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1 Two-digit primes

What is the probability that

(a) a given random two-digit natural number is prime ?

(b) a given random two-digit natural number ending with 7 is prime ?

(c) a given random two-digit prime number ends with a 7 ?

Let us denote

� A: “a two-digit number is prime”

� B: “a two-digit number ends with 7”

Then calculate the following:

(d) the probabilities P(A) and P(B)

(e) the probability of A and B, denoted by P(A,B)

(f) the probability of A given B, denoted as P (A|B)

(g) the probability of B given A, denoted as P (B|A)

You should notice that

� P (A|B) = P (A,B)/P (B)

� P (B|A) = P (A,B)/P (A)

These are called conditional probabilities.
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2 No smoke without fire...

An ancient saying in many cultures expresses the truism: There is no smoke
without fire. However, we know from experience that only 1% of fires are danger-
ous. We also know from experience that smoke is very common due to burning
of trash, so there is smoke visible in any neighborhood on 10% of the days. We
also know from experience that 90% of dangerous fires produce smoke in the
air.

Knowing all this, next time you see smoke in your neighborhood, what will
you say is the probability that it is due to a dangerous fire? Formulate your
solution in the language of conditional probabilities we have just introduced.

3 Math or biology student?

(Adapted from the Psychology book “Thinking, fast and slow” by Daniel Kah-
neman)

Your friend has gone to a summer camp for biology and math students
and met a new person, and described that person as “Raghu is very shy and
withdrawn, invariably helpful but with little interest in people or in the world
of reality. A meek and tidy soul, he has a need for order and structure, and a
passion for detail.”

If 40% of the mathematics students and 10% of biology students are known
to fit the above description, what is the probability that Raghu is a mathematics
student?

Without any more information about what kind of camp he has gone to,
what would your answer be? Of course, this will depend on some assumption
you make about the camp. Let your answer be p.

The assumption you use to come up with this is answer p is an example
of what is called a “prior”. Sometimes, priors have to be used to obtain a
quantitative answer if information is missing. But priors can be modified if new
information is provided.

For example, if your friend tells you that there are 20 biology students to
every mathematics student in this summer camp, how will you modify your
prior to get a new answer?

4 Monty Hall problem

This is based on the famous problem from the Monty Hall game show. Monty
shows you three doors. Behind one of these doors is a car, which you will win if
you open that door. Behind the other two doors are goats, which you can pet
for a while, but not take home.
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(a) You choose a door first. Monty then says ”I shall not open that door. But
to help you, I shall now open another door behind which there there is a
goat,” and does so. Now there are two closed doors, behind one is a car
and behind the other is a goat.

Monty now gives you the option of switching the door you selected earlier.
Assuming that you want to maximise the chances of winning the car,
should you switch or stay with your earlier choice ?

(b) Suppose Monty says ”I shall not open the door you choose, but shall open
a random other door”. He opens it and there is a goat behind it. Now
should you switch?

(c) Suppose Monty says ”I shall now open a random door from these three”.
He opens one (which is not the one you had chosen) and there is a goat
behind it. Now should you switch?

(d) In the 100th Monty Hall show, there were 100 doors, with a goat behind
99 doors and a car behind one door. This time Monty tells you that he will
not open the door you have chosen, but will open 98 others which have a
goat behind each of them, and goes on to do so. Now again there are two
closed doors, one originally chosen by you. What is the probability that
the car is behind your door? Behind the other closed door?

5 Disease test

There is a disease named X that has infected about 1% of the population. This
is known to you. You also know that people infected with disease X show no
symptoms.

Thus, a special medical test has been created to determine whether a person
has disease X. This test is randomly administered in the population.

The test has a 98% accuracy for positive results and 97% accuracy for neg-
ative results. This means: if a person is infected then there’s a 98% chance
they will test positive and a 2% chance they will test negative. Similarly, if a
person is not infected, then there’s a 97% chance they will test negative and a
3% chance they will test positive.

If you took the test and it came back positive, what is the probability that
you are infected? What is the main thing that determines how big or small this
probability is? To appreciate this, you can try and rework this question if you
now know that 10% of the population is infected.

6 Duels and Three-way paintball

Two paintball shooters, P and Q, decide to settle their differences with a paint-
ball duel. They will take turns shooting at the other person till one of them is
”out”, and then the other person is the winner. The probability of a shot of P
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finding its target is p, and the probability of a shot of Q finding its target is q.
Find the probability of P winning when

(a) P shoots first (this is termed P ↔ Q duel)

(b) Q shoots first (this is termed Q ↔ P duel)

Now we have 3 such paintball shooters, A, B and C. They stand at the
vertices of an equilateral triangle, so each person is the same distance from the
other two. If you are hit, you are out. If you are the last to not be hit, you win.
Each person will try to maximize the chance that they win by not getting hit
before the others.

The way they play is that they take turns taking one shot at a time with
their paintball gun. A is the worst shot, and when he aims at a target he only
hits it 1/3 of the time, so he gets to shoot first. B is second-worst, hitting 2/3
of the time, so he gets to shoot second. C is a sharpshooter who always hits his
target, so he will have to wait and shoot third. The three men will take turns
shooting their paint-ball guns in this order until only one man is left standing,
and he will of course be the winner.

(c) A is up first. What options does he have ? Find his probabilities of
survival if he takes those options. What should he do to secure his best
odds of survival? (To find this, first find out the best strategy for C and
B if all three are “alive” when their turn comes.)

(d) If A chooses the strategy best for him (determined above), what are the
chances of survival of B and C ?

4


