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1 Random walks

History of the random walk problem: Karl Pearson introduced the term ”Random Walk”. He was
interested in describing the spatial /temporal evolutions of mosquito populations invading cleared
jungle regions. He found it too complex to model deterministically, so he conceptualized a simple
random model. Pearson posed his problem in Nature (27 July 1905) as follows:

A man starts from a point 0 and walks ¢ yards in a straight line; he then turns through any
angle whatever and walks another ¢ yards in a second straight line. He repeats this process n times.
I require the probability that after n of these stretches he is at a distance between r and r + dr
from his starting point.

The question was answered the following week by Lord Rayleigh, who pointed out the connec-
tion between this problem and an earlier paper of his published in 1880* concerned with sound
vibrations. Rayleigh pointed out that, for large values of n, the answer is given by:

2 77‘2 7L£2
P('r,n)d’rzwe mE g dr

1.1 Random walk in one-dimension

Consider a walker on a one dimensional lattice. At every time step the walker tosses an unbiased
coin and moves to the left if it is a head and to the right if it is a tail. Thus for every step there are
2 possibilities and the walker chooses either of them with equal probability. After taking n steps
the walker can be anywhere between —n to n. Let us denote it’s position by X,. Then we can

write
Xp=X,1+ fn ) (1>
where &, is an independent random variable chosen from the following distribution

&, =1 with prob. 1/2
= —1 with prob. 1/2. (2)

Evidently the “noise” variable &, satisfies the following properties:

() =0,(&) =1,
<€n§m> = <§n><€m> =0 forn 7é m, (3)

thus all steps at different times are un-correlated. Assuming X, = 0 we get after n steps
Xp=> &, (4)
i=1

thus the position is a random variable which is the sum of n iid random variables. From the
discussions in the previous section, we expect that for large N the distribution of X,, should be a



Gaussian. We can easily compute the mean and variance exactly

n

(Xa) =D (&) =0, (5)

(X2 =) (&&) =D )+ (&)

i=1 j=1 i=1 i#j

N. (6)

What about the exact distribution of the variable X,, 7 We now compute the probability P(X, n)
that the walker is at some point X 7 We note that there are 2" distinct possible walks, each of
which occurs with the same probability. Out of these let us say T'(X,n) walks end up at the point
X. Then clearly

T(X,n)
S0} )

P(X,n)=

We can find T'(X, n) as follows. For any given realization of the walk let ng be the number of right
steps and let ny, be the number of left steps. Then ng +ny, =n and ng —ny, = X.

Example: One possible realization of a 10—step walk is LRRLLRLLRL. In this case n =
10, ng =4, ny, =6 and X = —2. A different realization of the walk which leads to the same values
of n,ng,ny, X is LLLLRRRRLL.

Clearly there are many possible ways of arranging the nyg Rs’ and n; L’s and the number of
ways would give us 7'(X,n). This is a combinatorial problem whose answer is:

n!

T(X,n)= (8)

nR!nL! '

Prob: Check this formula for n = 4.
Now since ng = (n + X)/2 and ny, = (n — X)/2 we therefore get, using Eq. and Eq. (g),

n! 1

:anfX_n' (9>
XX )

P(X,n)

Prob: Check normalization: » %_ = P(X,n)=1. Use the fact that (1/2+1/2)" = 1.

Now what we would eventually like to get is a “continuum description”, that is we want to look
at length scales much larger than the lattice spacing (say a) and time scales much larger than time
taken for each step (say 7). Let us try to get this.

For this we use Stirling’s approximation. This states that for large n we get n! ~ ne"v/2mn.
This formula is infact very good even for n as small as 5; in that case 5! = 120 while the Stirling
approximation gives ~ 118.

Proof of Stirling’s approximation: One derivation of the Stirling formula is to use the
following result:

n! = / dr e “a" . (10)
0



Let us try to evaluate this integral by finding out where it takes its maximum value and then
approximating the integrand by a Gaussian around the maximum. We can write the integrand in
= e7vtnlosr — of@) where f(r) = —2 + nlogz . The point 2* where f(z) and

therefore e/(®) is maximum is given by the condition f'(z*) = 0 which gives 2* = n. Expanding

—X n

the form e * zx

around this point we get
* 1 * *
fl@) = f@)+ 5" (@) (@ —a) + ..
where f(z*) = —n+nlogn, [f"(z")=-1/n. (11)
Using this in Eq. we get

n! = / dzel@
0
~ ol / gy of" @) a—a)/2
0

o~ of@) / T g o @ a—at)/2

x 2m 12
— ef(:l: ) <_f//(x*)) — efn+nlogn(2ﬂ_n)1/2 ’ (12>

Which is the Stirling formula.
QED

Using Stirling’s formula in Eq. @D we get:

27n)!/? 1
P<X7n> = X n+X 7n Z - 1/(2 :n))( X X112 2_n .
(25555 e 2m (2552 (255) T e T [2m (2]
After simplification this reduces to
2) 1/2
P(X7 n) = n+X ( Wn) n—X > .
1+ (11— mn(l-2)12
We now consider X << n only or more precisely X < O(y/n). In this limit, we get
P(X,n) = (o) (13)
n e 2,
’ ™

This is easiest to obtain by taking In P(X,n) and expanding. Now let x = Xa and ¢ = n7. Then
the probability density for the walker to be between x and = + dx is

plat) = P(X.n)/(20)
1 _%
~ G(@pnet 14

The reason we divide by 2a and not a is because after n steps the walker can be located either on

even sites (if n is even) or on odd sites (n odd). Now defining the diffusion constant D = a?/(27)
we finally get

p(z,t) = Wefi (15)
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Prob: Check that [*°_dz p(xz,t) = 1. Also verify that () = 0 and (2?) = 2Dt .

The moments (z) and (z?) can be obtained more directly. The position of the walker z(t) after
n =t/T time steps is

a(t) = aZ&- (16)

where &; is +1 or —1 with equal probability (thus (§;) = 0) and & and ¢; are uncorrelated or
independent, which means that (¢;£;) = 0. Therefore

n

(x(t) = a) (&)=0

i=1

(@) = a* ) (6&)

= O (&) + D (&8

i=1 i#j
= a*n = 2[a*/(27)](nT) = 2Dt (17)

Prob: Write a Monte-carlo program to generate 1 — D random walks and verify the law (z?) =
2Dt.

Prob: Let & = 1 with probability p and —1 with probability ¢ = 1 — p. Find (x(¢)) and
(@2()) — (2(1))*.

Prob: Let z; = 2 with probability 1/2 and x; = —1 or 0 with probabilities 1/4 each. Find

(x(t)) and (2*(1)) — (x(1))*.

1.2 Random walk and the Diffusion equation

Another method to get Eq. : Since a random walk is like diffusion of particles we expect
Eq. to be the solution of the diffusion equation. Let us see how this comes about. As before,
P(X,n) is the probability that a particle is at the site X after n steps. It satisfies the following
equation

P(X,n+1):%[P(X+1,n)+P(X—1,n)] (18)

Subtract P(X,n) from both sides. We then get

P(X,n+1) - P(X,n) :% [ P(X +1,n) — 2P(X,n) + P(X — 1,n)
T 27 a?
N ap(a:z, t) Dé‘%{;;a; t) (19)



which is the diffusion equation. Normally in the diffusion equation we have density of particles
p(x,t) instead of the probability density p(x,t). But they are simply related by p(z,t) = N p(z,t)
where N is the total number of diffusing particles.

Now Eq. is a linear equation which can be easily solved by Fourier transforming. Solving
means: given an initial probability distribution p(x,¢t = 0) find p(x,t) at some later time ¢. Let us
solve for the initial condition p(z,t = 0) = §(x), which corresponds to the case when the particle
is initially located at the origin. Taking the Fourier transform

p(l‘,t) = / 5<k7t)elkwdk’ ﬁ(l{},t) = 2—/ p(x’t)e—lkxdx

o0 ™ o0

gives

/ Ma’“dk: / —DE*p(k, t)e*dk

e Ot oo
8ﬁ<k7 t) 2~
= ——— = —Dk*p(k,t
5 p(k,1)
- 2 1 2
= Bk, 1) = e PG(h,0) = e P (20)
™
Taking the inverse Fourier transformation we then get
p(z,t) = L /00 e PRtk gl — ;e_f%t (21)
’ 27 J_ oo (47 Dt)1/2 '

as before. Note that the diffusion equation can also be written in the following form:

8p(axt, J + ajéi’ b_ 0  where (22)
Op(z,t)

or
Higher dimensions: We can consider a random walk on a 2—dimensional, 3—dimensional

J(z,t) =—D

or in general a d—dimensional lattice and ask the same questions. The combinatorial approach
becomes difficult but we get the same diffusion equation which can again be solved quite easily.

To see that we do get the same equation, consider the 2—dimensional case, where a random
walker can move up, down, left or right with equal probabilities. Thus if at some time t = nr
the walker is at the point x = (z,y) then, at time ¢ 4+ 7, it can be at either of the 4 points
(x +a,y), (r—a,y), (zr,y+a), (x,y —a). The probability of it being at any of these 4 points is
clearly 1/4. Let P(x,t) be the probability for the walker to be at x at time ¢. Then Eq. gets
modified to

1
P(x,t+7)=7 [Ple+ay )+ Pl —ayt)+Play+atl)+Pay—at)]. (23)
Subtracting P(x,t) from both sides we get:
P(x,t+71)—P(x,t) a’ [P(x + a,y,t) — 2P(x,y,t) + P(x — a,y,t)]
T 47 a?
N a’ [P(x,y +a,t) — 2P(x,y,t) + P(z,y — a,t)]
4T a?
Ip(x,t) Pp(x,t)  Ip(x,t)
> — D 24
ot 02 o2 | (24)



which is the 2—dimensional diffusion equation and we have defined D = a?/(47) . Similarly in
3—dimensions we get [with D = a*/(67)]

Ip(x,t)
ot

To solve this we again Fourier transform

= DV?P(x,1). (25)

p(x,t) = /_OO plkt)e™>dk;  p(k,t) = (271T)3 /_OO p(x, t)e F*dx.

o0

Proceeding exactly as in the 1 — D case we get

1 * - —Dk?t ik.x 1 —
p(x,t) = P /_OO dke PPt > = p(x, )p(y, t)p(z,t) = We 4Dt (26)

The mean square distance traveled by the walker is (r?) = (2% 4 y? + 2?) = 6Dt. We can verify this
directly. Since x(t) = a > &, therefore (x?) = a? . (£?) = na® = 6Dt. Note that the number
of walks of length n, from the origin to x is 6" P(x, t).

1.3 Fourier series exact solution of discrete diffusion equation

1.3.1 One dimensions

The time-evolution equation for the probability distribution is given by

P(X,n)=-[P(X+1Ln—1)+P(X —-1,n-1). (27)

N | —

We want to solve this equation on the infinite lattice for the initial condition P(X,n = 0) = dx.
The equivalent step of doing Fourier transforms, that we used for the diffusion equation, is to do a

Fourier series transform. Thus we define

P(0,n) = Y P(X,n)e™’, (28)
X=—00
and the inverse transform is given by
™ ~ ,
P(X,n) = / dOP(0,n)e ™ (29)
T™J_n

Multiplying Eq. by €X? and summing over all X then gives
P(0,n) = cos0P(0,n — 1) = (cos0)"P(6,0) . (30)

The initial condition P(z,n = 0) = dx,o gives P(0,0) = 1 and so we get from Eq. the following

formal solution

P(X,n) = 21 / d0(cos 0)"e—X0 (31)

™

—T
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1.3.2 Generalization to random walks on hypercubic lattices in arbitrary dimensions

. The evolution equation for a random walker on a d-dimensional hyper-cubic lattice is given by

d
P(X,n) = ;P(X+ei,n—1)+P(X—ei,n—1) , (32)
where e;, for i = 1,2,...,d are the unit vectors in the d-directions. In this case we define

=Y P(X,n)e*? (33)

and the inverse transform is given by

P(X,n) = (zi)d /_ ' d*0P(0,n)e X0 (34)

Repeating the steps for the 1D walker we then get

P(X,n) = (271r / d*o ( Zcos&) e X0 (35)

The integral can be performed exactly in d = 2 to give

n! 1 n! 1

n+X+Y 1n=X-Y 2_n nt+X-Y |n=X+4Y) 2_n <36>
2 : 2 : 2 : 2 :

P(X,Y,n) =

2 Langevin equations and Brownian motion

2.1 Phenomenological discussion of Brownian motion

As we have seen, the random walk is described by the equation
Xn-l—l = Xn + gn
where &, is uncorrelated noise with zero mean i.e

(€n) =05 (§nbm) = Onm-
For continuous space and time we write, as usual, t = n7, x = X,a and the above equation gives

dx(t) _
7 =¢(t) with (37)

(€(1) = 0; (&(1)s(t) =2Do(t — 1),

where D = a?/(27) is the diffusion constant. This is the equation of motion for a free Brownian

particle (a particle whose velocity is a random function of time). If we have a large number of such
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Figure 1: Large number of colloidal particles inside a fluid.

particles then we have seen that their density obeys the diffusion equation which can be written in
the form

Op(x,t) N 0Jaifs(x,t) Op(x,t)
ot Ox Ox

is usually referred to as Fick’s law. Now consider a different situation where a large number of

= 0, where Jdl‘ff(l‘, t) =-D (38)

particles are moving with a deterministic (that is non-random) velocity. The equation of motion of
each particle is, say

dx(t)
D _ o). (39

In this case also we can again define the density distribution of particles and ask the question as to

how this changes with time ? This is basically determined from the conservation of particles which
is given by the following continuity equation:
Op(z,t) N OJarifi(x, 1)
ot ox

Prob: Derive the continuity equation from the condition for conservation of particles which is

=0, where Jygip(z,t) =ip(x,t) = f(x,t)p(z,t). (40)

p(x,t)dr = p(2’,t')da’ where t' = t+dt and 2’ =  +dx. This is infact just the Liouville’s equation
in classical mechanics.

The Einstein fluctuation-dissipation relation: we will now use the previous results to derive a

formula which will relate the diffusion constant D to real physical properties of the fluid medium
in which the Brownian particle is moving.

Consider a large number of colloidal particles inside a fluid as shown in Fig. (2.1]). Each colloidal
particle is much larger than the fluid particles which constantly bombard it. The net effect of all
the forces imparted on the colloid by the fluid particles can effectively be described very accurately
by the following forces:

(i) A temporally fluctuating force which causes the particle to move randomly. This causes a

Op(x)
ox °

(ii) A deterministic dissipative force: each colloidal particle is acted upon by one is the drag

diffusive current given by Jyirr = —D

force given by —v& where v = 6mna, with n being the viscosity of the fluid and a the radius of the
Brownian particle.

What the fluctuation-dissipation theorem (or Einstein relation) tells us is that the two parts of
the forces mentioned above are related to each other. Let us see how this comes about.



Consider the state when the colloidal particles have reached a steady state and are in thermal
equilibrium at some temperature 7'. We know that because of gravity there will be a concentration
gradient of colloidal particles in the system and their density will vary as:

mgzx

plx) = pla = 0)e F5T, (41)

where m is mass of each particle. The steady state can be thought of as maintained by a balance
of two currents in the system, of particles falling down under gravity and then diffusing up.

The downward gravitational force acting on the particle is given by mg (we assume that the
buoyant force is negligible). The gravitational force and drag force balance to cause the colloidal
particle to attain a terminal speed & = mg/y. This, from Eq. , implies a downward drift
current given by Jyipe = mgp(z)/7y. In the equilibrium state there is no net current of particles
which means Jy;¢r = Jyrife- Hence

vt

But from Eq. we get

Ip(x) m9 ).

ox B _kBTp o
Comparing the two equations above we get the Einstein relation
kgT
D=2 (42)
/>/

Note that it relates the fluctuating (D) and dissipative () parts of the fluid forces acting on the
colloid. Since v = 67mna, everything on the right hand side of Eq. is known, and we can then
use it to estimate the value of D.

Prob: Estimate the value of D for a colloid of size a = 1um in water and in air. How far does

it travel in a minute? and in an hour?

2.2 Fokker-Planck equation for a Brownian particle in a potential

The full equation of motion for a Brownian particle moving inside a potential U(z) is given by:

d
me = —yv + F(z) + «(t) where

i
F() = -2

(a(t)) = 0; {(a(t)alt))) = 29ksTo(t —t') .

If we are in the high viscosity limit (overdamped, low Reynolds number limit) it can be shown that
it is alright (for times ¢ >> m/v) to neglect inertial terms, namely the term on the left hand side
of the above equation. In that case we get

dx
= f@) +€) (13)

10



where £(t) = «a(t)/y and f(x) = F(x)/vy. Hence the noise correlations are given by (£(¢)&(t)) =
2D6(t — t') with D = kgT/~. This is the Langevin equation of a Brownian particle in the over-
damped limit.

If p(z,t) is the probabilty distribution of the particle then, as we saw in the previous section,

the probability current corresponding to this Langevin equation is:

J = Jairs + Jaript

= f(x)p(x,t) - D

Op(z, 1)

or
Using the continuity equation dp/dt + 0J/0x = 0, this then leads to the following Fokker-Planck
equation for p(z,t):

Ip(x, t) 9 0%p(, t)

% - 92 Lf(x)p(x,t)] + DW -

(44)

2.3 A systematic derivation of the Fokker-Planck equation

We now give a derivation of the Fokker-Planck equation corresponding to Eq. . We use the fact
that the Langevin equation with J-correlated noise describes a Markov process and hence we can
write a evolution equation for the probability density — this will be a generalization of Eq.
for the random walk. Let us assume that starting from point 2’ at time ¢’, the particle can make a
transition of size Ax that is chosen from a distribution ¢(Ax;a’,t"). Then we have:

p(z,t) = / dAzx p(x — Az, t — At) ¢(Ax;x — Az, t — At) .

[e.o]

We now do a Taylor-expansion of the function f(z — Ax) = p(x — Az, t — At) ¢(Az;x— At — At)
around the point z. We then get:

p(z,t) = Z (989:” [p(:r;,t— At) /_OO dAx (_ﬁ!@n O(Ax;x,t — At)}
= p(x,t — At) + Z 88;” [p(x,t)(—l)”%] , (45)

where we have used the fact that [ dAz ¢(Az;x,t — At) = 1 and defined the moments of the
jump distribution ((Az)") = [7° dAz (Az)" ¢(Az;z,t — At) . As we will see, for our process
described by the Langevin equations, the coefficients D,,(z,t) = lima;o((Az)")/(n!At) vanish for
n > 2. Hence we get

Op(x,t) 0 02

e —%[Dlp(xa )]+ @[Dﬂ?(xa t)] . (46)

For the overdamped Langevin equation described by Eq. we have:

Azr = z(t + At) — x(t) = f(z)At + /tHAt dt's(t’) = f(z)At + v(t) ,

11



where v(t) is a Gaussian distributed number with zero mean and variance 2DAt. Hence we get:

(Az) B
Dy = lim =5 = f(2)
(A
Pe = i Tar P

Hence we get the Fokker-Planck equation in Eq. .

3 (General Markov processes

3.1 General description of stochastic processes
3.2 Definition of Markov processes

3.3 Detailed balance condition
4 Interacting particles

4.1 Glauber dynamics

We consider a system of N = L% spins ¢ = {01, 05,...,0y on a hyper-cubic lattice in d-dimensions.

Each spin can take two values o; = £1. We consider a general Hamiltonian

H=-)Y Joo;, (47)
<ij>
where the sum is over all nearest neigbor pairs.

Heat bath dynamics: We imagine that the spin system is in contact with a thermal environ-
ment which causes it to make stochastic jumps between allowed spin configurations. We want to
consider a simple possible model for a stochastic dynamics and in particular one which is Marko-
vian. Clearly such a dynamics is specified once we specify the W-matrix whose off-diagonal entries
gives the rate of transition W, from a spin configuration ¢’ to another given by 0. One necessary
condition is that the steady state of this dynamics should be given by the equilibrium distribution,

namely

Z Y

PSS(U) = ‘

(48)

where Z = e PH is the partition function. One easy way to enforce that this is achieved is to
put in the condition that the dynamics satisfies the detailed balance condition:
W,y  Py(o!) e PHE)

Wop  Pu(o) e PH@" (49)

This still leaves us with many possible choices of transition matrices.
Single-spin-flip heat bath dynamics: We now restrict ourselves to a smaller class where tran-
sitions occur by the process of a single spin flip. Thus the W-matrix only connects two configurations

12



if they differ from each other at only one lattice site. Let us denote w(o;) as the transition rate
from the configuration o = {01,09,...,0j,...,0n5} to the configurtion {o1,09,...,—0j,...,0n}.
A little bit of thinking shows that the detailed balance condition then implies

w(o;) e ™21 Lneti) o

w(—a;) P10 Lhey ok

(50)

where (j) indicates nearest neighbors of j. Using the fact that e*” = cosh a+ o sinh a = cosh(a)(1+
otanha), we can rewrite the above as

w(UJ) B 1— 0j tanh(ﬂJ Zk€<j> O-k)

= : o1
w(—o;  1+ojtanh(8J ) ;s o)) (51)

Let us choose the following Glauber rules for the single-spin-flip transition rates satisfying the above
detailed-balance condition:

w(o;) = % 1 — o; tanh(8J Z o) |, (52)

ke(s)

where « is a free constant parameter that allows us to change the the rate of transitions. Note
that the transition rate w(c;) depends not just on the spin at site j but also on the state of the
neighboring spins.

The master equation for the general d-dimensional case with spin-flip rates as in Eq. is give
by

8tp(0'1702,...,0'j,...,UN)
N

= Zw(—aj)P(al,ag, ey =0y, ON) — Zw(aj)P(al,ag, ey Oy ON) . (53)
J=1 J

The complete equation is difficult to handle analytically so we instead look at equations for the

moments and correlations. Let us define
mi(t) = (o:) = > _o:P(o,1), (54)

as the average magnetization at the site ¢ at time t. Multiplying Eq. by o; on both sides and
summing over all configurations we get

d
% = —2(c1w(ay)). (55)
In deriving this result we used the fact that
Z ow(—o;)p(o1,02,...,—0j,...,0n) = Z ow(o;)p(o1,02,...,04,...,0N)

for [ # j, a result obtained by changing variable o; — —o;. Hence only the term j = [ in the
summation in Eq. contributes and leads to the result in Eq. .

13



Glauber’s rules for d = 1: In his 1963 paper, Glauber considers the above dynamics for the
case of the one-dimensional Ising model with nearest neigbor interactions, for which things simplify
further. We note that for d = 1, the sum Zke(j) O = 0j_1 + 041 can take the values 2,0, —2.
Hence we can write tanh(B8J 3,y 0k) = (Dye;) 0x) tanh(258.J)/2. Denoting v = tanh(23J) we
therefore now get the following flip rates

w(oy) = 5 (L= (/2)0; Y o] - (56)

ke ()

In this case, Eq. leads to the following equation for the magnetization:

dm Q
d_tl = —am; + g(ml_l +myg1) (57)

This equation has to be solved with appropriate boundary conditions (periodic finite ring, open
finite ring or infinite lattice) and initial conditions m;(t = 0). Since the equations are linear, we can
solve them by a Fourier series approach on the ring or on the infinite line. In the thermodynamic

limit, we find, for the initial condition my(t = 0) = 4,
Gi(t) = e " Jy(ant) . (58)

The linearity of the equations imply that for arbitrary initial conditions, the general solution is

given by
my(t) = Z G (t)m;(0) . (59)

Two-time Correlations: A quantity of great interest in non-equilibrium physics is two time
correlations of the form

Ci;(t) = (ou(t)o(0)), (60)

which can be expressed in terms of the two time joint probability distribution of the spin configu-

ration taking the states o and o’ at times ¢ and 0 respectively. Thus

Cii(t) == Z Z 010 P(o,t;0',0)

(e o

= (0y(t)o(0)) = Z ZU;U}P(J,IS\U’, 0)P(d’,0). (61)
From our earlier result in Eq. we obtain the following result

> o P(o,tlo’,0) = my(t)]o’ =Y Giw(t)o}. (62)

14



Using this we then get

=Y Gil(t)(oroy), (63)

where (o40;) is now simply an equal time spin correlator. We choose the state at time ¢t = 0 as the
equilibrium Gibbs state for which it is known that (o;0;) = n*=l where n = tanh 5J. We expect
that Cj; should only depend on |l — j| and so setting j = 0 in Eq. we get

Ci(t) =) _ Gix(t)in, (64)

e Problem: Find how the spin-flip rate w(o;) gets modfied in the presence of an external
magnetic field which adds to the Hamiltonian an extra energy equal to —ph )| ;05

General d—dimensional case: In this case, Egs. lead to the following evolution

equation:

dm
ﬁl = —aml+a<tanh BJZUk >>

ke(l)
which does not form a closed set of equations. In this case we can proceed by making the mean

field approximation o &~ my. In which case we get the closed set of equations

dml

W:—aml—l—atanh /szml

ke ()

These coupled nonlinear equations cannot be solved exactly but we notice that their steady state

solution corresponds to the equilibrium mean field equations for the magnetization, namely
m = tanh (8Jzm) | (65)

where z is the coordination number. This gives a non-vanishing solution for 8 > (Jz)™!.

e Problem: Write a code to simulate the two-dimensional Ising model with the Glauber
rules Eq. (52). Starting from a random initial configuration of spins, plot m(t) =
S mi(t)/N as a function of time at temperature T' = 0.87,, where T, is the exact
equilibrium transition temperature. You need to do an averaging over initial conditions
as well as over trajectories. Show results for N = L? spins with L = 16, 32, 64. Compare
your results with those obtained by a numerical solution of the mean field dynamical
equation for m;(t). In this case start with a single initial condition which is a small
perturbation of the zero magnetization state.

15



Convergence to the steady state: The dynamical mean field equations correspond to a set
of nonlinear ODEs with some known fixed points. To show that the system will converge to a
fixed point and not get stuck in periodic cycles, it is useful to construct what is called a Lyapunov
function (somewhat like entropy). For the Glauber dynamics one choice for the Lyapunov function
is the following:

Fo({m}) = Z =T mim; (66)
=1 (4,3)

where g(m)==[(1—=m)In(1 —m)+ (1 +m)In(l +m)] . (67)

N | —

We note that this is precisely the mean-field free energy expression for the Ising model. The term

g(m) can be seen as an entropic contribution coming from defining a coarse-grained magnetization

field. We see that

OF
B o, = — tanh™* —B8J Z my . (68)

Setting this to zero gives us the equilibrium mean field equations. Let us compute the rate of

change with time of the Lyapunov function. We get

dFG Z@aFG 0. tanh ™! - BJ Z mk] [mj—tanh(ﬁJ Z my)| (69)

ke<j> ke<j>

The right hand side of the above expression involves terms of the form —[tanh™(u) —v][u—tanh(v)]

which is negative definite since the two terms necessarily have the same sign.
Proof:

u — tanh v

tanh[tanh ™" (u) — v] = (70)

1 —utanhv
We are interested in |u| < 1, hence the denominator in the above equation is always positive. Since
tanh(z) and = have the same sign, the above equation then implies that tanh ™' (u) —v and u—tanh v
have the same sign.[QED]

References:

(1) R. J. Glauber, J. Math. Phys. 4, 294 (1963).

(2) O. Penrose, J. Stat. Phys. 63, 975 (1991).

4.2 Exclusion process

In this case we consider a system of N particles on a lattice with L points. The particles interact
strongly such that it’s effect is to disallow multiple occupancy at any site (this is refered to as
exclusion). A microscopic configuration is then completely specfied by the occupancy list n =
{ny,n9,...,n.} where n; = 0,1. We consider a local dynamics where individual particles execute

biased random walks while satisfying the exclusion constraint. The hopping rates are taken to be
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a,. to the right and a; to the left. This dynamics is equivalent to the following specification of
the W-matrix. Transitions are only allowed between two states n and n’ which differ by exchange
of particles at any nearest neighbor sites, say 7 and j + 1. The transition rate from the state
{n1,ng2,...nj,nj41,...,nr} to the state {ny,na,...nj11,n4,...,n,} is given by

w(ng,njr1) = (1 —mnj) + (1 —ng)njg (71)

For the moment we assume that our system is defined on a periodic lattice with L sites. With this
specification of the W-matrix, we can proceed, as in the example of the previous section, to write
the master equation for the evolution of the probability distribution P(n,t):

O P(ny,na,...,nr)
N

= Zw(nj+1,nj)P(n1,n2, ey M1, Ny e M) — Zw(nj,nj+1)P(n1,n2, ey M M, e, Np)
— :

J J (72>

Steady state: Note that for this stochastic process, we did not consider any energy function and
the W-matrix was not constructed with the detailed balance condition in mind. It turns out that
anyhow we can still find the exact steady state distribution of this system. Noting that the dynamics
conserves particle number N = Zle n;, the W-matrix breaks up into L + 1 disconnected blocks
with each block specified by the total particle number which can take values N = 0,1,2,..., L.
Thus one has L+ 1 possible steady states, the initial condition deciding which state the system will
be in. Within a block there are ( ]LV) possible configurations and the steady state has a very simple
structure — all the ( Jf,) configurations occur with the same probability.

Proof: The proof rests on the idea of pairwise balance which is an extension of the idea
of detailed balance. This says that, with every configuration n’ that is connected to n by the
transition matrix, is associated a unique configuration n” connected to n with the property that in
the steady state

Wn’,nPss(n> - Wn,n”Pss(n”) . (73>

Summing the above equation over n we see that the steady state condition is indeed satisfied.
To illustrate this condition for the exclusion process, consider for L = 6, N = 3 a configuration
n ={1,0,1,1,0,0}. Then the transition to the state n’ = {1,0,1,0,1,0} occurs at a rate «, and
correspondingly theres a transition from n” = {1,1,0,1,0,0} to n occuring at the same rate. The
uniform probability measure then means that the pair-wise balance condition is satisfied. A bit
of thinking convinces us that the construction of the pair is always possible. Note that detailed
balance condition is more restrictive and corresponds to n’ = n”, which in our case is only satisfied
for the symmetric exclusion process (with «, = o).

Explicit example: Consider the example of two particles moving on a ring with four site,
ie N =2, L = 4. We label the allowed configurations as |1) = (1,1,0,0),]2) = (1,0,1,0),|3) =
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(1,0,0,1),4) = (0,1,1,0),|5) = (0,1,0,1),|6) = (0,0,1,1). The transition matrix is explicitly
given by

—(oy + o) oy 0 0 Q. 0
o —2(ay + ) oy oy 0 o,
B 0 o, —(y + o) 0 oy 0
W= 0 o, 0 —(q + ) oy 0 (74)
oy 0 o a, —2(q + ) oy
0 (7] 0 0 (7] —(Ozl + Ozr)

Equations for moments: While the solution of the full master equation is non-trivial we can
make some progress by looking at the moments which correspond to physical observables. It is easy

to see from the master equation that the evolution of the density field p;(t) = (n;) = >, n;P(n,t)

is given by
dp;
i ar(ni—1(1 —n:)) + aw(nipa (1 —ng)) — au{ni(l — nie1)) — ar(ni(l — nigr)) (75)
= o (pic1 — pi) + a(piss — pi) + o (—Ciz1i + Ciivr) + u(—Chizn + Cizi) (76)
where we have defined the equal time correlator C;; = (n;n;), and used the obvious identity

C;; = Cj;. It is easy and instructive to understand various terms in the above equation physically.
For example consider the process whereby a particle can hop from site ¢ — 1 to 7. This can only
occur if n;_1 = 1 and n; = 0. The probability of this happening is (n;_1(1 — n;)) and, given that
this is satisfied, the transition rate is ;.. The first term in the right hand side of Eq. precisely
corresponds to this process.

Some comments on the structure of the equations for p;:

1. We notice now that unlike the example of the d = 1 Glauber model, the equations for p; do
not form a closed set. The equation involves the higher two-point correlations ;. We can
try to write equations for C;; but those would involve three-point correlations and so on. This
is the typical BBGKY hierarchy problem.

2. The equations can be written in the form of a continuity equation:

dp;
dt
where J; = ar(pifl - Cifl,i) - Oél(pi - Cifl,i) .

=—Ji1 +J; (77)

This corresponds to the fact that particle number is conserved locally.

Symmetric simple exclusion process (SSEP): For the special case oy = a, = a, the
dynamics simplifies considerably and we find that the densities now form a closed set:

dpi
dt

= a(pit1 — 2pi + pi-1), (78)
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which is the same equation that one would have for non-interacting walkers. From our earlier
discussion of the random walk we see immediately that the time for the density field to relax to
the uniform steady state value is given by

Tssep ™ L2/0z. (79)

As mentioned earlier, the steady state of the exclusion process in each sector is one of uniform
measure over allowed states — for SSEP we can easily check that the detailed balance condition is
satisfied and so the steady system is in that sense an equilibrium state. Note that we can formally
write the steady state in the form e ¥ /Z where E(n) is zero for all allowed configurations
respecting exclusion and oo for all disallowed configurations. We also note that the particle current
J = 0 in the steady state.

Exact mapping to quantum model: The W —matrix of the SSEP can be mapped exactly
to the 1D Heisenberg spin-1/2 ferromagnetic chain, whose eigen-spectrum is known exactly via the
formalism of Bethe-Ansatz. In particular it is known that the gap between the ground state (SSEP
steady state) and the first excited state scales as 1/L? (for large L), consistent with the result in
Eq. .

Asymmetric simple exclusion process (ASEP): In this case, a common approach is to
again use the mean field approximation and replace C; ; = p;p;. We then find the following results
for the steady state density and current

pi=p=N/L, Ji=1J=(a,—a)p(l-p), (80)

for all ¢ = 1,..., L. The fact that the particle current is finite is consistent to the fact that the
detailed balance condition is not satisfied and we now have a Non-Equilibrium Steady State (NESS).
The ASEP can be mapped exactly to a quantum non-Hermitian spin chain, whose spectrum can
again be obtained using the Bethe Ansatz. From the gap between the ground state and the first
excite state one finds that the relaxation time now has a scaling with system size which is different

from SSEP. In this case one obtains
Tasep ~ L3/2/a. (81)

In general the dependence of relaxation time, in a many body system, on the system size is an
important characterization of its dynamics. Typically one finds Teax ~ L* where z is referred to
as a dynamical exponent of the system. Here we have established that z = 2 for SSEP and z = 3/2
for ASEP.

References:

1) An exactly solved model for interfacial growth, D. Dhar, Phase Transitions 9, 51 (1987).

2) Bethe solution for the dynamical-scaling exponent of the noisy Burgers equation, L-H Gwa
and H. Spohn, Phys. Rev. A 46, 844 (1992).

3) Nonequilibrium Statistical Mechanics in One Dimension (Vladimir Privman)
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5 Polya’s recurrence theorem and first passage problems

We consider a simple random walk on a general hypercubic lattice and ask the question: What is
the probability, Ry, that a walker starting from the origin will ever return to the starting point?
The walker is allowed to take any amount of time. Polya’s theorem states that the walker will
return with probanilty one in dimensions d = 1,2 while in higher dimensions, there is a finite
probability that the walker will not return.

5.1 Method of generating functions

Proof: We give a simple proof using the idea of generating functions. Let us define the following
generating function:

G(X,z) = Z P(X,n)z".

One can show (see below) that Vj = G(0, 1) gives the mean number of visits to the origin, X = 0,

over infinite time. We can relate Ry and Vj using the following result:

Vo=1.(1-Ro) +2.Ro.(1 = Ry) +3.R5.(1 — Ro) + . .. (82)
=(1-Ry)". (83)

The above relation simply sums over cases where there is a single visit, occuring with probability
(1 — Rp) (no return), two visits which occur with probability Ry(1 — Ry) (exactly one return), etc.
Inverting the above relation we get

1
Ry=1——. 84
o=1- 3 (849
From our earlier exact Fourier-series solution for P(X,n) we can immediately write the form of the

generating function:

1 ™ g efiX.O
FX,2) = (2m)d /—W ! 61 — (z/d) ijl cosf; (85)

Using this we get V5 = G(0,1) = (2m)~¢ [7_d?0[1 — (z/d) Zj:l cosf;]7" and on performing the
integrals we find

d=1,2
‘/O — OO? ) (86)
1.5163860..., d=3,

and finite in other higher dimensions. The integral for Vj can be performed exactly in d = 3 and is
easy to compute numerically in higher dimensions, and approaches the value 1 in higher dimensions.
From Eq. |[84] we then get Polya’s result:

1 d=12
Ry=1{"" ’ (87)
0.340537..., d=3,
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and smaller return probabilities in higher dimensions.

Problem: Prove that on a finite lattice the probability of visit is unity in all dimensions. ]

Probability of visit to a another site: We can repeat a similar computation to find the
probability that, starting from the origin, we will ever visit a particular location X. In this case
the mean number of visits Vx = G(X, 1) can be related to the first visit probability Rx through
the equation:

Vx = 1.Rx.(1 — Ry) + 2.Rx.Ro.(1 — Rg) + 3.Rx.R3.(1 — Ro) + ... (88)
= Rx(1 — Ry)™' = RxV; . (89)
Hence we have
Vx
Rx = —. 90
x =37 (90)

Evaluating the integrals explicitly it is easy to see that in one and two dimensions, we would visit
any site (at a finite distance) with probability one. In higher dimension this is less than one and
decays with distance from the origin.

We next ask for the distribution of times that the walker takes to visit a given site. Let P (X, n)
be the probability that the walker visits X for the first time at the n*® time step. Let us define the

corresponding generating function
F(X,2) =) Pi(X n)". (91)
n=0

Similar to the expressions in Egs. (82l88) we can write

P(0, 1) = 6,0 + i P(0,n — k)P(0, k) (92)
P(X,n) = i Py(X,n — k)P0, k) . (93)

Multiplying by 2" and summing from n = 0 to co we get the relations

G(0,z) =1+ F(0,2)G(0,2)
G(X,z) = F(X, 2)G(0, z), (94)

which can be solved for F' to give

F(0,2) =1- G710, 2)
F(X,z) = G(X,2)G(0,2). (95)
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Thus since we know the formal exact form of generating function GG, the above relations provide us
the generating function F' for the first passage distribution P;(X,n). This can now be obtained by

inverting Eq. (91)):
1 F(X
Pi(X,n) = —,/dzM. (96)

271 gntl

In general it is not possible to perform this integral but this form is useful to extract asymptotic
properties of the first passage distribution, in particular it’s form at large n. We now present a
heuristic approach to see how this is done.

Heuristics: Let us consider the following series:

=> f(n)z". (97)

For z ~ 1, let us set z = e* with 0 < s << 1 and let A(s) = A(z). In this case a large number of
terms in the sum will contribute and so we can replace the sum by an integral

A= [ "' e & / " ), (98)

Now let us set s = 1/n and differentiate the above equation with respect to n. this leads to the
relation

() = £ A(1/n). (99)

Thus by looking at the small s behaviour of G(X,s) = G(X,e ) and F(X,s) = F(X,e™*), we
should be able to predict the large n behaviour of P(X,n) and P;(X,n).

Examples: Let us consider the problem of return time distribution, i.e we take X = 0, in
dimensions d = 1,2. For z =~ 1, the divergent contribution from @ = 0 are most important
and we can approximate cos = 1 — §%/2. Then one finds

o [T Al ~ (1= 2)2 d=1,
G(O, Z) ~ 27r f 1—2z+6 /2 ( Z) B (100)
s [ d0— s ~ —In(1—2) d=2.

(27r 1— z+92/2

Hence we get G(0,s) ~ s¥/2 F(0,s) ~ 1 —¢;/sY2ind =1 and G(0,s) ~ —In(s), F(0, s) ~
14+co/In(s) in d = 2, where ¢; and ¢, are constant factors. Using Eq. we then immediately
get the large n forms

Py(0,n) ~ { i (101)
nln?(n) d=2.

Exact results in d = 1: In dimension d = 1 we can compute P;(X,n) exactly. In this case
the Generating function can be obtained by contour integration and one gets

1 T e—iX& [Z—l _ (Z_2 _ 1)1/2]\X|
GX,2) = 27r/ del—zcose_ (1—22)1/2

™

(102)
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For X = 0 we get G(0,z) = (1 — 22)~'/2 and performing a Taylor expansion around z = 0 gives
G(0,2) =>_° (@) 2 which gives us the expected known result for P(0,n). Next we note that

n=0 22npInl ©

F(0,2) =1—-G740,2) =1 — (1 — 22)Y2 50 that

dF o . G (2n)! 2n+1
dz 2G(z) = nZ:O 22”n!n!Z ’

(2n)! M2 _ f: (2n —2)! 2n

(2n + 2)22nln!” (2n) 22D (n — 1)i(n — 1)~

[
WE

Hence F(0, 2)

0 n=0

n

(2n)! 2
" 103
(2n — 1)22”n!n!2 (103)

[
NE

Il
=)

n

From this series form we can read off

(2n)!

104
(2n — 1)2%nln!’ (104)

Pl(O, 2n) =

for n > 0.

Problem: Verify by exact enumeration the above formula for P;(0,2) = 1/2, P(0,4) =
1/8, Pi(0,6) = 1/16, P,(0,4) = 5/128.

Finding P (X,n) for X # 0 by inverting F'(X, z) is not trivial and we now discuss a second
approach for the first passage problem.

5.2 Method of absorbing boundary condition

First passage from 0 to Y: Since we are asking for the time for first passage from 0 to Y, this
means that we are looking at trajectories which end at bfY. Hence let us consider the problem
where we put the absorbing boundary condition P(Y,n) = 0 so that there is no probability of
transitions out of the site Y. Suppose we solve the diffusion equation with this boundary condition
and the initial condition P(Y,n = 0) = dy o and let us indicate the solution as PA¥(X,n). This
probability gets contributions from all paths of length n which do not cross the point X. Hence it

is clear that we can obtain, for d > 1

Pl(Y,n):%Z Y PYXon-1), (105)

Xe<y>

where <Y > denotes all the 2d neighoring sites of Y. For d = 1, we have
1
P (Y,n) = 5PAY(Y —1,n—1). (106)
Solution in d = 1: In this case it is easy to see, by the method of images, that

PA(X,n) = P(X,n) — P(2Y — X,n), (107)
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where P(X,n) is the solution of the free random walk on the infinite lattice with initial condition
X = 0. Hence from Eq. (106) we get

Py(Y,n) :%[P(Y—l,n—l)—P(YJrl,n—l)]
1 (n—1)! (n—1)!
Coon | aYyeiY gy (nY ety
- %P(Y,n) (108)

This formula is valid for Y > 0. For Y = 0, we can consider the first step to be either to the left
or right and then ask for the first passage in the remaining n — 1 steps from 0 to Y = 1. Thus

P(0,2n) = P(1,2n — 1), (109)

which agrees with the result in Eq. (104)).

5.3 Kramer’s escape rate: a physical derivation

Consider a collection of independent Brownian particles in a potential U(z) which has the shape
shown in the figure below. Let us assume that the well is very deep and initially the particles are
within the well. Physically we expect that the particles will reach a close-to-equilibrium state but
will leak out slowly across the barrier. What is the rate at which this escape takes place 7 This is

the Kramer’s escape rate problem.

Let us first write the Langevin equation for the particles. We will work in the overdamped limit

where it is ok to drop the inertial term mv. Thus we have the equation:

. 0U(x)
VE=——0 + 1. (110)
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The corresponding Fokker-Planck equation for the probability density P(x,t) is given by

OP(z,t) 0 [10U 0?P(z,1)
il Sl VA Bl pZ-\7
ot oz [’y oz (a:,t)} * 2
o [10U OP(z,t) oJ
_ 9 |1ov, pli\t 97 111
Ox [’y Ox (2,6 + ox } Ox (111)
10U OP(x,t
where J = —;%P([B,t) — D% and D’}/ = k’BT (112)
We can rewrite the current in the following form:
U@ 9 | U
— _ kgl —_ | pkpT 11
J De 5 [e P] (113)

If the system was completely in equilibrium there would be no currents J = 0 and we would
therefore get

U(x)

P(z)=¢ *sT R (114)

where Wy can be determined from normalization. This is the expected equilibrium distribution.
However with the given form of U(z) the system cannot be exactly in equilibrium ( WHY!!!). Let
us thus assume that the particles are approximately in equilibrium at the bottom of the well and
there is a small current J across the barrier. With dP/0t ~ 0, the current J will be independent
of z and from Eq. we get

U(x) U(x)
— [e’“BTP} = —%e’“BT (115)

Integrating this between the points a and ¢ gives

U(z) ¢ ¢ U@
{ewP] = —% e*sT dx’ (116)

a

But P(z) is very small at c. Hence we get

U(a)
De*sT P(a)
— T
fc e *BT dx!
a

(117)

The escape rate r can now be obtained by noting that this gives the conditional probability of
escape per unit time, given that the particle is initially inside the well near x = a. Thus if we define
p as the probability of the particle being inside the well then J = pr. To evaluate p we first note
that if the barrier is high then we have (approximately) the equilibrium relation:

_U(@)=U(a)

P(z) = P(a)e — *5T (118)
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The probability of finding a particle in the well is thus

a+A U(a) a+A U@
p:/ P(z)dz = P(a)e’“BT/ e ks’ (119)
a—A a—A

where A is of the order of the size of the well. Again the integrand is peaked about the point z = a

and expanding about it gives
271']{?BT
— P(ag)(22B—

In Eq. the integrand in the denominator is peaked about the point x = 0. Expanding about
this point then gives

)/ (120)

4 2! [ oo " —b)2
/ eil(gT) da’ :/ e[U(bHUﬁ(b)(m_b)2/2+‘“]/(kBT)da:’ ~ e%bT) efw#d "= (—QWkBT)lme%(lﬂ)

N C )
Using this and Eq. we finally get, from r = J/p, the Kramer’s escape rate formula:
r= U @)U )] e (122)
27T]{ZBT

where E, = U(b) — U(a) is the barrier height. Thus the escape rate falls exponentially with the
barrier height. It also depends on how flat the potential is at the points * = a and = = b. As
expected the escape rate increases with increasing temperature (D/kgT = 1/v) depends weakly
on temperature). Also note that the formula can only be applied for E, >> kgT because the
assumptions that have been made while deriving it hold only in this regime.

REFERENCES:

(1) H. Risken, The Fokker-Planck equation.

(2) Van Kampen, Stochastic processes in physics and chemistry.

(3) S. Chandrashekhar, Rev. Mod. Phys. 15, 1 (1943)[page 63].

6 Linear response theory

We consider a system described by a microscopic Hamiltonian Hj that is in thermal equilibrium
at temperature 7' at some time ty. Let the system be described by the phase space variables
q={r1,%2,...,TN,P1,P2,---,PN}. Let us imagine that at time t, we switch on a time-dependent
perturbation in the system. We want to study the response of the system to the perturbation. For
this we measure the expectation value of some observable, say A(q).

Let us assume that the perturbation can be described as a change in the Hamiltonian of the
form H; = —f(t)B(q) and the full Hamiltonian for time ¢ > ¢, is given by H = Hy + H;. We then
expect that for a small perturbation the response at time ¢ would be linear in the perturbing field
and would depend on the field values at all past times. The general form of the response would
thus be

(0A) = (i — (Mg, = /tt di'xap(t —t') f(t') (123)

and this defines the response function y4p. We will now try to obtain an expression for this
nonequilibrium response function in terms of equilibrium correlation functions.
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6.1 Linear response theory for classical Hamiltonian systems

At time ¢y the system is described by the canonical phase space distribution function po(q) =
e PHo /7, On applying a perturbation of the form H, = —f(t)B(x,p) this distribution evolves
through the Liouville equation given by

@%22: {(H,p} = {Ho, p} — F(){B, p}
= ﬁop + f(t)ﬁlp

N N
where £, - Z(aﬂoa 8H08>7£1:_Z(8B6 888)' 124)

1 Ox; Op; N Opi Ox; —1 Ox; Op; N Opi Oz;

In the above we have expressed the Poisson brackets explicitly in the form of linear operators. A

formal solution of the linear equation can be written as
t /
p(t) = =T p(ty) + / di' f(t")e " Lyp(t') . (125)
to

The distribution at time o, p(ty) = po is invariant under the unperturbed dynamics, hence Lopg = 0
and this means that the first term on the rhs of above equation gives e£0(=*) p(t;) = po. In the
second term, we follow the usual approach of perturbation theory and replace p(t') by py to get,
after setting ty = —o0,

t
p(t) = o +/ dt/f(t/)eﬁo(t—t’)ﬁlpo ) (126)

—00

We rewrite L1p, in the following way:

Lipo = —{B,po} = B{B, Ho} po = —B(LoB)po. (127)

The expectation value of any observable A(g) at time ¢ is therefore given by

(A = /dqmmm%w

= (A)eq— B /_ dt' f(t') / dq A(q,0) e LyB po(q) . (128)
Hence
Xap = 5(§jf4(>t('§> =—F / dq A(q,0) ¢ LoB po(q) - (129)

Now we make the following two observations:
(i) The operator Ly is anti-Hermitian, so that for any two normalizable functions g and h, we have

/mwmwmwz—/Mﬁ@wﬂmr (130
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(ii) The rate of change of any phase space function, say C', under evolution with Hy is given by

q)/dt = Zml dC(q)/dw; + p; IC(a)/Op:

- _{HO, C} = —LyC. (131)
Hence we have C(t) = e %ot C,

Example: Consider the simple harmonic oscillator with H = p?/2 + w?z?/2. We know that
for initial conditions z(t) = x, p(t) = p, the solution at time ¢ is z(t) = cos(wt)x + sin(wt)p/w.
Let us verify if we are able to get this also from the form z(t) = e~*°‘x. Explicitly we get

L £3t3 L
—Lot 22 A
=x — Lot —z° — —x*... 132
e 'y =z — Lotz + 5 = S+ Al (132)
From the definition of the Liouville operator, one has Loz = —p, Lop = w?x, and by repeat-
edly acting with L, we then get
242 243 444
Lot W t W t° 5 Wit
e Tr=x+pt 5 T s!p—I— 4!x...
i t
= cos(wt)zr + sin(w )p, (133)
w

in agreement with the known exact formula.

Using (i) and (ii) we then get from Eq. (129)
Xap(t —1') = —ﬁ/ dq A(q,0) e LyB po(q)
= @/ dq Lo(e ™50t A ) (e7“Y B) po(q)

d
= _5£<A<t>3(t/)>eq- (134)
This is one of the central results of linear response theory. We note some important points.

e Since the response function only depends on the time difference we can write:

d .
Xap(t) = —=f — (A(t) B(0))eq = =B (A(t)B(0))eq , (135)
where we should remember that the average is with respect to initial conditions chosen from
po(q) = e~/ Z,.

e The quantity A is again some function of phase-space variables. In this equation, to find A(t)
or A(t), we evolve with the unperturbed Hamiltonian Hy.

e We can write the linear response formula in a slightly different form. Let AA(t) = A(t) —
(A)eqs AB(t) = B(t) — (B)eq- Then it is easy to see that (AA(t)AB(0))eq = (A(t)B(0))eq —
(A)eq(B)eq, hence it is clear that

d

xap(t) = —B—

— (DAMAB(©)) (136)

where AA = A — (A).
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Problem: Consider a single particle described by a Hamiltonian Hy = p*/2+ U(z), with two
different choices of the potential (a)U(z) = ?/2 and (b)U(x) = 2*?/2+x*/4. Choosing initial
conditions from the distribution py(z,p) = e ?H0/Z, (you need to figure out how to draw
random number z from a specified distribution p(z)), and using a 4th order Runga-Kutta
code to evolve the system, compute the correlation function C(t) = (z(0)z(t))eq. For the
harmonic case, compare with the exact result. Take temperature 7" = 1.

Next, from the simulation directly compute the response §(z(t)) to a small external force of
the form f(¢) = e for 0 < ¢ < 10. Compare the response with what you get from the linear
response formulam using the numerical C'(¢) obtained in previous part.

Reference: https://web.stanford.edu/~hca/c276autumn2009/

6.2 Linear response theory for Markov processes

Let us consider a general system which is described by coordinates q, and with the probability
P(q)’s evolution given by the linear Fokker-Planck equation

oP(q)
ot

where L is the unperturbed operator whose steady state solution is the equilibrium state, i.e Lopg =

— LP = Lo+ f(1)L] P, (137)

0, and f(t)Ly represents a time dependent perturbation of the dynamics. Standard perturbation
theory, as detailed in the previous section, then leads to the result for the response

W= 1) = 52 = [ da@e = emla)
- / daA(Q)e2 ) [ ()L pola) ()]
_ / daA(q)e“ ) C (q)po(a)), (138)
where C(q) = py ' (a)L1po(a) - (139)

Form of equilibrium correlations: We note that the two-time correlation function between any
two observables A and C| in the equilibrium state pg, is given by

(AB)C(t))eq = / dq / da)’A(a)C(d') P(at|q't)po(d’)
B / dq / dg' A(@)C(a)e™ " 6(q — q')po(d))
~ [ dast@esIc@mla) (140)

Hence comparing the forms in Eq. (138) and Eq. (140]) we get the general relation between response

and correlations

x(t—t) = (A)C{#))s, where C = py'Lipo. (141)
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Let us now look at some specific examples.
(i) Single-particle overdamped Langevin equation: We consider the dynamics dz/dt =

—(1/7)0U/0x + V2D + f(t)/~, so that
Lo = DO? + a%aU/ax,
L= —lax Copo=e V)7, (142)
Y

Hence one gets

B

C =2oU/0x. (143)
Y

Next we use the relation Lo(xpy) = —U’'py/y (Verify) to get

= [ AU )pula) = =B [ deA@)eEo ) Lofapn)

d /
— L (AW(). (144)

More generally let us suppose that the external time-dependent force is of the form —9,[— f(t) B(x)] =
f(t)B'(x). Then we have £; = —(1/7)0,B'(x) and hence we get

C = —po(1/7)0:B'py = —B" v+ (B/~)B'U". (145)

Again it can be easily checked that this precisely equals —BL(Bpg) (Verify). Hence we then get

the response to this perturbation as

an = P / 0 A(z)e" ) L4 B(x)po ()]

d

G (146)

(ii) Single-particle under-damped Langevin equation: We consider the dynamics dz/dt =
p/m,dp/dt = =U'(x) —yp/m + /2vkgT& + f(t)B'(z), so that

Lo =ykpTy + (7/m)0pp + 9,(U") — (1/m)0sp,

Ly =—B'(x)d,, py=e Wm0 7, (147)

Hence

C' = —podpB'po = B/mpB'(x) = —BLo[B(x)po(x, p)], (148)

where the last step is easy to verify explicitly (Do so). Thus we finally get

XAB = —B/dxdpA(xap)GEO(tt/)ﬁoB(JU)Po(xap)

d

= =B (A B() ea: (149)
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Problem: Consider a set of N interacting Brownian particle described by the overdamped
Langevin equations

& = —(1/7)85,[U(x) = f()B(x)] + VD, (150)

where U = U(xq,x2,...,2x) is a general interaction potential and the Gaussian noise terms
have zero mean and correlations (n;(t)n;(t')) = 0;;0(t —t'). Using the above approach, show
that

6(A)E) . d /
s = B A B (151)
In particular this gives for the choice A = x;, B = z;, f(t) = f;(t)
Xt =) = 70 = 8Lt e (152

Perform simulations for a single particle in a potential well with (a) U(z) = 2%/2, (b) U(x) =
22 /2 + z* /4 to compute the correlation (x(0)z(¢)). For the harmonic case, also compute this
analytically and compare with the simulation result. Plot the results for the harmonic and
anharmonic cases together and comment on the qualitative differences.

Reference: Chapter 7, The Fokker-Planck equation - H Risken.

6.3 Response functions in frequency domain

Let us consider an oscillatory perturbation of the form f(t) = Re[f(w) e *f] acting from time
to = —oo. Then from Eq. (123) the response is given by the real part of

t )
/ dxan(t — ) flw)e ' = / ' xan(t— 1) 0 — 1) =01 Fw)e—t  (153)

—iwt

= Xap(W)f(w)e ™,
where Yap(w) = /0 dt xap(t) e . (154)

Thus the response has the same oscillatory time-dependence. In general Y 4p5(w) is complex, mean-
ing that there is a phase-lag between the driving and the response.

We now consider the special case A = B. Let the real and imaginary parts of the frequency
response function be denoted by Y44(w) and X4 4(w) respectively so that Yaa(w) = Xya(w) +

iXha(w). Also let us define Cy4(t) = (AA(t)AA) and
Can(w) = / dt Cau(t) €t =2 / dt Cau(t) cos (wt) (155)
- 0

o0
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where we used the fact that time translational invariance implies Cya(t) = Caa(—t). Using
Eq. (136 we then get

Taalw) = -4 /0 o % (AABAA)) ¢ = BIAA2(0)) + iw /0 T HCaA) € (156)

Comparing the real and imaginary parts of both sides we get

Yaa(w) = B(AA*(0)) — Bw /0°° dt Caa(t) sin (wt) (157)
Via) = B0uw). (15%)

As we will show now, the imaginary part of the frequency response function, is related to the
dissipation in the system. The relation Eq. (158]) relates the dissipation to the fluctuations in the
system and is refered to as a fluctuation-dissipation-theorem.

6.4 Power dissipation

Since the external perturbation is driving the system, it is performing work on the system which
must eventually be dissipated as heat. To find the rate of dissipation we find the average rate at
which the internal energy of the system changes. This is given by

d{(Hy) d

W=dt—ﬁ/M%UMt)

= & [ datt(a) “ota,0)
= & [ dale H(@))o(a, 0)
= / dqu;]eq) po(a), (159)

where we used the antihermiticity of L and the interpretation of the operator e 1*A(q) discussed

earlier. Now dHy/dt = (d/dt) [H + f(t)A] = dH/Ot + fA+ fA = fA. Hence we get

()

W:
dt

— [das dp= 1) (). (160)
Now consider the oscillatory force f(t) = Re[fe ™! = (fe=™' 4 f*¢™*)/2. As seen from Eq. (153)
the response is given by (6A(t)) = (Y fe ™' 4+ X* f*¢*")/2 and hence
A W —iw ~* * iw
() = 2 (% et =3 oo ). (161)

To find the average dissipation rate we average W = f(t)(A) over the time period 27 /w. This then

gives

= = [F(@)? Xw) . (162)

Thus we see that the power dissipation rate is proportional to the imaginary part of the frequency
response function.
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6.5 Green-Kubo formula for electrical conductivity

We consider the effect of applying a time-dependent electric field to a system in equilibrium. For
an electric field applied along the x-direction the perturbation of the Hamiltonian is given by
H' = —eE(t) Zf\il x; where e is the charge of each particle. According to our earlier notation we
then have f(t) = E(t) and B(x) = e Zfil x;. The observable of interest here is the charge current
j(z,t). The charge density is given by p(z,t) = e> .0(z — ;). From the continuity equation
dp/0t+ 0j/0x = 0 it follows that the current density is given by j(x,t) =e >, &; 6(x — ;) . The
total current is given by J = fOL drj(z,t) =) . &;. Here we will be interested finally in the current
response to a constant electric field hence we look at the observable A = J. From our general linear
response formula in Eq. , and noting that in the present case B=J, we immediately get

(J(t) = ﬁ/_t dt'E(t)(J (t = )J (0)) - (163)

We now note the following important point: if we apply a constant electric field to a closed finite
system then eventually at long times the system will settle to a new equilibrium state with zero
current and a non-uniform charge distribution. To set up a steady current in a closed system we
need to switch on the field at a rate such that the system is not able to equilibrate — since the
equilibration time increases with system size, this is achieved by setting E(t') = e’ E. We obtain
the required steady current at time ¢t = 0 by first setting L — oo and then taking ¢ — 0. The
average current density is then given by

Y g pm [ de im 2(J0)J0)) (164)

L e—0 0 L—oo I,

Comparing with the expected form j = o E where o is the electrical conductivity of the system we
get the Green-Kubo formula

o= Blim [ dte lim —(J(1)J(0)) . (165)

e—0 0 L—oo L
7 Flutuation theorems and large deviations

8 Microscopic derivation of the Langevin equation

We describe now the simplest derivation of the Langevin equation where the environment is mod-
elled as a collection of harmonic oscillators. Eliminating the environment degrees of freedom leads
to an effective equation for the Brownian particle which has noise and dissipation terms, and that
are related by the fluctuation dissipation theorem. In fact this approach lead to what is called the

generalized Langevin equation which we first describe.
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8.1 The generalized Langevin equation

In the simple Langevin equation that we wrote in Sec. [2], the disipative part is instantaneous and
the noise is uncorrelated in time. This is not a very good model of real heat baths and a more
appropriate description is in terms of the generalized Langevin equation. This is given by the

equation

mi=—k x— /t dt'a(t — t)u(t') +n(t) , (166)

—0o0

where 7(t) is again a Gaussian noise but with the following correlations:

(n)) = 0
(nnt')) = ksTalt—t). (167)

Thus the friction term involves memory and the noise is now correlated.
To get steady state properties, we can Fourier transform Eq. (166)) to get

Hw) = —mw? +1(Li)iwa+(w>
with (@A) = 2a(w) = L Refo* () (168)
and at(w) — /O Tdta(t) et Glw) = / Tt alt) et
Using these we get the following expressions:
@) = ]?TT _: w[—mw2+k—iw&(£zucj)ﬁf;f§3 T+ iwar (@)
- [ S i) - 1o
won = S| [ woty | = (70)

(171)

where the integrals have been performed by taking appropriate contours in the complex w plane. In
performing the integral we use the fact that @(w) is an analytic function in the upper half w-plane

and also assume that —mw? + k — iwé(w) does not have zeros in this region.

8.2 Microscopic derivation of the generalized Langevin equation

As our system (for which we want to derive a Langevin equation) we consider a single harmonic
oscillator described by the phase space variables (z, p) and with a natural frequency wy = k/m. The

oscillator is coupled to a heat bath (environent) modelled by N independent oscillators described
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by {Xa, P,} and which have frequencies {w,} . To generate dissipation one eventually needs to
take the limit N — oo. The full Hamiltonian of system and bath is taken to be:

2 2,.2 2 W2 X2
P MW-T P X
H = — o 2T X o 172
om 2 +a:1[ 2 Zcx (172)
= H,+H,+Hy .

The last term represents the coupling between the system and the bath. Introducing the shifted

frequency mw? = mw? — > ¢ /w?, we can rewrite Eq. (172)) in the following equivalent form

P, mes 2 (Xo — )2

H=5n +Z “al 1 (173)

Let us now write the equations of motion for the system and bath variables. These are given by:
mi = —mwlr + Z CaXa (174)
X, = —wiX,+cox. (175)

We assume that the reservoir and system interaction is switched on at time ¢ = t;. The solution of
the equations of motion, for ¢ > ty, of the reservoir variables is given by:

sin wq (t — to) sinwg (t — t')

t
X (#) = coswa(t — to) Xa(to) + Xo(ty) + / St =) ey (176)
Wa to Wq

Plugging these into the system’s equation of motion Eq. (174]) we get the following effective equation
of motion for the system:

t
mi = —mw?x + / dt'S(t — t)x(t') +n(t) , (177)
to
b da(t —t
= —mw’x —|—/ dt’M (") +n(t) , (178)
02 . C2
where X(t) =) o sin(wat) , at) =) o cos(wat) (179)

sinwg, (t — to)

= Z Calcoswy (t — to) Xo(to) + Xal(to)] - (180)

Wq

The above equation looks like a generalized Langevin equation with 7(¢) as the noise term. This
is a random variable since it depends on the initial values of the bath degrees of freedom which
are chosen from a thermal equilibrium distribution. We thus use the fact that at ¢t = ¢y the
reservoir (isolated) is prepared in equilibrium and hence we know the statistical properties of the
bath variables { X,(0), X,(0)}. Using equipartition we immediately get:

(W2X2) = (X2)=kpT
(XoXa) = 0
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From these properties of the bath one can work out the correlations of the noise 7(t) in Eq. (180)).
We get (for ¢,t" > ;) the following fluctuation-dissipation relation

(n()n(t')) = kTalt —t) . (181)

Finally, after a partial integration, we can rewrite Eq. (178]) in the following standard form

¢

mi = —mw?x — a(t — to)z(ty) — / dt'a(t —t"u(t') + n(t) (182)
to

where, as before, we have mw? = mw? — «(0). Setting t, — —oo and using the fact that

limy o0 (t) — 0 (true whenever the frequencies w, form a continuous spectrum) the above equation

reduces to the generalized Langevin equation Eq. (166))

t
mi = —kx — / dt'a(t —tu(t") +n(t) , (183)
where we made the identification k& = mw?. Note that the natural frequency of the system has got
shifted from w, to w,s because of coupling to the heat bath. This can be made to go to zero by
taking the limit of vanishing coupling between system and bath.

In the case of finite coupling between system and heat bath it is good to have a clear idea of what
exactly we mean when we say that at long times we want that the system should equilibrate. Sup-
pose we consider the phase space distribution function p(x, p, X4, Pa,t) of the system plus bath at
time ¢. At time ¢ = 0 we start with p = ps(z, p) py? (X4, Pa) where p,? = e=PHv /7, is the equilibrium
canonical distribution function for the isolated bath while p, is an arbitrary distribution function de-
scribing the initial state of the system. Let p.(x,p,t) = [ [, dXadPap(x,p,{Xa, Pa},t) be the re-
duced distribution function for the system at time t. Also let p®(x, p, X4, P,) = e ?! /Z be the equi-
librium distribution function for the coupled system and reservoir and pfi(z, p) = [ [[ dXadP.p*
be the corresponding reduced equilibrium distribution. Then for approach to equilibrium in the

long time limit we will require:
lim p(z,p, t) = pf(x,p) - (184)
—00

Note that, instead of Eq. (185]), we can use the following equivalent form:

t

mi = —mw3x + / dt'S(t —t)x(t') +n(t) . (185)

—00

8.3 Quantum Langevin equation

Let us try to see how we would go about writing a quantum Langevin equation. We start with the
same model of a single harmonic oscillator coupled to an oscillator bath and described by the same
Hamiltonian as in Eq. . The equations of motion Eq. still hold once we interpret the
variables {x,p, X, P,} as operators in the Heisenberg represenation. An operator O satisfies the
equation of motion O = —i (O, H] and applying these it is easily seen that we recover Eq. .
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In fact the discussion till Eq. (180)) is valid both clasically and quantum mechanically. However the
bath correlations and consequently the noise properties will be different. In the quantum case we
get

. hw hw
2 2 _ 2 _ o a
(WEXE(0)) = (X3(0) ) = "5 coth 50
([ Xa(0)X4(0) + Xa(0)Xa(0) ] ) =0, (186)
and from Eq. (180]) the noise correlations follow:

{nt)) = 0,

SCnEm(e) + () = keTE(—t), (187
where K(t) = Z%coswat (;ZUTQT coth ;Z;a) : (188)

[0}

Note that K (t) reduces to «(t) in the classical limit hw,/(kgT) — 0. In Fourier space we get:

) +n@m@) = LR w) o+ w)
= PR ot g o k) (139)

which is the quantum version of the fluctuation-dissipation theorem and which reduces to Eq. (168])
in the classical limit. One can also show that

(nn(e) ) = Rela @)]52 [1+ f(.T)]

where f(w,T) = 1/[e’™ — 1] is the phonon distribution function.

8.4 Examples of heat baths

The only property of the heat bath that we really need is the spectral function a*(w). This
function gives us the dissipation kernel a(t) and because of the FD theorem also specifies the noise.
Alternatively we may specify the function Xt (w). From the relation 3(t) = —da(t)/dt we get
Y (w) = iwat(w) + «(0). Let us also make the definition:

Im[YF (w)] =w Re[a™ (w)] =T(w) . (190)
In terms of the bath and coupling variables {w,, ¢, } the spectral function ¥*(w) is given by:

YH(w) = Re[X(w)]+il(w),

2

where Re[SF(w)] = Zuﬂcjuﬂ : (191)
T(w) = WZQZ [5(w — wa) — 6(w + wa)] - (192)
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8.4.1 Drude model and Ohmic bath

This corresponds to the choice

aft) = Le i (193)
T
Hence we get
n B v wTy
@) = 9 +w?r? 14 w?r?
+ _ CoF () — i Wy
and X7 (w) = «a(0)+iwa™(w) = S0 F o + iy (194)
The Ohmic bath is obtained by taking the limit 7 — 0 in which case we get
a(t) = 296(t), at(w)=7~. (195)

In this case a(0) — oo but we absorb it within the definition of the spring constant of the system

(i.e define k = mw? = mw? — a(0). In the quantum-mechanical case the noise-noise correlation can

be obtained from Eq. (187H188)) and is given by:

O +aE0) = kaTK (=) = 2 [ dutuocoth (5

_
- QkBT) cosw(t —t') . (196)

8.4.2 Rubin model

In this model the heat bath is taken to be a one-dimensional harmonic chain and the end particle
is connected to the system. Thus we have:

2
1
Hy, = 2p—m+§mw§x2
p12 (L1421 — xl)Q .
Hb = Z 5—{— Z kQT with .’L’():ZL‘N_H:O
I=1,N, 1=0,Np+1
Hy = —kKzx,.

We transform to normal-mode coordinates using z; = > Ujo X, and py = Y Ujo P,. The normal

modes for the one-dimensional chain are given by:

2 12 T
Up = in(lg,) where ¢o = —%  a=12, N
I (Nb+1) sin (lg,)  where ¢ Nt 1) o b
Wa = Akosin? (%‘”‘) . (197)

We then get the same form of the full Hamiltonian as given by Eq. (172)) with

/ 9 2
Co =k N1 sin (qq) - (198)
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The required spectral properties can then be found. It is clear from the definition that I'(w) is

non-vanishing only in the range |w| < 2v/kq. In this range we have:

Pw) = —T(—w) = 23 ﬁ%m )

2 [ sin*(q
= k2/0 dq ()(5(w—wq)

Wq

12
= —sin(q) where sin(q) =

w
ko Vo 4k

The real part of ¥*(w) is given by

Re[S*(w)] = — /_ h dw’ﬁﬂw’)

2 w2

where cos(q) = 1——  cosh(o) = Sy 1.
0

Thus we finally have:

K
YHw) = k—e“] for 0 <w < 2v/ko
0

k2

= —k—e*" for ‘W‘ > 2 ko ,
0

with ¢, o given by Eq. (199).

9 Quantum master equations

9.1 Derivation of the Redfield equation

We consider the general Hamiltonian

H=Hqs+ Hg + Hgp.

(1— w_2)1/2 )

(199)

(200)

(201)

We switch on Hgp at t = ty. Let x; denote the full density matrix of the system and bath at time

t. At t = to we assume xy, = p5 ® po, where piyt = e P15 /Zp denotes the equilibrium bath density

matrix while py denotes the system density matrix which is taken to be arbitrary. The evolution

of the density matrix x for ¢ > ¢y is given by

Xt = e*iH(tfto) Xto e’L’H(tfto) )
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We then get
axt . _Z
ot h

Let us transform to the interaction picture and define

[H, x4]. (203)

I i(Hs+HB)t/ﬁ

X;=e Xte_i(HS+HB)t/h. (204)

It is easy to see then that this satisfies the equation

8 I . . '
% _ %[(Hs + Hp),x!] - %el(HS'FHB)t/h[H? xe]e—i(Hs+Ha)t/h (205)

l

h

[HéBv Xﬂa (206)
where for any operator A we define A?(t) = e!(Hp+Hs)t/h pe=i(Hp+Hs)t/h We next write the following
formal solution:

7

t
==l — 3 [ ). (207)

to

Plugging this back into Eq. (206]), we get:
ox{ bt I AN 1 Trrl I oy I
5 —ﬁ[HSB(t)aXtO] |5 dt' [Hgp(t), [Hgp(t), xp]] - (208)

to

We now trace over the bath degrees of freedom and define p! = Trg[x!]. For our choice of initial
Xt, and many physical choices of system-bath coupling, Hsp and the bath Hamiltonian Hp, it will
turn out that Tre{[Hlgz, x+,]} = 0. Hence we get:

opl [ 2ot / I I oy
yr (ﬁ) /to dt'Trp { [Hsg(t), [Hsp(t'), xu]] } - (209)

So far we have not made any approximations. We now make the first approximation. This is

the so-called Born approximation which makes the assumption
Xi = p; @ ps(t) , (210)
thus we assume that the bath does not change much. This then gives:
Ip] ANE / I I g\ A e
- (3) | e ([His0). (a0, ol ]} (211)

We note that the above equation involves the density matrix p’ at time ¢ and in that sense it is
non-Markovian. The second approximation is to take the Markovian assumption and replace

pl by pl and so the above equation takes the form
0k (N [ g (L (00, [0 @ 521]) (212)
ot - A ; B SB ) SB ) Py PB :
0
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We choose the interaction, quite common, to be of the form

HL (1) Z Sit) @ BL(t) (213)

Let us open up the commutators in Eq. (212)). This gives

[Hip(t), [Hp(t), pi @ pil] (214)
= [S/(®)B] (1), (S](t)B](t')pi p — pi i S} () B (t)] (215)
IS-I() L(t)S] (") B (t )Pf/?? Sj(t")Bj(t )/%P?SI(T/)BZI@) (216)
S} (t)B ()Ptpgsl( B () + tP?SI( )Bj(t')S] (t)B] (t) (217)

= SH(t)S](t)p{ Bl (t) B} (t')pg — S} (t )Pfsl() () pE B (1) (218)

— S (t)p; S{(t")B] (t)p5 B} (') + pi S] (") S (¢ )pr’(t’)Bf(t). (219)

Taking a trace over the bath degrees of freedom and re-inserting the above into Eq. (212)) we get:

op! 1
O L[ ar [0S0 — S008I 0] (BB
+[p tS}T( )Sf(t) — S{(t)p{S{ ()] (B](t') B (1)) }- (220)
Finally let us go back to the Schrodinger representation. Noting that y, = e *(Hs+Hp)t/hy [eilHs+Hp)t/h
we get
c i —i(Hs+Hp)t/h.. I i(Hs+Hp)t/h
X = _ﬁ[(HS"i_HB)uX]_'_e Xe : (221)

Taking a trace over the bath degrees, and setting ty, — oo then gives

p=—3ltspl = 55 [ LSS~ p = S, ~ DS BB ¢
+ [peSi(t = 1)Si = SipeS; (' = )] (B;(¢) Bi(t)) 5 }- (222)

Finally, making a change of variables s =t — t’ we get

p=—lHs.p = 35 [ as{1805(=5)0d (Bi(s) B 0)
+[peSj(—5), Si] (B;(0)Bi(s)) 5 } - (223)

9.2 Example of a single oscillator coupled to a bosonic bath

We consider the following example:

Hg = hw.a'a, (224)
Hp =Y hw;blb;, (225)
HSB = h(lijabT- + li*»afb') = (SlBl + SQBQ) (226)
where S; = a, Sy =al FLZ/{]I)T B, By = th*b = B. (227)
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Then we get the following Redfield equation:
p=—jlHspl = 3 [ ds{[on (=] (B 9)BO) s + [l al=5)n] (B B0
+ [pa(=9).al] (BUOB(s)) 5 + [l (=5), ] (BO)B'(5))s} (228)

2
S
h[ S?p]

- / ds { la, aT(—s)pt] E k%€ n; + [aT, a(—s)pt E |kj|%e % (n; + 1)
0 ,
j

J
+ [pra(- Zw it + [pyaf( ZW i (n +1>} (229)

where n; = [¢®™i —1]71. We note that the time dependence of the isolated oscillator is trivial and
given by a(s) = e™*a. Using this, the above equation takes the form

—[Hs, p]

—{[a,an]/O dszmj\zei(“j“C)snj+[aT,ap/ dSZMJP —iwimwe)s (4 1)
J

0

+ fpn!] [ s S e s o] [ d32|ﬁj\2€i(“j_“°)s(nj+1)}- (230)
J J

Note that this equation does not have any memory term, even though it might appear in the

. 1

P

St

beginning that there is an integral over time. The integrals in the above equations give complex
numbers that depend on bath properties and on the system frequency w.. These can be obtained
using the result

/ dt et = ' —;p <l> + 7 (w). (231)
0 w + 1€ w

If we ignore the principal part, then it can be shown that for this single oscillator example, the
Redfield equation reduces to the so-called Lindblad form.

Problem: Prove the last statement.

We now discuss the Lindblad equation which was originally derived without taking course to a
microscopic model, of system and bath, as the starting point.

9.3 Lindblad equation

The most general form of the Lindblad equation is:

s L i _ Lot
p=—3Hs.pl + D m (Dmpo SADL D} ) (232)
S Hs, Z% Dyp, D} + Dy, pD1 ) (233)
(234)

where {A, B} denotes the anti-commutator AB + BA, 7, are c-numbers while D,,, are arbitrary
system operators.
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