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Remember yesterday. .. (1/2)

The W-gradient flow of E : P2(R?) — [0, +o0] is

Orp = div (pV(SE> .
op



Remember yesterday. .. (1/2)

The W-gradient flow of E : P2(R?) — [0, +o0] is

Orp = div (pV(SE> .
op

Under basic hypotheses on E, solutions (p;)i>o satisfy:

e Energy monotonicity: E(p;,) < E(py,).

ta

e Dissipation: / |OE(p¢)|? dt = E(ps,) — E(ps,),
t1

W(pt1 ) Pt2)2

n t SE(ptl)_E(ptz)'
2 — Ul

@ Hoélder continuity:

Recall:

SE|?
B = [ \vép pda.




Remember yesterday. .. (2/2)

If E is \-geodesically convex with A > 0 then:

Q@ E possesses precisely one minimizer poo;

@ the speed decays exponentially:

leellZ, < e™**lloll?y;

and so do [0E(p,)|%, E(pt) — E(psc) and Wi(py, poc)?;

© the (EVI), holds

1d

A
thW(pt,n) < 2W(Pta77) < E(n) — E(p:),

and in particular, the flow is A-contractive:

W(ﬁfm lét)Q S e_QAtW(pA(M pO)2




Where do we need to go today?

Do time discretizations preserve these properties — or not? \




Do we need to start with first order? Booooring!

First order time discretization
has mysterious powers.



An ODE analogy for JKO (1/2)

The euclidean gradient flow
& =—Ve(x)

has the implicit Euler discretization with time step 7 > 0

n __ ‘,En—l
% = —Ve(z}).



An ODE analogy for JKO (1/2)

The euclidean gradient flow

& =—Ve(x)
has the implicit Euler discretization with time step 7 > 0
g

T = —Ve(a}).

This is actually a variational scheme since

1
x)! € argmin (27_”96 — 2772+ e(x)) .
x



An ODE analogy for JKO (2/2)

Lemma

If e is A-uniformly convex with A > 0, then
@ e pOossesses a unique minimizer To.
@ the discrete speed decays exponentially,

2
<(1+2x7)7!

2
gl — zn

n n—1
T r — L

T

T

and so do ||Ve(z7)[?, e(z}) — e(zoc), |27 — Zoo .

o the time-discrete (EVI), holds:

27 = yl® = lla2 =" —yl® | A

- + Sl — yll? < e(y) — e(ap).

...see computations on board ...



Recall JKO

In Filippo's lecture you have seen:

JKO scheme

Given an initial datum p® and a time step 7 > 0,
define approximations (p2),—=o,1,... inductively by

@ Step 0: p? as approximation of p°.
@ Step n: given p !, choose

1
pr € argmin <W(p, P2+ E(P)) :
o 2t




Recall JKO

In Filippo's lecture you have seen:

JKO scheme

Given an initial datum p® and a time step 7 > 0,
define approximations (p2),—=o,1,... inductively by

@ Step 0: p? as approximation of p°.
@ Step n: given p !, choose

1
pr € argmin <W(p, P2+ E(P)) :
o 2t

Under certain reasonable hypotheses on F, the scheme is well-defined,
and (p?) converges to a weak solution of the PDE.



JKO has it all (1/2)

Under basic hypotheses on E, the JKO steps (p) satisfy:

e Energy monotonicity: E(p?) < E(pI).

I &
o Dissipation: 5 0 Z |0E(p™)|? < E(p™) — E(p™).
n=nj+1

L W(pm, pi2)?

Héld tinuity: — < E(p™) — E(p?).
@ Holder continuity. DT —— (r7) (r7?)

...see computations on board ...



JKO has it all (2/2)

If E is A-displacement convex with A > 0, then

@ energy and dissipation decrease exponentially,

OE(p)* < (14 Ar)2|0E(pr )],
E(p}) = E(pse) < (14 27) 2 (E(p} ™) — E(poo));

@ a time-discrete (EVI), holds:

LW(pp,m)? =W(pp~ ' n)?* Ao n .
1 Wlos "~ W™ 1 | D )? < B(n) — E (o).

* <
<




The curvature property

The key to deriving the discrete (EVI),

1WP?»U2_WPZ_17772 A n n
o = Wz 0y A ny? < B — B

is the

First curvature property of W

If (ps)sefo,1] is a segment w.r.t. 7, then

W(7vs,m)* < (1= 5)W(po,n)* + sW(p1,m)* — s(1 — $)W(po, p1)*.

...see computations on board ...



And ...what about DLSS?

Recall: the rescaled DLSS equation

A
Op = —2div (pV\/ﬁ> + div(z p)

VP

is the W-gradient flow of the relative Fisher information
1
Fp) =2 [ 19yaPdo+ 5 [ lafpda,

which is totally not displacement convex.
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And ...what about DLSS?

Recall: the rescaled DLSS equation

Bp = —2div <va\/\§> +div(z p)

is the W-gradient flow of the relative Fisher information

—2/|V\f\2dx—|— /|x| pdz,

which is totally not displacement convex.

The JKO iterates (p?) for F' satisfy:

H'(p2) ~ H'(poo) < (1+27) " (B (0™") — H'(pu0).
F'(p7) = F'(poo) < (1+27) 7 (F'(p 1) = F'(po))-

Proof: via relation of F’ to 1-displacement convex relative entropy H’,

F'(p) = F'(ps) = 3 [0H'(p)]”.



Okay, done?!? Can we do faster stuff, please!

If you go to second order,

some things break, some remain.



An ODE analogy for BDF2 (1/2)

The euclidean gradient flow
& =—Ve(x)
has the BDF2 discretization with time step 7 > 0
n_gn=l  gn_ gn-?

T T _ T - _ n
2 = 5 Ve(z?). (BDF2)

Under reasonable conditions, the iteration (z”~!,27~2) s (27,27~ 1) is

T YT Ty T

well-defined, and approximates the gradient flow to second order.



An ODE analogy for BDF2 (1/2)

The euclidean gradient flow
& =—Ve(x)
has the BDF2 discretization with time step 7 > 0
n_gntl gn - gn2

T _ T _ n
2 = 5 = —Ve(z}). (BDF2)

Under reasonable conditions, the iteration (z”~!,27~2) s (27,27~ 1) is

T T Ty T

well-defined, and approximates the gradient flow to second order.

(BDF2) is actually a variational scheme since

1
L e e(a:)) .
4T

1
x € argmin (Tx S s [
x



An ODE analogy for BDF2 (2/2)

Example: In n = 1, consider e(z) = 22/2 with gradient flow

&= —x thatis x;=zge '.

JKO and BDF2 amount to, respectively

n—1 n—1 n—2
z 4™ — 27

= and z7 =
1+7 3427

n
xT
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An ODE analogy for BDF2 (2/2)

Example: In n = 1, consider e(z) = 22/2 with gradient flow
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BDF2 for Wasserstein

In full analogy to JKO, introduce a BDF2-like two-step time
discretization of E's gradient flow in W:

BDF2 scheme

Given an initial datum pO and a time step 7 > 0,
define approximations (p2),—o.1.... inductively by

© Step 0: p? as approximation of p°.
@ Step 1: pl as approximation of genuine solution at time ¢t = 7.

© Step n: given p” ! and p 2, choose

. (1 n— 1 n—
pi € argmin (W(p, Py = =W(p, pr %) + E(P)) :
o T 47




BDF2 has ...some of it! (1/2)

Under basic hypotheses on E, the BDF2 steps (pl*) satisfy:

@ Almost energy IIIOHOtOHiCity.’
1 —
E(p:_m) <E(pn1)+7w(pn17pn1 1)2’

@ Nothing noteworthy concerning dissipation.
@ Almost Hélder continuity:

W(pm, piz)”
4(ng — nq)T

L

< E(p™) — E(p™
< E(p") (pf)+4T

W(pr, P )%,

T




BDF2 has ...some of it! (1/2)

Under basic hypotheses on E, the BDF2 steps (pl*) satisfy:

@ Almost energy IIIOHOtOHiCity.’
1 —
E(p:_m) <E(pn1)+7w(pn17pn1 1)2’

@ Nothing noteworthy concerning dissipation.
@ Almost Hélder continuity:

W(pm, piz)”
4(ng — nq)T

L

< E(p™) — E(p™
< E(p") (pf)+4T

W(pr, P )%,

T

...see computations on board ...



BDF2 has ...some of it! (2/2)

Lemma

If E is A-displacement convex with A > 0, then

@ no result on exponential decrease of energy, speed etc.
e a discrete variant of (EVI), holds:

W(py,m)? - W(pr~tn)?> 1 <W(p?n7)2 - W(p?‘Q,nV)

T 2T
A on
+ iw(PTﬂ?)Q
wy_ Wipg, pp~")? | W(pl, pi%)?
< B(y) - B(n) - Dm0 ) Wk o)




Another curvature property
The key to deriving the discrete (EVI),

W(pZ,m)? —W(pp—tn)?> 1 (W(pﬁ, n)? — W(ﬁ?‘z,n)2>
2

T 2T
A
vy Wipp pp7h)? | Wt p?)?
<E(n) - E(p}) - ( = ) + ( i "

is the

Second curvature property of W
If ps is a segment w.r.t. i, then for & > 3 > 0, and any v € Py(R9),
aW(ps,n)*~BW(ps,v)
< (1 — 8) [ W(po, m)*—BW(po, )] + 5[a W(p1,n)2—5 W(py, v)?]
- 8(1 - 8)(a—ﬂ)W(p0,p1)2,

...see computations on board ...




That's all for today

Thank you, and see you tomorrow!



