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Abstract

The quantum loop algebra Uq(Lg) is a quantum affinization of
simple Lie algebra g originally introduced in the context of
theoretical physics (lattice models, quantum integrable systems).

The category Cg of finite-dimensional modules over Uq(Lg) is
very interesting and has been studied in relation with Nakajima
quiver varieties, cluster algebras, etc.

In this talk, we discuss

quantum Grothendieck ring Kt(Cg), a deformation of the
Grothendieck ring K(Cg), endowed with a canonical basis
consisting of the so-called simple (q,t)-characters,

isomorphisms among those of different types respecting the
canonical bases, and their cluster theoretical interpretation.
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Quantum loop algebras

g
simple Lie algebra/C

Uq(g)
Quantum group

Lg := g⊗ C[z±1]
Loop algebra

Uq(Lg)
Quantum loop algebra

Dynkin diagram
An, Bn, . . . , G2

quantization affinization

affinization quantization

1 : 1
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Categories of representations

In what follows, we always assume q ∈ C× is NOT a root of 1.

RepU := category of finite-dimensional modules over U

Category Homological prop. Tensor prod.

RepU(g) semisimple symmetric

RepUq(g) semisimple non-symmetric

RepU(Lg) non-semisimple symmetric

RepUq(Lg) non-semisimple non-symmetric

In fact, the category RepUq(Lg) is not even braided. There are
many pairs V1, V2 such that

V1 ⊗ V2 6∼= V2 ⊗ V1 in Uq(Lg)-mod.

Cluster structure of RepUq(Lg) gives a partial answer to

when does such a non-commutative phenomenon occur ?
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(Usual) Grothendieck rings K(C )

Let C be a monoidal abelian category.

K(C ) :=
⊕
X∈C

Z[X]

/〈
[X] = [Y ] + [Z],
if 0→ Y → X → Z → 0 exact in C

〉
Ring structure :

[X] · [Y ] := [X ⊗ Y ] =
∑

L∈irrC

[X ⊗ Y : L][L]

If each object has finite length, K(C ) has the canonical basis

{[L] | L ∈ irrC }

whose structure constants are all non-negative.
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Classical characters

Spectral decomposition w.r.t. the action of Cartan h ⊂ g gives the
character χ(V ) =

∑
µ∈h∗(dimVµ)e

µ of V ∈ RepU(g). This yields

χ : K(RepU(g))
≃−→ Z[y±1

i | i ∈ I]Wg ,

where

I is the set of Dynkin nodes,

yi = eϖi with $i being the i-th fundamental weight,

Wg is the Weyl group of g.

Recall the parametrization of irreducible representations⊕
i∈I

Z≥0$i
1:1←→ irr(RepU(g)); λ 7→ V (λ): highest weight rep

and that χ(V (λ)) is explicit by Weyl’s character formula.
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q-characters

In what follows, we set Cg := RepUq(Lg).

Theorem (Chari–Pressley ’94)

P+ :=
⊕

i∈I,a∈C×

Z≥0$i,a
1:1←→ irrCg; λ 7→ L(λ): `-highest wt rep

Theorem (E. Frenkel–Reshetikhin ’98)

Spectral decomposition w.r.t. the action of Uq(Lh) ⊂ Uq(Lg)
yields the q-character homomorphism

χq : K(Cg) ↪→ Yg := Z[Y ±1
i,a | i ∈ I, a ∈ C×].

In particular, K(Cg) is commutative.
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q-characters (continuation)

Example (g = sl2 case)

Va := L($a): 2-dim vector rep (a ∈ C×), χq(Va) = Ya + Y −1
aq2

.

When a/b 6∈ {q2, q−2}, we have

Va ⊗ Vb
∼= L($a +$b) ∼= Vb ⊗ Va.

When b = aq2, letting L = L($a +$aq2), we have

0 → C → Va ⊗ Vaq2 → L → 0

6∼ =
0 → L → Vaq2 ⊗ Va → C → 0,

χq(L) = χq(Va)χq(Vaq2)− 1 = YaYaq2 + YaY
−1
aq4

+ Y −1
aq2

Y −1
aq4

.

Problem: No uniform formula for χq(L(λ)) is known beyond sl2.
⇝ Kazhdan-Lusztig type approach
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Recall : Original Kazhdan–Lusztig theory

O0 : Principal block of the BGG category of g (not s.s.)

Its Grothendieck group K(O0) has two bases :

{[irrep]} ← characters are difficult (want to know)

{[Verma]} ← characters are easy

Kazhdan–Lusztig conjecture

K(O0) ∼= ZWg
oo t=1 Ht(Wg): Iwahori-Hecke alg

{[Verma]} oo � standard basis
compute with an algorithm��

{[irrep]} oo ? � canonical (KL) basis

[Verma : irrep] oo
?

transition matrix (KL polynomials)

The famous proof by Beilinson–Bernstein & Brylinski–Kashiwara
requires the use of geometry of flag manifolds.
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Quantum Grothendieck ring Kt(Cg)

The quantum Grothendieck ring Kt(Cg) is a non-commutative
t-deformation of K(Cg) introduced by

[Nakajima ’04] and [Varagnolo-Vasserot ’03] for types ADE,

[Hernandez ’04] for general g.

We have a commutative diagram :

K(Cg)
χq∼=

⋂
i∈I KerSi ⊂ Yg = Z[Y ±1

i,a | i ∈ I, a ∈ C×]

Kt(Cg)

t=1

OO

:=
⋂

i∈I KerSi,t ⊂ Yg,t =

t=1

OO

(Yg ⊗ Z[t±1/2], ∗)

where

Yg,t is a quantum torus (∗ denotes a deformed product),

Si is the “screening operator”, and Si,t is its t-deformation.
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Simple (q, t)-characters and KL theory in types ADE

Theorem (Nakajima (types ADE), Hernandez (general g))

There is a canonical basis {Lt(λ)}λ∈P+ of Kt(Cg) consisting of
“simple (q, t)-characters”, computed by an analog of KL algorithm
from a standard basis (ordered products of Lt($i,a)’s.)

Theorem (Nakajima ’03 + Varagnolo–Vasserot ’03)

If g is of type ADE, we have the following:

(KL) Lt(λ)|t=1 = χq(L(λ)) for each λ ∈ P+;

(P1) Lt(λ) ∈ Yg,t has coefficients in Z≥0[t
±1/2] for each λ ∈ P+;

(P2) The basis {Lt(λ)}λ∈P+ has structure constants in Z≥0[t
±1/2].

The proof uses the geometry of Nakajima quiver varieties, which is
fully developped only for types ADE at this moment.
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Recent progress on the other types BCFG

(KL) Lt(λ)|t=1 = χq(L(λ)) for each λ ∈ P+;

(P1) Lt(λ) ∈ Yg,t has coefficients in Z≥0[t
±1/2] for each λ ∈ P+;

(P2) The basis {Lt(λ)}λ∈P+ has structure constants in Z≥0[t
±1/2].

Conjecture (Hernandez)

The properties (KL), (P1), and (P2) hold true for general g.

Theorem (F.–Hernandez–Oh–Oya ’22 + preprint ’23)

(P1) and (P2) hold true for general g.

(KL) holds true in the following two cases:

(Case 1) when g is of type B (with any λ),

(Case 2) when L(λ) is “reachable” (with any g).

Our proof uses the theory of cluster algebras and categorifications.

Ryo Fujita Isomorphisms among quantum Grothendieck rings



Plan

(i) Representation theory of quantum loop algebras

(ii) Quantum Grothendieck rings and simple (q, t)-characters

(iii) Isomorphisms among quantum Grothendieck rings

(iv) Cluster theoretical interpretation

Ryo Fujita Isomorphisms among quantum Grothendieck rings



Isomorphisms among quantum Grothendieck rings

Theorem (FHOO ’22)

Let g be of types BCFG. There is an isom. of Z[t±1/2]-algebras

Ψ: Kt(Cg)
≃−→ Kt(Cg̃)

respecting the canonical bases, where g̃ is the “unfolding” of g.

g g̃

Bn

2 2 2 1
· · ·

Cn

1 1 1 2
· · ·

F4

2 2 1 1

G2

3 1

A2n−1
· · ·
· · ·

Dn+1 · · ·

E6

D4

Here di = (αi, αi)/2 ∈ {1, r} and r is the lacing number of g.
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Proof of (P2)

Theorem (FHOO ’22)

Let g be of types BCFG. There is an isom. of Z[t±1/2]-algebras

Ψ: Kt(Cg)
≃−→ Kt(Cg̃)

respecting the canonical bases, where g̃ is the “unfolding” of g.

Corollary (“Propagation of positivity”)

The positivity of the structure constants (P2) is also true for g of
types BCFG.

Remark

Actually, we obtain a collection of such isomorphisms Ψ labelled by
the so-called Q-data introduced by [F.–Oh 21].
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Proof of (KL) for type B = Categorification of Ψ|t=1

Theorem (Kashiwara–Kim–Oh ’19)

When (g, g̃) = (Bn, A2n−1), there are exact ⊗-functors

CBn ← T → CA2n−1 ,

where T is a certain monoid. cat. of rep’s of affine Hecke algebra
of GL’s. This induces an ring isom. F : K(CBn) ' K(CA2n−1) with
a bijection between the simple classes.

Theorem (FHOO ’22)

The following diagram commutes (with a special choice of Q-data).

Kt(CBn)
Ψ //

t=1 ��

Kt(CA2n−1)

t=1��
K(CBn)

F // K(CA2n−1)
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Notation

Fix a parity function ε : I → {0, 1} such that

εi ≡ εj +min(di, dj) mod 2 if i and j are adjacent.

Example

Type A2n−1:
0 1 1 0

· · · or
1 0 0 1

· · · .

Type Bn:
0 0 0 1

· · · or
1 1 1 0

· · · .

Type C2n:
0 1 0 0

· · · or
1 0 1 1

· · · .

Type D2n+1:

0 1
· · ·

0
1

1
or

1 0
· · ·

1
0

0
.
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Hernandez–Leclerc’s category C −g

Definition (Hernandez–Leclerc ’16)

Define the category C−
g to be the Serre subcategory of Cg s.t.

L(λ) ∈ C−
g ⇐⇒ λ ∈

⊕
i∈I,k∈Z≥0

Z≥0$i,q−εi−2k

The category C−
g is a monoidal subcategory which contains

essential information of Cg in the following sense:

Proposition

Each prime simple module in Cg is contained in C−
g after a

suitable spectral parameter shift L($i,a) 7→ L($i,ca).

Theorem (Kashiwara–Kim–Oh–Park, conj. by Hernandez–Leclerc)

The category C−
g gives the monoidal categorification of a cluster

algebra A(Γ−
g ) (to be explained).
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Recall: Cluster algebra

Q: quiver (with no loops, no 2-cycles)

⇝ Cluster algebra A(Q) ⊂ Q(xi | i ∈ Q0)

A(Q) has a distinguished linearly-independent set of cluster
monomials, which are grouped into overlapping
multiplication-closed subsets of clusters.

Each cluster is obtained from the initial cluster by a finite
sequence of birational transformations called mutations.

This mutation procedure involves the quiver mutation.

Ryo Fujita Isomorphisms among quantum Grothendieck rings



Recall: Quiver mutation

For k ∈ Q0, the mutated quiver µkQ of Q is obtained from Q by

1 adding an arrow i→ j for each subquiver (i→ k → j) ⊂ Q;

2 reversing all the arrows adjacent to k;

3 removing all the 2-cycles (if any).

Then, we have

Q(xi)i∈Q0

mutation−−−−−→ Q(xi)i∈Q0

⊂ ⊂

A(µkQ)
∼−→ A(Q)

⊂ ⊂

{cluster monomials} 1:1←→ {cluster monomials}.
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The quiver Γ−g

Define an infinite quiver Γ−
g by:

(Γ−
g )0 = {(i,−εi − 2k) | i ∈ I, k ∈ Z≥0},

(i, p)→ (j, s) iff cij 6= 0 and s− dj = p− di + dicij ,

where (cij)i,j∈I is the Cartan matrix of g. (Note dicij = djcji.)

Example (Types A3 and B2)

A3 :

(i \ p) · · · −13 −12 −11 −10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0

1 · · · • cc •// cc •// cc •// cc •// cc •// cc •// cc

2 · · · •// cc
{{ •// cc

{{ •// cc
{{ •// cc

{{ •// cc
{{ •// cc

{{ •//

3 · · · • {{ •// {{ •// {{ •// {{ •// {{ •// {{ •// {{

B2 :

(i \ p) · · · −13 −12 −11 −10 −9 −8 −7 −6 −5 −4 −3 −2 −1 0

1 · · · •// cc •// cc •// cc

2 · · · ss •// kk •// ss •// kk •// ss •// kk •// •//

1 · · · • {{ •// {{ •// {{ •// {{
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Monoidal categorification

Theorem (Kashiwara–Kim–Oh–Park, preprint ’21)

The category C−
g gives the monoidal categorification of the cluster

algebra A(Γ−
g ), i.e., we have an isomorphism

η̄g : A(Γ−
g )

≃−→ K(C−
g )

⊂ ⊂

{cluster monomials} ↪→ irrC−
g .

Definition

L ∈ irrC−
g : reachable ⇐⇒ L ∈ η̄g({cluster monomials})

For example, fundamental and KR modules are reachable.

η̄g({cluster monomials}) 6= irrC−
g unless g = sl2.

Expectation:

η̄g({cluster monomials}) ?
= {real simple modules}.
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A quantum analog of monoidal categorification

Theorem (FHOO preprint ’23)

The cluster algebra A(Γ−
g ) can be upgraded to a quantum cluster

algebra At(Γ
−
g ), and we have an isomorphism

ηg : At(Γ
−
g )

≃−→ Kt(C−
g )

⊂ ⊂

{quantum cluster monomials} ↪→ {Lt(λ)}L(λ)∈irrC−
g
.

Moreover, we have
ηg|t=1 = η̄g.

Our proof uses a cluster theoretical interpretation of the isom Ψ.

Corollary

(KL) Lt(λ)|t=1 = χq(L(λ)) holds for any reachable modules.
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Isomorphism Ψ as mutation equivalence

Let g be of types BCFG, and g̃ the unfolding of g.
We have Ψ(Kt(C−

g )) = Kt(C
−
g̃
) (with a special choice of Q-data).

Theorem (FHOO preprint ’23)

There is an isomorphism

Φ: At(Γ
−
g )

≃−→ At(Γ
−
g̃
)

arising from an infinite (but locally finite) sequence of mutations,
and the following diagram commutes:

At(Γ
−
g )

Φ //

ηg
��

At(Γ
−
g̃
)

ηg̃
��

Kt(C−
g )

Ψ // Kt(C
−
g̃
).
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Example: B2/A3

Performing the mutation at ⋆’s in Γ−
A3

· · · • cc •// cc ⋆// cc •// cc •// cc •// cc ⋆// cc

· · · •// cc
{{ •// cc

{{ •// cc
{{ •// cc

{{ •// cc
{{ •// cc

{{ •//

· · · ⋆
{{

•// {{ •// {{ •// {{ ⋆//
{{

•// {{ •// {{

yields

· · · • cc • ((// ⋆oo

##
•oo cc •// cc •// ⋆oo

##· · · • {{ •// cc

;;

• cc •//
##

{{ • {{ •// cc

;;

•

· · · 88⋆
;;

•oo {{ •// {{ •// 66⋆oo

;;

•oo {{ •// {{

which is isomorphic to Γ−
B2

· · · •// cc •// cc •// cc

· · · ⋆ ss •// kk •// ss ⋆// kk •// ss •// kk ⋆// •//

· · · // • {{ •// {{ •// {{ •// {{
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Application: Substitution formula

Theorem (FHOO preprint ’23)

There is an isomorphism of Q(t1/2)-skew fields

Ψ̃ : Frac(Yg,t)
≃−→ Frac(Yg̃,t)

such that the following diagram commutes:

Frac(Yg,t)
⊂

Ψ̃ // Frac(Yg̃,t)

⊂

Yg,t

⊂

Yg̃,t

⊂

Kt(Cg)
Ψ // Kt(Cg̃).

In particular, Ψ̃ transforms each simple (q, t)-character for g into a
simple (q, t)-character for g̃. If (g, g̃) = (Bn, A2n−1), it gives a
bijection between the simple q-characters.
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Example: B2/A3

In our example above (B2 ⇝ A3), we have

Ψ̃|t=1(Yi,p) =



Y1,−3−8mY1,−1−8m if (i, p) = (1,−3− 12m),

Y1,−5−8m if (i, p) = (1,−7− 12m),

Y1,−7−8m if (i, p) = (1,−11− 12m),

Y2,−8m if (i, p) = (2,−12m),

Y2,−2−8mY −1
1,−1−8m + Y1,−3−8m if (i, p) = (2,−2− 12m),

(Y −1
1,−1−8m + Y −1

2,−2−8mY1,−3−8m)−1 if (i, p) = (2,−4− 12m),

Y2,−4−8m if (i, p) = (2,−6− 12m),

Y3,−7−8m + Y2,−6−8mY −1
3,−5−8m if (i, p) = (2,−8− 12m),

(Y −1
2,−6−8mY3,−7−8m + Y −1

3,−5−8m)−1 if (i, p) = (2,−10− 12m),

Y3,−1−8m if (i, p) = (1,−1− 12m),

Y3,−3−8m if (i, p) = (1,−5− 12m),

Y3,−7−8mY3,−5−8m if (i, p) = (1,−9− 12m),

where Yi,p := Yi,qp .
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Example: B2/A3

For example, the simple q-character

χq(LB2($1,q−7)) = Y1,−7 + Y2,−6Y2,−4Y
−1
1,−3 + Y2,−6Y

−1
2,−2

+ Y1,−5Y
−1
2,−4Y

−1
2,−2 + Y −1

1,−1

is transformed under Ψ̃|t=1 into

Y1,−5 +
Y2,−4

(Y −1
1,−1 + Y −1

2,−2Y1,−3)Y1,−3Y1,−1

+
Y2,−4

Y2,−2Y
−1
1,−1 + Y1,−3

+
Y3,−3(Y

−1
1,−1 + Y −1

2,−2Y1,−3)

Y2,−2Y
−1
1,−1 + Y1,−3

+ Y −1
3,−1

= Y1,−5 + Y2,−4

Y −1
1,−3Y

−1
1,−1 + Y −1

2,−2

Y −1
1,−1 + Y −1

2,−2Y1,−3

+ Y3,−3Y
−1
2,−2 + Y −1

3,−1

= Y1,−5 + Y2,−4Y
−1
1,−3 + Y3,−3Y

−1
2,−2 + Y −1

3,−1 = χq(LA3($1,q−5)).
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