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1 Frenemies

Zoya is inviting some of her classmates over for a summer party. She has prepared a menu of cut
fruits and coconut water. But she hasn’t yet decided how many people to invite. There is one thing
she wants to ensure. One of the tables in her house seats three people. She wants to ensure that one
of the following things happens: either all three people sitting on the special table are friends with
each other, or none of the three of them know any of the other two. Zoya can’t sit at the table herself.

Zoya doesn’t know which of her classmates are friends with each other. Howmany people must
she invite to guarantee that she will find 3 people who are all friends, or all strangers?

(Assume that if A is friends with B, then B is also friends with A.)

2 Order Order

Kiron has just been telling Arun and Barun about a new game she has designed for them to play.
In the game, Arun writes down a list of n numbers, say a1, a2, . . . , an. Barun also independently
writes down a list of n numbers, say b1, b2, . . . , bn. After looking at Arun’s list, Barun is allowed to
rearrange his list: he has to keep the same collection of numbers, but he can reorder them however
he likes. Let us call this rearranged list c1, c2, . . . , cn. The goal is to make this rearranged list in such
a way that the sum

a1 × c1 + a2 × c2 + a3 × c3 + · · ·+ an−1 × cn−1 + an × cn

is as large as possible. How should Barun arrange his list?

3 What remains?

1. When you divide a number of the form n3 − n by 6, what remainders are possible? Here, n is
an arbitrary natural number (i.e., a number like 1, 2, 3, 4, . . .).

2. When you divide a perfect square (i.e., a number like 1, 4, 9, 16, 25, . . .) by 8, what remainders
are possible?

4 Tournament play

There is a football tournament with n teams. Each team plays the other teams exactly once. At any
point in the tournament, can it happen that no two teams have played the same number of games?
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