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Numerical Relativity: Mathematical Formulation

Important Results

General Relativity and differential geometry

• Christoffel symbols

Γa
bc =

1

2
gad(∂cgdb + ∂bgdc − ∂dgbc) (1)

• Riemann tensor

Definition
∇a∇bvc −∇b∇avc = Rd

cbavd (2)

Compute from
Ra

bcd = ∂cΓ
a
bd − ∂dΓa

bc + Γa
ecΓ

e
bd − Γa

edΓe
bc (3)

Symmetries
Rabcd = −Rbacd Rabcd = −Rabdc Rabcd = Rcdab (4)

Rabcd +Radbc +Racdb = 0 (5)

(also Bianchi identities.) In n dimensions have n2(n2 − 1)/12 independent components.

• Ricci tensor and Ricci scalar
Rab ≡ Rc

acb R ≡ gabRab (6)

Three ways to compute Ricci

Rab = ∂cΓ
c
ab − ∂bΓc

ac + Γc
abΓ

d
cd − Γc

adΓd
bc (7)

Rab =
1

2
gcd (∂a∂dgcb + ∂c∂bgad − ∂a∂bgcd − ∂c∂dgab) + gcd (Γe

adΓecb − Γe
abΓecd) (8)

Rab = −1

2
gcd∂d∂cgab + gc(a∂b)Γ

c + ΓcΓ(ab)c + 2gedΓc
e(aΓb)cd + gcdΓe

adΓecb (9)

where Γa ≡ gbcΓa
bc.

• Einstein tensor

Gab ≡ Rab −
1

2
gabR (10)

• Einstein’s equations
Gab = 8πTab (11)

where Tab is stress-energy tensor, and where we assume Λ = 0.

The 3 + 1 Decomposition

• normal vector
na = −αgab∇bt (12)

• induced or spatial metric
γab = gab + nanb (13)

• Extrinsic curvature

Kab ≡ −γacγbd∇cnd = −∇anb − naab = −1

2
Lnγab (14)

where aa ≡ nb∇bna is acceleration of normal observer.
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• ADM equations

– Constraint equations

R+K2 +KijK
ij = 16πρ Hamiltonian constraint (15)

Di(K
ij − γijK) = 8πSi momentum constraint (16)

– Evolution equations
∂tγij = −2αKij +Diβj +Djβi (17)

∂tKij = α(Rij − 2KikK
k
j +KKij)−DiDjα− 8πα

(
Sij −

1

2
γij(S − ρ)

)
+βk∂kKij +Kik∂jβ

k +Kkj∂iβ
k (18)

(19)

Conformal decompositions

• metric
γij = ψ4γ̄ij (20)

• extrinsic curvature

Kij = Aij +
1

3
γijK = ψ−2Āij +

1

3
ψ4γ̄ijK (21)

• Hamiltonian constraint

D̄2ψ − ψ

8
R̄+

ψ−7

8
ĀijĀ

ij − 1

12
ψ5K2 = −2πψ5ρ (22)

• momentum constraint

D̄jĀ
ij − 2

3
ψ6γ̄ijD̄jK = 8πψ10Si (23)
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