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Gravitational waves from 
the early universe



How can GW help to probe the universe?

because of the weakness of the gravitational interaction the universe 
is “transparent” to GWs
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GW can bring direct information from the early universe: 
phenomena occurring in the early universe can produce stochastic 

GW backgrounds (SGWB) a fossil radiation like the CMB 

tests of high energy phenomena 

early 
universe

How can GW help to probe the universe?



Binaries of compact objects (black holes, neutron stars…) orbiting around 
each other and possibly merging emit GWs  

Provide information on binary formation and evolution, cosmological 
structure formation, black hole growth and environment, tests of General 

Relativity in strong and weak regime, tests of the cosmic expansion… 

late 
universe

How can GW help to probe the universe?



Summary of the course

• FIRST PART: GW definition, GW energy momentum tensor, 
GW in FLRW space-time, GW equation of motion, relevant 
solutions 

• SECOND PART: Stochastic GW background from the early 
universe (with a digression on PTA measurement), and a few 
examples of SGWB sources 

C.C. and D.G. Figueroa, “Cosmological backgrounds of GWs”, arXiv:1801.04268 
M. Maggiore, “Gravitational waves”, volume 1 and 2, Oxford University Press



What are gravitational waves?

• GWs emerge naturally in General Relativity:  

Newtonian theory + special relativity = a causal theory of gravitation 

There must be some form of radiation propagating information causally: 
GWs! 

• “waves” in physics are propagating perturbations over a background. In 
General Relativity:  

1. take a background space-time metric (the gravitational field)  
2. define a small perturbation over this background metric 
3. insert it into the equations that describe the space-time dynamics 

(Einstein equations) 
4. (if everything goes well) one finds a dynamical solution for the 

perturbation which is propagating as a wave -> GWs!

Which background metric to choose? 
Simplest choice: flat space-time



GWs in linearised theory over Minkowski

Affine connection

Riemann 
tensor

Einstein 
tensor

Linearise in hµν , raise and lower indices with ηµν
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trace-reversed 
metric perturbation 

(OK - still small)

<latexit sha1_base64="m3ZK//mKrZUulu4XL6Hgdg6ruVg=">AAACKHicbVDLSgMxFM3Ud31VXboJFsGFlpmi6E7RjUsFq4WmlEx664RmMmMeQhnmc9z4K25EFOnWLzF94KseuHA4597k3hOmgmvj+32vMDU9Mzs3v1BcXFpeWS2trV/rxCoGNZaIRNVDqkFwCTXDjYB6qoDGoYCbsHs28G/uQWmeyCvTS6EZ01vJO5xR46RW6TgjIVU4ylsZiS2RNscE7iy/x9G3soezgCTumWpOwNAvg+xGrVLZr/hD4EkSjEkZjXHRKr2QdsJsDNIwQbVuBH5qmhlVhjMBeZFYDSllXXoLDUcljUE3s+GhOd52Sht3EuVKGjxUf05kNNa6F4euM6Ym0n+9gfif17Cmc9TMuEytAclGH3WswCbBg9RwmytgRvQcoUxxtytmEVWUGZdt0YUQ/D15klxXK8FBxb/cL5+cjuOYR5toC+2gAB2iE3SOLlANMfSAntArevMevWfv3euPWgveeGYD/YL38Qkw6adG</latexit>

h̄µ⌫ ⌘ hµ⌫ � 1

2
⌘µ⌫ h

“Gravitational Waves”, M. Maggiore, Oxford University Press 2008
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Affine connection

Riemann 
tensor

Einstein 
tensor

Linearise in hµν , raise and lower indices with ηµν
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GWs in linearised theory over Minkowski
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GR is invariant under general coordinate transformation 

the linearised theory is invariant under  
infinitesimal (slowly varying) coordinate transformation
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By a suitable coordinate transformation, it is 
always possible to go to the LORENTZ GAUGE 

GWs in linearised theory over Minkowski
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IN LORENTZ GAUGE EINSTEIN EQUATIONS TAKE 
THE FORM OF A WAVE EQUATION
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Tµν source energy 
momentum tensor

GWs in linearised theory over Minkowski

From the Lorentz gauge condition one gets

The energy-momentum tensor of the source is conserved

the source does not loose energy and momentum by the GW emission 

in linearised theory, the background space-time is flat, i.e. the source is 
described by Newtonian gravity 

linearised theory does not describe how GW emission influences the source, 
but it can be use to describe the behaviour of test masses
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<latexit sha1_base64="0FjR+aIj73E8Xy6Rb+dSosfzHd0=">AAACGXicbVDLSsNAFJ34rPUVdelmsAgutCTiayOUutBlhb6gCWEynbRDJ5MwMxFLyG+48VfcuFDEpa78G6dtEG09cOFwzr3ce48fMyqVZX0Zc/MLi0vLhZXi6tr6xqa5td2UUSIwaeCIRaLtI0kY5aShqGKkHQuCQp+Rlj+4GvmtOyIkjXhdDWPihqjHaUAxUlryTMupRvcwdXwkYD/zUidMHJ5k8BIepfYZdGIKrzPnsP7jeGbJKltjwFli56QEctQ888PpRjgJCVeYISk7thUrN0VCUcxIVnQSSWKEB6hHOppyFBLppuPPMrivlS4MIqGLKzhWf0+kKJRyGPq6M0SqL6e9kfif10lUcOGmlMeJIhxPFgUJgyqCo5hglwqCFRtqgrCg+laI+0ggrHSYRR2CPf3yLGkel+3TsnV7UqpU8zgKYBfsgQNgg3NQATegBhoAgwfwBF7Aq/FoPBtvxvukdc7IZ3bAHxif38zBn44=</latexit>

⇤h̄µ⌫ = �16⇡GTµ⌫

IN LORENTZ GAUGE EINSTEIN EQUATIONS TAKE 
THE FORM OF A WAVE EQUATION

<latexit sha1_base64="dTN9rMU04El6CTfwyqkRSmyZ9ns=">AAACDnicbZC7SgNBFIZnvcZ4W7W0GQwBq7ArijZC0MYygrlAdllmJ5NkyMzsMhchLPsENr6KjYUittZ2vo2TZIuY+MPAz3fO4cz545RRpT3vx1lZXVvf2Cxtlbd3dvf23YPDlkqMxKSJE5bITowUYVSQpqaakU4qCeIxI+14dDuptx+JVDQRD3qckpCjgaB9ipG2KHKrWRAjCYd5lAXcBMLk8BrOMWEsziO34tW8qeCy8QtTAY Uakfsd9BJsOBEaM6RU1/dSHWZIaooZycuBUSRFeIQGpGutQJyoMJuek8OqJT3YT6R9QsMpnZ/IEFdqzGPbyZEeqsXaBP5X6xrdvwozKlKjicCzRX3DoE7gJBvYo5JgzcbWICyp/SvEQyQR1jbBsg3BXzx52bTOav5Fzbs/r9RvijhK4BicgFPgg0tQB3egAZoAgyfwAt7Au/PsvDofzuesdcUpZo7AHzlfv4O5nGg=</latexit>

h̄µ⌫ = h̄⌫µ

<latexit sha1_base64="8Pm+f/uYlNohSzCMlP4LU6Zqz1A=">AAACEHicbVC7TsMwFHXKq5RXgJHFokKUpUoQCBakChbGItGH1ITIcZ3WquNEtoOoonwCC7/CwgBCrIxs/A1OmwFajmTp3HPu1fU9fsyoVJb1bZQWFpeWV8qrlbX1jc0tc3unLaNEYNLCEYtE10eSMMpJS1HFSDcWBIU+Ix1/dJX7nXsiJI34rRrHxA3RgNOAYqS05JmHToyEoojdpU6YZKnjIwGHmZdXDk+y2sMRvIBWxTOrVt2aAM4TuyBVUKDpmV9OP8JJSLjCDEnZs61YuWm+DDOSVZxEkhjhERqQnqYchUS66eSgDB5opQ+DSOjHFZyovydSFEo5Dn3dGSI1lLNeLv7n9RIVnLsp5XGiCMfTRUHCoIpgng7sU0GwYmNNEBZU/xXiIRIIK51hHoI9e/I8aR/X7dO6dXNSbVwWcZTBHtgHNWCDM9AA16AJWgCDR/AMXsGb8WS8GO/Gx7S1ZBQzu+APjM8f8/+cdw==</latexit>

@µh̄µ⌫(x) = 0 6 radiative components

ARE THESE ALL PHYSICAL?

satisfying to remain in the Lorentz gauge

<latexit sha1_base64="kq3idOt2ACIe4iw2Y7s6MAnN0us=">AAACK3icbVBLSwMxGMz6rPVV9eglWARBKLui6LHUi8cK9gHdsmTT7DY0myx5qGXp//HiX/GgBx949X+Ytoto60BgMjMfyTdhyqjSrvvuLCwuLa+sFtaK6xubW9ulnd2mEkZi0sCCCdkOkSKMctLQVDPSTiVBSchIKxxcjv3WLZGKCn6jhynpJijmNKIYaSsFpVrmh0jC/ijI/MT43IygzwSPJY37Gkkp7uB84hj69/TnGpTKbsWdAM4TLydlkKMelJ79nsAmIVxjhpTqeG6quxmSmmJGRkXfKJIiPEAx6VjKUUJUN5vsOoKHVunBSEh7uIYT9fdEhhKlhklokwnSfTXrjcX/vI7R0UU3ozw1mnA8fSgyDGoBx8XBHpUEaza0BGFJ7V8h7iOJsLb1Fm0J3uzK86R5UvHOKu71ablay+sogH1wAI6AB85BFVyBOmgADB7AE3gFb86j8+J8OJ/T6IKTz+yBP3C+vgGbr6ke</latexit>

h̄µ⌫ �! h̄µ⌫ + ⇠µ⌫
<latexit sha1_base64="hr3BJFrXUGpYqs+kBbGzhISn/ko="></latexit>

⇠⌫µ ⌘ ⌘⌫µ@
↵⇠↵ � @µ⇠⌫ � @⌫⇠µwith 

IF IN VACUUM:

<latexit sha1_base64="tV3PHVWyZdMj+1AHJ9oVmDlXWjk=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohchxIvHCOYB2TXMTmaTITOzy8ysJiz5Dy8eFPHqv3jzb5w8DppY0FBUddPdFSacaeO6305uZXVtfSO/Wdja3tndK+4fNHScKkLrJOaxaoVYU84krRtmOG0limIRctoMBzcTv/lIlWaxvDejhAYC9ySLGMHGSg9+NR4if8g6vkiv3U6x5JbdKdAy8eakBHPUOsUvvxuTVFBpCMdatz03MUGGlWGE03HBTzVNMBngHm1bKrGgOsimV4/RiVW6KIqVLWnQVP09kWGh9UiEtlNg09eL3kT8z2unJroKMiaT1FBJZouilCMTo0kEqMsUJYaPLMFEMXsrIn2sMDE2qIINwVt8eZk0zsreRdm9Oy9VqvM48nAEx3AKHlxCBW6hBnUgoOAZXuHNeXJenHfnY9aac+Yzh/AHzucPqMKR9g==</latexit>⇤⇠µ = 0

Tµν source energy 
momentum tensor

GWs in linearised theory over Minkowski

<latexit sha1_base64="3T4jx3XuAoOiCxnr6NZ+fCO7EJ8=">AAACKHicbVDLSgMxFM3UV62vqks3wSKtCGVGFN2IpW5cVrAP6Awlk6ZtaJIZk4y0DP0cN/6KGxFFuvVLzLRFtPXAhZNz7iX3Hj9kVGnbHluppeWV1bX0emZjc2t7J7u7V1NBJDGp4oAFsuEjRRgVpKqpZqQRSoK4z0jd798kfv2RSEUDca+HIfE46graoRhpI7Wy1245GORdH0nYa8Uuj1wRjfKuopw8JFZhzjpxB/TncXxlt7I5u2hPABeJMyM5MEOllX1z2wGOOBEaM6RU07FD7cVIaooZGWXcSJEQ4T7qkqahAnGivHhy6AgeGaUNO4E0JTScqL8nYsSVGnLfdHKke2reS8T/vGakO5deTEUYaSLw9KNOxKAOYJIabFNJsGZDQxCW1OwKcQ9JhLXJNmNCcOZPXiS106JzXrTvznKl8iyONDgAh6AAHHABSuAWVEAVYPAEXsA7+LCerVfr0xpPW1PWbGYf/IH19Q1kWabM</latexit>

⇤0h̄0
µ⌫ ' ⇤(h̄µ⌫ + ⇠µ⌫) = 0

(16-6) (-4)

<latexit sha1_base64="ZlaQ9t+RZZf3CbCXPwhOgK5Fdtc=">AAAB83icdVBdSwJBFJ21L7Mvq8dehiToaZnVNHsIpF56NFATXJHZcVYHZ2eX+Qhk8W/00kMRvfZneuvfNKsGFXXgwuGce7n3niDhTGmEPpzcyura+kZ+s7C1vbO7V9w/6KjYSELbJOax7AZYUc4EbWumOe0mkuIo4PQumFxn/t09lYrFoqWnCe1HeCRYyAjWVvJbg9SPjC/M7BINiiXkolq1clGFyK0ir17OSLnqIVSBnovmKIElmoPiuz+MiYmo0IRjpXoeSnQ/xVIzwums4BtFE0wmeER7lgocUdVP5zfP4IlVhjCMpS2h4Vz9PpHiSKlpFNjOCOux+u1l4l9ez+iw3k+ZSIymgiwWhYZDHcMsADhkkhLNp5ZgIpm9FZIxlphoG1PBhvD1KfyfdMquV3Nrt2elxtUyjjw4AsfgFHjgHDTADWiCNiAgAQ/gCTw7xnl0XpzXRWvOWc4cgh9w3j4BLjaRzg==</latexit>

Tµ⌫ = 0

<latexit sha1_base64="N3NO4UsBDNpzdVQmIpEaFBMNl2A=">AAACEnicbZDLSgMxFIYzXmu9jbp0EyyCIpQZkeqy6MZlBXuBzrRk0nQamkmGJKMtQ5/Bja/ixoUibl25821M2xG09YfAx3/O4eT8Qcyo0o7zZS0sLi2vrObW8usbm1vb9s5uTYlEYlLFggnZCJAijHJS1VQz0oglQVHASD3oX43r9TsiFRX8Vg9j4kco5LRLMdLGatvHg1bqRckIekzwUNKwp5GU4h7++CfQG9CWwbZdcIrORH Ae3AwKIFOlbX96HYGTiHCNGVKq6Tqx9lMkNcWMjPJeokiMcB+FpGmQo4goP52cNIKHxunArpDmcQ0n7u+JFEVKDaPAdEZI99RsbWz+V2smunvhp5THiSYcTxd1Ewa1gON8YIdKgjUbGkBYUvNXiHtIIqxNinkTgjt78jzUTotuqVi6OSuUL7M4cmAfHIAj4IJzUAbXoAKqAIMH8ARewKv1aD1bb9b7tHXBymb2wB9ZH9/q9p5B</latexit>

xµ →↑ xµ + ωµ



TRANSVERSE TRACELESS GAUGE

Restricting to vacuum space-time, the residual coordinate 
freedom can be used to fix 4 constraints 

come for free

GWs in linearised theory over Minkowski, in vacuum

<latexit sha1_base64="eJg6AORVqiDsWcAJwEdjm3lW30s=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXZVEpLoRim5cVrAPaGKYTCft0MkkzEyEEtKNv+LGhSJu/Qt3/o2TNgttPXC5h3PuZeYeP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/usn9ziMRkkb8Xo1j4oZowGlAMVJa8syD1PGRgMOTh9QJkyzz0kneryzPrFo1awq4SOyCVEGBpmd+Of0IJyHhCjMkZc+2YuWmSCiKGckqTiJJjPAIDUhPU45CIt10ekEGj7XSh0EkdHEFp+rvjRSFUo5DX0+GSA3lvJeL/3m9RAWXbkp5nCjC8eyhIGFQRTCPA/apIFixsSYIC6r/CvEQCYSVDq2iQ7DnT14k7bOaXa/V786rjesijjI4BEfgFNjgAjTALWiCFsBgAp7BK3gznowX4934mI2WjGJnH/yB8fkDgb2W8g==</latexit>

h̄→µ
µ = 0

<latexit sha1_base64="h7i89SdMSXykdu1ftc0XyVnG7+k=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbRU9kVqV6EohePFeyHtEvJptk2NMkuSVYoS3+FFw+KePXnePPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDCTmPoCDyULGcHGSo+j037qsum12y9X3Ko7A1omXk4qkKPRL3/1BhFJBJWGcKx113Nj46dYGUY4nZZ6iaYxJmM8pF1LJRZU++ns4Ck6scoAhZGyJQ2aqb8nUiy0nojAdgpsRnrRy8T/vG5iwis/ZTJODJVkvihMODIRyr5HA6YoMXxiCSaK2VsRGWGFibEZlWwI3uLLy6R1XvVq1dr9RaV+k8dRhCM4hjPw4BLqcAcNaAIBAc/wCm+Ocl6cd+dj3lpw8plD+APn8wfVYo/L</latexit>

h→
0i = 0

<latexit sha1_base64="vEbIX7WeGocLlZeiDoDKWqswUKE=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvoqiQi1Y1QdOOygn1AG8NkOmlHJ5MwMxFCqL/ixoUibv0Qd/6NkzYLbT1w4XDOvTP3Hj9mVCrb/jZKS8srq2vl9crG5tb2jrm715FRIjBp44hFoucjSRjlpK2oYqQXC4JCn5Gu/3CV+91HIiSN+K1KY+KGaMRpQDFSWvLM6iBGQlHE7uj4yMvo/eTC9syaXbensBaJU5AaFGh55tdgGOEkJFxhhqTsO3as3Cx/GDMyqQwSSWKEH9CI9DXlKCTSzabLT6xDrQytIBK6uLKm6u+JDIVSpqGvO0OkxnLey8X/vH6ignM3ozxOFOF49lGQMEtFVp6ENaSCYMVSTRAWVO9q4TESCCudV0WH4MyfvEg6J3WnUW/cnNaal0UcZdiHAzgGB86gCdfQgjZgSOEZXuHNeDJejHfjY9ZaMoqZKvyB8fkDd+uUqg==</latexit>

ωih→
ij = 0

<latexit sha1_base64="TlQOTk2Mrwobbc5QyHTq61fPlF0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbRU8mKVC9C0YvHCvZD2qVk07QNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhbHgxmL87eVWVtfWN/Kbha3tnd294v5Bw0SJpqxOIxHpVkgME1yxuuVWsFasGZGhYM1wdDv1m09MGx6pBzuOWSDJQPE+p8Q66XF42k0xnlzjbrGEy3gGtEz8jJQgQ61b/Or0IppIpiwVxJi2j2MbpERbTgWbFDqJYTGhIzJgbUcVkcwE6ezgCTpxSg/1I+1KWTRTf0+kRBozlqHrlMQOzaI3Ff/z2ontXwUpV3FimaLzRf1EIBuh6feoxzWjVowdIVRzdyuiQ6IJtS6jggvBX3x5mTTOy36lXLm/KFVvsjjycATHcAY+XEIV7qAGdaAg4Rle4c3T3ov37n3MW3NeNnMIf+B9/gB+U4+S</latexit>

h→
00 = 0

Is this OK?
<latexit sha1_base64="gBJD0gc7E43DYqfELnG5QpZLmzQ=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwVWaKVDeFUjcuK9gHdIYhk2ba0EwyJBm1DP0PN/6KGxeKuBJc+Demj0VtPRA4nHMuN/eECaNKO86PlVtb39jcym8Xdnb39g/sw6OWEqnEpIkFE7ITIkUY5aSpqWakk0iC4pCRdji8nvjteyIVFfxOjxLix6jPaUQx0kYK7LJXF4/QC5GEgyDz4tTj6bjqQE/S/kAjKcUDXIjAKnQCu+iUnCngKnHnpAjmaAT2l9cTOI0J15ghpbquk2g/Q1JTzMi44KWKJAgPUZ90DeUoJsrPpreN4ZlRejAS0jyu4VRdnMhQrNQoDk0yRnqglr2J+J/XTXV05WeUJ6kmHM8WRSmDWsBJUbBHJcGajQxBWFLzV4gHSCKsTZ0FU4K7fPIqaZVLbqVUub0o1urzOvLgBJyCc+CCS1ADN6ABmgCDJ/AC3sC79Wy9Wh/W5yyas+Yzx+APrO9fwiSf+Q==</latexit>

↭h̄µω = 0 → ↭h̄ = 0

<latexit sha1_base64="RujOisHXE38j0yjBT7LjZYShcg0="></latexit>

h̄→ = h̄+ 4ωωεω → ωµεµ → ωµεµ = h̄→ 2ωµεµ

<latexit sha1_base64="eJg6AORVqiDsWcAJwEdjm3lW30s=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXZVEpLoRim5cVrAPaGKYTCft0MkkzEyEEtKNv+LGhSJu/Qt3/o2TNgttPXC5h3PuZeYeP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/usn9ziMRkkb8Xo1j4oZowGlAMVJa8syD1PGRgMOTh9QJkyzz0kneryzPrFo1awq4SOyCVEGBpmd+Of0IJyHhCjMkZc+2YuWmSCiKGckqTiJJjPAIDUhPU45CIt10ekEGj7XSh0EkdHEFp+rvjRSFUo5DX0+GSA3lvJeL/3m9RAWXbkp5nCjC8eyhIGFQRTCPA/apIFixsSYIC6r/CvEQCYSVDq2iQ7DnT14k7bOaXa/V786rjesijjI4BEfgFNjgAjTALWiCFsBgAp7BK3gznowX4934mI2WjGJnH/yB8fkDgb2W8g==</latexit>

h̄→µ
µ = 0 implies 

<latexit sha1_base64="2eOMyfmayWDM3aSX90y+uoE28kU=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqswUqW6EohuXFewDOuOQSdM2NMkMSUYsQ1du/BU3LhRx6ze482/MtLPQ1gMhh3Puvck9Ycyo0o7zbRWWlldW14rrpY3Nre0de3evpaJEYtLEEYtkJ0SKMCpIU1PNSCeWBPGQkXY4usr89j2RikbiVo9j4nM0ELRPMdJGCuxDL0QSDuEFrHoxkpoidufxxHuggbkCu+xUnCngInFzUgY5GoH95fUinHAiNGZIqa7rxNpPs8GYkUnJSxSJER6hAekaKhAnyk+na0zgsVF6sB9Jc4SGU/V3R4q4UmMemkqO9FDNe5n4n9dNdP/cT6mIE00Enj3UTxjUEcwygT0qCdZsbAjCkpq/QjxEEmFtkiuZENz5lRdJq1pxa5XazWm5fpnHUQQH4AicABecgTq4Bg3QBBg8gmfwCt6sJ+vFerc+ZqUFK+/ZB39gff4AOCqYXw==</latexit>

h̄ = 2ωµεµ and therefore  
<latexit sha1_base64="B9JZ4z/glCh69faLKkdHMsLJ/hk=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiUr0IpV48VrAf0ISy2W7apZtN2N2INfSXePGgiFd/ijf/jds2B219MPB4b4aZeUHCmdKO820V1tY3NreK26Wd3b39sn1w2FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML6Z+Z0HKhWLxb2eJNSP8FCwkBGsjdS3y14jfkRegCUaoWvk9O2KU3XmQKvEzUkFcjT79pc3iEkaUaEJx0r1XCfRfoalZoTTaclLFU0wGeMh7RkqcESVn80Pn6JTowxQGEtTQqO5+nsiw5FSkygwnRHWI7XszcT/vF6qwys/YyJJNRVksShMOdIxmqWABkxSovnEEEwkM7ciMsISE22yKpkQ3OWXV0n7vOrWqrW7i0q9kcdRhGM4gTNw4RLqcAtNaAGBFJ7hFd6sJ+vFerc+Fq0FK585gj+wPn8AhliRtw==</latexit>

↭h̄ = 0

If we were not in vacuum: 
<latexit sha1_base64="nXvuP/VNwEeMG6YjUcwMyGLbsEs=">AAACBnicbVDLSgNBEJyNrxhfqx5FaAyCBw27ItGLEOJBjxHyguwSZiezyZDZBzOzYlhy8uKvePGgiFe/wZt/4yTZg0YLGoqqbrq7vJgzqSzry8gtLC4tr+RXC2vrG5tb5vZOU0aJILRBIh6Jtocl5SykDcUUp+1YUBx4nLa84dXEb91RIVkU1tUopm6A+yHzGcFKS11z36lG9+B4WMAALuEE7DI4MYNrcI6h3jWLVsmaAv4SOyNFlKHWNT+dXkSSgIaKcCxlx7Zi5aZYKEY4HRecRNIYkyHu046mIQ6odNPpG2M41EoP/EjoChVM1Z8TKQ6kHAWe7gywGsh5byL+53US5V+4KQvjRNGQzBb5CQcVwSQT6DFBieIjTTARTN8KZIAFJkonV9Ah2PMv/yXN05JdLpVvz4qVahZHHu2hA3SEbHSOKugG1VADEfSAntALejUejWfjzXifteaMbGYX/YLx8Q35kZWf</latexit>

↭h̄ = →16ωGT contradiction!



TRANSVERSE TRACELESS GAUGE

Restricting to vacuum space-time, the residual coordinate 
freedom can be used to fix 4 constraints 

come for free

GWs in linearised theory over Minkowski, in vacuum

“General relativity”, N. 
Straumann, Springer 2004

<latexit sha1_base64="eJg6AORVqiDsWcAJwEdjm3lW30s=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXZVEpLoRim5cVrAPaGKYTCft0MkkzEyEEtKNv+LGhSJu/Qt3/o2TNgttPXC5h3PuZeYeP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/usn9ziMRkkb8Xo1j4oZowGlAMVJa8syD1PGRgMOTh9QJkyzz0kneryzPrFo1awq4SOyCVEGBpmd+Of0IJyHhCjMkZc+2YuWmSCiKGckqTiJJjPAIDUhPU45CIt10ekEGj7XSh0EkdHEFp+rvjRSFUo5DX0+GSA3lvJeL/3m9RAWXbkp5nCjC8eyhIGFQRTCPA/apIFixsSYIC6r/CvEQCYSVDq2iQ7DnT14k7bOaXa/V786rjesijjI4BEfgFNjgAjTALWiCFsBgAp7BK3gznowX4934mI2WjGJnH/yB8fkDgb2W8g==</latexit>

h̄→µ
µ = 0

<latexit sha1_base64="h7i89SdMSXykdu1ftc0XyVnG7+k=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbRU9kVqV6EohePFeyHtEvJptk2NMkuSVYoS3+FFw+KePXnePPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDCTmPoCDyULGcHGSo+j037qsum12y9X3Ko7A1omXk4qkKPRL3/1BhFJBJWGcKx113Nj46dYGUY4nZZ6iaYxJmM8pF1LJRZU++ns4Ck6scoAhZGyJQ2aqb8nUiy0nojAdgpsRnrRy8T/vG5iwis/ZTJODJVkvihMODIRyr5HA6YoMXxiCSaK2VsRGWGFibEZlWwI3uLLy6R1XvVq1dr9RaV+k8dRhCM4hjPw4BLqcAcNaAIBAc/wCm+Ocl6cd+dj3lpw8plD+APn8wfVYo/L</latexit>

h→
0i = 0

<latexit sha1_base64="vEbIX7WeGocLlZeiDoDKWqswUKE=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvoqiQi1Y1QdOOygn1AG8NkOmlHJ5MwMxFCqL/ixoUibv0Qd/6NkzYLbT1w4XDOvTP3Hj9mVCrb/jZKS8srq2vl9crG5tb2jrm715FRIjBp44hFoucjSRjlpK2oYqQXC4JCn5Gu/3CV+91HIiSN+K1KY+KGaMRpQDFSWvLM6iBGQlHE7uj4yMvo/eTC9syaXbensBaJU5AaFGh55tdgGOEkJFxhhqTsO3as3Cx/GDMyqQwSSWKEH9CI9DXlKCTSzabLT6xDrQytIBK6uLKm6u+JDIVSpqGvO0OkxnLey8X/vH6ignM3ozxOFOF49lGQMEtFVp6ENaSCYMVSTRAWVO9q4TESCCudV0WH4MyfvEg6J3WnUW/cnNaal0UcZdiHAzgGB86gCdfQgjZgSOEZXuHNeDJejHfjY9ZaMoqZKvyB8fkDd+uUqg==</latexit>

ωih→
ij = 0

<latexit sha1_base64="TlQOTk2Mrwobbc5QyHTq61fPlF0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbRU8mKVC9C0YvHCvZD2qVk07QNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhbHgxmL87eVWVtfWN/Kbha3tnd294v5Bw0SJpqxOIxHpVkgME1yxuuVWsFasGZGhYM1wdDv1m09MGx6pBzuOWSDJQPE+p8Q66XF42k0xnlzjbrGEy3gGtEz8jJQgQ61b/Or0IppIpiwVxJi2j2MbpERbTgWbFDqJYTGhIzJgbUcVkcwE6ezgCTpxSg/1I+1KWTRTf0+kRBozlqHrlMQOzaI3Ff/z2ontXwUpV3FimaLzRf1EIBuh6feoxzWjVowdIVRzdyuiQ6IJtS6jggvBX3x5mTTOy36lXLm/KFVvsjjycATHcAY+XEIV7qAGdaAg4Rle4c3T3ov37n3MW3NeNnMIf+B9/gB+U4+S</latexit>

h→
00 = 0

How can one choose the 4 functions ξµ ?



TRANSVERSE TRACELESS GAUGE

Restricting to vacuum space-time, the residual coordinate 
freedom can be used to fix 4 constraints 

come for free

There are only 2 remaining physical degrees of freedom in the metric

GWs in linearised theory over Minkowski, in vacuum

<latexit sha1_base64="LkC+HBTnxYZB6kW+5hH1XBY9y+o=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpREpLoRSt24rGAf0IQwmU7asZMHMxNpCVm68VfcuFDErZ/gzr9x0mahrQcuHM65l3vvcSNGhTSMb62wtLyyulZcL21sbm3v6Lt7bRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxR9eZ33kgXNAwuJOTiNg+GgTUoxhJJTn6odUIxzAZpk5C79OK5SM5dL1knJ7KE3gFDUcvG1VjCrhIzJyUQY6mo39Z/RDHPgkkZkiInmlE0k4QlxQzkpasWJAI4REakJ6iAfKJsJPpIyk8VkofeiFXFUg4VX9PJMgXYuK7qjM7VMx7mfif14uld2knNIhiSQI8W+TFDMoQZqnAPuUESzZRBGFO1a0QDxFHWKrsSioEc/7lRdI+q5q1au32vFxv5HEUwQE4AhVgggtQBzegCVoAg0fwDF7Bm/akvWjv2sestaDlM/vgD7TPH3OEmPc=</latexit>⇤hij(x, t) = 0

Plane waves, transverse, moving at the speed of light   
with two independent polarisation components +, ×

<latexit sha1_base64="l4Y34ExLetVFwH/ZpqpiUK2slzU=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV2R6EUIevEYwTwgWcLsZDYZMo91ZlYIS37CiwdFvPo73vwbJ8keNLGgoajqprsrSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUWj26nfeqLaMCUf7DihocADyWJGsHVSe3TdVYIOcK9U9iv+DGiZBDkpQ456r/TV7SuSCiot4diYTuAnNsywtoxwOil2U0MTTEZ4QDuOSiyoCbPZvRN06pQ+ipV2JS2aqb8nMiyMGYvIdQpsh2bRm4r/eZ3UxldhxmSSWirJfFGccmQVmj6P+kxTYvnYEUw0c7ciMsQaE+siKroQgsWXl0nzvBJUK9X7i3LtJo+jAMdwAmcQwCXU4A7q0AACHJ7hFd68R+/Fe/c+5q0rXj5zBH/gff4A4KuP4g==</latexit>

k = !

<latexit sha1_base64="8Z9SF+mH0HKh1+o97wyN1ol4TUI="></latexit>

hij(x, t) =
X

r=+,⇥

Z
d3k

(2⇡)3
hr(k) e

r
ij(k̂)e

�ik(t�k̂·x)

<latexit sha1_base64="eJg6AORVqiDsWcAJwEdjm3lW30s=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXZVEpLoRim5cVrAPaGKYTCft0MkkzEyEEtKNv+LGhSJu/Qt3/o2TNgttPXC5h3PuZeYeP2ZUKsv6NkpLyyura+X1ysbm1vaOubvXllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/usn9ziMRkkb8Xo1j4oZowGlAMVJa8syD1PGRgMOTh9QJkyzz0kneryzPrFo1awq4SOyCVEGBpmd+Of0IJyHhCjMkZc+2YuWmSCiKGckqTiJJjPAIDUhPU45CIt10ekEGj7XSh0EkdHEFp+rvjRSFUo5DX0+GSA3lvJeL/3m9RAWXbkp5nCjC8eyhIGFQRTCPA/apIFixsSYIC6r/CvEQCYSVDq2iQ7DnT14k7bOaXa/V786rjesijjI4BEfgFNjgAjTALWiCFsBgAp7BK3gznowX4934mI2WjGJnH/yB8fkDgb2W8g==</latexit>

h̄→µ
µ = 0

<latexit sha1_base64="h7i89SdMSXykdu1ftc0XyVnG7+k=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbRU9kVqV6EohePFeyHtEvJptk2NMkuSVYoS3+FFw+KePXnePPfmG33oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zv/1ElWaRfDCTmPoCDyULGcHGSo+j037qsum12y9X3Ko7A1omXk4qkKPRL3/1BhFJBJWGcKx113Nj46dYGUY4nZZ6iaYxJmM8pF1LJRZU++ns4Ck6scoAhZGyJQ2aqb8nUiy0nojAdgpsRnrRy8T/vG5iwis/ZTJODJVkvihMODIRyr5HA6YoMXxiCSaK2VsRGWGFibEZlWwI3uLLy6R1XvVq1dr9RaV+k8dRhCM4hjPw4BLqcAcNaAIBAc/wCm+Ocl6cd+dj3lpw8plD+APn8wfVYo/L</latexit>

h→
0i = 0

<latexit sha1_base64="vEbIX7WeGocLlZeiDoDKWqswUKE=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvoqiQi1Y1QdOOygn1AG8NkOmlHJ5MwMxFCqL/ixoUibv0Qd/6NkzYLbT1w4XDOvTP3Hj9mVCrb/jZKS8srq2vl9crG5tb2jrm715FRIjBp44hFoucjSRjlpK2oYqQXC4JCn5Gu/3CV+91HIiSN+K1KY+KGaMRpQDFSWvLM6iBGQlHE7uj4yMvo/eTC9syaXbensBaJU5AaFGh55tdgGOEkJFxhhqTsO3as3Cx/GDMyqQwSSWKEH9CI9DXlKCTSzabLT6xDrQytIBK6uLKm6u+JDIVSpqGvO0OkxnLey8X/vH6ignM3ozxOFOF49lGQMEtFVp6ENaSCYMVSTRAWVO9q4TESCCudV0WH4MyfvEg6J3WnUW/cnNaal0UcZdiHAzgGB86gCdfQgjZgSOEZXuHNeDJejHfjY9ZaMoqZKvyB8fkDd+uUqg==</latexit>

ωih→
ij = 0

<latexit sha1_base64="TlQOTk2Mrwobbc5QyHTq61fPlF0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbRU8mKVC9C0YvHCvZD2qVk07QNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhbHgxmL87eVWVtfWN/Kbha3tnd294v5Bw0SJpqxOIxHpVkgME1yxuuVWsFasGZGhYM1wdDv1m09MGx6pBzuOWSDJQPE+p8Q66XF42k0xnlzjbrGEy3gGtEz8jJQgQ61b/Or0IppIpiwVxJi2j2MbpERbTgWbFDqJYTGhIzJgbUcVkcwE6ezgCTpxSg/1I+1KWTRTf0+kRBozlqHrlMQOzaI3Ff/z2ontXwUpV3FimaLzRf1EIBuh6feoxzWjVowdIVRzdyuiQ6IJtS6jggvBX3x5mTTOy36lXLm/KFVvsjjycATHcAY+XEIV7qAGdaAg4Rle4c3T3ov37n3MW3NeNnMIf+B9/gB+U4+S</latexit>

h→
00 = 0



• Free wave traveling in 
the z direction hTT

ij (z, t) =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A

ij

cos [!(t� z)]
<latexit sha1_base64="V+o2TyNe964p3PArwQByrjATPz8=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOZpNJ5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS+m/mtJ6oNU/LRThIaCjyQLGYEWyc1h72Mjaa9csWv+nOgVRLkpAI56r3yV7evSCqotIRjYzqBn9gww9oywum01E0NTTAZ4wHtOCqxoCbM5tdO0ZlT+ihW2pW0aK7+nsiwMGYiItcpsB2aZW8m/ud1UhvfhBmTSWqpJItFccqRVWj2OuozTYnlE0cw0czdisgQa0ysC6jkQgiWX14lzYtqcFX1Hy4rtds8jiKcwCmcQwDXUIN7qEMDCIzgGV7hzVPei/fufSxaC14+cwx/4H3+ANXoj0w=</latexit>

hij

<latexit sha1_base64="LUDvMMSWSM8BeW9CzatcvDr5gAU="></latexit>

e+ij(k̂) = m̂i m̂j � n̂i n̂j

e⇥ij(k̂) = m̂i n̂j + n̂i m̂j

<latexit sha1_base64="rsn84XDQSCfaK6t1X92PLZkUcik=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseCF48V7Ae0oWy2m3bJZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g2iu7nffeLaiEQ94jTlfkzHSoSCUbRSNx8EIYlmw2rNrbsLkHXiFaQGBVrD6tdglLAs5gqZpMb0PTdFP6caBZN8VhlkhqeURXTM+5YqGnPj54tzZ+TCKiMSJtqWQrJQf0/kNDZmGge2M6Y4MaveXPzP62cY3vq5UGmGXLHlojCTBBMy/52MhOYM5dQSyrSwtxI2oZoytAlVbAje6svrpHNV9xp19+G61mwWcZThDM7hEjy4gSbcQwvawCCCZ3iFNyd1Xpx352PZWnKKmVP4A+fzBxwBj2k=</latexit>

k

<latexit sha1_base64="mItJD4Fbj/oUEXj0TNzMKIn+13Q=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bjw4jGCeUCyhNlJbzJkZnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23TJJphk2WiER3ImpQcIVNy63ATqqRykhgOxrfzfz2E2rDE/VoJymGkg4Vjzmj1kntvBfFRE77lapf8+cgqyQoSBUKNPqVr94gYZlEZZmgxnQDP7VhTrXlTOC03MsMppSN6RC7jioq0YT5/NwpOXfKgMSJdqUsmau/J3IqjZnIyHVKakdm2ZuJ/3ndzMa3Yc5VmllUbLEozgSxCZn9TgZcI7Ni4ghlmrtbCRtRTZl1CZVdCMHyy6ukdVkLrmv+w1W1Xi/iKMEpnMEFBHADdbiHBjSBwRie4RXevNR78d69j0XrmlfMnMAfeJ8/HwuPaw==</latexit>m

<latexit sha1_base64="1LF45X10yc9HPw76Hq/gciZF0o4=">AAAB7nicbVDLSgNBEOzxGeMr6tHLYBA8hV1R9Bjw4jGCeUCyhNlJbzJkdnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e4KUymM9bxvsra+sbm1Xdop7+7tHxxWjo5bJsk0xyZPZKI7ITMohcKmFVZiJ9XI4lBiOxzfzfz2E2ojEvVoJykGMRsqEQnOrJPaeS+MqJr2K1Wv5s1BV4lfkCoUaPQrX71BwrMYleWSGdP1vdQGOdNWcInTci8zmDI+ZkPsOqpYjCbI5+dO6blTBjRKtCtl6Vz9PZGz2JhJHLrOmNmRWfZm4n9eN7PRbZALlWYWFV8sijJJbUJnv9OB0MitnDjCuBbuVspHTDNuXUJlF4K//PIqaV3W/Oua93BVrdeLOEpwCmdwAT7cQB3uoQFN4DCGZ3iFN5KSF/JOPhata6SYOYE/IJ8/IJCPbA==</latexit>n

• Polarisation tensors

• Metric line element
<latexit sha1_base64="CaeguFp8FFSCLwNmN3ECvb3g7eI="></latexit>

ds2 = �dt2 + dz2 + (1 + h+ cos[!(t� z)])dx2+

+ (1� h+ cos[!(t� z)])dy2 + 2h⇥ cos[!(t� z)]dxdy

• Polarisation states are related to the spin of the massless particle 
expected upon quantisation <latexit sha1_base64="/Iw3swO06m/7l1+cQWtupyWw0AE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJWkSPUiFL14rGg/oClls920SzebsDsRSgj4V7x4UMSrv8Ob/8Ztm4O2Phh4vDfDzDw/FlyD43xbhZXVtfWN4mZpa3tnd8/eP2jpKFGUNWkkItXxiWaCS9YEDoJ1YsVI6AvW9sc3U7/9yJTmkXyAScx6IRlKHnBKwEh9++j+ygsUoWnVi3mWejBiQLK+XXYqzgx4mbg5KaMcjb795Q0imoRMAhVE667rxNBLiQJOBctKXqJZTOiYDFnXUElCpnvp7PwMnxplgINImZKAZ+rviZSEWk9C33SGBEZ60ZuK/3ndBILLXsplnACTdL4oSASGCE+zwAOuGAUxMYRQxc2tmI6ISQNMYiUTgrv48jJpVSturVK7Oy/Xr/M4iugYnaAz5KILVEe3qIGaiKIUPaNX9GY9WS/Wu/Uxby1Y+cwh+gPr8wd6OZXZ</latexit>

S =
2⇡

✓

Misner, Thorne, Wheeler  
“Gravitation”  
Chapter 35.6

Where θ is the rotation angle under which the polarisation modes 
are invariant 

GWs in linearised theory over Minkowski, in vacuum

<latexit sha1_base64="O81ihjscwD2Amj4VxiGYedupUyk=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUlEqhuh6MZlBfuAJpTJdNIOncyEmYlQQ8CNv+LGhSJu/Ql3/o3TNAttPXDhcM693HtPEDOqtON8W6Wl5ZXVtfJ6ZWNza3vH3t1rK5FITFpYMCG7AVKEUU5ammpGurEkKAoY6QTj66nfuSdSUcHv9CQmfoSGnIYUI22kvn2QekEIx9mlJyIyRNAbIZ1LD1nfrjo1JwdcJG5BqqBAs29/eQOBk4hwjRlSquc6sfZTJDXFjGQVL1EkRniMhqRnKEcRUX6a/5DBY6MMYCikKa5hrv6eSFGk1CQKTGeE9EjNe1PxP6+X6PDCTymPE004ni0KEwa1gNNA4IBKgjWbGIKwpOZWiEdIIqxNbBUTgjv/8iJpn9bceq1+e1ZtXBVxlMEhOAInwAXnoAFuQBO0AAaP4Bm8gjfryXqx3q2PWWvJKmb2wR9Ynz9+Apdy</latexit>

k = !ẑ



<latexit sha1_base64="5zoWG1tBmC0aIk7Cw+Oz3Tut+88=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIsgKCURRY9FLx4r2A9oQthsN+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBVco+N8W6WV1bX1jfJmZWt7Z3evun/Q1kmmKGvRRCSqGxLNBJeshRwF66aKkTgUrBOO7qZ+54kpzRP5iOOU+TEZSB5xStBI3jA4Ox8GHvKY6aBac+rODPYycQtSgwLNoPrl9ROaxUwiFUTrnuuk6OdEIaeCTSpepllK6IgMWM9QScwSP5/dPLFPjNK3o0SZkmjP1N8TOYm1Hseh6YwJDvWiNxX/83oZRjd+zmWaIZN0vijKhI2JPQ3A7nPFKIqxIYQqbm616ZAoQtHEVDEhuIsvL5P2Rd29qjsPl7XGbRFHGY7gGE7BhWtowD00oQUUUniGV3izMuvFerc+5q0lq5g5hD+wPn8AhKKRWQ==</latexit>

h+, h⇥

• Effect of GW on a ring of test masses

Geodesic deviation equation

<latexit sha1_base64="QpoEIwwOZEoOXun+oFlivJpLjuw="></latexit>

⇠̈i = �Ri
0j0⇠

j =
1

2
ḧij⇠

j

<latexit sha1_base64="qQ8MEaYYjVBnm2ki4saBr/DPdjg=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0lEqheh6MVjBfuBTSib7aRdutmE3YlQSv+FFw+KePXfePPfuG1z0OqDgcd7M8zMC1MpDLrul1NYWV1b3yhulra2d3b3yvsHLZNkmkOTJzLRnZAZkEJBEwVK6KQaWBxKaIejm5nffgRtRKLucZxCELOBEpHgDK304OMQkF35qeiVK27VnYP+JV5OKiRHo1f+9PsJz2JQyCUzpuu5KQYTplFwCdOSnxlIGR+xAXQtVSwGE0zmF0/piVX6NEq0LYV0rv6cmLDYmHEc2s6Y4dAsezPxP6+bYXQZTIRKMwTFF4uiTFJM6Ox92hcaOMqxJYxrYW+lfMg042hDKtkQvOWX/5LWWdWrVWt355X6dR5HkRyRY3JKPHJB6uSWNEiTcKLIE3khr45xnp03533RWnDymUPyC87HN3fpkM0=</latexit>

✓ = ⇡
invariant under rotation around 
the z-axis of  

<latexit sha1_base64="81UltG/TTtQ4QFMflI8DtN7vwPo="></latexit>

h✓
+ = h+ cos 2✓ � h⇥ sin 2✓

h✓
⇥ = h⇥ cos 2✓ + h+ sin 2✓

Graviton is a spin 2 particle

GWs in linearised theory over Minkowski, in vacuum



To exhibit the two physical d.o.f. of GWs we had to restrict to vacuum 

However, the fact that GWs have only two physical components is a 
manifestation of the intrinsic nature of the gravitational interaction, 
mediated by the graviton, a spin-two massless field that has only two 

independent helicity states  
It should be true also in space-time with matter

1. Drop the condition of vacuum 
2. Exploit the invariance of Minkowski space-time under spatial rotations, 

and split the metric perturbation into irreducible components under 
rotations (scalar, vector, tensor) 

3. Construct metric perturbation variables that are invariant under 
infinitesimal coordinate transformations 

4. Find the metric perturbation variable that obeys a wave equation -> we 
define GWs without restricting to vacuum 

WHAT WE DO NEXT:

GWs in linearised theory over Minkowski, with matter



GWs in linearised theory over Minkowski, with matter

E.E. Flanagan and S.A. Hughes, “The basics of GW theory”, arXiv:gr-qc/0501041

“Space-time and geometry: an introduction to GWs”, S. Carroll, Pearson Education Limited, 2014

“The Cosmic Microwave Background”, R. Durrer, Cambridge University Press, 2008

2. Exploit the invariance of Minkowski space-time under spatial rotations, 
and split the metric perturbation into irreducible components under 
rotations

<latexit sha1_base64="fmhaYudpJbWHxbZmzh1JWUJGStQ="></latexit>

gµ⌫(x) = ⌘µ⌫ + hµ⌫(x) , |hµ⌫(x)| ⌧ 1

<latexit sha1_base64="woCfj0ERIYOuPkVDAx+RT4O8XNQ=">AAACAXicbVBNS8MwGE7n15xfVS+Cl+AqeJDRDkSPYyJ4nOA+YC0jzdItLG1DkgqjzIt/xYsHRbz6L7z5b0y7HnTzgYQnz/O+vHkfnzMqlW1/G6WV1bX1jfJmZWt7Z3fP3D/oyDgRmLRxzGLR85EkjEakrahipMcFQaHPSNefXGd+94EISePoXk058UI0imhAMVJaGphHlsvH1DqHVjO7XC7zx401MKt2zc4Bl4lTkCoo0BqYX+4wxklIIoUZkrLv2Fx5KRKKYkZmFTeRhCM8QSPS1zRCIZFemm8wg6daGcIgFvpECubq744UhVJOQ19XhkiN5aKXif95/UQFV15KI54oEuH5oCBhUMUwiwMOqSBYsakmCAuq/wrxGAmElQ6tokNwFldeJp16zbmo2Xf1aqNZxFEGx+AEnAEHXIIGuAUt0AYYPIJn8ArejCfjxXg3PualJaPoOQR/YHz+ABMPk20=</latexit>

�, B,  , E

scalars vectors
<latexit sha1_base64="/Cn9VwRYK7oUOraxpusjsg96Kpw=">AAAB83icbVBNSwMxEJ31s9avqkcvwVbwIGW3IHosCuKxov2AdinZdLYNzWaXJCuU0r/hxYMiXv0z3vw3pu0etPXBMI/3ZsjkBYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz95hMqzWP5aEYJ+hHtSx5yRo2VOqWHLi+dk9Ktbd1C0S27M5Bl4mWkCBlq3cJXpxezNEJpmKBatz03Mf6YKsOZwEm+k2pMKBvSPrYtlTRC7Y9nN0/IqVV6JIyVLWnITP29MaaR1qMosJMRNQO96E3F/7x2asIrf8xlkhqUbP5QmApiYjINgPS4QmbEyBLKFLe3EjagijJjY8rbELzFLy+TRqXsXZTd+0qxep3FkYNjOIEz8OASqnAHNagDgwSe4RXenNR5cd6dj/noipPtHMEfOJ8/a8mP+Q==</latexit>

Si, Fi

tensor

<latexit sha1_base64="gwhGWI2QY4TUnn4HYf3lLO5VQnk="></latexit>

h00 = �2�

h0i = @iB + Si (@iSi = 0)

hij = �2 �ij + (@i@j �
1

3
�ijr2)E + @iFj + @jFi +Hij

(@iFi = 0, @iHij = 0, Hii = 0)

<latexit sha1_base64="VgHsPIGs6hFEdfu/mlZFOx1nVac=">AAAB73icbVDLTgJBEOz1ifhCPXqZCCaeyC6J0SPRC0dM5JHAhswODYzMzq4zsyZkw0948aAxXv0db/6NA+xBwUo6qVR1p7sriAXXxnW/nbX1jc2t7dxOfndv/+CwcHTc1FGiGDZYJCLVDqhGwSU2DDcC27FCGgYCW8H4dua3nlBpHsl7M4nRD+lQ8gFn1FipXar1Uv4wLfUKRbfszkFWiZeRImSo9wpf3X7EkhClYYJq3fHc2PgpVYYzgdN8N9EYUzamQ+xYKmmI2k/n907JuVX6ZBApW9KQufp7IqWh1pMwsJ0hNSO97M3E/7xOYgbXfsplnBiUbLFokAhiIjJ7nvS5QmbExBLKFLe3EjaiijJjI8rbELzll1dJs1L2LsvuXaVYvcniyMEpnMEFeHAFVahBHRrAQMAzvMKb8+i8OO/Ox6J1zclmTuAPnM8fXqOPhg==</latexit>

Hij



GWs in linearised theory over Minkowski, with matter

3. Construct metric perturbation variables that are invariant under 
infinitesimal coordinate transformations

<latexit sha1_base64="zAHfPPi4aj1b9GFt6yXsByABHJg=">AAACNHicbZDLSgMxFIYz3q23UZdugkXaLiwzouhGKLoR3ChYLXTKkElTG5pkhlykZehDufFB3IjgQhG3PoOZdha2eiDw8/3nJDl/lDCqtOe9OjOzc/MLi0vLhZXVtfUNd3PrVsVGYlLHMYtlI0KKMCpIXVPNSCORBPGIkbuod575dw9EKhqLGz1ISIuje0E7FCNtUehedkthGnATCDMs90sVeAq7v0AF7sMgQVJTxMKM9mlonQkqxpSb0C16VW9U8K/wc1EEeV2F7nPQjrHhRGjMkFJN30t0K80uxowMC4FRJEG4h+5J00qBOFGtdLT0EO5Z0oadWNojNBzR3xMp4koNeGQ7OdJdNe1l8D+vaXTnpJVSkRhNBB4/1DEM6hhmCcI2lQRrNrACYUntXyHuIomwtjkXbAj+9Mp/xe1B1T+qeteHxdpZHscS2AG7oAx8cAxq4AJcgTrA4BG8gHfw4Tw5b86n8zVunXHymW0wUc73D3khqs4=</latexit>

h0
µ⌫(x

0) = hµ⌫(x)� @µ⇠⌫ � @⌫⇠µ

<latexit sha1_base64="FfX3ANZvwO9K5eKKzdo+MQQcSm4="></latexit>

⇠µ = (⇠0, ⇠i) ⌘ (d0, @id+ di) with @idi = 0

Two scalars, one vector and one tensor gauge invariant variables

16 free functions - 6 contraints - 4 constraints = 
6 physical degrees of freedom 

Automatically 
gauge invariant  
(no tensor gauge 
transformation)

<latexit sha1_base64="AkmBxlC6CvL6014h3C4Tt8JT2EU="></latexit>

� ⌘ �+ Ḃ � Ë/2

⇥ ⌘ �2 �r2
E/3

⌃i ⌘ Si � Ḟi with @i⌃i = 0

Hij with @iHij = 0 H
i
i = 0

<latexit sha1_base64="N3NO4UsBDNpzdVQmIpEaFBMNl2A=">AAACEnicbZDLSgMxFIYzXmu9jbp0EyyCIpQZkeqy6MZlBXuBzrRk0nQamkmGJKMtQ5/Bja/ixoUibl25821M2xG09YfAx3/O4eT8Qcyo0o7zZS0sLi2vrObW8usbm1vb9s5uTYlEYlLFggnZCJAijHJS1VQz0oglQVHASD3oX43r9TsiFRX8Vg9j4kco5LRLMdLGatvHg1bqRckIekzwUNKwp5GU4h7++CfQG9CWwbZdcIrORHAe3AwKIFOlbX96HYGTiHCNGVKq6Tqx9lMkNcWMjPJeokiMcB+FpGmQo4goP52cNIKHxunArpDmcQ0n7u+JFEVKDaPAdEZI99RsbWz+V2smunvhp5THiSYcTxd1Ewa1gON8YIdKgjUbGkBYUvNXiHtIIqxNinkTgjt78jzUTotuqVi6OSuUL7M4cmAfHIAj4IJzUAbXoAKqAIMH8ARewKv1aD1bb9b7tHXBymb2wB9ZH9/q9p5B</latexit>

xµ →↑ xµ + ωµ



GWs in linearised theory over Minkowski, with matter

<latexit sha1_base64="3ufIVArZXCSo9LYwmRakUp3ryzU="></latexit>

T00 = ⇢

T0i = @iu+ ui (@iui = 0)

Tij = p�ij + (@i@j �
1

3
�ijr2)� + @ivj + @jvi +⇧ij

(@ivi = 0, @i⇧ij = 0, ⇧ii = 0)

scalars vectors tensor
<latexit sha1_base64="cYr/PfGXTeIjzc020ox3I+4Qsgk=">AAACA3icbVDLSgMxFM3UV62vUXe6CXYEF1JmCqLLohuXFewDOkPJpJk2NMkMSUYoQ8GNv+LGhSJu/Ql3/o2ZdhbaeiCXwzn3cnNPmDCqtOt+W6WV1bX1jfJmZWt7Z3fP3j9oqziVmLRwzGLZDZEijArS0lQz0k0kQTxkpBOOb3K/80CkorG415OEBBwNBY0oRtpIffvI8eUods6hk+YlyYuv6JAjp29X3Zo7A1wmXkGqoECzb3/5gxinnAiNGVKq57mJDjIkNcWMTCt+qkiC8BgNSc9QgThRQTa7YQpPjTKAUSzNExrO1N8TGeJKTXhoOjnSI7Xo5eJ/Xi/V0VWQUZGkmgg8XxSlDOoY5oHAAZUEazYxBGFJzV8hHiGJsDaxVUwI3uLJy6Rdr3kXNfeuXm1cF3GUwTE4AWfAA5egAW5BE7QABo/gGbyCN+vJerHerY95a8kqZg7BH1ifPzCClKw=</latexit>⇢, u, p, �

<latexit sha1_base64="S2czcfb74BOfdPgRQGBqZrru+7w=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIph4IrskRo9ELx4xkUeEDZkdBhiZnd3M9JqQDX/hxYPGePVvvPk3DrAHBSvppFLVne6uIJbCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNFGiGW+wSEa6HVDDpVC8gQIlb8ea0zCQvBWMb2Z+64lrIyJ1j5OY+yEdKjEQjKKVHsrduuil4nFa7hVLbsWdg6wSLyMlyFDvFb+6/YglIVfIJDWm47kx+inVKJjk00I3MTymbEyHvGOpoiE3fjq/eErOrNIng0jbUkjm6u+JlIbGTMLAdoYUR2bZm4n/eZ0EB1d+KlScIFdssWiQSIIRmb1P+kJzhnJiCWVa2FsJG1FNGdqQCjYEb/nlVdKsVryLintXLdWuszjycAKncA4eXEINbqEODWCg4Ble4c0xzovz7nwsWnNONnMMf+B8/gDlapBn</latexit>

⇧ij
<latexit sha1_base64="OFwjYZ+q8YnVBWEqhgialawnHcE=">AAAB83icbVDLSsNAFL2pr1pfUZduBlvBhZSkILosunFZwT6gDWUynbRDJ5Mwj0IJ/Q03LhRx68+482+ctllo64HLPZxzL3PnhClnSnvet1PY2Nza3inulvb2Dw6P3OOTlkqMJLRJEp7ITogV5UzQpmaa004qKY5DTtvh+H7utydUKpaIJz1NaRDjoWARI1hbqVcxfVa5QpWJbX237FW9BdA68XNShhyNvvvVGyTExFRowrFSXd9LdZBhqRnhdFbqGUVTTMZ4SLuWChxTFWSLm2fowioDFCXSltBoof7eyHCs1DQO7WSM9UitenPxP69rdHQbZEykRlNBlg9FhiOdoHkAaMAkJZpPLcFEMnsrIiMsMdE2ppINwV/98jpp1ar+ddV7rJXrd3kcRTiDc7gEH26gDg/QgCYQSOEZXuHNMc6L8+58LEcLTr5zCn/gfP4A6fWQSw==</latexit>ui, vi

1. Drop the condition of empty space-time

Gauge invariant automatically but four further constraints given by   
energy-momentum conservation  

(OK since we are still in linearised theory!)
<latexit sha1_base64="xVjcAGTib9oNqcl3PEZloxrDwcs=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEV2VGFN0IRTcuK/QFnXHIpJk2NMkMSUYoQ3Hjr7hxoYhbv8Kdf2OmnYW2Hgg5nHPvTe4JE0aVdpxvq7S0vLK6Vl6vbGxube/Yu3ttFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRTe53HohUNBZNPU6Iz9FA0IhipI0U2AdegqSmiAUeT2HzPjOXJ9LJlRPYVafmTAEXiVuQKijQCOwvrx/jlBOhMUNK9Vwn0X6Wj8eMTCpeqkiC8AgNSM9QgThRfjZdYQKPjdKHUSzNERpO1d8dGeJKjXloKjnSQzXv5eJ/Xi/V0aWfUZGkmgg8eyhKGdQxzPOAfSoJ1mxsCMKSmr9CPEQSYW1Sq5gQ3PmVF0n7tOae15y7s2r9uoijDA7BETgBLrgAdXALGqAFMHgEz+AVvFlP1ov1bn3MSktW0bMP/sD6/AEm5ZdD</latexit>

@µT
µ⌫ = 0

16 free functions - 6 contraints - 4 constraints = 
6 physical degrees of freedom 



GWs in linearised theory over Minkowski, with matter

4. Find the metric perturbation variable that obeys a wave 
equation -> we define GWs in non-vacuum space-times 

Write Einstein equations in terms of the 6 gauge invariant variables

<latexit sha1_base64="ORONjSTENeqvUn+89kCEctBdcBI="></latexit>

r2⇥ = �8⇡G⇢ r2� = 4⇡G (⇢+ 3p� 3u̇)

r2⌃i = �16⇡GSi ⇤Hij = �16⇡G⇧ij

Three Poisson-like equations, one wave equation 
Only the TT metric components are radiative

Cosmological case: the same procedure, exploiting the symmetries (homogeneity 
and isotropy) of FLRW spacetime, but: 

• There is a energy-momentum tensor also in the background 
• The equation of the tensor perturbations contains Hubble friction (see later)  
• One finds a wave equation also for the Bardeen potential (sound waves in the fluid)

—————————————————


