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_ Initial driven oscillation(vertical)
P dlfam etn C » CG is oscillating (g oscillates)
: » Parameter oscillates |

Small transverse/horlzontal motion

K.E.= %mz2 +—m226?2 |

P.E.=mgz(1— cos@)
Euler-Lagrange Equatlon

§=—ab —2( )6 — (—)sme

Alexander C: https://www.youtube.com/watch?v=TINqQRDFLzV§

C Chambers: https://www.youtube.com/watch?v=Hi_4SsbwaecE




Stability of parametric

[l If the djsmﬂbactci:@ﬂ)ws 1 with [ System becomes unstable
[ If the disturbance decays_— time [] System becomes stable

[ Interesting point (fluid/Optics):
% One can see some surface patterns in the
unstable fluid or waveform pattern in optics.
«» Star shaped patterns of liquid drops floating
at different forcing frequency

>
Shen et al., Phys.Rev. E, 81:046305 (2010)

Champneys A. (2009) Dynamics of Parametric Excitation;
https://doi.org/10.1007/978-0-387-30440-3_144;
Encyclopedia of Complexity and Systems Science.



https://doi.org/10.1007/978-0-387-30440-3_144

Parametric

Resonaite=o g =g+ gicosar

Time-dep gravitational field
-- Parametric Forcing —Periodic & Sinusoidal

= ¥ + w3 (1 + hcos Qt)x = 0; w? =%,h=%
( J 0

Mathieu Equation

2T 2T

» Parametric excitation amplitude= h and its period = SRR el
0

Question:_What frequencies will be important for this driving system?
» Naturally: Q = 2%; ni=S (Landau-Lifshitz: Mechanics)

% Check Q) =2wq + €, € K wg = Trial Soln: x = a(t) cos (a)o + g) t + b(t)sin (wo + g) t

» Retaining terms linear to €e = a~ea & b~eb = Instability (pumping energy) occurs:
1

1
Parametric resonance: —=hwy < € < +~hw, a X el &b o< ett; u?2 = =|(=hw,) — €2
20 20 4\2



Parametric resonance: — lhcoo <e< + lhooo; h=42L € 2 o
2 2 9o Stable
In presence of damping:
%+ 2yx + wi(1 + hcosQRwg + €)t)x =0 Unstable h
x(t)~e “ V)t x (Oscillation) .
Instability occurs: —3hwo
1 2 1/2 1 2 1/2 € l hw
o [(E hwo) 3 4}’2] <e< [(zhwo) - 4‘)’2] L 200,
h
» Instability is strongest at exact resonance: ) = Wey = 2wy
=> Subharmonic instability (7., =(1/2)T,,,) 5 X ;
- Instability occurs for T, = integer x (1/2) T, e — > hawo

The parametric spring-mass system, its connection with non-linear optics, and an approach for undergraduate students
Ilario Boscolo, Fabrizio Castelli, Marco Stellato, Stefano Vercellati: arxiv: 1402.5318 (2014)



https://arxiv.org/search/physics?searchtype=author&query=Boscolo%2C+I
https://arxiv.org/search/physics?searchtype=author&query=Castelli%2C+F
https://arxiv.org/search/physics?searchtype=author&query=Stellato%2C+M
https://arxiv.org/search/physics?searchtype=author&query=Vercellati%2C+S

Floquet theory for 2" order ODE with
cRenedieisoaificients

» Instead of entire dynamical trajectory = Look into map from one period to another
-> Poincare Map: x,,1.1 = @(xy,)
-> Flow map takes x,, to x,,,1 after time period T
» Use Poincare section: every time the trajectory crosses the Poincare section, marks it
» We will look into dynamics on that section only,
» Stable periodic trajectory: x,,4+1 = @ (x,) where x,,.1 = X,
» Unstable periodic trajectory: x,,+1 = @(x,) where X, 11 » X5 [Xn41 — Xn| > |Xpn—1 — X,

T

— Poincare
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N Kutz: https://www.youtube.com/watch?v=N_ zmYDnjACs



Floquet theory for 2" order ODE with
Periodic Coefficient

Solution or point ¢ trajectory at §ifferent time, x(t) « e#tx periodic function
\ J

Expanded in Fourier Basis

Convert the ODE 1n eigen-value equation
[0 Generate matrix in the Fourier basis
[l Eigen-value will demonstrate the stability of the system



Faraday Instability

1n
Bose-Einstein Condensate

PHYSICAL REVIEW A 102, 033320 (2020)

Parametrically excited star-shaped patterns at the interface of binary Bose-Einstein condensates
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Classical Fluid

In 1831, Michael Faraday observed
Instability in vertically oscillating fluid,,
] excited standing waves

When the vibration frequency exceeds
a critical value, the flat hydrostatic surface
becomes unstable.

Instability is subharmonic: fluid
oscillates at twice slower than
1ts solid bottom

Phenomena is well described by
0 Mathieu Equation (Numerical Sol")
0 Floquet Theory

https://www.youtube.com/watch?v=15UpWZzWzbA

Effective gravitational acceleration:
G(t)= g + a cos(mt)

Fluid dynamic instabilities: theory and application to pattern forming in complex media: F Gallaire & P T Brun, Phil. Trans. A,



Faraday Instability on a (in)viscous cylindrical surface

> =<

Navier—Stokes

el EGuations:
p E + (U.V)U| = —-VP + MVZU + pG(t)

/Momentum Conservation Equation

V.U=0 [IMass conservation Equation

G(t) = —a cos(wt)?

U -Velocity of the fluid element Surface is deformed due to the external acceleration G (t) :
P -Pressure =>1r =R+ 7’](9, A t)

u -Dynamic viscosity
p—Density of the fluid

Maity, D.K., Theor. Comput. Fluid Dyn. 14" Sep (2020)



Faraday Instability on a viscous cylindrical surface

> =<

r=R+n(0,z1t)

sinusoidal radial Ideal case (Inviscid fluid): Mathieu Eq.

Acceleration=a cos(wt)

(Conserving Pressure Balance at the surface)
2 —9 g s S
nN+w (1 = — COS a)t)n 0
Here, n(0,z,t) = n(t) exp i(m6 + kz)

w & a depend on surface tension (o),
axial wavenumber (k) and

U -Velocity of the fluid element aZlmuthal Wavenumber(m)
P -Pressure : g g

1 -Dynamic viscosity Analytic solution: Floquet expansion

p-Density of the fluid Floquet analysis => stability diagram of the fluid

Maity, D.K., Theor. Comput. Fluid Dyn. 14" Sep (2020)



Floquet analysis =>
stability diagram of the fluid
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Maity, D.K.;Theor. Comput. Fluid Dyn.
14™ Sep (2020);

Fig. 2 (Color online) For an ideal fluid, the marginal stability boundaries of the Mathieu equation [Eq. (35)] are plotted for the
dimensionless forcing angular frequency % = 9.73. Red (gray) and blue (black) boundaries represent the subharmonic (SH)

and the harmonic (H) case, respectively. S represents the stable region of the system. In the stability curves, the dimensionless
forcing amplitudes (a/ap) are plotted with the dimensionless axial wavenumbers (kR) foram = 1.bm =2,¢em =3, dm =4



Parametric Oscillation in Quantum Fluid
(""" "1t T ate)
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2D velocity Distribution
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JILA, University of Colorado, Boulder

https://plato.stanford.edu/entries/physics-experiment/app3

Atom Laser: COhGI’GIlCG
.html

Demonstration: https://voutu.be/shdLjlkRaS8


https://youtu.be/shdLjIkRaS8

Hamiltonian
of BEC

- o h? i
H=|dr®T(r¢t) [— %Vz + Virap () | P (7, t)

+=[dr [dr' P, 0) P, OV (r — ) P, )P(r, 1)

V(r —r') = Contact Potential (s—wave approx.)

2
=Us(r—r") = %ascat 5(r—r1")



Controlling atom-atom interaction (Feshbach

(@)

. Current, I(t)
Feshbach coil

- Deca = Optical trap

)

Atomic Separation

Kwon, Mukherjee, et al.,
PRL, 127, 113001(2021)

Chris Vale:

https://physics.aps.org/ — confinement and a
articles/v8/95 ! v U magnetic trap

Ty Sy )
0 20 40

PRL 115, 155301 (2015) Modulation time (ms)



https://physics.aps.org/

Mean-Field Theory:
GropsRitaeyskii (GP)dEquation
+=[dr [dr' @@, ) T, OV — 1) P, )P (r, 1)

V(r —r") = Contact Potential (s—wave approx.)

N _ 4mh? '
=Ué(r—r) =nTascat S5(r—1) =g2p

2 ~L -~ ~
= ih = = [= 2= V2 4 Vg (r) + UPTP| BT (1, 1)

., 0 h? 2 .1 7
= lha—f = [—%(6,% +02)" + Emw,g(xz + v2) + gop (1 4 cos(a)Dt)) |1/)|2] W(r,t)

Ascat

Madelung Transformation: i = /ne 9 & Assume density disturbance én = ( lrleil‘l’

Mathieu equation: {;(t) + w?[1 + (@,,/Ascqt) cOS(wmt)] () = 0



Experimental observation of star-shaped
sondeisatag = 1) (o, 0,] = 2mx[29.4(2),725(5)|Hz; a, = 138(6)az

After 1 s modulation,

BEC boundary is
strongly deformed,
displaying 2D regular
polygon patterns

D, symmetry.

wp =119 Hz

@ D, B 1100

Occurrence

wp =132 Hz wp = 147 Hz wp =161 Hz 100 o0 100

0 18 36 54 72
Angle, " (°) Kwon, Mukherjee, et al., PRL, 127, 113001 (2021)




Spectral peak of various I-fold star patterns
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. Modulation frequency, (Hz)
Kwon, Mukherjee, et al., PRL, 127, 113001 (2021)



Floquet stability tongues for different

modulgs Kwon, Mukherjee, et al., PRL, 127, 113001 (2021)

100 120 140

Modulation frequency, w,,,(Hz)

[0 Precisely measure the dispersion relation of the collective excitations
U Identify the resonant frequencies of the patterns by comparing experimental/ theoretical
(effective Mathieu equation) patterns vs Floquet analysis



Phase Separated Binary Bose Einstein Condensates

Component A Component B

RBB7 RBBS

> A Bose-Einstein condensate (BEC) 1s a state of
matter which typically formed when a gas of bosons IF=1mp=-1) |F=2mp=-2)
at low densities 1s cooled to temperatures very close

to absolute zero. 100 2000 200 400

—
(b)

©
L

2 BEC 1s a superfluid state. Many of the classical fluid
instabilities have been studied in BEC.

» To study interfacial instability, immiscible
binary BEC is required.

y(um)

2 Condition for Immiscible 2-comp BEC:

aip/(assapp) > 1 -12 0 12 -12 0 12

> RB®7-RB®® are well-studied Two-comp. BEC due to their - T (l‘l’m) ‘
near degenerate ground state energies.




Gross—Pitaevskii equations (GP Equations)

2> Using the mean-field approximation at T =0

GP equations

2ma

' i ﬁz . r / 2 ‘ p /
Component "ot ("2 V*+ Va+gaaldal” + .(]AU|'U’U|2) YA

/ walPdr = Ny

: v hz 2 7 2 P12

Component B ih— — V*+ Ve +geslts|”+ galtbal” | ¥s
ot 2mp

/lwnlsz = Np

Gij = ‘27rh2n,;j('mi—l + mj_') V, = %-{wz [027-2 g ,\232]
(4,5 =A,B)

a=1, A=40 == Condensate is highly oblate disk shaped




Scattering length modulation

Asa = 99 a
Ad 0 @, - Bohr radius

a Using Feshbach resonance (Papp et al. 2008)

AA
. . agp can be modulated (50 — 900) a,
AAB

C—@

' Agg = 75 gt EA ('OS(LJQ

Maity, et al., PRA, 102, 033320 (2020) Angular frequency of the

Amplitude of the modulation modulation

___________________




__Simulation of Faradav Instabilitv in BEC
S imulation s

7 OUB _ ( 2

p : . : ‘ ) v :
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Generation of m = 4 fold symmetric pattern D,
Time = 0.00 ms
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Generation of m = 3 fold symmetric pattern D;
Time = 0.00 ms

200

(nB)




Generation of m = 5 fold symmetric pattern D;
Time = 0.00 ms

200
(r.4) (nB)
12 12
-12 0 12

z (pm)




Subharmonically Excited Pattern

12 -12 0 12
z(pm)




Floguet Analysis: An Analytical Approach

ot 'S ] 7 I
gy A -
ih—— = Vol gsB(l+ cos(wpt)]|~‘w3|2:+ gpalval® | ¥s
)7”8 | aBRB

hos? .4 v r gl | AN
e - (— 2m. V2 +I‘/B[1 + bCOS(U)Dt)] -+ q-BBhr'B‘ ! r'_ .QBA|‘1:?’.4|2 VB
zZmpg | |

L |
. /
Maity, et al., PRA, 102, 033320 (2020) Here we need to specity Floquet Theory
Surface tension coefficient /




Floguet Analysis

Mathieu Equation : Cm + w3, ] -E(b/ born) cos (wpt )] (m =

_______________________

s N 1"(”!2—1) 0(7”'2_1) ll[ll M — lllll [mL_B_)_ AL

Wm = R tmpnp-mana) bom = mewing RO k-0 kK (kR) — 0 kI (kR) — ™
Floquet Ex i . g (s+iawp)t (P) Jipwpt P wth rat
q pansion : Cnlll=% Y s Gin B s - growth rate

(s+iowp) - Floquet exponent

Linear Difference Equation : A(p)g P) — p (Q(P 1) 4 C,(T?“))

Ag’)) - [ (p+a)2 2 (mpng— 777411 A) g0 Za(m.“—l)a]

mmpwng RPnpmpw?



Marginal Stability Diagram

0.4 ] ' w— ), — 3 b=8xh’A|¥p(r = R,0, :)|2/(m.";3w21?2)

i i ST A,',(]BB — ().27

"': — — A/(LBB — 0.20
G St A/app = 0.13

0 50 100 150 200 250
wp/(27)(Hz)

0=1.1%¥10"18 + 59 N/m




Conclus

[ '[@ﬁged spontaneously formed star-shaped surface patterns
in single component BEC : Experiment

[ Patterns are controlled externally by changing amplitude and frequency of
driving field--- parametrically excited by modulating the scattering length
near the Feshbach resonance

[l Parametric oscillations simulated at the mean-field level: Numerically solving
Gross-Pitaveskii equation (Reduced Mathieu Equation)

[0 Another interpretation: Known oscillating patterns help to characterize unknown
scattering lengths of ultra-cold atoms.



[l Modes of experimentally observed excited subharmonic star shaped patterns
are 1dentified theoretically: Floquet analysis

[0 Precisely measure the dispersion relation of the collective excitations
[ Identify the resonant frequencies of the patterns by comparing
experimental/ theoretical (effective Mathieu equation) patterns

vs Floquet analysis

0 Floquet analysis is carried out to estimate interfacial tension of the
binary phase separated BEC in experimentally possible regime.
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Subharmonically Excited Patterns

m=3 m = m—6

t= 1180.8ms t + 13 t =491.3ms t+ I5 t = T38.7Tms t+ 1g

.

12 0 120 12 -120 12 -120 12 -120 12 -12 0
x(pm)
9D - 48 Hz ©D _ 95,1 Hz —2 =132 Hz

2T 210 2T




PHYSICAL REVIEW A 101, 023615 (2020)

Pulse- and continuously driven many-body quantum dynamics of bosonic impurities in a
Bose-Einstein condensate

K. Mukherjee,"2 S. I. Mistakidis@,% S. Majumder,1 and P, Schmelcher®”
Indian Institute of Technology Kharagpur, Kharagpur 721302, West Bengal, India
2Department of Physics, Center for Optical Quantum Technologies, University of Hamburg,
Luruper Chaussee 149, 22761 Hamburg, Germany
3Hamburg Centre for Ultrafast Imaging, University of Hamburg, Luruper Chaussee 149, 22761 Hamburg, Germany

Periodically driven harmonic oscillator potential of the impurities

|
V(ix,t) = Esz(x — Asin (a)Dt))z
Acousto-optical modulators

= Induce extra interaction potential among the bosonic impurities
apart from s-wave repulsion



Floquet theory for 2" order ODE with
Bgngdeg Qp_l_qﬂl%nts Stability

EWRIR

-> Linear equation: x4 (t) & x5 (t) two linearly ind. sol*s => x(t) = c{x1(t) + c,x,(t) also sol™
Shift the ODE @t =t + T;
XEt+T)+ft+T)x(t+T)=0;, =Xt +T)+f)xt+T)=0

= x(t) solution means x(t + T) is also solution.
= Define x;(t + T) = ax1(t) + Bxy(t) & x,(t'+ T) = yx1(t) + yx,(t)
=>x(t+T) =c[ax (t) + Bx,(t)] + ca[yx,1(t) + 6x, (t)]=(|c1a + czﬁ')xl + gcly + 625')362

- B'

A\ _ (a B\ (C1\_,, (C1)\. C1 ) e . D B
( B) = (y 6) ( Cz)-M ( Cz)' Choose ( Cz) is eigenvector of M associated with eigenvalue A
= x(t + T) = Ax(t) = x(t) is periodic within a scale factor A = e#7, say.

> Define, periodic func® P(t) s.t.x(t) = e#*P(t) & P(t +T) = P(t) ©x(t + T) = e*Tx(t)
» Sign of u decides the stability => Either exponential growth or decay x periodic function



Mean-Field Theory:
GropssRitakyskii (GP)idquati

+2[dr [dr' @, 0) P, OV (r — ) B, OP(r, 1)

V(r —r') = Contact Potential (s—wave approx.)

: n
=U5(T—T)_47:n Ascar O(r — 1)
oPT 5
h—— = [PT H
ih o * |PT(r,t),H|
= lhal - [— V2 4 Virgp(r) + UPTP| BT, 1)
= ih 2 [— (82 + 02)° + 2 “maZ(x? + y2) + gzp (1 + cos(a)Dt)) | ]1]1(7‘ t)
scat

Madelung Transformation: i = /ne 9 & Assume density disturbance én = ( lrle‘l¢

Mathieu equation: {;(t) + w?[1 + (@,,/Ascqt) cOS(wmt)] () = 0



Floguet Analysis

Wavefunctions: U, (r,0,2) = \/n;(r,0, z)ei? (i,7 = A, B)

Velocity: = BT,
ty e Vo,

v VE; , o

Hydrodynamical form: —m;— > = —1, V%4, =0 30|

ot n; s

: 50

i < 200}

na=0forr<Randnp=0forr >R 3zl

— 100}

. 50t

Effective Pressure: ¢ {unit of age)

. X .2 A VA 2 % a0 12 (e2 2 .2
Py = 5(manavy) + s V. VAt gAaany + zmanaw (r* 4+ A42°%)

y B2 /MNB e — : : : 0 - P
Pp = j(mpnpvy) + '.,7-,"1'3’3V2\/n.3 + gppny + smpnpw?(r? + A52%) + ympnpw?rbcos(wpt))




Floguet Analysis

| I ;
o (Young—Laplace equation)

Normal stress jump condition : [1 ’n — I’A] = +

l 1 ¥ @° 82><

(9(/)4 8(53
(h A — hn npg )|r—R —RmBu) anCOS(th)C g (R,, R2 092 3 p 2-2

ot ot

Expansmns . 0 2. t) Z Con (t l(mt’H—kz)

o - . dgm(t) 777:41{'171(&77’) 1(ml+kz)
ba(r,0,2,8) = Z dt fz.kK;n(kR)e

m=1

B dCm(t) mply,(kr) . (mB+kz)
21t) Z dt Tkl (kR)©

m=1




