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Introduction

@ X - compact Riemann surface of genus g > 2;

@ N - moduli space of semistable rank n vector bundles over X;

e T*N c M - moduli space of semistable SL(n,C)-Higgs bundles over
X, equipped with natural symplectic structure;
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The conormal principle

Find Lagrangians of M with respect to the natural holomorphic symplectic
form.
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The conormal principle

Find Lagrangians of M with respect to the natural holomorphic symplectic
form.

@ In some simple cases, these can be realized as conormal bundles of
submanifolds of other Lagrangians.

o {E}YcN ~TiN = M.
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The conormal principle

Find Lagrangians of M with respect to the natural holomorphic symplectic
form.

@ In some simple cases, these can be realized as conormal bundles of
submanifolds of other Lagrangians.

o {E}YcN ~TiN = M.

@ "Infinitesimal conormal principle": A Lagrangian L in M and a
submanifold S of L should give rise to another Lagrangian by
integrating the conormal spaces NS c T;'L, with p € S.
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|
Fixed points of the C*-action

@ The group C* acts on M by

t-(B,®) = (E,td).
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|
Fixed points of the C*-action

@ The group C* acts on M by

t-(B,®) = (E,td).

e A point (E,®) is fixed by this action < E = F; & --- ® E; with

(I)j 3=(I)‘E].2Ej—>Ej+1®K, CI)|El=0.

Rodrigo Pereira (U. Porto) Zero velocity Lagrangians February 26th 2026 3/17



|
Fixed points of the C*-action

@ The group C* acts on M by

t-(B,®) = (E,td).

e A point (E,®) is fixed by this action < E = F; & --- ® E; with

(I)j 3=(I)‘E].2Ej—>Ej+1®K, (I)|El:0~

e At a fixed point (E,®), we have further decompositions
T(E,@)M = @T(JE’(I))M
J

End E = @ End; E.
J
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Conormal of fixed point loci

o L =C,, a component of the nilpotent cone h™1(0);
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Conormal of fixed point loci

o L =C,, a component of the nilpotent cone h™1(0);

@ S =F,, a component of the fixed point locus of the C*-action;
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Conormal of fixed point loci

o L =C,, a component of the nilpotent cone h™1(0);
@ S =F,, a component of the fixed point locus of the C*-action;

e Conormal sequence at (E,®) € F,

0~ N(gayFa = T(pe)Ca = T(payFa >0,

0> NipgyFa - % (T2 M) = (Topay M)~ 0.
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Conormal of fixed point loci

o L =C,, a component of the nilpotent cone h™1(0);
@ S =F,, a component of the fixed point locus of the C*-action;

e Conormal sequence at (E,®) € F,

O - N(*E,(I))Fa — T(*Ev7q))ca - T(*E,‘I))Fo‘ — 0,
. . * 0 *
0~ Niga)Fa > ;‘% (Tip.0yM) = (T(eayM) 0.

@ We look for a Lagrangian L, such that

T(p.a)La = T(pa)Fa ® N g)Fa = T(paMe j@TfE@)M’

. . * 1—i
since (T(JE@)M) = T(E’Jq))/\/l.
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Upward flows
o (E,®) fixed point,

W(-FE,CD) = {q € M

lim ¢-q = (E,‘I’)}
satisfies
T(E,@)W{E,cb) @ (E, <I>)
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Upward flows
o (E,®) fixed point,

W(-FE,CD) = {q € M

lim ¢-q = (E,‘I’)}
satisfies
T(E7<I>)W(+E,<I>) @ (E, <I>)

e BB-slice (D" =0 +®, D' =0 + ®* )

Stnay=1(B:0) € PEED ] prap) 00|
o) Q19(Endy E @ End, &) | 7 (F#)=0
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Upward flows
o (E,®) fixed point,

W(-FE,CD) = {q € M

lim ¢-q = (E,‘I’)}
satisfies
T(E,@)W{E,cb) @ (E, <I>)
e BB-slice (D" =0 +®, D' =0 + ®* )

0,1
GHERE) | g o)+ 18] =

Seay=1(B,p) € ® :
(B,3) ) ' -
{ Q19(Endy E @ End, &) | 7 (F#)=0

Theorem (Collier and Wentworth 2019; Hausel and Hitchin 2022)

(E,®) stable fixed point = W/ ., =S/

(B.2) = O(B,9)

— W(E ) is Lagrangian.
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e Around p = (E,®) € F,, we define a submanifold £,, modeled on

0,1
(.0) ¢ Q (EndOi@EndﬂE) D”(/B?SD)*‘[,B,QOJ -0

! —
QYY9(End | £ ®End. E) D(B,¢) =0
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e Around p = (E,®) € F,, we define a submanifold £,, modeled on

0,1
(.0) ¢ Q (EndOi@EndﬂE) D”(/B?SD)*‘[,B,QOJ -0

! —
QYY9(End | £ ®End. E) D'(B,0) =0

@ Lagrangian with the right tangent space at the fixed point.
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e Around p = (E,®) € F,, we define a submanifold £,, modeled on

0,1
(.0) ¢ Q (EndOi@EndﬂE) D”(/B?SD)*‘[,B,QOJ -0

! —
QYY9(End | £ ®End. E) D'(B,0) =0

@ Lagrangian with the right tangent space at the fixed point.

@ How do we glue these local Lagrangians?
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The zero velocity condition

e F, fixed point component,
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The zero velocity condition

e F, fixed point component,

e W/} attractor - set of points whose C*-limit to 0 lands in Fj,,
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The zero velocity condition

e F, fixed point component,
e W/} attractor - set of points whose C*-limit to 0 lands in Fj,,
e for g e W define the curve

Vg : C — M

0+t — t-q
0 +— limygt-q
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The zero velocity condition

e F, fixed point component,
e W/} attractor - set of points whose C*-limit to 0 lands in Fj,,
e for g e W define the curve

Vg : C — M

0+t — t-q
0 — limg,ot-q

@ using the slice coordinates, if p € F, is close to lim; gt - ¢

ge L, — 'y;(O)ZO
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The zero velocity condition

e F, fixed point component,
e W/} attractor - set of points whose C*-limit to 0 lands in Fj,,

e for g e W define the curve

Yq * C — M
0+t — t-q
0 — limg,ot-q

@ using the slice coordinates, if p € F, is close to lim; gt - ¢
qeLy, = 7,(0)=0

@ the local Lagrangian pieces all satisfy the same condition - the "zero
velocity" condition.
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Let F,, be a fixed point component inside the moduli space M. There exists
a C*—invariant Lagrangian submanifold L, containing F, such that, for every
(E,®) € VHS,, we have

0 g

Indeed, we define

Lo ={qe Wy |7,(0) =0}
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W o)

®;>1T{p, 0y M

Fo
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Lo
1y SfATS
0%

(B, ®)]
T0g, ey M
Fy
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|
Example — SL(2,C)

e Fixed point in F,

(Lo ®Lg, (700 8))7
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|
Example — SL(2,C)

e Fixed point in F,

(Lo ®Lg, (’So 8))7

(L oL (3 g)) , degL =degLy;

@ points of £,
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|
Example — SL(2,C)

e Fixed point in F,

(Lo ®Lg, (’So 8))7

(L oL (3 g)) , degL =degLy;

@ points of £,

e — [, = connected component(s) of M(SL(2,R)).
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|
Example — SL(2,C)

e Fixed point in F,

(Lo ®Lg, (,?0 8))7

(L oL (3 g)) , degL =degLy;

@ points of £,

e — [, = connected component(s) of M(SL(2,R)).

@ degL=g-1 = L, = Hitchin sections.
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Intersections with the Hitchin fibers

o Fix a=(ag,...,ay) €A
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Intersections with the Hitchin fibers
e Fix a=(asg,...,a,) € A.

e Fix a fixed point component F, of type (1,...,1) - the same as fixing
the degree m; of ®;.
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e Fix a fixed point component F, of type (1,...,1) - the same as fixing
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Intersections with the Hitchin fibers

o Fix a=(ag,...,ay) €A

e Fix a fixed point component F, of type (1,...,1) - the same as fixing
the degree m; of ®;.

Proposition (Schaposnik 2013)

Any stable SL(2,R)-Higgs bundle is in a connected component which inter-
sects every regular fiber of h.
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Intersections with the Hitchin fibers

o Fix a=(ag,...,ay) €A

e Fix a fixed point component F, of type (1,...,1) - the same as fixing
the degree m; of ®;.

Proposition (Schaposnik 2013)

Any stable SL(2,R)-Higgs bundle is in a connected component which inter-
sects every regular fiber of h.

ILanh™ (a)] =229( dg-4 )

2g—2-2degL
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Lonh™(a) = U LanWien h7(a)
(E,®)eF, '
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Lonh™(a) = U LanWien h7(a)
(E,®)eF, '

Problem 1

Find the subset F,,(a) of Fy for which L, n (J’E’q)) nh(a) + @
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Lonh™(a) = U LanWien h7(a)
(E,®)eF, '

Problem 1
Find the subset F,,(a) of Fy for which L, n W(J’E’q)) nh™l(a) + @

Problem 2
For each (E,®) € F,(a), find the cardinality of £, n W(+E ) " h71(a)
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Lonh™(a)= U  LanWipen h(a)
(E,®)eFa(a)

Problem 1
Find the subset F,,(a) of Fy for which L, n W(J’E’q)) nh™l(a) + @

Problem 2
For each (E,®) € F,(a), find the cardinality of £, n W(+E ) " h71(a)
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Fo
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N
Problem 1

A Higgs field of a point in £, takes the form

0
(I)l *
: 0
d,1 0
= o, 0
(I)i+1
0 0
®,1 0
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Problem 1

At a point c € div ®;,

Rodrigo Pereira (U. Porto)

0
CI)1 *
0
d,1 0
0 0
D11 *
0 0
®,1 O

Zero velocity Lagrangians
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N
Problem 1

At a point c € div ®;,

0
b - *
: 0
D,
q)c: i—1 8 5 7
D11 *
0 0

so the characteristic polynomial of ® at ¢ must split into two other
"traceless" polynomials

N+ as A" 2+ tay, = ()\i + DN T2 4t b,-)()\”‘i F e N2 g Cn—i)-
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We get a system of n — 1 polynomial equationsini—1+(n—-i—1)=n-2
variables, which has a solution if and only if its resultant R, ;(as,...,ay)
vanishes (Gelfand, Kapranov, and Zelevinsky 1994).
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We get a system of n — 1 polynomial equationsini—1+(n—-i—1)=n-2
variables, which has a solution if and only if its resultant R, ;(as,...,ay)
vanishes (Gelfand, Kapranov, and Zelevinsky 1994).

Easy observations and examples:

o Rn,i = Rn,n—i
o Rn,l =dan
@ Ryo=as
_ 2 2
@ Rs59 =azazas — azas — ag
_ 2, 3 2 3
o Rgo = azaza; + azae — aza4as — ay
° Rg3= agaﬁ —agaszas + a§a4 —4dagag + ag

Rodrigo Pereira (U. Porto) Zero velocity Lagrangians February 26th 2026 13 /17



We get a system of n — 1 polynomial equationsini—1+(n—-i—1)=n-2
variables, which has a solution if and only if its resultant R, ;(as,...,ay)
vanishes (Gelfand, Kapranov, and Zelevinsky 1994).

Easy observations and examples:
o Rn,i = Rn,n—i
o le = Qp

Rio=a3
R _ 2 2
5,2 = A2a305 — A504 — AF
_ 2, 3 2 3
Rg 2 = azazas + azas — agasas — ax

2

°
°
°
® Re3= a§a6 —aa3as + a§a4 —4asa6 + aj
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Number of admissible fixed points

e For generic a, };div R, ;(a) should be reduced (proven for n odd
yesterday)
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Number of admissible fixed points

e For generic a, };div R, ;(a) should be reduced (proven for n odd
yesterday)

@ The number of very stable fixed points (with Y, div ®; reduced) in
F,(a) equals
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Number of admissible fixed points

e For generic a, };div R, ;(a) should be reduced (proven for n odd
yesterday)

@ The number of very stable fixed points (with Y, div ®; reduced) in
F,(a) equals
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Number of admissible fixed points

e For generic a, };div R, ;(a) should be reduced (proven for n odd
yesterday)

@ The number of very stable fixed points (with Y, div ®; reduced) in
F,(a) equals

Mg, Mp—;

n29 :ij ((?)(29 - 2)), if n odd.
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Problem 2

Theorem (Hausel and Hitchin 2022)

Let £ be a very stable fixed point. Let a € A be such that the spectral curve
Xq ¢ K is smooth and Y, div ®; avoids the ramification divisor of
m: X, > X.
Q@ Toevery (E,2)e Win h='(a) corresponds a choice of n —i preimages
in X, of w over each zero of ®; in X. More precisely, at c € div ®;, we

choose those eigenvalues of ®. which are not eigenvalues of the
restriction of ®. to (F;)..

@ To every choice of n —i preimages over each zero of ®; corresponds a
point in W nh~'(a), i.e., the above is a bijection.

o

Wi an (@)l =11 (”)m

i=1
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N
Rank 3

e A fixed point in Fy,(a) must satisfy div(®;P2) c divags
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N
Rank 3

@ A fixed point in F,(a) must satisfy div(®1Ps) c divag

@ At a zero of ®; the field becomes

0 * *
0 0 *
0 (I)g(c) 0

Away from the ramification, we must choose the two non-zero
eigenvalues of ®..
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N
Rank 3

@ A fixed point in F,(a) must satisfy div(®1Ps) c divag

@ At a zero of ®; the field becomes

0 * *
0 0 *
0 (I)g(c) 0

Away from the ramification, we must choose the two non-zero
eigenvalues of ®..

o At a zero of ®5 the field becomes

P4 (c)
0

O O ¥
o ¥ ¥

Away from the ramification, we must choose the zero eigenvalue of ®..
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We thus get a bound on the possible number of intersections equal to

329( 69 -6 )1’”11’”2.

mi,ma
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We thus get a bound on the possible number of intersections equal to

329( 69 -6 )1’”11’”2.

mi,ma

Again following Hausel and Hitchin 2022, we use Hecke transformations to
show equality.
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Thank you!
Obrigado!



@ For general rank, since div ®; c div R,, ;(a), over each zero of ®;, there
is a partition of the eigenvalues into two blocks of size i and n -, both
summing to zero == we pick the block of size n -1

@ for a generic, there should be only one such partition, hence there is
only 1 choice if i # n/2 and 2 choices if i =n/2

@ We thus get a bound on the possible number of intersections

nggﬁ(@)(zg—z))

My, Mp—;
n2g((n72)(g - 1))2mn/2 gi—f ((7)(29 - 2))
My /2 i=1 \Ti, Mip—g, —
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If (E,®) e L,, its D-operator is of the form

A

0 *
0 0O
0 0 - 0
0 0 0 9,

Letting
OCElcEQC---CEnZE

be the Simpson filtration of (E,®), we get

Ei|Eio=FE;i1|Ei 0@ Ei/E; 1 =Li1®L;
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e Given a very stable fixed point £ and a choice of n — i pre-images of 7
over each zero of ®;, we need to produce a point in Wi nh™!(a)n L,

o We follow the strategy of Hausel and Hitchin 2022 - starting with a
point in the Hitchin section over a we add the zeroes of each ®; one by
one via Hecke transforms at the eigenspaces corresponding to the
choice of n — i eigenvalues

@ We need to show that, with the eigenvalue choices that correspond to
L., the zero velocity condition is preserved by the Hecke transforms
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o cedivd,

@ V - sum of the n — i eigenspaces associated to the choice of n -
eigenvalues; Vi, =V n Ej,

o Ej - Simpson filtration of the Hecke transformed bundle
@ L; - C*-limit to 0 of the Hecke transformed bundle
0 0

l l i

bj » Ly L, —— 0
Ey y Ly 1® Ly — 0

| | !
S

0
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Thank you!
Obrigado!
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