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Rods configuration and dynamics

Y ={(y,v,r) € R? xR, }

Vi={YcR*: (y,y+r)n(y,y+F) =@, for all distinct (y,v,r),(y,v,7) e Y}
with the dynamics:

Time ¢

Time 0

- -
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Initial distribution for the Euler equation limit

du(v,r) a probability measure on R?.

po(q, v, r) a smooth density profile.

5(q,0) ::[/rﬁo(q, v,r)du(v,r),  #(q,0) ::[frvﬁo(q, v, r) du(v,r).

assume 0 < 5(q,0) < 1.

©(q, v, r) a test function with compact support in q.

P a probability distribution on the configuration space ) such that

e ), reley,v,r) r—°>bff w(q,v,r)rpo(q,v,r) dg du(v,r).

(y,v,r)eY
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Euler equation as hydrodynamic limit

Theorem

prob ~
Kip=¢ > ro(ey,v,r) —0>ff o(q,w,r)rpe(q,w,r) dg du(w,r),
(y7V7r)EUE—1tY &

where
atﬁt(qy v, r) + aq (Veff(q; v, t)ﬁt(qa v, r)) = 0’

V&(qa t) — 7hi_(qv t) _ v= 77['(q7 t)
1_&(q7 t) 1_&(q7 t)

5(a.0) = [[ rolav,n) du(v,n),  #(a.0)= [[ miav.r) dulv,n).

Veff(q7 v, t) =v+t
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From rods to free particles

Order the rods according to their positions. To each (y,v,r) € Y associate the compressed
position

X=y- Z r.

(.}77‘77F)EY
y<y
remove the space occupied by the rods
The hard-rod configuration is mapped into a configuration of points:
(.y7 V’ r) — (X7 V? r)'

In the compressed coordinates the interacting rod trajectories are mapped into free trajectories:

x(t) =x(0) + vt.
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Normal coordinates

We now perform exactly the same compression at the macroscopic level.

q t
x=X(q,t) ::q_fo a(q',t)dq'+fo 7(0, ) ds.

Since
8{0’ + 8q7f = O,
we have
(0gX=1-5, 0 X=7|
Hence

]atx + Vo X = v. \

Effective trajectories in physical space become free trajectories in compressed space.
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Euler equation in normal coordinates

Let
q=Z(x,1) = X(, 1) ().
Since dx = (1 -7) dq, define

ﬁt(Z(X, t)a v, r)
1-5(Z2(x,t),t)

pr(x,v,r) =

Then the nonlinear Euler equation becomes

‘atpt(xv v, r) N Vaxpt(x’ vy r) =0. ‘
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Solution of the Euler equation

In normal coordinates,
Iot(X’ v, I’) = pO(X_ vt, v, r)'

Therefore the characteristic starting from g with velocity v is

y(q,v.t) = Z(X(q,0) + vt, t).

Along this trajectory
d
ay(qa v, t) = Veﬁ(y(q7 v, t)a v, t)

Equivalently,

Ve (g, v, t) = v+ [/ r(v—w)p:(X(qg,t),w,r)du(w,r).
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Normal modes

Pull back the density in normal coordinates to physical space:

ﬁt(qv v, r)

p?(qv‘/ar) = pe(X(q,t),v,r) = 1-3(q t)'

Then

0epi(q, v, r) + Veg(q, v, t)0gpi(q,v,r) = 0.

The Euler equation is diagonal in the variables p}(q, v, r).

Along the characteristics,
p‘;(y(q7 V7 t)7 V7 r) = pg(qJ V7 r)’
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Fluctuations at the Euler scale

The hydrodynamic limit gives
K;:QD - m r(P(q7 v, r)ﬁt(qa v, r) dqd,l,L(V7 r)'

We now consider the fluctuations around this limit:

Vi (¢) = V—[wa fffrso(q,v r)pe(q,v,r)dqdu(v, r)]

Assume that at time 0
yg - yOa

for some random distribution ).
Then, for t >0, the fluctuations are obtained by transporting )y through the
linearized hard-rod dynamics.
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The idea for the Euler fluctuations

The evolution of the fluctuations can be decomposed into three steps:

rod compression point  free transport  point expansion rod

. é - é - é .
fluctuations at 0 fluctuations at 0 fluctuations at t fluctuations at t

At the fluctuation level, compression and expansion have to be linearized around the
macroscopic profile.

These linear transformations are expressed in terms of dressing operators.
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Dressing the fluctuations

The compression map depends itself on the density profile:

0qX(q,t)=1-5(q,t).

Therefore a fluctuation of the rod density produces both
@ a fluctuation of the density in normal coordinates,

@ a fluctuation of the coordinate transformation X'.

Linearizing this transformation defines the dressing operator

. . G, .
point fluctuations ———— rod fluctuations.

Its inverse C{,l;t transforms rod fluctuations into point fluctuations.
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Euler fluctuations: main result

Assume
Vo = o.
Then, for every t >0,
yf = Vi,
where Y is obtained from ) by
Yo dressing at 0 point fluctuations free transport point fluctuations at t

undressing at t

V.

The randomness is entirely contained in the initial field ).
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Euler fluctuations: main result

The linearized Euler evolution is

* ~—1
Uto = Cepe Ty Co -

Thus the evolution is simply

-1 * .
rod fluctuations Co’ﬁo point T; freely transported Ct,pz rod fluctuations
E— . .
Mo fluctuations fluctuations Vi

Hence
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The linearized Euler equation

Let Ft be a perturbation of the Euler solution p;. Then

8157';15 + ﬁtFt = 0,

where
EtF(q, v,r)= 8qlveg(q, v, t) F(q, v,r)
+ % (Vert(q, v, t) 35(q) - 75(q)) ]
with

(@) = [[ rhaw.)du(w, ), F5(a)= [[ wha,w,r) du(w,r).

Its propagator is Urg = Gt p, T{ CO’%O.
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The dressing operator

For a point fluctuation h, define

on(x, t):]]rh(x, v,r)ydu(v,r), Wh(x,t)://rvh(x, v,r)ydu(v,r),
and

X t
Zh(x,t):_/o Uh(x',t“)dx'—f0 7h(0,s) ds.

The dressing operator is explicitly

Conl 0001 = g [P -0 (2052 2400 )|

+o(x,t) 1+o(x,t)

This is the linearization of the expansion from points to rods.

In the homogeneous case, the coordinate-fluctuation term simplifies and C; ,, reduces to the
usual algebraic dressing operator.
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The inverse dressing operator

For a rod fluctuation 77, let

q t
X (q,t) = - .[0 Ez(q', t)dq' + _/0 71(0,5) ds.

Then

CrLIRI(X(q,8),v,r) = [Z(q, v.r) -0, (M%(q, t))] .

1
1-5(6], t) 1—6:(67, t) h

Compression and expansion are explicitly invertible also at the linearized level.
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Generation of long-range correlations

Suppose initially the fluctuations are locally correlated:

Roo(g,v,riq',v',r')=6(qg-q" ) To(q;v,r; V', r").

Under the linearized Euler evolution,
Rt,t = Ut,O RO,O U;o-

For an inhomogeneous background, the dressing operator is non-local in space. Consequently
the linearized evolution generically generates an off-diagonal contribution:

Rt = Rt‘ft + Rtlft, Rtlft(q, q)+0 forg#gq'.

Local correlations are not preserved by inhomogeneous Euler evolution.
Local GGE are not dynamically stable under inhomogeneous Euler evolution.
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Navier—Stokes correction

We now look at the first correction to the Euler limit:
]EK? = ﬁt + 5’1.71_- + 0(5).

More precisely,

g1 [E(ngo)—_[//rga(q, v, r)pe(q,v,r) dqd,u(v,r)]—>/[frgoﬁtdqdp.

We assume here that the initial fluctuation covariance Ry g is regular in the spatial variables.
Unlike a closed diffusive correction, U; depends on the two-point correlations of the Euler
fluctuations.

The correction U is generated by the quadratic effect of the Euler fluctuations.
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Navier—Stokes correction and correlations

Define
Di(q,v,r) = //(v - V)R (g, v, rig, v, i) rdu(V, ).
Then

(8[— + [,t)Ut = —aq [(1 _E)D?] 5 U() = 0

The normal-mode covariance evolves according to

QR+ (Li® [ +18® LY R, =0,

where
ﬁ't‘f = VegOgf + (8qp’t‘)l’[f].

(Pt, Ur, R ) form a closed system of first-order equations.
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Equilibrium and the Poisson structure

We now restrict to a homogeneous stationary state:
plq,v,r) =p(v,r).
In normal coordinates, the equilibrium configuration is a marked Poisson point process

X ={(xv,n}
with intensity

e tpdxdu(v,r).

J:p/] rdu(v,r), ﬂ:pﬂ rvdu(v,r).

Expanding the Poisson points into rods gives the stationary hard-rod equilibrium, with

D
l+o0’

Define

p(v,r) =

Equilibrium hard rods are Poisson points in normal coordinates.
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Poisson fluctuations

For a test function ¢,

fX’E(SO) =712 [5 Z ro(x,v,r)—p j]f rp(x, v, r) dx du] .

(x,v,r)eXe

Then
SX,E N £X

where X is a centered Gaussian white noise with

B[ ()X ()] = p [[[ Polxvirybtxv.r) dxdp(v,r).

The diffusive randomness will come from this Poisson structure.
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From Euler to diffusive scale

At equilibrium,
vV—-T

Veff(v) = 1-5

is constant.

On the Euler scale, a rod with velocity v therefore follows
y(t) 2 y(0) + Veg(v)t.

To see the next scale, we observe the rod at time £ 2t and subtract its ballistic motion:

€ [y(e_zt) -y(0) - Veﬁ(V)5_2t:| .

The fluctuations of the number and lengths of crossed rods are of order e~ and survive under
this scaling.
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Two spatial scales

At the Euler scale there is only one spatial scale:
x~e L.

At the diffusive time scale t ~ £72, two spatial scales coexist:

fluctuation we observe environment explored by the dynamics

xn~e x~e2,

The fluctuation on the first scale is transported through an environment whose Poisson
fluctuations are seen on the larger scale.

The larger-scale fluctuations become the noise driving the motion of the smaller-scale
fluctuation.
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Diffusive motion of a tagged rod

After subtracting the Euler motion,

e[y(e72t) = y(0) - Ve (v)e2t] = Bi(v).

The family {B:(v)}, is Gaussian, with

E[B:(v)Bs(v')] = (t As)T(v, V).

where
M(v,v')= g j] r2(|v— w|+ v —w|-|v- v'|) du(w,r).

In particular,

E[B:(v)?] = t D(v), D(v) = p[[ rlv - w|du(w,r).
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Two scales of the same Poisson field

The same Poisson configuration X¢ is observed on two scales.

On the scale x ~ &71:

§E(<P)=€1/2[ > rcp(x,v,r)—e_lp]]fnpdxdul.

(x,v,r)eXe

On the larger scale x ~ e72;

CE(@)=€[( Z;XErso(ex’v,r)—s‘2pfff rsﬂdxdu]-

Both converge to Gaussian white noises with the same covariance, but

E[£° ()¢ (¥)] = O(VE) — 0.

Hence

‘ (&°5,¢°) = (&,0), ¢ and ¢ independent. ‘




Where does the dynamical noise come from?

The two limiting random objects have different origins:

scale e71 scale 72
! !
- . _Bi(v)
initial fluctuation Brownian displacement.

Scale separation implies

(€ is independent of {B,(v)}y.

Therefore, at the diffusive scale, the initial fluctuation field is transported by an independent
random displacement.

The dynamical noise comes from larger-scale fluctuations of the initial Poisson configuration.
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Diffusive evolution of the fluctuations

Let Ez/’s be the equilibrium fluctuation field, observed at time £t and recentered along the
Euler characteristics.

Then

=) “(p) = ={ (¢) = =4 (¢B)),

where
SOBt(.ya v, r) = SD(_)/ + Bt(v)7 v, I’).
The Brownian field B; = {B:(v) },cr satisfies

E[B:(v)Bs(w)] = (t As)I (v, w),
and is independent of the initial field Eg/.
Diffusive evolution is a random translation of the initial fluctuation field.
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Diffusive fluctuations: multiplicative noise

Equivalently, the limiting field satisfies

_ 1_ _
d=) () = 5 =Y (Do2p)dt - =) (0, dB).

The diffusion term is accompanied by a noise which acts by transporting the existing
fluctuation field.

integrable dynamics: multiplicative transport noise

rather than additive space—time noise.
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Some conclusions

@ At the Euler scale, hard-rod hydrodynamics is conjugate to free transport in normal
coordinates.

@ No local equilibration mechanism is needed at this scale: the initial profile and its
fluctuations are simply transported by the dynamics.

@ In particular, in an inhomogeneous state, initially local correlations are not preserved:
long-range correlations are dynamically generated.

@ A genuinely new source of randomness appears only at the diffusive scale:

large-scale fluctuations —  Brownian dynamical noise.

@ This may be viewed as a form of thermalization from infinity: the local fluctuation is
randomized by particles arriving from a much larger spatial scale.
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