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Can one preserve displacement convexity by discretizing mass motion
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Where do we need to go today?

Can one preserve displacement convexity by discretizing mass motion
(instead of the flux)?

Answer: Depends ...on the space dimension!



Why a Lagrangian scheme?

'Cause mass transport is actually

about transporting mass!



Continuity equation

Recall from PDE class: the solution (p;);>0 to the continuity equation
Op + div(pwv:) =0 (CE)
is given by p; = Xy#p, where X () : R>o X R? — R? is v's flow map,

X Xi(x) = v (Xt(x))7 subject to  Xo#p = po-



Continuity equation

Recall from PDE class: the solution (p;);>0 to the continuity equation
Oip+div(pv) =0 (CE)
is given by p; = Xy#p, where X () : R>o X R? — R? is v's flow map,
X (x) = v, (Xe(x)), subject to Xo#p = po.
The W-gradient flow of E has the form (CE) with

)

oF
vt(x) = *Vz ((Sp

This induces a Lagrangian picture.




Some magic happens

Idea: re-formulate W-gradient flow consistently for flow map, i.e.,

oF
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Some magic happens

Idea: re-formulate W-gradient flow consistently for flow map, i.e.,

oF
> - (Lag)
p=X1#p

(Lag) is again a gradient flow, namely

@ on the manifold of diffeomorphisms X : R¢ — R¢,

@ with the weighted L%—norm as metric tensor,

IV = / IV (©)|°a(e) de,
Rd
o for the energy

E4(X) := E(X#p).




A simple example

Example: For the potential energy

E(p):/Vpdx ~ E#(X):/VoXﬁdx.
And indeed, p; = X#p connects the gradient flows

Op=div(pVV) ~ X =-VVolX.



A more sophisticated example

Recall: the W-gradient flow of the internal energy

B(p) = [ hip)ds
is the nonlinear diffusion equation

Op = AP(p) with P(p) = ph'(p) — h(p).
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A more sophisticated example

Recall: the W-gradient flow of the internal energy

B(p) = [ hip)ds
is the nonlinear diffusion equation

Op = AP(p) with P(p) = ph'(p) — h(p).

Theorem ([Evans+Gango+Savin’05])

The flow map (X;);>0 obtained from a solution to 0,p = AP(p)
is a solution to the L2-gradient flow of

Bp(x) = [y (C2E) ) a6, () i= sh(1/o)

Numerical implementation [Carrillo&Ranetbauer&Wolfram’16]

Afterwards: many, many attempts to make the Lagrangian picture usable.



Going back to one dimension? Really?

1D-OT is a much simpler thing.



Optimal transport in 1D (1/3)

For sufficiently regular pg, p1 € Pa(R?):

Wi, = [{ [ 170) = oPonio) as

T#po = /-71} ;

and there is an essentially unique optimal T,
and that T is (even cyclically) monotone.



Optimal transport in 1D (1/3)

For sufficiently regular pg, p1 € Pa(R?):

Wion,)? = [ { [ 17@) ~ aPmio)ao | T = |

and there is an essentially unique optimal T,
and that T is (even cyclically) monotone.

In d =1, the monotone function T : R — R is implicitly given by

3 ()
/ po(x)de = / pi(z)dr VEeR.

— 00 — 00



Optimal transport in 1D (2/3)

Define p’s (cummulative) distribution function F,, : R — [0, 1] by

Fy(@) = /( L aa

and its inverse distribution function X, : (0,1) — [—o0, 00] by

X,(6) = inf { € R| Fy(z) > €}




Optimal transport in 1D (2/3)

Define p’s (cummulative) distribution function F,, : R — [0, 1] by

Fy(@) = /( L aa

and its inverse distribution function X, : (0,1) — [—o0, 00] by

X,(6) = inf { € R| Fy(z) > €}

Remarks:

e F, € D>(R) und X, € D>((0,1)) are increasing cadlag functions.
o If x € suppp, then X, 0 F,(x) = x.
@ A useful rule for change of variables:

1
/ f(@)p(z) dz = / F(X0(6)) de.
R 0

o T':=X, oF, isamonotone map T : R — R with T'#py = p1,
i.e., T is the optimal transport map from pg to p;.



Optimal transport in 1D (3/3)
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For all py, p1 € Pa(R),
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The magical isometry (1/3)

For all po, p1 € P2(R),

W(po, p1) = || X1 — XOHL?([OJ])'

Proof: with x = X (¢),

W(on, 1) = [ %10 Folo) — o’ dw—/|X1 Xo(&)[? de.



The magical isometry (1/3)

For all po, p1 € P2(R),

W(po, ;1) = || X1 — X0||L2<[o71])'

Proof: with x = X (¢),

W(po, p1)* = /R | X1 0 Fy(z) — 33}2P0(9U) dz = /0 | X1(8) — Xo(f)fdf'

The Wasserstein space over R is flat.

Warning: This is not true in any dimension d > 2.




The magical isometry (2/3)

E is \-displacement convex on Ps(R) iff

Eyu:D=((0,1)) = [0,400] with E4(X,):= E(p)

is A-uniformly convex.




The magical isometry (2/3)

E is \-displacement convex on Ps(R) iff

Eyu:D=((0,1)) = [0,400] with E4(X,):= E(p)

is A-uniformly convex.

Examples:

@ potential energy is A-convex iff V" > X:

=/1Von§.

@ interaction energy is (relative) A-convex iff W"” > X:

/ / X () dé dn.

@ internal energy is O-convex iff h is convex:

By(X) = [ hp(0X(©)de with hyp(s) = sh(1/s)



The magical isometry (3/3)

(pt)i>0 is a solution to the W-gradient flow

Orp = 0Oy (pé’z(m>
op

iff (Xt>t20 with X; = X

o is a solution to the L*-gradient flow

SE4
00X =——x

Example: In case of the relative entropy

Bp) = [ o)+ Veldz = Ep(X)= [ [hp(0X) + Vo X] e,

we obtain a Lagrangian form of the nonlinear Fokker-Planck equation:

1
atp = aacazp(p) + avc(V/ p) ~> 6,5X = —8§P () — Vl oX.
9 X



And ...What about DLSS?

Residual convexity survives!



Yes, you have seen this before

Recall: the rescaled DLSS equation

aIIL’
Bip = —20, (p 0, ﬁ) + 0,(z p)

NG

is the W-gradient flow of the relative Fisher information

F/(p):2/R(8I\/f))2dx+/Rm;pdx,

which is totally not displacement convex, but still,

H'(p) — H'(poo) < e > (H'(po) — H'(poo)),
F'(p) = F'(poo) < e % (F'(po) — F'(poo))-

Key: F'(p) — 1 = %‘8H'(p)|2 with 1-displacement convex entropy

2
H’(p):/plogpder/%pdx.
R R



The totally non-convex transformed relative Fisher infomation

- [fa o)}

is related to the 1-uniformly convex transformed relative entropy

1 1
H,(X) :/O (—logagX—I— 2X2) d¢,

by the following:

dg

2
SHY,

Fly(X)—1=
#(X) X

, 2
(Y
2 ), \ ox

For the L2-gradient flow of F;# this implies:

1
2

Hy(Xy) — Hy(Xo)
Fu(Xy) — Fy(Xoo)

T (HY(Xo) — Hy (X)),

<e
< e (Fiy(Xo) — Flu(Xoo))-




When do we get to discretize something?

Finally: a Lagrangian scheme.



We have a plan!

Approximate:
W-gradient flow of a A\-geodesically convex E
on the flat “Riemannian manifold” M = P5(R)

By:
Riemannian gradient flow of a A-geodesically convex function E
on a K-dimensional submanifold M) ¢ M

Construction: Choose M&)

(K)

@ ...corresponding to a linear cone in L%((0,1));
o ...s.t. E's restriction to M%) is a differentiable function.

EY) s X\-uniformly convex on M),




Skyscrapers (1/2)

Our choice of M) consists of skyscraper landscapes:

p3 === =mmmmmm-m-o

P2 f--==------
p1 ==~

|

X0 X1 X2 X3 X4 X5 X@ X7

1/K

K)
p( Zpkl(wk Lax) With pp = 7371@ B

k=1



Skyscrapers (2/2)

Distance of two skyscraper landscapes with vectors Z and Z’ is

1
W(p™ 7, p B [#))? = (@ — 2)TG@ —F) with G~ =1L
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Linear interpolation of s produces geodesics (ps)sco,1],

ps = pIO[(1 = 8)Zo + siy].



Skyscrapers (2/2)

Distance of two skyscraper landscapes with vectors Z and Z’ is
1
W(p™ 7, p B [#))? = (@ — 2)TG@ —F) with G~ =1L
Linear interpolation of s produces geodesics (ps)sco,1],

ps = pIO[(1 = 8)Zo + siy].

Example energies:

Bp) = [ V@) pds 50w =3 [ v
X K
E(p):/Rh(p)dx e E;E )(f):k:ka_xkfl)h(pk)a

E(p) = 2/ (5‘r\/ﬁ)2dx ~ E;EK) = +o0.
R



Discrete Fokker-Planck has it all (1/2)

For the entropy

K Tg
s H;K)(f) = Z [(mk — x—1)h(pr) +Pk/ V(z)| dz
1 Tk—1
- L, e d
“R Lyt [ Vods




Discrete Fokker-Planck has it all (1/2)

For the entropy

dx

Ty

V(x) dx}

1 k Trk—1

we obtain the gradient flow

Orp = 020 P(p) + 0:(V' p)
~ (Gz), =P (1/K> -p (1/K> — %V’(xk).

Tk+1 — Tk



Discrete Fokker-Planck has it all (1/2)

For the entropy

dx

Ty

V(x) dx}

1 k Trk—1

we obtain the gradient flow

Orp = 0paP(p) + 0:(V' p)
- =K [p (”K> iy (”K)] V().

Tk+1 — Tk



Discrete Fokker-Planck has it all (2/2)

werp(mm) —r (5ag) | v

If h is convex and V" > X\ > 0, then

K . P T
° HS‘;é ) has a unique minimizer Zs.;

@ the entropy decays exponentially,

H;&K)(ft) . H;tK)<foo) < 6_2)‘t(H;£K)<fo) . H;#K)(foo)).

and so do dissipation, metric velocity, and W(p[Z], p[Tso])?

@ the flow is \-contractive:

W (o[, plE])? < e 2MW (plfo), plio])>.




And ...what about DLSS?

Residual convexity survives!



What a persistent idea! (1/2)

Recall: Discretizing F’ directly using skyscrapers is no good.



What a persistent idea! (1/2)

Recall: Discretizing F’ directly using skyscrapers is no good.
Instead, take F' —1 = 1|0H'|? as starting point. With

K 2
(K (= _ 1 _ Th —Th-1) , 2}
H# (m)—KE {10g< /K >+2},

k=1
we define
PTSIETRIE o o 8 R
# 2K el 8l‘k

...see computations on board ...

K 2
1 Tht1 — 2T + T—1 )
== |K° < + 23
2K~ [ (Tr+1 — )Tk — Tp—1) F




What a persistent idea! (2/2)

!
With that definition of F;K) , the respective gradient flow satisfies:




Is Lagrange anything more than complicated?

Sometimes the flow perspective

pays off!



Waiting time phenomenon (1/2)

Numerics for PME 0,u = 0,,(u?) with data ug(z) = [cos(rz)]%.




Waiting time phenomenon (2/2)

Numerics for TFE dyu = —0, (1 Opqqu) with data ug(z) = [cos(mz)]%.

g = 1.5 (left) vs. ¢ = 4.5 (right).



That's all for today

Thank you, and see you tomorrow!



