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Type SL, Macdonald polynomials

o The type SL, Macdonald polynomials € C[X*!]

@ These polynomials depend on two parameters g, t. We will
take g, t € C such that 1 # g?t” unless (a, b) = (0, 0)
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Type SL, Macdonald polynomials

o The type SL, Macdonald polynomials € C[X*!]

@ These polynomials depend on two parameters g, t. We will
take g, t € C such that 1 # g?t” unless (a, b) = (0, 0)

@ There are two types of Macdonald polynomials:
(a) The symmetric Macdonald polynomials
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(b) The nonsymmetric Macdonald polynomials

En(X)eC[X*] meZ
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Type SL, Macdonald polynomials

o The type SL, Macdonald polynomials € C[X*!]

@ These polynomials depend on two parameters g, t. We will
take g, t € C such that 1 # g?t” unless (a, b) = (0, 0)

@ There are two types of Macdonald polynomials:
(a) The symmetric Macdonald polynomials

Pm(X) S (C[X:tll m € Zzo
(b) The nonsymmetric Macdonald polynomials
En(X)eC[X*] meZ

o {Pm(X): mé& Zsp} forms a basis for C[X + X71].
o {E,(X):m¢cZ} forms a basis for C[X*!].
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Type SL, Macdonald polynomials

o The type SL, Macdonald polynomials € C[X*!]

@ These polynomials depend on two parameters g, t. We will
take g, t € C such that 1 # g?t” unless (a, b) = (0, 0)

@ There are two types of Macdonald polynomials:
(a) The symmetric Macdonald polynomials

Pm(X) S (C[X:tll m € Zzo
(b) The nonsymmetric Macdonald polynomials
En(X)eC[X*] meZ

o {Pm(X): mé& Zsp} forms a basis for C[X + X71].
o {E,(X):m¢cZ} forms a basis for C[X*!].
@ This talk will be about the products E;P,, and P;P,,.
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Examples of Symmetric Macdonald Polynomials

The symmetric Macdonald polynomials

Pm(X) € C[X + X7, m € Zso

Po =1
PL= X+ X1

x?ax2y, =d)(—1)
Pr= XX gt —ay
Ps=(X3+ X3+ (1-¢)1-1) (X +X71)

(1-¢q°t)(1-q)

4 —4 (1—ag"(1—1) > 2

Py=(X"+X"*)+ = D) )(X +X79%)
(1-¢"(1—q*)(1—qt)(1—1t)
(1-¢’t)(1—-q*t)(1 - ¢*)(1—q)
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Examples of NonSymmetric Macdonald Polynomials

The non-symmetric Macdonald polynomials

En(X)eClX*], mez

2, (1-D0-¢) (-1 .
F =X = T - e

1—¢

E {(X)=X"1 X
1( ) + 1—qt )
Ey(X) =1,

Ei(X) = X,

E(X) =X+ ((11__;2),
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Examples of Products

(1-97)

EiPm = Emi1+ (1—tqm

(1-t) (1-q¢m) (1-1tq")

e IR (e R ()
(1-g™h (1-qm) (1—tq™")
(1-tqm ) (1-tqm) (1—egm 1) "

(1-t) (1-qm

(1-tq) (1—tgmtt) "

E—m+1

m

+4q
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Examples of Products

1-t)(1-¢q? 1—q™ 1— t2gmt!
F3Fm = Emia ((1 - q))((l = tqz)) | (1(— tqm—)1> ((1 = tqm+1)) Emi
L 1-8  (A-¢"H-g7) ([1-t2¢")(L-tg7) X
(1-tq?) (1-tgm2)(1—tqm1) (1—tgm 1) (1—tqm) ™
(1-g¢"?)(1-g"")(1-q") (1-r¢q"*)(1-tq"")
(1-tgm2)(1—tqm )1 —tqm) (1—tqm2)(1—tqm 1) "
Lo 1=t=¢®)  (1-g"H(1-g7")  (1-tq7) o
1-q1-ted) (1-tgm)A—tqml) (1—tgm-1) "
, (1-1)  (1-q7)

+q

E—m—l

1-t) (- tq?)




Examples of Products

1-t)(1-¢q? 1—q™ 1— t2gmt!
F3Fm = Emia ((1 - q))((l = tqz)) | (1(— tqm—)1> ((1 = tqm+1)) Emi
L 1-8  (A-¢"H-g7) ([1-t2¢")(L-tg7) X
(1-tq®) (1-tgm2)(1—-tgm 1) (1—-tgm )1 —1tqm) "
(1-g¢"?)(1-g"")(1-q") (1-r¢q"*)(1-tq"")
1—tgm2)(1—tgm )1 —tqm) (1—tqm2)(1—tqm 1) "
Lo 1=t=¢®)  (1-g"H(1-g7")  (1-tq7) o
1-q)(1—tq?) (1—tqm)(1—tqm 1) (1—tqm-1) "'
, (1=t  (1-q7)
(1-1tq?) (1-1tq™*?)

+q

E—m—l

@ All the coefficients are products,
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Examples of Products

(L-Dl-¢) (1-gm) (1-tq")
1-q)(1—tq®) (1—tgm 1) (1-tgml) "
(1-t) (1-¢"H-9¢m) (@1-tq"H(1-1tq7)

E3'Dm - Em+3 +

i) Gowrd-wr ) (G- )i
(1-g¢"?)(1-g"")(1-q") (1-r¢q"*)(1-tq"")
(1—tqm2)(1—tqm (1 —tqm) (1—tqm2)(1—tgm-1) ™
P 5 [ U @) (1-¢"N)(1-q") (1-t*q7) Eomit

(1-q)(1—tq®) (1—tqm)(1—tgm*) (1—1tqm 1)
o (1= (A-q7) p

T 1- )

@ All the coefficients are products,

@ coefficients are functions of g™,
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Examples of Products

(L-Dl-¢) (1-gm) (1-tq")
1-q)(1—tq®) (1—tgm 1) (1-tgml) "
(1-t) (1-¢"H-9¢m) (@1-tq"H(1-1tq7)

E3'Dm - Em+3 +

i) Gowrd-wr ) (G- )i
(1-g¢"?)(1-g"")(1-q") (1-r¢q"*)(1-tq"")
(1—tqm2)(1—tqm (1 —tqm) (1—tqm2)(1—tgm-1) ™
P 5 [ U @) (1-¢"N)(1-q") (1-t*q7) Eomit

(1-q)(1—tq®) (1—tqm)(1—tgm*) (1—1tqm 1)
o (1= (A-q7) p

T 1- )

@ All the coefficients are products,
@ coefficients are functions of g™,

@ in E;Pp, the terms that appear are E. 4 ¢—2; where
jed{0,...,0—-1}
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Examples of Products

@ All coefficients are products,
o coefficients are functions of g™,

@ in E_y11Pp, the terms are Eypy(_pi1)42; Where
je{0,....,0—1}

_ (1-t) (1-9¢™ (1—1t*q7)
E 1Pn=E n 1+ (1-tq) : (1— tgm1) : (1 tqm) E_mi1
(1-q¢™") (1-g™) (1-t49q™1
(I—tgm 1) (1—tqgm) (1—tqm1)
(1-t) (1-q¢m)

+t

m—1

t . E,
T ) @ -t
(1—q™)
P, = EgP, = E_ t~—— %
m 0m m+ (lftq’") m
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Examples of Products

(1-— q m (1 — 2g™1)

P1Pp =P P
1Fm m+1 t (1—tq™) (1—tqm 1) 1

- 1-¢)(1-t) (1-g¢7) (1-tq7)
P2Pm = Pm+2 + (1 — tq)(l — q) . (1 — tqm+1) . (1 — tqul) -
(1-q™1)(1-q™) (1-t3q"2)1-t3g" 1)
(L tgm (1 —tqm) (1 tgm 2)(1—tg 1) "
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Examples of Products

(1- q m) (1 t2q""1)P
(1—tqm) (1—tgm-1) ™*

P1Pm = Pmi1+

- 1-¢)(1-t) (1-g¢7) (1-tq7)
P2Pm = Pm+2 + (1 — tq)(l — q) . (1 — tqm+1) . (1 — tqul) -
(1-q™1)(1-q™) (1-t3q"2)1-t3g" 1)
(L tgm (1 —tqm) (1 tgm 2)(1—tg 1) "

@ All the coefficients are products,
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Examples of Products

(1- q m) (1 t2q""1)P
(1—tqm) (1—tgm-1) ™*

P1Pm = Pmi1+

- 1-¢)(1-t) (1-g¢7) (1-tq7)
P2Pm = Pm+2 + (1 — tq)(l — q) . (1 — tqm+1) . (1 — tqul) -
(1-q™1)(1-q™) (1-t3q"2)1-t3g" 1)
(L tgm (1 —tqm) (1 tgm 2)(1—tg 1) "

@ All the coefficients are products,

@ coefficients are functions of g™,

Aritra B Clebsch-Gordan rules



Examples of Products

(1- q ™) (1—t2q™ 1)

PP, =P, P
1 +1 + (1—tq™) (1—tqm 1) 1

- 1-¢)1-1t) (1-g¢m) (1-1tq")
P2Pm = Pm+2 + (1 — tq)(l — q) . (1 — tqm+1) . (1 — tqul)
(1-q™1)(1-q™) (1-t3q"2)1-t3g" 1)
(L tgm (1 —tqm) (1 tgm 2)(1—tg 1) "

@ All the coefficients are products,

@ coefficients are functions of g™,

@ in PyPp, the terms that appear are P, ,_>; where
j€{0,.... 0}
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A formula for the Macdonald Polynomials

@ g-Pochammer symbols
(z:9)j = (1—2)(1 - zq)(1 —2¢°)--- (1 — z¢' "}

@ g, t-binomial coefficients

{m]  (9)m
i T (¢:9)) (§:9)m—j
Hlat Gy G

(Macdonald):

=0 1/
Emi1(X) = Jz_% [ﬂ qJWQijH_%, (m € Zxo)
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Product Rules (Main Result)

For ¢ € Z~o and m € Z>o,
o
PyPrm = Z (™) P2y
0
E, m—za( Emte— 2j+b (Q) —ml—2j

é m Z m
E ¢+1Pm = Z t b} /(g JEmy(—er1)42j aj(- /(g JE_mi(—e41)+2)
j=0

where c( )( ),aj(.e)(qm) ) b}e)(qm) are “products”.
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Product Rules

£
[4
PyPm = ZCJ( )(qm) Pmie—2j,
Jj=0

-1

¢ ¢

EgPm=)_ 3,(- )(qm)Eerzfzj + b,(- )(qm)E—m+2—2j )
j=o

-1
E_g11Pm=> t- b/('[)(qm)Em—([—l—Zj) + aj('[)(qm)E—m—(é—l—Zj) .
Jj=0

J

)

(tgmq~;q); (tqmq'=2+1;q);

O m_ (Om (1=¢77) (1-tq"q"7)
G =G TG 1 wre )
(1-¢"7) (1-tqmq )

O my — O omy . . )
bj (q )_Cé—j(q )¢ (1—q%) (1— t2qmq(c-2)

O m _ [0 (@"q UV q); (£q"q" % q);
(@)
q,t

Aritra B Clebsch-Gordan rules



DAHA (type SL,)

Fix g2, t2 € C*. The double affine Hecke algebra (DAHA) for SL,
is
Hip = C algebra( Tlil, X*L y+, TTril | relations)

T,=YT;'=T1y 1, T XT = q2Xx 1, T2=1
TIXTi=X"Y,  TYlTm=v, (T 14%)(71“—%):0.

“ Can move all the Xs to the left, all the Y's to the right etc. "
PBW Theorem (Cherednik):

A= @ C{X"TTY™}
n,me7Z
e€{0,1}
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Polynomial Representation

Let Hy = (T, YY) C Hiy -
Hy has a 1-dimensional representation Cly:

Tily = t%ly, Y1y = t%ly

The polynomial representation is Indzi:“Cly.

By the PBW theorem, Indf‘i;t(Cly =~ C[X*!]1y as C-vector
spaces.
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Macdonald E-polynomials

The nonsymmetric Macdonald polynomials E,(X) € C[X*!] are
eigenvectors for the action of Y on the polynomial representation:

YEn(X)1y = evm(Y)Em(X)1y

where
evip(Y) = { r2n
q 2

with normalization Ep(X) = X" +....
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Examples of products

1—q™
EsPm = Emy1 + ((1 _ tqm)) E_m+1
_ (1-t1y=2)
= LCm+1+ eVm( (1 — Y_2) )Eferl
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Examples of products

evm(Y)=¢q 2 77 = evm(Y %) = g™t
1—qg™
E1Pm = m+1 + ((].—tqm))E_erl
(1-t1y=2)
= LCm+1+ eVm(ﬁ) E_mi1

o coefficients are functions of g™ == evn(functions of Y ~2)
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Macdonald P-polynomials

The symmetric Macdonald polynomials can be constructed from
the nonsymmetric Macdonald polynomials:

1Ip=T1+ t72 €

Pr(X)ly = t210Em(X)1y

m

1-gq
1—gmt

= E_m(X)1y +t Em(X)1y

Aritra B Clebsch-Gordan rules



Strategy of proof
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Strategy of proof

Eo(X)Pm(X)1y = t2 E,(X)1oEm(X)1y
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Strategy of proof

Eo(X)Pm(X)1y = t2 E,(X)1oEm(X)1y
Compute Ey(X)1o € H separately. Then apply on E,(X)1y.
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Strategy of proof

Eo(X)Pm(X)1y = t2 E,(X)1oEm(X)1y
Compute Ey(X)1o € H separately. Then apply on E,(X)1y.

Py(X)Pm(X)1y = t210E,(X)t210Em(X)1y

Compute 19E,(X)1o € H separately. Then apply on Ep(X)1y.
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Reflection Intertwiners

(1-1)
G-y oXRER

Then in the polynomial representation

NI
\1

Tl\/ITl-i-t_
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Translation Intertwiners

(1 — Y72) \ -1
v

There exists elements 1,1~ € H, such that in C[X*!]1y

(]‘ — Y72) V,__V
(1—ty2) 1"

=
I
N
-
N
=

I
-
N =

T

1 1 1 1 1
t2(1—¢’) ti(l=¢°) t2(1—q) O t72(1—tq) t 2(1—tq’)
1—tq3 1—tq? 1—tq 1—gq 1—q?
E_3 E_, E_¢ Eo E; E> E3
1 1 1 1 1
t2(1-tq’) tT2(1-tq’) t 2(l—tq) 0 t2(1-q t2(1-4°)
1-¢3 1—q? 1—q 1—tq 1—tq?
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Action of translation intertwiners

i =i _Llp_o;
NI T En(X)1y =t 2 Fev(GF, (V) Emyr2(X)1y

- L(g—pj _
NI TE m(X)1y = 2 Pevy (G, (Y))E-mir—2(X)1y
where Gfﬂij(Y), G,_; _;(Y) are products:

(1Y 2q" % q); (Y% 9)e

G, (Y)= : :
_J,E—J( ) (Y*2q£72_]; Q)j (tfl Y-2; Q)Z—j

G . (V)= (t71y 2~ (=21 q), ;. (Y~2q;q)
C=j,=J (Y=2q=(=2)+1, q),; (t71Y2g;q),
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¢ (1-4M)

£—1
m(X)1y = “Apl- —m
Eo(X)Pm(X)1y (FU U I () (Em(X) + rpry

Em(X)>1y.

nf—szj(f’l)(Y)E,m(X)ly _ evm(D(ffl)(Y‘l))nf_jn_jEfm(X)ly

J
= evn (D (Y EEIGT, (V) Eomyray(X)Ly

—,=J

= ovin(B]7(Y))E-mis-2i(X)Ly.
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£—1
)P0y = (3 2D D) (B p00) 4 1

1D (V) E_m(X)1y = evi(D V(Y 1)) T E_(X)1y
- (Df‘f—”(y—l)tw—?ﬂ G Y)) E-mie—oi(X)1y

= ovin(B]7(Y))E-mis-2i(X)Ly.

Similar computations =

, _ 1—qg™m
%D’ 1)(v)t((1qf’mg) En(X)1y = evim(A(Y)) Emye—ai(X)1y
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£—1
E(X)Pm(X)1y = (30 n* D) (Em(X) + ¢

0 DY) E_m(X)1y = evm(Df (Y ) T E_m(X)1y
= evm (D V(Y NG, (V) E e 5i(X)y

= ovin(B]7(Y))E-mis-2i(X)Ly.

Similar computations =

776_2ij'(€1)(Y)t8_(j;7n?3)Em(X)lY:evm(A( (Y)) m+{— 2J(X)1Y

So finally,
Ez(X)P (X)1y

/-1
—Zevm AD YY) Eme—2j(X)y + 3 evm(B(Y)) Eomie—2i(X)1y

Jj=0
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Universal Formulas

In H

/—1
E(X)1o= > 0"~ 4D (V)1
j=0

l+1
E_o(X)1o =Y 0 %D (V)1,,
j=0

¢
_ Z £—2j 1 (£)
loEg(X)].o = 10’/7 JKJ- (Y)
j=0

where D}Eil)(Y) ) DJ-(J)(Y) , Kj(e)(Y) are ‘products’.
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Universal Formulas

i)y @) (1= Y 2q3)

- _1 P l (1 — tqe*j) (]_ _ ¢! y72q7(£—j))
J ( ) t (qt)J . ot E _j v (1 _ tqf) (1 _ t_l Y_Qq_(g_2j)) )

(6) _ - le—1) 01— 4 4 (1-Y2¢"2%) (1-t1Y?)
-] (), ,
q,t Y

DO(y) = =31 gt m <£) (1—tq"7) (1 —tY2q¢*)
y .
q,t Y

o)y Q= 1Y "2¢52) (1- Y2)

where

<£> _ ('Y 2q Ui g) (1Y 29" i )
i)y (Y24;9)—i(Y2977; q); '
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Thank You!
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