaluating the second term as
− 1

4π

(
β
2

)a Ma+1

a+1 . Summing up these we obtain (D.24).

E Diagrammatic analysis

In this appendix we check the gap equations (2.58) and the exact effective action (2.59)
from a diagrammatic point of view.

First we consider the one-particle irreducible (1PI) diagram for bosonic self energy.15

The bosonic 1PI self energy diagram is drawn in Fig.4. Note that gauge self interaction is
not involved in these diagrams due to our gauge choice. This diagram encodes an equation

15Remind that a 1PI diagram is such that it cannot be split into two by cutting any line from it.
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Figure 4: The bosonic 1PI self energy diagram is drawn. The dotted, undotted and wavy
lines respectively represent scalar, fermion and gauge field. The black and gray bubble
respectively stand for the planar propagators of scalar and fermion.
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Note that ε has to be greater than a + 1 to make this integral convergent. By analytic
continuation from some positive number ε to zero, we finish evaluating the second term as
− 1

4π

(
β
2

)a Ma+1
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E Diagrammatic analysis

In this appendix we check the gap equations (2.58) and the exact effective action (2.59)
from a diagrammatic point of view.

First we consider the one-particle irreducible (1PI) diagram for bosonic self energy.15

The bosonic 1PI self energy diagram is drawn in Fig.4. Note that gauge self interaction is
not involved in these diagrams due to our gauge choice. This diagram encodes an equation

15Remind that a 1PI diagram is such that it cannot be split into two by cutting any line from it.
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1PI self energy diagram

= +
F

Figure 5: The fermionic 1PI self energy diagram is drawn.

such that16
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where Gµν is the relevant coefficient of the gauge propagator17 given by

Gµν(p) =
2π

kip−
(δµ,+δν,3 − δµ,3δν,+). (E.2)

One can easily reproduce the gap equation of boson in (2.58) from this equation18.
Next the fermionic 1PI self energy diagram is shown in Fig.5. We can read off an

equation from this diagram such that

−ΣF (p) = N

∫
d3q
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iγµGµν(p− q)

1

iγµqµ + ΣF (q)
iγν − λ4N
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. (E.3)

It turns out that this agrees with the gap equation of fermion in (2.58).
Finally we check that the effective action (2.59) encodes the connected vacuum graph

in a perturbative way. For this purpose, we first expand −Seff (2.59) by −ΣB,−ΣF , which
is diagrammatically drawn in Fig.6. Plugging (E.1) and (E.3) into the equation expanded
by −ΣB,−ΣF , we obtain the perturbative expansion in terms of λ, x4, x6. Each term
represents a planar diagram contributing to the vacuum graph. These planar diagrams
are categorized into three classes by matter content: One includes only scalar, another
only fermion, the other both. The first class, which include only scalar and gauge field
propagators, is the following.19

16Note that 1PI self energy diagrams are given by −ΣB ,−ΣF in our notation.
17 The gauge propagator is given by

〈
Aa

µ(−p′)Ab
ν(p)

〉
= δab(2π)3δ3(p− p′)Gµν(p).

18We note that the first term in (E.1) vanishes.
19If we normalize λ6 → λ6

3 , then the 6th and 7th terms respectively have the coefficients 1
3 and 3.
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Figure 5: The fermionic 1PI self energy diagram is drawn.
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One can easily reproduce the gap equation of boson in (2.58) from this equation18.
Next the fermionic 1PI self energy diagram is shown in Fig.5. We can read off an

equation from this diagram such that
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iγν − λ4N
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It turns out that this agrees with the gap equation of fermion in (2.58).
Finally we check that the effective action (2.59) encodes the connected vacuum graph

in a perturbative way. For this purpose, we first expand −Seff (2.59) by −ΣB,−ΣF , which
is diagrammatically drawn in Fig.6. Plugging (E.1) and (E.3) into the equation expanded
by −ΣB,−ΣF , we obtain the perturbative expansion in terms of λ, x4, x6. Each term
represents a planar diagram contributing to the vacuum graph. These planar diagrams
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only fermion, the other both. The first class, which include only scalar and gauge field
propagators, is the following.19

16Note that 1PI self energy diagrams are given by −ΣB ,−ΣF in our notation.
17 The gauge propagator is given by

〈
Aa

µ(−p′)Ab
ν(p)

〉
= δab(2π)3δ3(p− p′)Gµν(p).

18We note that the first term in (E.1) vanishes.
19If we normalize λ6 → λ6

3 , then the 6th and 7th terms respectively have the coefficients 1
3 and 3.
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Solution

＝-ΣB 0

＝ ＋-ΣF

light cone gauges. The temporal gauge has the advantage of having a very simple form

of the gauge field propagator, which makes explicit perturbative contributions easy. On

the other hand, we will see below that it introduces unphysical logarithmic divergences

in the fermion self energy at two loops (which should disappear in gauge invariant cor-

relators). The light cone gauge does not suffer from this log divergence problem. While

explicit perturbative calculations of correlation functions of gauge invariant operators

are sometimes more conveniently done in temporal gauge, the lightcone gauge allowed

us to partially solve the planar limit of the Chern-Simons-fermion theory (to all loop

order).

B.1 Feynman gauge

In Feynman gauge, the 1-loop free energy is

Σ(p) = 2πλ

∫
d3q

(2π)3
εµνρ

qρ

q2
γµ−i(/p+ /q)

(p+ q)2
γν

= −i2πλ

∫
d3q

(2π)3
qρ(p+ q)σ

q2(p+ q)2
εµνργ

µγσγ
ν

= −4πλ

∫
d3q

(2π)3
q · (p+ q)

q2(p+ q)2
= −2πλ

∫
d3q

(2π)3
(p+ q)2 + q2 − p2

q2(p+ q)2

=
π

4
λ|p|

(B.1)

The 1-loop corrected fermion propagator 〈ψiα(p)ψ̄
j
β(p)〉 is then proportional to λδji εαβ/|p|.
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B.2 Temporal gauge

In the temporal gauge A3 = 0, the one-loop fermion self energy is

Σ(p) = 2πλ

∫
d3#q

(2π)3
εijγ

i p3 − q3

(p3 − q3)2 + ε2
−i/q

q2
γj

= −i2πλ

∫
d3#q

(2π)3
εijγ

i p3 − q3

(p3 − q3)2 + ε2
q3γ3

q2
γj

= − 8π2λ

(2π)3

∫ ∞

0

dQQ

∫
dq3

p3 − q3

(p3 − q3)2 + ε2
q3

(q3)2 +Q2

= λ

∫ ∞

0

dQ
Q2

(p3)2 +Q2

= λ
(
Λ− π

2
|p3|

)

(B.2)

After subtracting off the linear divergence by tuning the bare mass of the fermion, we

end up with the renormalized 1-loop self energy

Σ1(p) = −π

2
λ|p3|. (B.3)

We can carry on to the two-loop self energy in temporal gauge, which only receives the

contribution from the rainbow diagram. It is given by

Σ2(p) = −2πλ

∫
d3q

(2π)3
p3 + q3

(p3 + q3)2 + ε2
εijγ

i 1

q2
Σ1(p)γ

j

= i
(4πλ)2

4
γ3

∫
d3q

(2π)3
p3 + q3

(p3 + q3)2 + ε2
|q3|
q2

= iλ2γ3

∫ ∞

0

dQQ
p3 ln (p3)2

Q2

(p3)2 +Q2

= iλ2p3γ3

[
π2

12
−

(
ln

Λ

|p3|

)2
]

(B.4)

We believe that the log2 divergence is an artifact of the temporal gauge and should

drop out in gauge invariant observables. A systematic treatment of regularization in the

temporal gauge appears to be rather complicated. In the one and two loop corrections

to three point functions of gauge invariant operators that we will perform later, such

divergences are avoided by special choices of position and polarization configurations

of the operator insertions.
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Large N effective action

where saddle point equation (or e.o.m.) is 

This is the same as the equations of motion (51) in your note. By using these
equaitons, we obtain the effective action at the leading of order in the large
N limit.

S̃B = NV

∫
d3q

(2π)3

(
log

(
q2 + ΣB(q)

)
− 2

3

Σ̃B(q)

q2 + ΣB(q)

)
(25)

S̃F = NV

∫
d3q

(2π)3
Tr

(
− ln (iγµqµ + ΣF (p)) +

1

2
ΣF (q)

1

iγµqµ + ΣF (q)

)
(26)

S̃BF = −λ4N2V

6

∫
d3q

(2π)3
1

q2 + ΣB(q)

∫
d3p

(2π)3
Tr(

1

iγµpµ + ΣF (p)
) (27)

This is the same as (56) in your note.

3 Gap equations of finite temperature

We set the ansatz as follows.

ΣB(p) = σT 2, ΣF,I(p) = fp, ΣF,+(p) = gp+.† (28)

Then we can solve the gap equatuation for fermion

f =
2λ

y

(
log(2 cosh(

√
c̃2 + y2

2
))− x4 log(2 sinh(

√
σ

2
))

)
+ fdiv (29)

g =
c

y2
− f 2 (30)

√
c = 2|λ|

(
ln(2 cosh

√
c

2
)− x4 ln(2 sinh

√
σ

2
)

)
. (31)

where y = βp and fdiv is a divergent term by Pauli-Villars regularization
given by

fdiv = 2λ(−Λ̃+ x4Λ̃). (32)

where Λ̃ is momentum cut-off divided by temperature so that Λ̃ is dimen-
sionless.

†If one wants to define ΣB(p) = σ2T 2, one has to show ΣB > 0 before that, which
follows essentially from (31). To obtain (31), I took square root for both sides of the
equation since c > 0 can be read off from it.

4

Using the above ansatz we can proceed

r.h.s. =
Nδ3(q + p)

q2 + ΣB(q)

[
ΣB(q)−

∫
d3q2
(2π)3

d3q3
(2π)3

[
C2(q, q2, q3) + C2(q2, q, q3) + C2(q3, q2, q)

]
×

1

q22 + ΣB(q2)

1

q23 + ΣB(q3)
+ λ4N

∫
d3q′

(2π)3
tr(

1

iγµq′µ + ΣF (q′)
)

]
. (B.6)

Note that the quadratic term with respect to χ vanishes and C2(p, q, r) is given by (2.52).
Since this was required to vanish we obtain Schwinger-Dyson equation as

ΣB(q) =

∫
d3q2
(2π)3

d3q3
(2π)3

[
C2(q, q2, q3) + C2(q2, q, q3) + C2(q3, q2, q)

] 1

q22 + ΣB(q2)

1

q23 + ΣB(q3)

− λ4N

∫
d3q′

(2π)3
tr(

1

iγµq′µ + ΣF (q′)
). (B.7)

This is the same as the gap equation of the scalar field (2.58).

Schwinger-Dyson equation for fermionic field We repeat the same procedure for
the fermionic field. The starting point is the following identity.

0 =

∫
DψDψ̄

δ

δψ̄m(−p)

(
e−S1ψ̄n(p′)

)
, (B.8)

or by taking contraction for gauge index

0 =
1

Z

∫
DψDψ̄

∑

m

δ

δψ̄m(−p)

(
e−S1ψ̄m(p′)

)
. (B.9)

In purely fermionic case this calculation was already done in [12]. The difference between
their case and our case is one term coming from SBF . The equation (2.27) in [12] is
corrected by a constant.

N(2π)3δ3(p′ + p) = ipµγ
µ〈ψm(p)ψ̄

m(p′)〉

+
2πi

k

∫
d3r

(2π)3
d3q

(2π)3
1

q+
γ+〈ψn(p− q)ψ̄n(−r)γ3ψm(r + q)ψ̄n(p′)〉

− 2πi

k

∫
d3r

(2π)3
d3q

(2π)3
1

q+
γ3〈ψn(p− q)ψ̄n(−r)γ+ψm(r + q)ψ̄n(p′)〉

+ λ4N

∫
d3q

(2π)3
1

ip′
µγ

µ + ΣF (p′)

〈
φ̄(p

′
+ p− q)φ(q)

〉
. (B.10)

In the large N limit the factorization leads to

〈ψm(p)ψ̄
m(p′)〉 =

N

iγµpµ
(2π)3δ3(p′ + p)

− 1

iγµpµ

2πi

k

∫
d3r

(2π)3
d3q

(2π)3
1

q+
γ+〈ψa(p− q)ψ̄a(−r)〉〈γ3ψm(r + q)ψ̄n(p′)〉

+
1

iγµpµ

2πi

k

∫
d3r

(2π)3
d3q

(2π)3
1

q+
γ3〈ψa(p− q)ψ̄a(−r)〉γ+〈ψm(r + q)ψ̄n(p′)〉

− 1

iγµpµ
λ4N

∫
d3q

(2π)3
1

ip′
µγ

µ + ΣF (p′)

〈
φ̄(p

′
+ p− q)φ(q)

〉
. (B.11)
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Plugging the fermionic and bosonic propagator into the above gives the fermion self energy
to be

ΣF (p) = −2πiλ

∫
d3q

(2π)3

(
γ3 1

iγµqµ + ΣF
γ+ − γ+ 1

iγµqµ + ΣF
γ3

)
1

(p− q)−

+ λ4N

∫
dp

(2π)3
1

p2 + ΣB(p)
, (B.12)

which is the same as the gap equation for the fermionic field (2.58).

C On regularization

In this appendix we have a comment on the dimensional regularization we used in this
paper. In our analysis, we encounter momentum integrals which includes UV divergence.
They are of the form

∫
d3p

(2π)3
F (ps, |p|) or

1

β

∑

p3

∫
d2p

(2π)2
F (ps, |p|), (C.1)

where F (ps, |p|) is a function of ps =
√
p21 + p22 and |p| =

√
p21 + p22 + p23. To regularize UV

divergence, what we do is to change the dimension from 3 to D = 3− ε in the integration
and also momentum according to it.

∫
dDp̂

(2π)D
F (ps, |p̂|) or

1

β

∑

p3

∫
d2−εp

(2π)2−ε
F (ps, |p̂|), (C.2)

where |p̂| =
√

p21 + p22 + · · ·+ p2D. It is remarkable that we do not touch the part of
2-momentum ps under this process. It is clear that the UV divergence is cured if ε is
greater that some positive number. Performing integration, we obtain some function of ε.
Analytically continuing from some positive number ε to 0, we obtain what we wanted to
evaluate.

In case where the integral includes IR divergence, it can be cured by adding a virtual
mass parameter in 2-plane by changing ps →

√
p2s +m2 and setting m = 0 after evaluating

the integral.

D Detailed calculation

In this appendix we collect results which will be obtained after detailed calculation. In
this appendix and the main text we will use the following integration formula without
mentioning

∫
dDq̂

(2π)D
1

(q̂2 +M2)a
=

1

(4π)
D
2

Γ(a− D
2 )

Γ(a)

1

M2a−D
, (D.1)

which is available in a standard textbook of quantum field theory.
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Finite temperature
(1) Solution of Schwinger_Dyson equation.

The function
√
σ which appears in this formula is to be taken as the positive root. Also in

obtaining this formula we are assuming σ ≥ 0. We will see below that this assumption is
met by our solution in the N = 2 case for all values of λ. Summing up these contributions,
we find the solution of f and thus g as follows.

f(p̃) =
2λ

p̃

(
log(2 cosh(

√
p̃2 + c

2
))− x4 log(2 sinh(

√
σ

2
))

)
. (3.17)

g(p̃) =
c

p̃2
− f(p̃)2. (3.18)

Here, again for convenience, we set p̃ = βps.

On determining the constant c in terms of σ The solution for the self energy
obtained above has two constants c and σ. We now argue that the behavior of the integral
equations (3.6), (3.7) give rise to one relation between them. For this purpose, let us study
the behavior of g(p̃) around p ∼ 0. From (3.17), (3.18), we find

g(p̃) =
c−

{
2λ

(
log(2 cosh(

√
c
2 ))− x4 log(2 sinh(

√
σ
2 ))

)}2

p̃2
+ · · · . (3.19)

On the other hand (3.6), (3.17) imply that g(p̃) ∼ O(1) around p̃ ∼ 0. To see this let us
evaluate (3.6) by performing the summation over q3 and the integral of the angular part
of q.

g(p̃)p+ = −4πλ

∫
d2q

(2π)2
1

(p− q)−

tanh(
β
√

q2s+cT 2

2 )

2
√

q2s + cT 2
f(q̃)qs (3.20)

= −4πλ

∫ ps

0

qsdqs
2π

1

p−

tanh(
β
√

q2s+cT 2

2 )

2
√

q2s + cT 2
f(q̃)qs. (3.21)

Here we used (3.11), (D.23) and

∫ 2π

0

dφ

2π

1

(p− q)−
=

θ(ps − qs)

p−
. (3.22)

Therefore we obtain

g(p̃) = −4πλ

p2s

∫ ps

0

qsdqs
2π

tanh(
β
√

q2s+cT 2

2 )
√

q2s + cT 2
f(q̃)qs. (3.23)

Now (3.17) implies that f(p̃) ∼ 1
p̃ around p ∼ 0, we find that g(p̃) behaves as g(p̃) ∼ O(1)

around p ∼ 0. Therefore, the singular term in terms of momentum in (3.19) has to vanish
and we obtain

c =

{
2λ

(
log(2 cosh(

√
c

2
))− x4 log(2 sinh(

√
σ

2
))

)}2

. (3.24)
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Therefore we find

Σ2 = −4λ2x4

β2

(
−
(
log(2 cosh(

√
c

2
))

)2

+ 2x4 log(2 sinh(

√
σ

2
)) log(2 cosh(

√
c

2
))

)
. (3.32)

Collecting these contributions, we find the solution for σ as

σ = λ2

[
(1 + 3x6)

(
log(2 sinh(

√
σ

2
))

)2

− 8x2
4 log(2 sinh(

√
σ

2
)) log(2 cosh(

√
c

2
))

+ 4x4

(
log(2 cosh(

√
c

2
))

)2]
. (3.33)

On the rhs the function
√
σ is to be taken as the positive root.

Let us conclude this subsection by summarising the results obtained so far. The self
energy for the boson is given in (3.4) and for the fermion is given in (3.5) with the functions
f, g being given in (3.17) and (3.18). These answers depend on two coefficients c, σ which
are obtained by solving the two equations (3.24), (3.33). These expressions for the self
energies are some of the main results of this paper.

3.3 Exact free energy

In this subsection we compute the free energy of the Chern-Simons-matter system on
R2×S1. For this purpose, we divide the free energy density F into each contribution from
scalar field, fermionic field and their interaction, denoted by FB, FF , FBF , respectively.
They are given by

FB =
S̃B(T )− S̃B(0)

V
, FF =

S̃F (T )− S̃F (0)

V
, FBF =

S̃BF (T )− S̃BF (0)

V
, (3.34)

where S̃B(T ), S̃F (T ), S̃BF (T ) are respectively the contributions to the effective action com-
ing from scalar field, fermionic field and their interaction on R2 × S1

S̃B(T ) = NV
1

β

∑

q3:B

∫
d2q

(2π)2

(
log

(
q2 + ΣB(q)

)
− 2

3

ΣB(q)

q2 + ΣB(q)

)
, (3.35)

S̃F (T ) = NV
1

β

∑

q3:F

∫
d2q

(2π)2
tr

(
− ln (iγµqµ + ΣF (q)) +

1

2
ΣF (q)

1

iγµqµ + ΣF (q)

)
, (3.36)

S̃BF (T ) = −4πλx4NV

6

1

β

∑

q3:B

∫
d2q

(2π)2
1

q2 + ΣB(q)

1

β

∑

p3:F

∫
d2p

(2π)2
tr

(
1

iγµpµ + ΣF (p)

)
,

(3.37)

and S̃B(0), S̃F (0), S̃BF (0) are on R3.
In what follows we compute FB, FF , FBF separately.
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3.2 Exact self energy

In this subsection, we solve the gap equation at nonzero temperature. Using the replace-
ment rules described above the gap equations become:

ΣF,+(p) = −2πiλ
1

β

∑

q3:F

∫
d2q

(2π)2
1

(p− q)−
tr

1

iγµqµ + ΣF (q)
,

ΣF,I(p) = −2πiλ
1

β

∑

q3:F

∫
d2q

(2π)2
1

(p− q)−
tr

γ−

iγµqµ + ΣF (q)
+ 4πλx4

1

β

∑

q3:B

∫
d2q

(2π)2
1

q2 + ΣB(q)
,

ΣB(p) =
1

β2

∑

q3:B

∫
d2q

(2π)2

∑

q′3:B

∫
d2q′

(2π)2

[
C2(p, q, q

′) + C2(q, p, q
′) + C2(q, q

′, p)
] 1

q2 + ΣB(q)

1

q′2 + ΣB(q′)

− 4πλx4
1

β

∑

q3:F

∫
d2q

(2π)2
tr

1

iγµqµ + ΣF (q)
. (3.3)

Our strategy for solving these equations will be similar to that used in the zero temper-
ature case in section 2.3. We start with the third equation in (3.3) which determines ΣB.
The only dependence on the external momentum on the rhs of this equation is through the
coefficients C2(p, q, q′) which are independent of the third component of the momentum.
An argument similar to that in the zero temperature case shows that the dependence of
the rhs on p+, p− also vanishes. It therefore follows that ΣB must only depend on the
temperature and we can set

ΣB(p) = σT 2, (3.4)

where σ is a constant with a non-trivial dependence on λ which needs to be determined.
Next we turn to the first two equations in (3.3) which determine ΣF,I ,ΣF,+. Once again

the rhs of these two equations do not depend on p3. Rotational invariance in the 1-2 plane
and dimensional analysis then allow us to write

ΣF,I(p) = f(p̃)ps, ΣF,+(p) = ig(p̃)p+, (3.5)

where f(p̃), g(p̃) are undetermined functions of p̃ = ps
T , which is dimensionless.

3.2.1 Self energy of fermionic field

Using the ansatz in (3.5) the first two equations in (3.3) take the form

g(p̃)p+ = −4πλ
1

β

∑

q3:F

∫
d2q

(2π)2
1

(p− q)−

f(q̃)qs
(1 + g(q̃) + f(q̃)2)q2s + q23

, (3.6)

f(p̃)ps = 4πλ
1

β

∑

q3:F

∫
d2q

(2π)2
1

(p− q)−

q−
(1 + g(q̃) + f(q̃)2)q2s + q23

+ 4πλx4
1

β

∑

q3:B

∫
d2q

(2π)2
1

q2 + σT 2
.

(3.7)
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Finite temperature
(1) Solution of Schwinger_Dyson equation.

The function
√
σ which appears in this formula is to be taken as the positive root. Also in

obtaining this formula we are assuming σ ≥ 0. We will see below that this assumption is
met by our solution in the N = 2 case for all values of λ. Summing up these contributions,
we find the solution of f and thus g as follows.

f(p̃) =
2λ

p̃

(
log(2 cosh(

√
p̃2 + c

2
))− x4 log(2 sinh(

√
σ

2
))

)
. (3.17)

g(p̃) =
c

p̃2
− f(p̃)2. (3.18)

Here, again for convenience, we set p̃ = βps.

On determining the constant c in terms of σ The solution for the self energy
obtained above has two constants c and σ. We now argue that the behavior of the integral
equations (3.6), (3.7) give rise to one relation between them. For this purpose, let us study
the behavior of g(p̃) around p ∼ 0. From (3.17), (3.18), we find

g(p̃) =
c−

{
2λ

(
log(2 cosh(

√
c
2 ))− x4 log(2 sinh(

√
σ
2 ))

)}2

p̃2
+ · · · . (3.19)

On the other hand (3.6), (3.17) imply that g(p̃) ∼ O(1) around p̃ ∼ 0. To see this let us
evaluate (3.6) by performing the summation over q3 and the integral of the angular part
of q.

g(p̃)p+ = −4πλ

∫
d2q

(2π)2
1

(p− q)−

tanh(
β
√

q2s+cT 2

2 )

2
√

q2s + cT 2
f(q̃)qs (3.20)

= −4πλ

∫ ps

0

qsdqs
2π

1

p−

tanh(
β
√

q2s+cT 2

2 )

2
√

q2s + cT 2
f(q̃)qs. (3.21)

Here we used (3.11), (D.23) and

∫ 2π

0

dφ

2π

1

(p− q)−
=

θ(ps − qs)

p−
. (3.22)

Therefore we obtain

g(p̃) = −4πλ

p2s

∫ ps

0

qsdqs
2π

tanh(
β
√

q2s+cT 2

2 )
√

q2s + cT 2
f(q̃)qs. (3.23)

Now (3.17) implies that f(p̃) ∼ 1
p̃ around p ∼ 0, we find that g(p̃) behaves as g(p̃) ∼ O(1)

around p ∼ 0. Therefore, the singular term in terms of momentum in (3.19) has to vanish
and we obtain

c =

{
2λ

(
log(2 cosh(

√
c

2
))− x4 log(2 sinh(

√
σ

2
))

)}2

. (3.24)
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Therefore we find

Σ2 = −4λ2x4

β2

(
−
(
log(2 cosh(

√
c

2
))

)2

+ 2x4 log(2 sinh(

√
σ

2
)) log(2 cosh(

√
c

2
))

)
. (3.32)

Collecting these contributions, we find the solution for σ as

σ = λ2

[
(1 + 3x6)

(
log(2 sinh(

√
σ

2
))

)2

− 8x2
4 log(2 sinh(

√
σ

2
)) log(2 cosh(

√
c

2
))

+ 4x4

(
log(2 cosh(

√
c

2
))

)2]
. (3.33)

On the rhs the function
√
σ is to be taken as the positive root.

Let us conclude this subsection by summarising the results obtained so far. The self
energy for the boson is given in (3.4) and for the fermion is given in (3.5) with the functions
f, g being given in (3.17) and (3.18). These answers depend on two coefficients c, σ which
are obtained by solving the two equations (3.24), (3.33). These expressions for the self
energies are some of the main results of this paper.

3.3 Exact free energy

In this subsection we compute the free energy of the Chern-Simons-matter system on
R2×S1. For this purpose, we divide the free energy density F into each contribution from
scalar field, fermionic field and their interaction, denoted by FB, FF , FBF , respectively.
They are given by

FB =
S̃B(T )− S̃B(0)

V
, FF =

S̃F (T )− S̃F (0)

V
, FBF =

S̃BF (T )− S̃BF (0)

V
, (3.34)

where S̃B(T ), S̃F (T ), S̃BF (T ) are respectively the contributions to the effective action com-
ing from scalar field, fermionic field and their interaction on R2 × S1

S̃B(T ) = NV
1

β

∑

q3:B

∫
d2q

(2π)2

(
log

(
q2 + ΣB(q)

)
− 2

3

ΣB(q)

q2 + ΣB(q)

)
, (3.35)

S̃F (T ) = NV
1

β

∑

q3:F

∫
d2q

(2π)2
tr

(
− ln (iγµqµ + ΣF (q)) +

1

2
ΣF (q)

1

iγµqµ + ΣF (q)

)
, (3.36)

S̃BF (T ) = −4πλx4NV

6

1

β

∑

q3:B

∫
d2q

(2π)2
1

q2 + ΣB(q)

1

β

∑

p3:F

∫
d2p

(2π)2
tr

(
1

iγµpµ + ΣF (p)

)
,

(3.37)

and S̃B(0), S̃F (0), S̃BF (0) are on R3.
In what follows we compute FB, FF , FBF separately.
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3.2 Exact self energy

In this subsection, we solve the gap equation at nonzero temperature. Using the replace-
ment rules described above the gap equations become:

ΣF,+(p) = −2πiλ
1

β

∑

q3:F

∫
d2q

(2π)2
1

(p− q)−
tr

1

iγµqµ + ΣF (q)
,

ΣF,I(p) = −2πiλ
1

β

∑

q3:F

∫
d2q

(2π)2
1

(p− q)−
tr

γ−

iγµqµ + ΣF (q)
+ 4πλx4

1

β

∑

q3:B

∫
d2q

(2π)2
1

q2 + ΣB(q)
,

ΣB(p) =
1

β2

∑

q3:B

∫
d2q

(2π)2

∑

q′3:B

∫
d2q′

(2π)2

[
C2(p, q, q

′) + C2(q, p, q
′) + C2(q, q

′, p)
] 1

q2 + ΣB(q)

1

q′2 + ΣB(q′)

− 4πλx4
1

β

∑

q3:F

∫
d2q

(2π)2
tr

1

iγµqµ + ΣF (q)
. (3.3)

Our strategy for solving these equations will be similar to that used in the zero temper-
ature case in section 2.3. We start with the third equation in (3.3) which determines ΣB.
The only dependence on the external momentum on the rhs of this equation is through the
coefficients C2(p, q, q′) which are independent of the third component of the momentum.
An argument similar to that in the zero temperature case shows that the dependence of
the rhs on p+, p− also vanishes. It therefore follows that ΣB must only depend on the
temperature and we can set

ΣB(p) = σT 2, (3.4)

where σ is a constant with a non-trivial dependence on λ which needs to be determined.
Next we turn to the first two equations in (3.3) which determine ΣF,I ,ΣF,+. Once again

the rhs of these two equations do not depend on p3. Rotational invariance in the 1-2 plane
and dimensional analysis then allow us to write

ΣF,I(p) = f(p̃)ps, ΣF,+(p) = ig(p̃)p+, (3.5)

where f(p̃), g(p̃) are undetermined functions of p̃ = ps
T , which is dimensionless.

3.2.1 Self energy of fermionic field

Using the ansatz in (3.5) the first two equations in (3.3) take the form

g(p̃)p+ = −4πλ
1

β

∑

q3:F

∫
d2q

(2π)2
1

(p− q)−

f(q̃)qs
(1 + g(q̃) + f(q̃)2)q2s + q23

, (3.6)

f(p̃)ps = 4πλ
1

β

∑

q3:F

∫
d2q

(2π)2
1

(p− q)−

q−
(1 + g(q̃) + f(q̃)2)q2s + q23

+ 4πλx4
1

β

∑

q3:B

∫
d2q

(2π)2
1

q2 + σT 2
.

(3.7)
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(2) Free energy densitySumming up all terms and simplifying we obtain the free energy density as follows.

F =
NT 3

6π

[
−
√
σ
3
+
√
c
3
+ 2σ log(2 sinh(

√
σ

2
))− 3

2
c log(2 cosh(

√
c

2
))

− 2λ2 log(2 cosh(

√
c

2
))

{
log(2 cosh(

√
c

2
))− x4 log(2 sinh(

√
σ

2
))

}2

+ 6

∫ ∞

√
σ

dyy log(1− e−y)− 6

∫ ∞

√
c

dyy log(1 + e−y)

]
. (3.57)

The functions
√
c and

√
σ which appear on the rhs stand for the positive values of the

square root function.
Th expression for the free energy density in (3.57), which is valid to all orders in the

’t Hooft coupling λ and the other couplings, x4 and x6, is one of the main results of this
paper. Note that the coefficients c, σ which appear in (3.57) can be obtained in terms of
the couplings and the temperature from (3.24) and (3.33).

3.4 Supersymmetric case

3.4.1 N = 2 case

So far our analysis has been carried out for general values of the couplings x4, x6 defined in
(2.5). One of our main motivations is to study the N = 2 SUSY theory in our setup and
we turn to applying our general results to this theory now. For the N = 2 theory x4, x6

satisfy the relation8

x4 = x6 = 1 (3.58)

in the large N limit. More details on the N = 2 theory can be found in appendix F.1.
The self energy of the boson and the fermion was given in (3.4), (3.5), (3.6), (3.7),

in terms of the constants σ and c which are determined by (3.33), (3.24). The equation
(3.33), which determines σ, for the choice of couplings (3.58) reduces to

σ = 4λ2

(
log(2 sinh(

√
σ

2
))− log(2 cosh(

√
c

2
))

)2

. (3.59)

On the other hand (3.24) becomes

c = 4λ2

(
log(2 cosh(

√
c

2
))− log(2 sinh(

√
σ

2
))

)2

. (3.60)

From these we find9
√
σ =

√
c = 2|λ| log(coth

√
c

2
). (3.61)

8The N = 2 theory has two additional couplings x′
4, x

′′
4 defined in (2.5) which take values x′

4 = 1, x′′
4 = 0

in the large N limit. Their effects are suppressed in the large N limit, however.
9√σ,

√
c in the solution stand for the positive root.
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N=1 case
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Figure 2: In Fig.2(a), we plot the
√
c and

√
σ as a function of λ by undotted and dotted

lines, respectively, when w = 0. They are finite when 0 ≤ λ < 2 and divergent at λ = 2. In
Fig.2(b), the free energy density divided by −NT 3 is shown as a function of λ with w = 0.
−F > 0 when 0 ≤ λ < 2 and F = 0 at λ = 2.

3.4.2 N = 1 case

Another interesting case to consider is that of N = 1 SUSY11. N = 1 supersymmetry is
realized when the coefficients (2.5) are given by

x4 =
1 + w

2
, x′

4 = w, x′′
4 = w − 1, x6 = w2, (3.68)

where w is a constant, which appears as a coefficient of superpotential (F.36). More details
on the Chern-Simons-matter action of this theory can be found in Appendix F.2. The large
N limit of this theory is therefore characterized by two parameters, λ and w.

Let us now briefly consider the behavior for varying values of w ∈ [0, 1].

w = 0 In this case the N = 1 superpotential (F.36) vanishes. The graphs of
√
c,
√
σ are

shown in Fig.2(a) and that of free energy density (with some normalization) is in Fig.2(b).
From Fig.2(a), one can read off that

√
c and

√
σ monotonically increase up to λ = 2

and are divergent at that point. Since
√
c and

√
σ correspond to the thermal masses of the

fermion and scalar respectively we see that these masses diverge at λ = 2. Correspondingly
the free energy density with minus sign, which is shown in Fig.2(b), is a monotonically
decreasing function of λ and vanishes at λ = 2. This behavior of the system is consistent
with the following picture. As the coupling constant λ increases in value the thermal
masses grow and the finite temperature correlations become shorter ranged. Finally, at
λ = 2 the thermal masses diverge causing the effective degrees of freedom to vanish and
thus leading to a vanishing free energy density.

0 ≤ w ≤ 1 In this region,
√
c,

√
σ and the free energy behave qualitatively in the same

manner as the w = 0 case. Both
√
c and

√
σ monotonically increase with respect to λ and

blow up at some λ = λcr, and the free energy, with a minus sign, decreases monotonically

11 Application to N = 1 is first suggested by S. Kim. We thank him for discussion. Issues related to
conformal invariance in this case will be briefly discussed in Section 4
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Finite temperature
N=2 case

Summing up all terms and simplifying we obtain the free energy density as follows.

F =
NT 3

6π

[
−
√
σ
3
+
√
c
3
+ 2σ log(2 sinh(

√
σ

2
))− 3

2
c log(2 cosh(

√
c

2
))

− 2λ2 log(2 cosh(

√
c

2
))

{
log(2 cosh(

√
c

2
))− x4 log(2 sinh(

√
σ

2
))

}2

+ 6

∫ ∞

√
σ

dyy log(1− e−y)− 6

∫ ∞

√
c

dyy log(1 + e−y)

]
. (3.57)

The functions
√
c and

√
σ which appear on the rhs stand for the positive values of the

square root function.
Th expression for the free energy density in (3.57), which is valid to all orders in the

’t Hooft coupling λ and the other couplings, x4 and x6, is one of the main results of this
paper. Note that the coefficients c, σ which appear in (3.57) can be obtained in terms of
the couplings and the temperature from (3.24) and (3.33).

3.4 Supersymmetric case

3.4.1 N = 2 case

So far our analysis has been carried out for general values of the couplings x4, x6 defined in
(2.5). One of our main motivations is to study the N = 2 SUSY theory in our setup and
we turn to applying our general results to this theory now. For the N = 2 theory x4, x6

satisfy the relation8

x4 = x6 = 1 (3.58)

in the large N limit. More details on the N = 2 theory can be found in appendix F.1.
The self energy of the boson and the fermion was given in (3.4), (3.5), (3.6), (3.7),

in terms of the constants σ and c which are determined by (3.33), (3.24). The equation
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On the other hand (3.24) becomes
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From these we find9
√
σ =

√
c = 2|λ| log(coth

√
c

2
). (3.61)

8The N = 2 theory has two additional couplings x′
4, x

′′
4 defined in (2.5) which take values x′

4 = 1, x′′
4 = 0

in the large N limit. Their effects are suppressed in the large N limit, however.
9√σ,

√
c in the solution stand for the positive root.
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Summing up all terms and simplifying we obtain the free energy density as follows.
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square root function.
Th expression for the free energy density in (3.57), which is valid to all orders in the
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Figure 1: In Fig.1(a),
√
c and

√
σ are shown as a function of λ by undotted and dotted

lines, respectively, when N = 2. They are degenerate and finite in all region of λ. In
Fig.1(b), the free energy density normalized by −NT 3 is also finite in all region of λ.

This implies that the thermal masses of the scalar and fermion become the same in N = 2
supersymmetric case. Correspondingly there is also a simplification in the free energy
density which in this case becomes10

F = −NT 3

6π

(√
c
3

|λ| + 6

∫ ∞

√
c

dyy log(coth
y

2
)

)
(3.62)

= −NT 3

6π

(
21

2
ζ(3) +

√
c
3

|λ| − 6

∫ √
c

0

dyy log(coth
y

2
)

)
. (3.63)

As seen from Figure 1(a), 1(b), the parameters
√
c,
√
σ and the free energy density are

all finite in the whole region of |λ| ∈ [0,∞). This is to be contrasted with the case of a
fermion coupled to the CS gauge field [12] where the thermal mass diverges and the free
energy density vanishes at |λ| = 1 We will comment on this difference more in Section 3.5.

The asymptotic behaviors as |λ| → 0,∞ are also worth commenting on. Around |λ| ∼ 0
we see from (3.61) and (3.62) that

√
c and the free energy behaves as

√
c ∼ −2λ log λ(− log λ)

1
log λ , (3.64)

F ∼ −NT 3

6π

(
21

2
ζ(3) + 8λ2(− log λ)

3
log λ (log λ)2(3 log 2(1 + log λ)− log λ)

)
. (3.65)

Around |λ| ∼ ∞,
√
c diverges and the free energy density vanishes as

√
c ∼ log 4λ− log log 4λ+

log log 4λ

log 4λ
, (3.66)

F ∼ −NT 3

6π

(log(4λ))3

λ
. (3.67)

10Note that we obtained the same results for c (3.61) and the free energy density (3.62) by momentum
cut-off regularization. We checked that the divergences appearing in the gap equations (3.61) and the free
energy (3.62) in this regularization scheme cancel. See also [25] for cancellation of divergence in N = 2
case.
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all finite in the whole region of |λ| ∈ [0,∞). This is to be contrasted with the case of a
fermion coupled to the CS gauge field [12] where the thermal mass diverges and the free
energy density vanishes at |λ| = 1 We will comment on this difference more in Section 3.5.
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10Note that we obtained the same results for c (3.61) and the free energy density (3.62) by momentum
cut-off regularization. We checked that the divergences appearing in the gap equations (3.61) and the free
energy (3.62) in this regularization scheme cancel. See also [25] for cancellation of divergence in N = 2
case.
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→ UV completion by Yang_Mills term!?
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Figure 3: In Fig.3(a),
√
c and

√
σ are plotted as a function of λ by undotted and dotted

lines, respectively, when w = 0.5. They are finite when 0 ≤ λ < 4 and divergent at λ = 4.
In Fig.3(b), the free energy density divided by −NT 3 is shown. −F > 0 when 0 ≤ λ < 4
and F = 0 at λ = 4.

in term of λ and vanishes at λ = λcr. We show representative graphs of these functions in
Fig.3(a), 3(b) when w = 1

2 and λcr = 4.
The w = 1 case corresponds to the N = 2 theory. As w approaches this value one find

that λcr goes to larger values eventually becoming infinite when w = 1, in agreement with
our discussion of the N = 2 theory above.

3.5 Additional comments

In this subsection we comment further on the results obtained above for the solution to the
gap equations and the free energy at finite temperature. We saw in the previous subsection
that for the N = 2 case the magnitude of the free energy |F | monotonically decreases from
its free value and vanishes in the limit when λ → ∞. The thermal masses for the fermion
and the boson are also well defined for all finite values of |λ| and diverge at |λ| →∞ .

This behavior is different from what was found in the study of a single fundamental
fermion coupled to the CS gauge field [12]. In that case the free energy vanishes at |λ| = 1
with the thermal mass also diverges at that value of |λ|. This behavior suggests that
the conformal theory stops existing beyond |λ| = 1. An explanation was given in [12]
as follows. First, consider a theory in the UV which contains a Yang Mills term in its
Lagrangian besides also containing a CS term. The YM term dominates in the UV and
this theory can be regulated using any standard regulator. Now starting with such a theory
suppose we match in the IR to a theory which only contains the CS term for the gauge field.
The YM coupling, g2YM has dimensions of mass so it would natural to do this sufficiently
below the g2UV mass scale. On carrying out this matching one finds that the level of the
CS term in the IR theory is shifted compared to its value in the UV theory. This shift was
calculated in [26] and found to be

|kIR| = |kUV |+N. (3.69)

In the UV theory, since the UV behavior is that of a conventional YM theory, kUV can take
all values and therefore |λUV | ∈ [0,∞). From (3.69) it then follows that λ = N

kIR
satisfies

25
!!

|kIR| = |kUV |+N − N

2

the relation

|λ| = |λUV |
1 + |λUV |

≤ 1, (3.70)

in agreement with the expectation coming from the free energy calculation that the con-
formal theory does not exist for larger values of |λ|.

In fact an argument along these lines, now for the N = 2 theory leads to the conclusion
that the conformal theory in this case should continue to exist for all values of λ. In the
N = 2 case if one starts in the UV with an additional Yang Mills term for the gauge
field one must also add its supersymmetric completion which involves additional adjoint
fermions. It turns out that when one matches to the IR theory without the SUSY Yang
Mills term now there is no shift in the CS level. The gauge field results in the shift (3.69)
but the two (real) fermions give rise to an exactly opposite shift making the net total shift
in the CS level vanish12. This conclusion is in agreement with our results for the N = 2
theory. As mentioned above in this case the free energy does not vanish for any finite value
of λ (Figure 1(b)) and the thermal mass of the fermion and boson also remain finite for all
finite values of λ (Figure 1(a)).

Another interesting case is one with N = 1 supersymmetry with the parameter w
defined in (3.68) set to vanish. In this case the SUSY completion of the Yang Mills term
requires us to add one real adjoint fermion. Integrating out this fermion results in a shift
k → k −N/2 so that the net shift, after including the effects of the gauge field, are

|kIR| = |kUV |+
N

2
(3.71)

and the resulting value of the ’t Hooft coupling is

|λ| = |λUV |
1 + |λUV |

2

≤ 2. (3.72)

When λUV → ∞ we see that λ → 2 which is exactly the value we found in Figure 2(a),
2(b) where the free energy vanishes and the thermal masses blow up.

These observations serve as consistency checks on the results we have obtained.

4 Discussion

In this paper we have studied SU(N) level k Chern-Simons gauge theory with matter
consisting of fermions and bosons in the fundamental representation. We calculated the
self-energy for the matter fields and also obtained the free energy at finite temperature,
in the ’t Hooft limit. Our leading large N results, which were obtained using a saddle
point method, are valid to all orders in the ’t Hooft coupling. Although our emphasis in
the study has been on the N = 2 theory with one chiral superfield in the fundamental
representation, much of the analysis is general and would apply to other conformal field
theories in this class as well. Our results show that the free energy, F , of the N = 2 theory

12In addition the supersymmetric multiplet also contains a real scalar. However integrating it out does
not lead to a shift in the CS level.
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our discussion of the N = 2 theory above.

3.5 Additional comments

In this subsection we comment further on the results obtained above for the solution to the
gap equations and the free energy at finite temperature. We saw in the previous subsection
that for the N = 2 case the magnitude of the free energy |F | monotonically decreases from
its free value and vanishes in the limit when λ → ∞. The thermal masses for the fermion
and the boson are also well defined for all finite values of |λ| and diverge at |λ| →∞ .

This behavior is different from what was found in the study of a single fundamental
fermion coupled to the CS gauge field [12]. In that case the free energy vanishes at |λ| = 1
with the thermal mass also diverges at that value of |λ|. This behavior suggests that
the conformal theory stops existing beyond |λ| = 1. An explanation was given in [12]
as follows. First, consider a theory in the UV which contains a Yang Mills term in its
Lagrangian besides also containing a CS term. The YM term dominates in the UV and
this theory can be regulated using any standard regulator. Now starting with such a theory
suppose we match in the IR to a theory which only contains the CS term for the gauge field.
The YM coupling, g2YM has dimensions of mass so it would natural to do this sufficiently
below the g2UV mass scale. On carrying out this matching one finds that the level of the
CS term in the IR theory is shifted compared to its value in the UV theory. This shift was
calculated in [26] and found to be

|kIR| = |kUV |+N. (3.69)

In the UV theory, since the UV behavior is that of a conventional YM theory, kUV can take
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・ We study SU(N)k CS-vector model in the ‘t Hooft limit.

Summary

・ We determined self-energy, free energy of matter fields

・ We discussed the relation of the system to UV theory 
incorporated with YM kinetic term. 

exactly for all orders of λ.

・ The thermal mass and free energy are well-behaved. 

・ In N=2 case the solution exists for all values of λ, 

as interaction stronger, correlation length shorter and DOF less. 

which is consistent with exact SC symmetry for ∀N, k.
cf. N=4 SYM in 4d

・ In N=1 case the solution stops existing at some λ. 



Discussion

・ Higher spin currents and their correlation functions

・ Validity of our gauge choice, Lorentz invariance

…

・ Finite volume analysis (ex. S2xS1, S3)
cf. [Klebanov_Pufu_Sachdev_Safdi arXiv:1112.5342]

・ Seiberg-like duality cf. [Giveon_Kutasov ’08], [ABJ ’08]

・ Dual SUSY parity Vasiliev theories
[Chang_Minwalla_Sharma_Yin ’12], [Sezgin_Sundell ’12]

[Aharony_Guri-Ari_Yacoby ’12], [Maldacena_Ziboedov ’12]

・ 3d bosonization [Maldacena_Ziboedov ’12]

・ dS4/CFT3 (Sp(N) vector model)

[Strominger et al]
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