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Plan of lecture
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• Pure and mixed states 
• Stern-Gerlach setup 
• Polarization

• Density matrices
• Diagonal (population) and off-diagonal (coherence) elements
• Examples

• Light-matter interaction

• Bloch equations and Poincare sphere

• Maxwell-Bloch equations
• Steady states: dispersion and gain

• Rate equation picture
• 3-level and 4-level systems
• Adiabatic elimination and Laser classes
• Reduction to Statz-deMars equations



Spin and density matrix
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State vector
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Polarization vector 

5



Polar representation
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In another reference
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Example: pure spin state along x
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Mixed spin states
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How to describe a mixed state
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Statistical mixture
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General treatment
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Superposition vs statistical mixture
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Density operator for pure states
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Density operator for pure states contd.
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Mean value of an observable
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Time evolution
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A compendium for pure states
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Mixed case density operator
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Diagonal elements : interpretation
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Off-diagonal elements : interpretation
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Basis dependence
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An important inequality
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Example: thermal equilibrium
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Two-level system interacting with monochromatic field
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Evolution equation without decay
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NMR Bloch equations without decay
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Interpretation
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Bloch equations 61
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Figure 3.8 Precessional motion of the Bloch vector R̄ around the effective field β̄. For the

orientation of β that is shown, the detuning ! is negative.

so the Bloch vector transforms according to
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Exercise: Draw the direction of the effective field β̄ (see Fig. 3.9) and sketch the motion
of the Bloch vector R̄ as a function of time, ignoring decay (T = ∞). What is the
significance of R̄ passing periodically through the ±ê3 directions when ∆ = 0? What
is the atomic state when R̄ points along ê2?

In this process, since the effective field β̄ now lies along the new (primed) ê1-axis,
the Bloch vector merely executes a precession counter-clockwise about ê′1. A second
rotation about the ê′1-axis therefore leads to a frame in which R̄ is stationary. The
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Figure 3.9 The effective field β̄ in the Bloch vector model. β̄ makes an angle α with respect

to the ê1 -axis in the plane of basis vectors ê1, ê2 such that tan α = ∆/Ω for positive detuning.



Inclusion of relaxation and pumping
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Steady state without the laser field
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With laser field
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Saturation
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Polarization
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Susceptibility
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Single-mode Lasers
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Equation for the evolution of polarization
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Evolution of population inversion

39



Evolution of field
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Maxwell-Bloch equations
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Adiabatic elimination and laser classes
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Adiabatic elimination of P
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Rate equation approximation
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Three level systems



Four level system
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Steady state 
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10 1. LIGHT-MATTER INTERACTION
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Figure 1.3: Evolution of the steady-state characteristics of the laser versus
pumping rate Rp. (a) Level 2 population �N ; (b) Number of photons F .

The equation Rth
p = �Nth/⌧ simply means that the pumping rate at

threshold exactly compensates the decay rate per atom times the number of
atoms in level 2 at threshold. Equation (1.10) also evidences the influence
of the laser radiation on the number of atoms in the excited level 2. It can
indeed equivalently be written as:

�N =
Rp⌧

1 + ⌧F
=

Rp⌧

1 + F
Fsat

with Fsat =
1

⌧
. (1.14)

The number Fsat defined in (1.14) is a constant depending on the charac-
teristics of the transition. In the absence of laser oscillation (F = 0), the
number of atoms in level 2 would be equal to �N0 = Rp⌧ . The “saturation
photon number” is defined to be the number of photons F = Fsat for which
the number of atoms in level 2 is divided by 2, i. e., for which �N = �N0/2.
�N is called the “saturated” population of level 2, �N0 the “unsaturated”
population of level 2.

One can notice in (1.14) that saturation is a nonlinear phenomenon. It
plays a major role because it explains how the number of atoms in level 2
is, above threshold, independent of the value of F . Notice also that when
F becomes very large, �N tends to 0. Actually, the increase of the pump
(and consequently of �N0) leads to an increase of the number of intracavity
photons while �N remains constant.

We will come back later in chapter 3 to the laser operation in steady-state
regime. In the next section of the present chapter, we are going to justify
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Thank you
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