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HISER KOLKATA

C tifr [ Plan of lecture

 Pure and mixed states
* Stern-Gerlach setup
e Polarization

* Density matrices
* Diagonal (population) and off-diagonal (coherence) elements
* Examples

e Light-matter interaction

* Bloch equations and Poincare sphere

 Maxwell-Bloch equations
» Steady states: dispersion and gain

* Rate equation picture
e 3-level and 4-level systems
e Adiabatic elimination and Laser classes
e Reduction to Statz-deMars equations



Cer | Spin and density matrix

Pure spin states: Stern Gerlach Experiment

Consider a beam of spin % particles(hydrogen) passing through a SG setup.

Field gradient along z with respect to fixed coordinate system.

Beam splits vertically into two, each correspond to one of the two possible

eigenvalues of the component S, of the spin operator S (m = £3)
One of the beams is stopped (eliminated) T

" . i ] >
I b

= emerging particles are in a state, which corresponds to only one of the eigen-
values. Here 1t is +%
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C tifr [ State vector

If the state of a given beam is known to be pure, then the joint state of all
particles can be represented in terms of one and the same state vector |y)

adj.

m=+} |3 h=(5) (o)
m=-4 -4 -0=(}) @

If SG magnet is along 2’ |x) = |+ 1,2/)

A general spin state |x) can always be written as |x) = a1| + 3) + az2| — 2)

In another representation, |y) = <Z;>, (x| = (CLT»C@)

The state |x) is normalized = |a$| + |a5| = 1 = {x|x)



€ tifr [ Polarization vector

A pure spin state can be characterized either by specifying the polar angles or
by (alv a2)

Example: Polarization vector P

P; = (0;) expectation value of the Pauli matrices.

(0 1 (0 —i (1 0
% = \1 0) %=\ o) %7 \o -1

(i) = {xloilx)
P, = (1 0 (O é) (é) —0 For a lieam oi particles in state,
| +3)= (o)
0 —u\ (1 2
Ppo= (0 o) o) =0 P} +P;+P;=1

1 1
P, = (1 O) (O _01> (O) = 41 | + %) States of opposite polzn.
5



Cer | Polar representation

Consider now the general pure state <21>
2

0
a1 = COS 5
Let o s . .
az = sin e, 0 is the relative phase

> Completely specified by two real numbers.

0 0
[ coss B 0 —is - on (1 O COS 3
x) = ( P 29> P, = (coss,e “sinf) (O 1) ( snfi)

€ Slﬂ2

(Px — sin 6 cos o
P? + Py2 +P:=1, !¢ P, =sinfsiné ,0 — polar angle,0 — azimuthal angle

P, = cosf




€ tifr [ In another reference

A second coordinate system z’,v’, 2’ can be chosen such that z’- axis is parallel
to P. taking 2z’ as quantization axis

Py, =0,Py,=0,P, =1

= all particles have spin up with respect to 2’

= The direction of the polarization vector is the direction along which all spins
are pointing.

SG apparatus pointing along P will allow all the particles to pass through.

allows explicit spin functions to be constructed.



( tifr [ Example: pure spin state along x &
1 Z
the W=5(1)  e=wns= .
/ )
—z' direction X)=|—-3,2) o
0 =90° 85 =180, |x)= :
y y \/§ _1
X)=13,y) 6=90°48=090°
— 1 (1) Note that these four states are constructed using
v2 \i the superposition |+ 1) and | — 2) states using
o1 (1 same magnitudes |a1| = |as| = —= but with
‘ 9y y> — % o . . V2
l different relative phases.



(& tifr

[ Mixed spin states

Most general spin states for an ensemble of particles

Prepare two beams of particles independently one in pure | + %) state, other in
pure | — 1) states.

independent: no definite phase relation exist between the two.

Let in the first beam Ny part
second beam Ny part

Investigate the polarization state of the combined beam by a SG filter for various
orientation.

It is not possible to find any orientation for which the combined beam passes
through completely.

= the joint beam is not in a pure state.

Definition: States which are not pure are called mixed states or mixtures. 4




€ tifr [ How to describe a mixed state

(i) It is not possible to describe it by just one state vector |x) = since associated
with this state there is a direction along which all spins point = direction of the

polarization vector.

Whole beam would have passed through a SG apparatus.

(ii) Cannot be represented by a linear superposition of | + 2) and | — %) of the
two constituent beams.

For such superposition, we need to know magnitudes and relative phases 0, a1,

a9

2 _
a1l = Wi probabilities of finding the particles in the states | + %) or | — 1)
la3| = W respectively.

10



(& tifyr

[ Statistical mixture
N V.
leﬁl,WQZWQ,NZN1—|-N2=>W1—I-W2=1

Independently prepared = no definite phase relation

)
)

Mixture to be prepared retaining maximum information.

N7 particles prepared in state | +
N5 particles prepared in state | —

NN | =

P of the total beam by the statistical average over the separate beams.

P, = Wil(zloil3) + Wal(—5|oi| — 3)
N; — N
P$207Py207Pz2W1_W2: 1N 2

0<|P|<1

11



€ tifr [ General treatment

Consider a quantum system denoted by |x): complete information: pure state.

Often = incomplete information

photon from natural light can have any polarization state with equal probability

system in thermal equilibrium at 1" has a probability ~ e~ #F of being in state

E,,.
in state [11) with probability p;

in state |i9) with probability po

in state |¢,,) with probability p,
statistical mixture of states |¢1), [t)9), ... with probabilities pq, po, ...

pr+pe+..=)  pp=1
12



(& tifyr

[ Superposition vs statistical mixture

single particle in coordinate space in a linear superposition state

(r) = Ekj crth(r)
Probability of finding the particle at r = [(r)|? = | >, cxtbr(r)|* = P(r)

= Z CrCr VK

kK’

interference

In a statistical mixture P(r) = > pr|r(r)[?° = no interference
k

13



Cer | Density operator for pure states

Let the state vector of the system be perfectly known
= all probabilities p;. = 0 except one

Introduce the operator, P, ) = |un) (Un|

Acting on an arbitrary vector |V), P, V) = |un)(u,|V)
gives a vector aligned along |u,,)
Moreover, Pp y = (Jun)(unl|)(Jun)(unl)
= Jun) (un Thus, P, is a projection operator
= Py, onto basis vector |u,,)

14



C tifr [ Density operator for pure states contd.

Description by a density matrix

matrix elements of the operator |¢) (1| < Projection onto ket |v)

) = ch‘un> cn = (un|t))
n ¢, = (Ylun)
(W] = ) (unlc; Chem = (Wlun) (umli)

Natural to introduce the density operator p = |¢) ()|

15



( tifr [

Mean value of an observable

Mathematically |¢) (1| is projection operator.
Plyy = |9)(¥],

Py|V) =

= (V[A]Y)

E : *
— CnCmAnm

nm

= Tr(Ap)

projection onto ket |)

V) (V)

|¢> = |V) (Pl) (Y
= [1h) (Y] = Py
PI%M = Py, Projection optr

16



€ tifr [ Time evolution

d, _ 1 p_ 1
£<¢!— mW!H = Z.hW\H
d 1
%’W:ﬁ#ﬂw
d d
P = EWMW

_ d]Y) d (]

- WWML\WW

1

- (H 1) (] — 1) (6] H) = — (Hp— pH)

17



Cer | A compendium for pure states

4 0= i[H , P Generalized Schrodinger equation

dt 1h

Properties of the density operator in case of pure state

pl=p

Trp=1 These properties are general and hold also for
(A) =Tr (pA) = Tr (Ap) mixed case

d
h—p=|H

In case of pure states: two specific properties

Pt =p These can be used to find out if a state is pure or not

Tr p* =1 18



Cer | Mixed case density operator

definition p = Zpkpk = Zpk|¢k><¢k|
k k

For mixed states: p® # p, p is not a projection operator.

Hence, Tr (p?) # Tr (p) =1

For mixed states Tr p? < 1

19



Cer | Diagonal elements : interpretation

Express |¢) in basis |u,) as

’¢k> — chk)’un% Cq(v,k) — <un‘¢k>

k

2
c,,(f)| = +ve real number

2
)

- probability of |u,) in pure state |¢x)
= ppn - probability of |u,) in state p

Diagonal matrix elements are called population of the state |uy)

Physically if N times the same experiment is carried out with the same initial
conditions, (N is large) then = Np,,, systems will be found in the state |u,,)

20



(& tifr

[ Off-diagonal elements : interpretation

Pnm — <u’n’p|um>

= Zpk (un [Vr) (Vk|tm)

k

(k) (F)*

Cr, ' Cm’ 1S a cross term expressing interference between |u,) and |u,,). These
appear when |1 ) is a coherent linear superposition of these states.

pnm- Weighted average of these terms taken over all possible states of the mix-
ture.

If p,., = 0 = the statistical average has cancelled out any interference effects
between |u,) and |u,,)

If it is non zero = certain coherence persists between |u,) and |u,,)

= off diagonal terms = called coherence. 21



(& tifr

[ Basis dependence

‘population’ and ‘coherence’ depends on the choice of basis {|uy)}

Since p is Hermitian: always possible to find an orthonormal basis {|x,)} in
which p is diagonal.

p = Z 7 |x1) (xi| = p can thus be thought of as a statistical mixture of

l
orthonormal states |x,) with probability .

= no coherence between states | Xn>

Tr p? = ZW? < Zm =1  When one m; equals 1, all others must be zero.
l l

In that case p is a pure state, Tr p? = 1 ; for mixed states Tr p? < 1

22



Cer | An important inequality

) (<)

2
048)) o[ S = o
k

(5

Proof: LHS = (Zpk
k

> (;pk

Consequence = p can have coherence only between states whose populations
are not zero.

23



(& tifyr

[ Example: thermal equilibrium

p:Z_le_%, Z ="Tr {e_%}
Use basis vectors |u,) of H

En

__H
(et ln) 4 gy

A

Pnn —

Prom = Z 1 <un\6_%\um> =0 forn#m

= At thermal equilibrium population of the stationary states are exponentially
decreasing functions of energy. Coherence between stationary states =0

24



(& tify

[ Two-level system interacting with monochromatic field J

Total Hamiltonian H = Hy + H; R (4>
[af o
o
Hy = hw, |a) {(a| + hwy |b) (D]
. [&>
H; = d.E = —exE
= —e(la) (a|zaa + [0) (O] wpp + [a) (0] Tap + [) (a| Tpa) E

a
—e (|a){b| xap + |b){a| Xba) E
= —(la)(b| + [b)(a]) do

25



(& tifr

Let £ = Eycoswt = % (e_iwt + em) Eq
S Hp = =g (e ) (la) (] + ) al
= 20 4 e )(la) (b] + [b)a)
= Qe 4 ) (0 o)
74 = 0w = |a) {0 7 Ja) = 0
0— =010 = ) (a 7 |b) = [a)

Wbl

In Heisenberg picture o, = |a) (b|, o_ = |b) (a| oscillates as e and e

respectively for a free atom

(0-) = Tr p|b)(a| = {alp|b) = pab = pap(0)e "’ 2



(C tifr
a)(b) e™? and b){a e~ vary quickly as eti(waptw)t
In contrast, |a)(b| e~ and |b)(a|e'“? vary slowly as e

‘CL> <b‘ e—iwt N ei(wab—w)t

iwt —i(waep—w)t

b){a|e"™" — e

Coming back to the interaction Hamiltonian,

hS?2 - :
HI — L 7 (O_+6—zwt _|_ o e—l—zwt)

h{2

+i(wap—w)t

= (la) (bl ™" + [b){al e™*")

2

27



( tifr [ Evolution equation without decay =
dp 1
T H
- = 77 [, ]
Hp dp .
Let O = — — = — O
et O ST —i(O — O")
HIO Q — W W
O = —= = (wala)(a| +wy [b)(]) p — 5 (|a) (bl e p + [b) (a] €™"p)
d i) —twt +iwt d — @ N — D
dtpaa, — 7 (6 Pba — € pab) dépaa 2{(2:05& /Oa,b)
d AL +iwt = Bl 5
dtpbb — 5 (e Oba — € pab) CClithb 5 (pba.Q Pab)
d . ZQ —iwt — .5~ — Z— 0 — D
dtpab =  —lWgb Pab — 76 (Paa — Pob) dtpab L0Pab 9 (Paa — Povb)

28



Cer | NMR Bloch equations without decay

——la> | — 12>
44 a— 2, b— 1, drop tilde W
' 2 )f/> | —
U = P21+ P12 fu = o A
— _i(p12 — /021) v = —ou-+ Quw
w = P22 — P11 (‘b = —Qu Y

Let R = (u, v, w)

M = (=9,0,—0) — =M x R

29




Cer | Interpretation

—»2 ~ d—» ~ ~ _
CZ_}? ZQR,_f =2R.[M x R| =0 = R? = constant
R = w4 vi4w?= (,021 + ,012)2 — (P21 — /)12)2 + (p22 — ,011)2

(cach + c1¢3)? =1

North pole: W = poo — p11 = 1
= p2=1, p11=0 N y

South pole: w=—-1lu=v=0

3|

p22 =0, p11=1 é

30



(& tify

[ Inclusion of relaxation and pumping
Introduce relaxation rates, 4 /« < |25
1 1 Sa: LR N
Y1 = —, 72 = — for p11 and pao. TN A, ——
1 72 e

Part of population decaying from 2 — 1, by spontaneous emission with rate A

Let I' be the decay rate of coherence p15. One has I' > 71t
d 0
ZEQ i A2 — Y2pP22 — 7:5(0'21 — 0'12)
a 0
Zil = M —mpu tig (o —o12) + Apa
doay Q

dt _(F — 735)021 — 735(/022 — ,011) 3



(& tifyr

Steady state without the laser field

=0

Label the solution with subscript O.
(0) 0) _ g

091 — 019 =

0 (o N A " Ay A1 —A) — Ay
Poo — P11 — _ — —
2 71 Y172 Y172

For population inversion, pss > p11, one must have v; > A.

Aoyi > Ay

Upper level is pumped more efficiently than the lower level.

32



(& tify

With laser field

Q£ 0
_ (. _ (0 {2
P22 — P11 = (PQQ — P11 ) 9 (”Y1 + Yo — A) (021 — 012)
Y271
B B Q( B ) (- 201 N QI ( B )
021 — 012 = 9 P22 — P11 s2ir12) 52 1 T2 P22 — P11
(0) (0)
P22 — P11 = P22 — P
(1 L Y1+y2—A Q2 T )
! ")/2")/1 2 52—|—F2

33



( tifr [ Saturation Q“'
. E , Define I,
E = ¢ it + c.c ,
eoconoh Y172 2 . 2
- S S ]sa — I’ -+ )

u = %(E.D+B H) S T )
S = ExH (0) (0)

| Eol? P22 — P11 = Paz — Pu1
I = 26077,0(3() 1 1+ IsIat

0?2 - dzEg _ 4d?]
h? 2h2egnoco I >> I,4:, system becomes

transparent and no longer
responds to incident wave.

34



C tifr [ Polarization

The incident wave creates a polarization in the atomic medium

Puto =n(d;) = nTr {paix} = 2nd Re(p21)

P11 P12 0 d12
= p12d dis = 2d R
(:021 ,022) (d21 0 ) P12021 + P21012 e(p21)

atoms embedded in the matrix

Eo _.
—iwt
Pmat,a: — 6OX'ma,t?e + c.c

35



(& tify

[

Susceptibility

2nd 021
E()G()

Xat — X/ - iX// —

nd2 (0) (0) (5

I (8 — P22 — P11
Xa,t( ) E()FL T

1 - - 52 + 2
0 0
nd- ,052) — ,051) [

eoh 14 L 02 + 1?2

Isat

36



( tifr [ Single-mode Lasers L
. (Excitzion)
Maxwell-Bloch Equations:
Mirror ﬂ Partially transmitting
Start with Bloch eqns, describing the atom in the e ——

active medium.

Assumptions

(a) Active medium fills the whole cavity

(b) Intracavity field can be treated as a
plane wave.

E(z,t) = A(z,t)e”{«“t=F2) 4 ¢ = 2Re[A(z, t)e H@i=F2)]

Unidirectional ring laser cavity.

(c) Polarization is fixed = hence scalar expression

(d) A(z,t) slowly varying function of both z, t.
37



C tifr [ Equation for the evolution of polarization

Pui(z,t) = (P(z,t)e_i(wt_kz) - c.c) — 2Re {P(z,t)e—i(wt—kzq
P(z,t) = ndoa(z,1)

do . Y dE 2d A
dtzl = —(I' —i0)o21 — 15(022 — p11) Q=—"=""

dP d?
—=—(I"—10)P —i—AnA
" ( i) ( n

Now, A is no longer given and liable to change. Atoms can change the field.

38



Cer | Evolution of population inversion

Lower level is not pumped A1 << Ag, 71 >> 79

We can assume that lower level is always empty p11 = 0

I\S\S“j\gfzsdecay (N=0)

Fundamental level

Population inversion per unit volume is given by An = ny = poon

d i

ZiZ = Ao —y2p22 — 5(9*021 — Qoq2)
dAn 1 in [ 2A*d 2Ad
U= rn = ang) = (Fen - Ha)
dAn (An — Ang) i
— = — — —(A*P — AP*

dt T h ( )

1
where 71 = 79 = — and Ang = nAso7

V2 39



Cer | Evolution of field

EM field must be solution of Maxwell’s equations

0°E O°E OF O0*P _
W_EOUOW_CNOE:MOW P = Ppnat + Pat
average conductivity ¢

Assume that the cavity has low loss in propagation

0A 0A dA 1 W €
A = — A — P Tecav — =
0z <5 ot dt 2T caw T Z26 G

Co

=- we neglect

%)

In presence of cavity detuning 0¢qy = w — wy

1
;»%:—( fz(scav>A+7;ﬁP

2T cau 2€

40



(& tify

Maxwell-Bloch equations

dA 1 . LW
@& (z ‘“Sm) Atint
dP , d?
dAn 1 T, .

Contain a relaxation term with lifetime 7.4,,7 or I' 1

41



(& tifr [ Adiabatic elimination and laser classes

/Class C laser : All lifetimes: same order of magnitude.\

Example: NHs Maser (far infrared)
exhibits deterministic chaos.

/

Class B laser: Tequ, ™ >> I'"! and 7.4, comparable to 7
dP
= 0. Eliminate P. Ex: CO5 laser
N )
Class A laser: Toqp >> 7,171
Eliminate P and An. Ex: most gas and dye lasers

42



Cer | Adiabatic elimination of P

dP . d’
— =0 =-T—-w0)P—1—AAn =20
— ( ) -
1
= P = —i AA
TR i)
dA 1 '
Substitute in eqn for An. dtn = ——(An — Ang) — % (A*P — AP™)
T
Use, I = 26071()(30‘14’2
I coconoh’ M2 T2 + §2)

d°’I' 7+ —A

43
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[ Rate equation approximation

dAn 1 I
—— = —|Ang— An— A
dt T ( 1o " Isat n)
dr 1 An ,
dt  Teaw \Ang,
I LCG/'U
Number of photons (intercavity) =10 S

hw Co

Population inversion AN = V_,,An = L., SAN

dF F
— = — + kFAN

1 cav
%AN — (AN — AN,) — kFAN o Ve
T

44
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[ Three level systems

Level 1- fundamental level of considered
atom.

Level 2- often (but not always) the first

(A

Fast decay (N5=0)

Pumping

Spontaneous
emission

° é
exclt ed level Fundamental level &

Level 3- intermediate level to pump level 2.

3-level system closed. N;+ No =N

W,- pumping prob. /unit time

A- spt. emsn.

We suppose that decay of level 3 fast enough to make N3 = 0.

prob. / unit vol.

AN 1
d—t2 — Wle — AN2 — kFAN
d N4

W — —Wle + ANQ -+ kF AN

N1+ Ny =N
Ny — Ny = —-AN

N — AN
N1 =
2
N+ AN
Ny = +2



Cer | Four level system

Assume : levels 3 and 1 decay fast enough N; ~ N3 =0
System is closed : Ng+ Ny = N

. A . e . i . HaE o . .1:::... [’)Er Fast deca}r {Nﬁ'_'n}

T £
dN umpin
—2 = W,No— AN, — rFN R I
N, | )
W — —WpNO —+ AN2 + K/FNQ I\S\S\j Fast decay (N,=0)
Eq

Fundamental level

Both lead to Statz deMars equations

46
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Cer | Steady state

dF’ F
— = FAN
dt Teawv A "

d 1 oy :

— AN = ——(AN — ANO) — kFAN |

dt T .

1 (b)
/{TCG,’U . J Ep

— 1 th th 1

"= KA N, By = By, Iy = KT Teaw

47



(& tifr
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Thank you

Contact details

Emaill: sdghyderabad@gmail.com
Email2: sdg@tifrh.res.in

Website: https://tifrh.res.in/~sdg/index.html
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