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Parametric 
Oscillation

Alexander C: https://www.youtube.com/watch?v=TINqRDFLzV8

 

C Chambers: https://www.youtube.com/watch?v=Hi_4SsbwaeE



Stability of parametric 
oscillation� If the disturbance grows              🡨 System becomes unstable

� If the disturbance decays             🡨 System becomes stable

Champneys A. (2009) Dynamics of Parametric Excitation;
https://doi.org/10.1007/978-0-387-30440-3_144; 
Encyclopedia of Complexity and Systems Science. 

� Interesting point (fluid/Optics): 
❖ One can see some surface patterns in the 

unstable  fluid or waveform pattern in optics.
❖ Star shaped patterns of liquid drops floating
    at different forcing frequency

Shen et al., Phys.Rev. E, 81:046305 (2010)

with
time

https://doi.org/10.1007/978-0-387-30440-3_144


Parametric 
Resonance 

Time-dep gravitational field
-- Parametric Forcing –Periodic & Sinusoidal

 

Mathieu Equation
 

Question: What frequencies will be important for this driving system?
 (Landau-Lifshitz: Mechanics)
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The parametric spring-mass system, its connection with non-linear optics, and an approach for undergraduate students
Ilario Boscolo, Fabrizio Castelli, Marco Stellato, Stefano Vercellati: arxiv: 1402.5318 (2014)
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In presence of damping: 
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Stable

Stable

https://arxiv.org/search/physics?searchtype=author&query=Boscolo%2C+I
https://arxiv.org/search/physics?searchtype=author&query=Castelli%2C+F
https://arxiv.org/search/physics?searchtype=author&query=Stellato%2C+M
https://arxiv.org/search/physics?searchtype=author&query=Vercellati%2C+S


Floquet theory for 2nd order ODE with 
Periodic  Coefficients 

N Kutz: https://www.youtube.com/watch?v=N_zmYDnjACs

Poincare 
section

T



Floquet theory for 2nd order ODE with 
Periodic  Coefficients 

Expanded in Fourier Basis

Convert the ODE in eigen-value equation 
� Generate matrix in the Fourier  basis
� Eigen-value will demonstrate the stability of the system



Faraday Instability 
in 

Bose-Einstein Condensate
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A Classical Fluid
• In 1831, Michael  Faraday observed
    Instability in vertically oscillating fluid,,
    🡨 excited standing waves

• When the vibration frequency exceeds 
     a critical value, the flat hydrostatic surface   
     becomes unstable.

• Instability is subharmonic: fluid 
     oscillates at twice slower than 
     its solid bottom

• Phenomena is well described by 
� Mathieu Equation (Numerical Soln)
� Floquet  Theory

• Effective gravitational acceleration:
     G(t)= g + a cos(ωt)

Fluid dynamic instabilities: theory and application to pattern forming in complex media: F Gallaire & P T Brun, Phil. Trans. A,  



Faraday Instability on a (in)viscous cylindrical surface

Navier–Stokes 
Equations:  

U -Velocity of the fluid element
P -Pressure
µ -Dynamic viscosity
ρ–Density of the fluid

🡨Momentum Conservation Equation

Maity, D.K.,Theor. Comput. Fluid Dyn. 14th Sep (2020)

🡨Mass conservation Equation 

sinusoidal radial 
Acceleration=a cos(ωt)

 

 



Faraday Instability on a viscous cylindrical surface

U -Velocity of the fluid element
P -Pressure
µ -Dynamic viscosity
ρ–Density of the fluid

Maity, D.K.,Theor. Comput. Fluid Dyn. 14th Sep (2020)

sinusoidal radial 
Acceleration=a cos(ωt)

 

Ideal case (Inviscid fluid): Mathieu Eq.
   (Conserving Pressure Balance at the surface)  

 

 

 

Analytic solution: Floquet expansion 
Floquet analysis => stability diagram of the fluid



Floquet analysis => 
stability diagram of the fluid

Maity, D.K.,Theor. Comput. Fluid Dyn. 
14th Sep (2020); 

B
ru

ne
ta

nd
 S

no
ei

je
r, 

20
11



Parametric Oscillation in Quantum Fluid 
(Bose-Einstein Condensate)

https://plato.stanford.edu/entries/physics-experiment/app3
.html

2D velocity Distribution

JILA, University of Colorado, Boulder

Atom Laser: Coherence
Demonstration: https://youtu.be/shdLjIkRaS8

https://youtu.be/shdLjIkRaS8


 

 

 

Hamiltonian 
of BEC



Controlling atom-atom interaction (Feshbach 
Resonance: Mag. & Elec. Field) 

Chris Vale: 
https://physics.aps.org/
articles/v8/95

PRL 115, 155301 (2015)

7Li atoms BEC: Pancake-shaped trap

Red-detuned optical 
trap for the axial 
confinement and a 
magnetic trap
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https://physics.aps.org/


Mean-Field Theory: 
Gross-Pitaevskii (GP) Equation 

 

 

 

 

 

 

 



Experimental observation of star-shaped condensates

Experimental observation of star-shaped 
condensates 

After 1 s modulation, 
BEC boundary is 
strongly deformed, 
displaying 2D regular 
polygon patterns 
Dl symmetry.
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D3 D4

D5 D6 D7

Kwon, Mukherjee, et al., PRL, 127, 113001 (2021)



Spectral peak of various l-fold star patterns 
(after 1 sec modulation)

Modulation frequency,  (Hz)
Kwon, Mukherjee, et al., PRL, 127, 113001 (2021)



Floquet stability tongues for different 
modulation strengths Kwon, Mukherjee, et al., PRL, 127, 113001 (2021)

� Precisely measure the dispersion relation of the collective excitations
� Identify the resonant frequencies of the patterns by comparing experimental/ theoretical 

(effective Mathieu equation) patterns  vs Floquet analysis







Maity, et al., PRA, 102, 033320 (2020)
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Simulation of Faraday Instability in BEC

 









Maity, et al., PRA, 102, 033320 (2020) Here we need to specify 
Surface tension coefficient 







Conclus
ions� Observed spontaneously formed star-shaped surface patterns 

     in single component BEC : Experiment

� Patterns are controlled externally by changing amplitude and frequency of
    driving field--- parametrically excited by modulating the scattering length 
     near the Feshbach resonance

� Parametric oscillations simulated at the mean-field level: Numerically solving 
     Gross-Pitaveskii equation (Reduced Mathieu Equation)

�  Another interpretation: Known oscillating patterns help to characterize unknown
    scattering lengths of ultra-cold atoms.



�  Modes of experimentally observed excited subharmonic star shaped patterns 
    are identified theoretically: Floquet analysis

� Precisely measure the dispersion relation of the collective excitations
    
� Identify the resonant frequencies of the patterns by comparing
     experimental/ theoretical (effective Mathieu equation) patterns  
    vs Floquet analysis
    
� Floquet analysis is carried out to estimate interfacial tension of the 
    binary phase separated BEC in experimentally possible regime.
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Periodically driven harmonic oscillator potential of the impurities
 

Acousto-optical modulators

⇒ Induce extra interaction potential among the  bosonic impurities 
                                                              apart from s-wave repulsion



Floquet theory for 2nd order ODE with 
Periodic  Coefficients 🡪 Stability 

Analysis
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Mean-Field Theory: 
Gross-Pitaevskii (GP) Equation 

 

 

 

 

 

 

 






