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What’s going on?



l. Hecke Lagrangians in the
Hitchin system



X ~- smooth projective curve over C, genus g > 2.
K ~~ canonical bundle of X.
Higgs bundle ~ (E, ), with

E ~ vector bundle over X of rank n.

¢:E — E® K ~ Higgs field.
G = GL(n,C).
Take Higgs bundles of degree —n(n —1)(g — 1).
Hitchin '87, Simpson '92
M ~~ moduli space of semistable Higgs bundles.
M ~~ quasi-projective of dimension n?(2g — 2) + 2.

) ~~ holomorphic symplectic form on (the smooth locus of) M.



Hitchin 87
Hitchin map ~ h: M — B:=@ , H*(X, K")
(E,p) — (tr(9), ..., tr(A%p), ..., det(p)).

a=(ay,...,a,) € B ~ spectral curve C, C |K]|

23



Hitchin 87
Hitchin map ~ h: M — B:=@ , H*(X, K")
(E,p) — (tr(9), ..., tr(A%p), ..., det(p)).

a=(ay,...,an) € B ~ spectral curve C, C |K| ~~ zero scheme of
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a € B generic = C,; smooth.
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Hitchin 87
Hitchin map ~ h: M — B:=@ , H*(X, K")
(B, @) — (tr(p),. .. ,tr(/\igp)7 ..., det(p)).

a=(ay,...,an) € B ~ spectral curve C, C |K| ~~ zero scheme of
AN+ @A et a, € HY(|K| T K™).

7: K| — X, A€ H(|K|,7*K), A(q) = q.

g : Cy — X ramified n-cover.

a € B generic = (|, smooth.

Jacg, ~ (generalised) Jacobian of degree of C,.

—0 o _ N : - .
Jacg  ~» compactified Jacobian ~ projective variety, parameterising semistable
rank 1 torsion-free sheaves of degree 0 on C,.



Hitchin '87; Beauville—Narasimhan—Ramanan '87; Schaub ’'98

Ega >~ h~1(a), the isomorphism given by F — (E, @) = (Tq «F, TaxN).
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Ega =~ h~!(a), the isomorphism given by F — (E, ) = (74« F, TaxA).

(Cq, F) ~ spectral data of (E, ) € h™1(a).



Hitchin '87; Beauville—Narasimhan—Ramanan '87; Schaub ’'98

Ega >~ h~1(a), the isomorphism given by F — (E, @) = (Tq «F, TaxN).

(Cq, F) ~ spectral data of (E, ) € h™1(a).

] ] semistable rank 1 torsion-free
semistable Higgs 1:1
—

sheaves supported on some
bundles on X

spectral curve in | K|

N
w



a € B generic = generic fibres are abelian varieties.
Hitchin 87

(M, h) ~> integrable system ~~ the Hitchin system.

&
M Ca smooth @ @
e LN

FY '

B v

@e— ——




We will focus on irreducible nodal (thus integral) spectral curves...
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We will focus on irreducible nodal (thus integral) spectral curves...

B! ¢ B ~ a € B with C, nodal and irreducible, with exactly 1 node.

a€ B~ vy, : ¥, — C, normalisation: ¥, smooth.

1 —C — Jac%a ”—Z> Jac%a — 0.

v¥ does not extend to Rga (= will have to introduce another object below.)

Idea for the Lagrangians in M that we built:

For each a € B!, take those Higgs bundles whose spectral data lies in the
closure of a fibre of v*. Then take the closure of this i.e. allow a € BT C B.



Their (rough) definition

Va,

o Take a € B. Set 7T, = 1, o 1. ¥y, ———— C,

N o
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Take a € BY. Set Ty = g 0 Vg,

Take (for simplicity) Oy, € Jac%a.

Va

Yo ————m— C,

N o
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Take a € B!. Set 7, = m, 0 Vg. Y, —=—— C,

Take (for simplicity) Os,, € Jac%a. % %

1 —C"— Jacoca i> Jac%a —0; =
Definition

Lo =) (Og,) 2P C Jace, = h~}(a) C M.

Generic (E, ) € L, <— line bundle F on C, such that v}F = Oy, .
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Take a € BY. Set Ty = 7, 0 V. Yy, — 2 50,
Take (for simplicity) Os;, € Jac}, . ;\/4 %
X

1 —C"— Jacoca Ao Jac%a — 0;
Definition

Lo =) (Og,) 2P C Jace, = h~}(a) C M.

Generic (E, ) € L, <— line bundle F on C, such that v}F = Oy, .
Now vary a € B!...
“Definition”
L C M ~ subvariety obtained by taking £,, varying a € B! and then by taking

the closure i.e. taking B!.

h:L — Bt and h: L|gn — B! ~» a P'-bundle over B'.
Everything will work for k nodes, with 1 < k < n(n —1)(g — 1) ~ (P})*.
k = 0 = L = Hitchin section.



Theorem A (Franco—Hanson—Horn-0.)

L is a Lagrangian subvariety of the moduli space M.
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Theorem A (Franco—Hanson—Horn-0.)
L is a Lagrangian subvariety of the moduli space M.

Proof.
P = (E,p) € L generic i.e. P € LN Jacy for some a € B'.

p =node of C; =z =m,(p) € X.

0—0¢, — V05, — O0p —0 = 0— 71,00, — Tq+O0n, — Oy — 0

Tp(v:) L (O0s,) 2 HO(X,0,) X C —» —— HY(X, (R0 05,)* ® K) = T),(p)B"

| I l

TpJace, = HY(X,1.0c,) — TpM —22% HO(X, (1,,.0¢,)* ® K) = Ty(p) B

| L

(X, 70,xO03,) HO(X,0,)*

=

0
Tos, Jacy,,



p node of Cy; = = m,(p).
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p node of Cy; = = m,(p).
(B,p) € LNh7Ha) X P! = (E, ) = (mgF, TaxA), with
0 —F —14:0x, — O, —0 on C,

— 0 —F —7.0s, — O, — 0 on X.
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p node of Cy; x = m,(p).

(B,p) € LNh7Ha) X P! = (E, ) = (mgF, TaxA), with
0 —F —14:0x, — O, —0 on C,

= 0 —F —7.0s, — O, — 0 on X.

= (F,p) is a Hecke modification of the Higgs bundle

(Ta,«Os, Ta, Vg N)

at x € X.

L ~ Lagrangian of Hecke cycles (the P!'s).



Il. Branes and mirror symmetry
in M



Lagrangian in M ~- brane in M...

M ~~ (non-compact) Calabi-Yau and hyperkahler.
ML B Mo generic dual tori fibrations.

Mirror symmetry applies to M...
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Lagrangian in M ~- brane in M...

M ~~ (non-compact) Calabi-Yau and hyperkahler.
M B M generic dual tori fibrations.
Mirror symmetry applies to M...

One can define certain types of branes in M.

First approximation (supports only):

BBB-brane ~~ a hyperholomorphic subvariety of M.

BAA-brane ~~ a complex Lagrangian subvariety of M (wrt. 2 = wy + iwk).

Second approximation (sheaves):

BBB-brane ~~ hyperholomorphic subvariety of M with a hyperholomorphic bundle.

BAA-branes have been considered as Lagrangians with a flat bundle.
But the flatness condition seems to be ‘oversimplified’...

10/23



Gaiotto—Witten, “Probing quantization via branes”, 2021:
“..a rank 1 A-brane on L is usually described as a complex line bundle L — L with a
flat unitary connection (...). This is in general oversimplified (...). The correct global

statement is that L is a flat spin. structure over L.”
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Gaiotto—Witten, “Probing quantization via branes”, 2021:
“..a rank 1 A-brane on L is usually described as a complex line bundle L — L with a
flat unitary connection (...). This is in general oversimplified (...). The correct global

statement is that L is a flat spin. structure over L.”

So, for us, today...
BAA-brane ~» complex Lagrangian of M with a flat Spin, structure:

Spin(m). = Spin(m) xz, U(1)

An oriented Riemannian manifold M admits a flat Spin, structure if wo(M) is
the reduction of a torsion class in H?(M,Z) i.e. there is a flat line bundle L such

that
wa (M) = ¢1(L) mod 2.

Spin-structure = flat Spin, structure.

11/23



Kapustin—Witten '07
Mirror symmetry should exchange BBB- and BAA-branes in M.



Kapustin—Witten '07
Mirror symmetry should exchange BBB- and BAA-branes in M.

Mathematically realised by a Fourier—Mukai transform along the fibres of h.



Kapustin—Witten '07
Mirror symmetry should exchange BBB- and BAA-branes in M.

Mathematically realised by a Fourier—Mukai transform along the fibres of h.

Dual branes in M ~+ branes which are exchanged under mirror symmetry.

The supports of dual branes have same image under h.



Kapustin—Witten '07
Mirror symmetry should exchange BBB- and BAA-branes in M.

Mathematically realised by a Fourier—Mukai transform along the fibres of h.
Dual branes in M ~+ branes which are exchanged under mirror symmetry.
The supports of dual branes have same image under h.

One way to test this ~ restrict to a generic fibre of h.

For the Lagrangian £ ~ restrict to fibres corresponding to nodal spectral curves.



—_—— —0
Recall: a € B! ~» LNh™(a) = (v2)~1(Ox,) = P! C Jac, .
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Recall: a € B! ~ LNh~Y(a) = (1)~ 1(Og,) 2P C E(éa.

Spin (hence flat Spin,) structure on LN h~1(a) ~ O(-1).

So, in order to test mirror symmetry for £, the goal is...

Compute the Fourier-Mukai transform of O(—1) € Db(ﬁga).

13/23



I1l. Fourier—Mukai transforms
and normalisations



Fourier—Mukai on (compactified) Jacobians

o Fixa € B! ~» C, = C ~ v: % — C normalisation. Jack ~ abelian variety.
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Parabolic modules

o Node of C' ~» p e C.

o v i(p)={pt,p }CX.

15 /23



Node of C' ~ p € C.

v(p)={pT.p} C 2.
Parabolic module for v of degree 0 ~ pair (M, V'), where:

M ~~ degree 0 line bundle over ¥;

V' ~~ 1-dimensional vector subspace
VCMy+ oM,

15/23



Node of C' ~ p € C.
v(p)={pT.p} C 2.
Parabolic module for v of degree 0 ~ pair (M, V'), where:

M ~~ degree 0 line bundle over ¥;

V' ~~ 1-dimensional vector subspace
VCMy+ oM,

Bhosle '92, Cook '93

PModOC ~~ moduli space of parabolic modules for v; a smooth projective variety
of dimension g¢.

15/23



Node of C' ~ p € C.
v(p)={pT.p} C 2.
Parabolic module for v of degree 0 ~ pair (M, V'), where:

M ~~ degree 0 line bundle over ¥;

V' ~~ 1-dimensional vector subspace
VCMy+ oM,

Bhosle '92, Cook '93

PModOC ~~ moduli space of parabolic modules for v; a smooth projective variety
of dimension g¢.

(M,V) e PMod% ~» V records the gluing data to produce a rank 1 torsion-free
sheaf on C'. More precisely...
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PMody, as an intermediate space between J(l(( and Jacy,
o p:PMod%, — Jace ~ defined by

p(M,V) = ker (V*M — (M @ M,-) /V))
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p: PMod% —» Jace ~ defined by
p(M,V) = ker (1M — v (Myr © My-)/V)

ie.0 — p(M,V) —v.M — O, — 0on C
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p: PMod% —» Jace ~ defined by
p(M,V) = ker (V*M — (M ® M,,-) /V))
ie.0 — p(M,V) —v.M — O, — 0on C

7 : PMody — Jacyk ~» forgetful map ~ o(M,V) = M.
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p: PMod% —» Jace ~ defined by

p(M,V) = ker (1M — v (Myr © My-)/V)
ie.0 — p(M,V) —v.M — O, — 0 on C.
7 : PMody — Jacy ~» forgetful map ~ o(M,V) =

Bhosle 92

- . . - —0
The morphism p is finite and a resolution of singularities of Jac.

In particular, PModY is also a compactification of Jacg.

The morphism  is a P'-bundle.

~1(Jacl) —— PMody,

//\

Jacd, — Jacc Jacd
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1(Jack) —— PModY,

//\

Jacoc — Jacc Jacl,

—0
Recall ~ the C*-bundle v* : Jacl, — Jac% does not extend to Jacc ...
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1(Jack) —— PModY,

//\

Jacoc — Jacc Jacl,

—0
Recall ~ the C*-bundle v* : Jacl, — Jac% does not extend to Jacc ...

...but it extends to PMod, via p.
= 1 is a fibrewise compactification of v*.

M € Jacy, ~ pls-1(ar) is an isomorphism onto its image:
p|u~71(02) P! — LN h_l(a),
i.e. another way to introduce the Lagrangian £ could have been
LN h_l(a) = p(D_l(Og)).

In particular, p,O(—1) = O(—1).
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Universal parabolic module

o PMod?, ~ fine moduli space.
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PMod¢. ~ fine moduli space. Universal object:

(1 x2)'U,V),

where:

U — ¥ x Jac ~ universal line bundle normalised at some yo i.e. Uy, = Oy,c0 .

VY — PModl. ~ tautological line subbundle
VC D*Up+ @ l'/*Z/lpf7
whose fibre over (M, V) € PMod{ is
VCMy+ oM,

0
=
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PMod¢. ~ fine moduli space. Universal object:

(1 x2)'U,V),

where:

U — ¥ x Jac ~ universal line bundle normalised at some yo i.e. Uy, = Oy,c0 .
z

VY — PModl. ~ tautological line subbundle
VC D*Up+ @ l'/*Z/lpf7
whose fibre over (M, V) € PMod{ is
VCMy+ oM,

M € Jack = v~ (M) = P!
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PMod¢. ~ fine moduli space. Universal object:

(1 x2)'U,V),
where:

U — ¥ x Jac ~ universal line bundle normalised at some yo i.e. Uy, = Oy,c0 .
=
VY — PModl. ~ tautological line subbundle

VC D*Up+ @ l'/*Z/lpf7
whose fibre over (M, V) € PMod{ is
VCMy+ oM,

M € Jacl, = v~ H(M) 2 P! and V|;-1(a) & O(—1).

18/23



Recall:
C nodal (spectral) curve with normalisation v : ¥ — C.
De - Db(Rg) =5 Db(Eg), P, : DP(Jack) =5 D®(Jac%) ~» FM transforms.
p: PMod% — Eg ~» normalisation.
v : PModY — Jac% ~ P'-bundle;

VY — PMod{, ~ relative tautological bundle.
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VY — PMod{, ~ relative tautological bundle.

Yo € L~ Ty, Jac; =, Jac%, Tyo (L) = L(yo).
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C nodal (spectral) curve with normalisation v : ¥ — C.
De - Db(Rg) =5 Db(Eg), P, : DP(Jack) =5 D®(Jac%) ~» FM transforms.
p: PMod% — Eg ~» normalisation.
v : PModY — Jac% ~ P'-bundle;

VY — PMod{, ~ relative tautological bundle.

Yo € X~ Ty : Jacy! = Jack, 7,0 (L) = L(yo).

U= v, Jacg! —— Eg ~+ embedding;
~ Im(V) = Sing(ﬁg) will be important.
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Recall:

C nodal (spectral) curve with normalisation v : ¥ — C.

De Db(Eg) — Db(ﬁg), ®s; : D (Jack) — DP(Jack) ~+ FM transforms.

p: PMod% — @g ~~ normalisation.

v : PModY — Jac% ~ P'-bundle;

VY — PMod{, ~ relative tautological bundle.
Yo € X~ Ty : Jacy! = Jack, 7,0 (L) = L(yo).

_ —0 .
U=V, Jacz1 —— Jacy ~» embedding;
v c m—=0 . .
~ Im(v) = Sing(Jacs) will be important.

Theorem B (Franco—Hanson—-Horn-0.)

For any £° € Db(Jacgl), the following isomorphisms hold in Db(ﬁg):
Do (.E%) = pu(V @ 1P (7y, +E%)),
B (:E°%) = pi(V* ® wpMod ® I ®5 (T4 +E®)),

where wpnoq is the canonical bundle of PMod%.



Theorem B (Franco—Hanson—-Horn-0.)

For any £° € Db(Jacgl), the following isomorphisms hold in Db(ﬁg):
Do (4E°) =2 pu(V @ 0 Bx (140 +E°)),
O (0E%) = pi(V* @ wpMod ® 7O (1y,,+E°)),

where wpnioq IS the canonical bundle of PModOC.

Apply <I>61 to the trivial line bundle £* = O, -1 over Jacgl.
=

@gl(OJaC%) = Op,, ~ structure sheaf of the point Oy, € Jac%. So...
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Theorem B (Franco—Hanson—-Horn-0.)

For any £° € Db(Jacgl), the following isomorphisms hold in Db(ﬁg):
D (:E°%) = pu(V ® " Py (70 +E%)),
O (0E%) = pi(V* @ wpMod ® 7O (1y,,+E°)),

where wpnioq IS the canonical bundle of PModOC.

Apply <I>61 to the trivial line bundle £* = O, -1 over Jacgl.
=

@gl(OJac%) = Op,, ~ structure sheaf of the point Oy, € Jac%. So...

q’al(ﬁ*OJaC;) = 5, (V* ® wpMod ® 7*O0y) = ps (V* ® wpMod|is-1(05))
= ((’)(1) ® O(—Q)) =, 0(-1) =2 0(-1).
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Theorem B (Franco—Hanson—Horn-0.)

For any £°* € D’(Jacy'), the following isomorphisms hold in Db(ﬁg):

Do (4E°) =2 pu(V @ 0 Bx (140 +E°)),
O (0E%) = pi(V* @ wpMod ® 7O (1y,,+E°)),

where wpnioq IS the canonical bundle of PModOC.

Apply <I>61 to the trivial line bundle £* = O, -1 over Jacgl.
=

@gl(OJac%) = Op,, ~ structure sheaf of the point Oy, € Jac%. So...

q’al(ﬁ*OJaC;) = 5, (V* ® wpMod ® 7*O0y) = ps (V* ® wpMod|is-1(05))
= ((’)(1) ® O(—Q)) =, 0(-1) =2 0(-1).

Applying @ vyields

"I)C(O(_l)) = Ol
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Theorem C (Franco—Hanson—-Horn-0.)

For every a € B?, the Fourier—-Mukai transform of O(—1) € D®(h=1(a)), whose
support is £ N h7!(a), is O,y € DP(h7!(a)), the trivial line bundle over
Im(¥,) C Jace, = h~1(a). Le. ®¢, (O(=1)) = Opnesn)



Theorem C (Franco—Hanson—-Horn-0.)

For every a € B?, the Fourier—-Mukai transform of O(—1) € D®(h=1(a)), whose
support is £ N h7!(a), is O,y € DP(h7!(a)), the trivial line bundle over
Im(¥,) C Jace, = h~1(a). Le. ®¢, (O(=1)) = Opnesn)

Hitchin '19
C C M ~ closure of loci where rank of h drops by 1 ~ 1%t-critical loci of h.
Generic points in C have spectral data in Im(7,) = Jacgi, for some a € B'.

This generic locus of C is a subintegrable system of M.



Theorem C (Franco—Hanson—-Horn-0.)

For every a € B?, the Fourier—-Mukai transform of O(—1) € D®(h=1(a)), whose
support is £ N h7!(a), is O,y € DP(h7!(a)), the trivial line bundle over
Im(¥,) C Jace, = h~1(a). Le. ®¢, (O(=1)) = Opnesn)

Hitchin '19
C C M ~ closure of loci where rank of h drops by 1 ~~ 1%-critical loci of h.
Generic points in C have spectral data in Im(7,) = Jacgi, for some a € B'.

This generic locus of C is a subintegrable system of M.
Theorem C can be restated as follows:

Theorem C (Franco—Hanson—-Horn-0.)

Fibrewise mirror symmetry exchanges the line bundles O(—1) on LN h~!(a) and
OCﬁhfl(a) onCnN h_l(a).
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In particular, mirror symmetry exchanges the supports £L C M and C C M.
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In particular, mirror symmetry exchanges the supports £L C M and C C M.

Recap:
L ~» BAA-brane (support); O(—1) ~ flat Spin, structure on LN h~"(a).

Fourier-Mukai exchanges O(—1) with the trivial line bundle on C N h™"(a).

BAA-branes in M should be exchanged with BBB-branes in M.
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When n = 2, C is not hyperholomorphic.
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When n = 2, C is not hyperholomorphic.

So C cannot support a BBB-brane...



In particular, mirror symmetry exchanges the supports £L C M and C C M.

Recap:
L ~» BAA-brane (support); O(—1) ~ flat Spin, structure on LN h~"(a).

Fourier-Mukai exchanges O(—1) with the trivial line bundle on C N h™"(a).
BAA-branes in M should be exchanged with BBB-branes in M.
However...
Hitchin '19

When n = 2, C is not hyperholomorphic.

So C cannot support a BBB-brane... What’s going on?



C cannot support a BBB-brane... What’s going on? Comments:

Probably, the correspondence between branes under mirror symmetry on M requires
some kind of “corrections” when singular spectral curves are involved.
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Probably, the correspondence between branes under mirror symmetry on M requires
some kind of “corrections” when singular spectral curves are involved.

Maybe what we have seen is some kind of asymptotic mirror symmetry. In fact...
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C cannot support a BBB-brane... What’s going on? Comments:
Probably, the correspondence between branes under mirror symmetry on M requires
some kind of “corrections” when singular spectral curves are involved.

Maybe what we have seen is some kind of asymptotic mirror symmetry. In fact...

He—Horn—Li ’'25: arXiv:2506.04957v1

Let n = 2. There is a semi-flat hyperkahler metric on the subintegrable system C,
which approximates the restriction of the hyperkahler metric on M to C (which is not
hyperkahler).
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Let n = 2. There is a semi-flat hyperkahler metric on the subintegrable system C,
which approximates the restriction of the hyperkahler metric on M to C (which is not
hyperkahler).

Everything can be adapted for k nodes...
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Probably, the correspondence between branes under mirror symmetry on M requires
some kind of “corrections” when singular spectral curves are involved.

Maybe what we have seen is some kind of asymptotic mirror symmetry. In fact...

He—Horn—Li '25: arXiv:2506.04957v1

Let n = 2. There is a semi-flat hyperkahler metric on the subintegrable system C,
which approximates the restriction of the hyperkahler metric on M to C (which is not
hyperkahler).

Everything can be adapted for k nodes... but the maximal case, which has been
addressed before, exhibits a different feature:
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C cannot support a BBB-brane... What’s going on? Comments:
Probably, the correspondence between branes under mirror symmetry on M requires
some kind of “corrections” when singular spectral curves are involved.

Maybe what we have seen is some kind of asymptotic mirror symmetry. In fact...

He—Horn—Li '25: arXiv:2506.04957v1

Let n = 2. There is a semi-flat hyperkahler metric on the subintegrable system C,
which approximates the restriction of the hyperkahler metric on M to C (which is not
hyperkahler).

Everything can be adapted for k nodes... but the maximal case, which has been
addressed before, exhibits a different feature:

Franco—Gothen—0.—Pedn-Nieto '21
For k maximal, mirror symmetry exchanges the supports £ and C. Moreover, in
that case, C is hyperholomorphic.
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