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Outline of the course

Basic notions of thermalization in isolated many-body
quantum systems
Dynamics in S = 1/2 transverse field Ising model in 1D
Many-body quantum scars
Floquet time crystals in 1D with disorder (many-body
localization)
Prethermal time crystals without disorder
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Experimental platforms like ultracold atoms, trapped ions,
NV centres, superconducting qubits etc [tremendous
progress in last decade or so]
For our purpose, unitary dynamics generated from either
H(t) = H (quench) or H(t) = H(t + T ) (Floquet)
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Simple starting wavefunction
For example |ψ(0)〉 = |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψL〉
Many-particle system with a local in space Hamiltonian H
|ψ(t)〉 = exp(−iHt)|ψ(0)〉, 〈ψ(t)|OA|ψ(t)〉 where OA local
O =

∑
Ai

OAi also local

Extensive value of conserved quantities like 〈ψ(0)|H|ψ(0)〉
(sum of local energy densities) and subextensive
uncertainities in such quantities
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For generic many-body quantum systems, thermalization
expected for local subsystems (full system clearly remains
a pure state)
System acts as a “bath” for itself
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Take the thermodynamic limit first and then consider a
finite subsystem S
Consider the reduced density matrix of subsystem S which
equals ρs(t) = TraceSρ(t) where the full density matrix of
the system is ρ(t) = |ψ(t)〉〈ψ(t)|
A local operator O confined strictly within S can be
calculated as 〈O(t)〉 = Trace[ρs(t)O]

After a “sufficiently long” time, ρS(t)→ TraceS (ρeq) if
system acts as a bath for itself

No time-averaging required here unlike in classical
systems
S is not weakly coupled to S at its boundaries
ρeq determined by the local conservation laws.
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entropy from ρs(t)? → von Neumann entanglement entropy

Consider a pure state |ψAB〉 6= |φA〉|φB〉
ρA/B = TraceB/A|ψAB〉〈ψAB| is a mixed density matrix since
A entangled to B
S(ρA) = −Trace[ρA ln ρA] = S(ρB) = −Trace[ρB ln ρB]

Exercise: consider a singlet of two spin-1/2 degrees of
freedom

1√
2
(| ↑A↓B〉 − | ↓A↑B〉). Show that S(ρA) = S(ρB) = ln(2).
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S(ρS(t)) approaches the usual thermodynamic entropy for
a finite subsystem S (in the thermodynamic limit)

exp(−iHt)

Left panel–entanglement entropy for (typical) eigenstates
for the 1D S = 1/2 transverse field Ising model
Right panel–spreading of quantum entanglement which
moves the information about the initial state to highly
non-local correlations rendering it inaccessible to local
probes
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λ1 λ2

|ψ(0)〉 =
∑

i ci |Ei〉
〈ψ(t)|O|ψ(t)〉 =∑

i |ci |2〈Ei |O|Ei〉+
∑

i 6=j cic∗j exp[−i(Ei − Ej)t ]〈Ej |O|Ei〉
Thus, |Ei〉 appear “thermal” for local operators (Eigenstate
thermalization hypothesis) (Deutsch (1991), Srednicki
(1994), Rigol, Dunjko, Olshanii (2008))
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Operators like O = (|Em〉〈En|+ h.c.) do not thermalize
〈ψ(t)|O|ψ(t)〉 ∼ cos(Em − En)t
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Unlike ground states of local H which follow area law, the
highly-excited eigenstates follow volume law scaling for
entanglement entropy
Typically, such volume law states cannot be written as
ground states of any local in space Hamiltonian
ETH→ Thermalization of subsystems
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Violations of ETH in interacting systems?
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Integrable systems (all eigenstates have a quasiparticle
description)
Many-body localization (high-energy eigenstates satisfy
area law scaling of entanglement entropy)
Extensive number of emergent conservation laws, almost
all initial conditions retain memory during dynamics
Weak ergodicity breaking from quantum many-body scars
embedded in an otherwise ETH-satisfying spectrum
Leaves a dynamical signature–some initial states do not
thermalize, while most do!
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