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Introduction : Floquet systems
° H(t) = Hp + HD(t) ; HD(t) = HD(t_|_ T) - T = %T

Bhaskar Mukherjee (UCL, London) Emergent strong zero mode through local Flo 2 /28



Introduction : Floquet systems
o H(t)=Ho+ Hp(t) ; Hp(t) =Hp(t+T); T ==

o U(T) =T exp( —lfo H(t')dt") = exp(—iHg T)
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Introduction : Floquet systems
@ H(t)=Ho+ Hp(t) ; Hp(t) = Hp(t+T); T = %ﬂ

o U(T) = Texp(—ifOT H(t")dt') = exp(—iHg T)

@ Photovoltaic Hall effect in graphene, Oka et al, PRB (2009).
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Introduction : Floquet systems
@ H(t)=Ho+ Hp(t) ; Hp(t) = Hp(t+T); T = %ﬂ

o U(T) = Texp(—ifOT H(t")dt') = exp(—iHg T)

@ Photovoltaic Hall effect in graphene, Oka et al, PRB (2009).

@ Floquet-Bloch states in BipSes, Science (2013).

Bhaskar Mukherjee (UCL, London) Emergent strong zero mode through local Flo 2 /28



Floquet prethermalization

o e HET n o= HET where Hr = >, H,(__”) = >, T"Q, (FM expansion)

@ Exponentially slow heating.

@ Abanin et al, PRL (2015), T Mori et al, PRL (2016).

2) T - T T T

Density of holes pn

Number of drive cycles N,

Experiment in Bose-Hubbard system, PRX (2020).
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Floquet time crystals (FTC)
o ((1)[0ly(t)) # (¥(t + T)|Ol(t + T))
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e Khemani et al, PRL(2016), V. Else et al, PRL(2016).

@ Long-range order in Floquet eigenstates (needs MBL).
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Experiments (MBL-FTC in Quantum processor)

a  Random bit strings Randomg,andh; 54 b Thermal MBL-DTC
1.04 = 0.60,
> ) (93110 60 HWH”
) 0s e - |
(x ) =
S o " m “”m‘”“”mm‘IHm\ﬂ‘ll\M\l\\\H\l\\l[\mMm\nwwnummm
-e-Instance 1 ‘ MHH“‘H \‘“ $Rab
— (i
A ) O el W“‘ e
; : : : : -e-Instance 4 HH“ }
Instance 5
: oA —C - o
Qy 0 0 = (R} PET—-
= (xt cycles) t
Xiao Mi et al, Nature (2022).
v
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Experiments (no disorder)

. ™ ;
Quench time (ps) .
@ driven Rydberg atom array, Bluvstein et al, Science (2021).
@ non-perturbative parameters (Floquet ETH should hold).
@ only two Floquet eigenstates are cat like
e A.H., J.Y.D, BM, GXSu, J. C. H,, Z. P,, PRB (2022)
6 /28
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6. QUANTUM COMPUTING

Unpaired Majorana fermions in quantum wires

A Yu Kitaev'
© 2001 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences
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6. QUANTUM COMPUTING
Unpaired Majorana fermions in quantum wires

A Yu Kitaev'
© 2001 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences

H= E,-[—W(C,'TCIH + h.c) + (Aciciy1 + h.c) — unj]
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6. QUANTUM COMPUTING
Unpaired Majorana fermions in quantum wires

A Yu Kitaev'
© 2001 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences

H= E,-[—W(C,'TCIH + h.c) + (Aciciy1 + h.c) — unj]

Mj-1=¢ + CJT s =i(c — ch) (Majorana fermion)

7/28
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6. QUANTUM COMPUTING
Unpaired Majorana fermions in quantum wires

A Yu Kitaev'
© 2001 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences

H= E [— (C Ciy1+ h. C) (AC,'C,'_H + h.C) — ,un;]
Mj—1 = ¢ + CJT s =i(c — ch) (Majorana fermion)
= é'z;[—/mz,;mzf + (w + [AD)mimpizv1 + (—w + [A])12i—1m2i42]

mon2 T3 M4 T2L-172L Mo T2 M3 Ma o M2L-1712L
\\e—e/ \\e—e’/...\\e—e/ ‘. .—. .—-.—‘ ./
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6. QUANTUM COMPUTING
Unpaired Majorana fermions in quantum wires

A Yu Kitaev'
© 2001 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences

H= Ei[—W(CI:i-Ci+1 + h.c) + (Aciciy1 + h.c) — unj]
Mj-1=¢ + CJT s =i(c — ch) (Majorana fermion)
= éZ;[—unszlnzf + (w + [AD)mimpizv1 + (—w + [A])12i—1m2i42]

mon2 T3 M4 T2L-172L Mmom2 M3 N4 M2L-172L
[e—2] (o=2]- - (o= G &l - <D

= % Yillw+A)o¥of 1 +(w—A)of o], — po?] (ordered phases)
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Is SZM stable against interaction ?

week ending

PRL 107, 036801 (2011) PHYSICAL REVIEW LETTERS 15 JULY 2011

Majorana Edge States in Interacting One-Dimensional Systems

Suhas Gangadhuraiah,' Bernd Braunccker,' Pascal Sim(}n,2 and Daniel Loss'
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Is SZM stable against interaction 7

week ending

PRL 107, 036801 (2011) PHYSICAL REVIEW LETTERS 15 JULY 2011

Majorana Edge States in Interacting One-Dimensional Systems

Suhas Gangadharaiah,' Bernd Braunccker,' Pascal Sim(}n,2 and Daniel Loss'

PHYSICAL REVIEW B 88, 014206 (2013)

s

Localization-protected quantum order

David A. Huse,"? Rahul Nandkishore,! Vadim Oganc=,:;yan,3'4 Arijeet Pal’ and S. L. Sondhi?
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PRL 107, 036801 (2011) PHYSICAL REVIEW LETTERS 15 JULY 2011

Majorana Edge States in Interacting One-Dimensional Systems

Suhas Gangadharaiah,' Bernd Braunccker,' Pascal Sim(}n,2 and Daniel Loss'

PHYSICAL REVIEW B 88, 014206 (2013)

s

Localization-protected quantum order

David A. Huse,"? Rahul Nandkishore,! Vadim Oganc=,:;yan,3'4 Arijeet Pal’ and S. L. Sondhi?

LETTER

Strong zero modes and eigenstate phase
transitions in the XYZ/interacting Majorana chain

To cite this article: Paul Fendley 2016 J. Phys. A: Math. Theor. 49 30LT01
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Is SZM stable against interaction 7

week ending

PRL 107, 036801 (2011) PHYSICAL REVIEW LETTERS 15 JULY 2011

Majorana Edge States in Interacting One-Dimensional Systems

Suhas Gangadharaiah,' Bernd Braunccker,' Pascal Sim(}n,2 and Daniel Loss'

PHYSICAL REVIEW B 88, 014206 (2013)

s

Localization-protected quantum order

David A. Huse,"? Rahul Nandkishore,! Vadim Oganc=,:syan,3'4 Arijeet Pal’ and S. L. Sondhi?

LETTER

Strong zero modes and eigenstate phase
transitions in the XYZ/interacting Majorana chain

To cite this article: Paul Fendley 2016 J. Phys. A: Math. Theor. 49 30LT01

o Non-integrable model 777?

Bhaskar Mukherjee (UCL, London) Emergent strong zero mode through local Flo 8 /28




Dynamic localization in globally driven systems.

Local driving

Emergence of SZM

Entanglement Structure
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@ Dynamical localization of single electron (Dunlap & Kenkre, PRB
(1986))
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@ Dynamical localization of single electron (Dunlap & Kenkre, PRB
(1986))

° H——WZ ccj—i—hc —|—EZn,,E Ep coswt

<ij>
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@ Dynamical localization of single electron (Dunlap & Kenkre, PRB
(1986))

° H——WZ ccj—i—hc —|—EZn,,E Ep coswt

<ij>

@ HE = —v Z<u>(c ¢j + h.c) where v/ = Jo(EO)”Y , Jo(x) = 5'2"
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@ Dynamical localization of single electron (Dunlap & Kenkre, PRB
(1986))

° H——WZ ccj—i—hc —|—EZn,,E Ep coswt

<ij>

@ HE = —v Z<u>(c ¢j + h.c) where v/ = Jo(EO)”Y , Jo(x) = 5'2"

@ many body systems ?
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@ Dynamical localization of single electron (Dunlap & Kenkre, PRB
(1986))
o H=—v Z o cj—i—hc —|—E2n, . E = Egcoswt
<ij>

H = _7 Z</’J>(C CJ + h C) Whel’e ’)/ == JO(EO )7 1 JO(X) — SI?(X

many body systems ?

PHYSICAL REVIEW B 82, 172402 (2010)

Exotic freezing of response in a quantum many-body system

Arnab Das
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@ Dynamical localization of single electron (Dunlap & Kenkre, PRB
(1986))
o H=—v Z o cj+hc —|—E2n, . E = Egcoswt
<ij>
o HF = —v Z<u>(c ¢j + h.c) where v/ = JO(E°)7 , Jo(x) = 5'2"
@ many body systems ?
PHYSICAL REVIEW B 82, 172402 (2010)
Exotic freezing of response in a quantum many-body system
Arnab Das
@ Bukov et al, Advances in Physics, 2015.

Rydberg atom array, BM et al, PRB (2020)

Emergent conservation laws, Asmi Haldar et al, PRX (2021).
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Local driving
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Staggered Heisenberg model

o Ho=Y;(-1)'S;.Si41— hY; S7.

v
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Staggered Heisenberg model
o Ho=Y;(-1)'S;.Si41— hY; S7.

Haldane phase
Hida (PRB 1992)

Experiment, Manaka
et al, (JPSJ, 1997)

.
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Staggered Heisenberg model

o Ho=Y;(-1)'S;.Si41— hY; S7.

Haldane phase
Hida (PRB 1992)

Experiment, Manaka
et al, (JPSJ, 1997)

1.0

0.8}

0.6}
w o
= /s

0.4f —— H,

/ No staggering
o2t / S/  |----- Poisson
S e GOE
00 4 1 1 1 1 1
0.0 0.5 1.0 1.5 2.0 25 3.0
s

v
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Staggered Heisenberg model

o Ho=Y;(-1)'S;.Si41— hY; S7.

1.0 —

sl i
Haldane phase o6l
Hida (PRB 1992) §

04f
Experiment, Manaka 7 No staggering
et al, (JPSJ, 1997) oz 4 7 | Poisson

A A P GOE
0.0 s
00 05 10 15 20 25 30

o Hp(t) =~vSgn(sin(wt)) > ics, Si° + H(t) = Ho + Hp(t).
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boundary site driving (Absence of freezing)

o Hr = HOOL)] + HO[O(L)] + HOO()] + -

° [T, H,(_-O)] =0 for w = L ‘ Dynamical freezing‘

e Exact numerics (v =15, h=1, w =7.53.)

0.8

0.6

.04
&

Il
S SR Ol S

0.2

500 1000 1500 2000
n
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What higher order says ?

° H,(_-l) =0

v
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What higher order says ?

° H,(_-l) =0

o HO = HD, 1 HO

F, nonloc

v
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What higher order says ?
° H,(_-l) =0
H(2) HI(:)Ioc + H®

F, nonloc

o HP\ . =0(%) +0(%)+0(})

v
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What higher order says ?

° H,(_-l) =0
C H(2) HI(: )Ioc + HI(: )nonloc

o HP\ . =0(%) +0(%)+0(})

o HF,Ioc == H[(-‘O) + Hl(:z,)loc[o(%)]

v
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What higher order says ?

° H,(_-l) =0

C H(2) HI(-_ )Ioc + HI(-_ )nonloc

o HP\ .= 0(%)+0(%) +0(2)

o Hrjoc = HY + H;(f [ OC)]

v
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What higher order says ?

° H,(_-l) =0

o HD = D, O

nonloc

— X=X _yy — 77

® [Sf, HF joc] # 0 (Boundary site is not even perturbatively frozen).

v
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Comparison with exact numerics

Check HF(1,2) ) =] —=—— - )Yand |2) = | +—— )

0.010¢
0.005¢
0.000+
—0.005}
—0.010F

(a)

Re[Hp(2,1)]

7.4 7.5 7.6 7.7
0.0036 . . .

0.00321

Hr10c[0(1/7)]
— Hp 10(:[0(1/'73)]
. Exact
7.4 75

0.0028¢

IM{Hp(2,1)]

0.0024
0.006

= 0.005}

o
= 0.004}

)
-u..é---

0.003—5 7.50 ' 7.54 7.58
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Local terms are not enough

@ Slow but nonzero relaxation.
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Local terms are not enough

@ Slow but nonzero relaxation.

@ Think from the opposite angle. Why slow ?
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Local terms are not enough

@ Slow but nonzero relaxation.
@ Think from the opposite angle. Why slow ?

@ Boundary fields and interactions ~ 0 ? an incomplete story

— le (exact)
0.4 . |
— S 4 (exact)
- Sx] (HF,luc ) |
" W — 5,( HF.luc) ]
(i f

‘M“ I‘WMW‘N | Hl“m

-0.2

-0.4

0 500 1000 1500 2000
n
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Local terms are not enough

@ Slow but nonzero relaxation.
@ Think from the opposite angle. Why slow ?

@ Boundary fields and interactions ~ 0 ? an incomplete story

— le (exact)
0.4 . |
— S 4 (exact)

—S 1 (HF,luc)

— %, (Hp,)
T i) |

‘M“ I‘WMW‘N | Hl“m

0.2

-0.2

-0.4

0 500 1000 1500 2000
n

@ Why the boundary relaxation is so slow ?
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(2)

Role of non-local terms : Hg” ..

HE) 1oc = B(3SSE + 45755 S SF — 4575y S2S) — 4575552 S%
+ 45755 Sy +35)SY + 12hSY SYS5S) — 4SY S555S)
— 12hSY'S5S) — 457 S35Y 57 — 4SY S3SYSK + 4SY S5S5SY)
+n(357SY — 12hS7SY S5 — 4575555SY + 12hS7S5SY
+ 4S7S55Y 57 + 4SESySY Sy — ASESSSESY +35)SE
+45YSYSY ST 4+ 45V SYSESY + 45V S5SESK — 4SY 5551 SF)
_|_ SO
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Role of non-local terms : H

(2)

F, nonloc

@ Nonlocal terms play a pivotal role to freeze the edge spin.

—_ le (exact)
x

— S4(exacl)

— S (H,
X

— S, (H

)
)

F.nonloc

F,nonloc

500 1000

1500 2000

Absence of freezing, Verdeny et al, PRL (2013).
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Multisite driving : optimal protocol

@ Drive every fourth site with resonant frequency.

0.6 0.6 s,=1{1,5}
/'////
~~~ — N=8
04 03 /// oo
Z — sd:{l} o . N=12
2 _
— s=1{1,5} 0.0~ N=14
0 50000 100000 150000
0.2 T Sd:{17579} n

Sq4 = {175797 13}

0.0

0 200000 400000 600000 800000
n

e v=15 h=1 w=753
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Multisite driving : nonlocal terms are important again

e 7=
[ I ]
o |— Exact numerics _
©)

L |— HF (local) |
0.1 =
oaf s,=1{1,5} |

%) o ]

0.1F j
031 02 . —
L 03 7 ]

04F .
041~ 05 -

! ! !
F 0 50 100 150 200 1
05 t \ ——
0 2000 4000 6000
n

v
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Emergence of strong zero mode
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SZM : Formal definition

o A discrete symmetry : D2 =1, [D, H] = 0.

Bhaskar Mukherjee (UCL, London) Emergent strong zero mode through local Flo 22 /28



SZM : Formal definition

o A discrete symmetry : D2 =1, [D, H] = 0.
@ An operator W : W2 =T, {V, D} = 0.
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SZM : Formal definition

o A discrete symmetry : D2 =1, [D, H] = 0.
@ An operator W : W2 =T, {V, D} = 0.
e W satisfies : ||[V, H]|| = exp(—al)
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SZM : Formal definition

A discrete symmetry : D> =1, [D, H] = 0.
An operator W : W2 =T, {¥,D} = 0.
V satisfies : ||[V, H]|| = exp(—al)

Consequence : A ~ exp(—al).
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Signature of SZM in our locally driven system

He|o*) = *[0%) , D, =T[;07.

(a)

— e

—  sg={1,5}

— si=1{1,5,9}

= 0.5[(b)

2} f

n 0.49 /N\
o :

T~

0.1 0.48 .

| 10+ W/

7.1 7.3 7.5 7.7 7.9

D?|®*) = +|d*) near the dynamic freezing frequencies.
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Signature of SZM in our locally driven system

103
103/(a) @)
LN
\ 104
10 o
107 R
e
10 — sa={1} 10° .
= sy=1{1,5} " !
= s4=1{1,5,9} Lo
10 \_\ KE
8 10 12 12 107 2 3 4
N n:}th
A ~ exp(—2.9n%h).

S T — T —
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Signature of SZM in our locally driven system

[0F) = J5(1 =, 65) £ +,€9) i R=(T167)]

s4=11,5,9}

sa=1{1,5,9,13}

Sd:{l}

(s

1.0 L5
|A| x1073

1.0 0
x107°

1A
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Entanglement structure
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Entanglement structure

sa=1{1,5,9,13}

=
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Summary : SZM in a non-integrable model ?

@ The locally driven model should be more chaotic.
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Summary : SZM in a non-integrable model ?

@ The locally driven model should be more chaotic.
@ SZM in non-integrable model.

e SLIOMs, Rakovszky et al, PRB (2020).
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Summary : SZM in a non-integrable model ?

@ The locally driven model should be more chaotic.
@ SZM in non-integrable model.
e SLIOMs, Rakovszky et al, PRB (2020).

o Emergent strong zero mode through local Floquet engineering.
Bhaskar Mukherjee, Ronald Melendrez, Marcin Szyniszewski,
Hitesh J. Changlani, Arijeet Pal. Arxiv: 2306.01835.(accepted
in PRB)
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Summary : SZM in a non-integrable model ?

@ The locally driven model should be more chaotic.
@ SZM in non-integrable model.
e SLIOMs, Rakovszky et al, PRB (2020).

o Emergent strong zero mode through local Floquet engineering.
Bhaskar Mukherjee, Ronald Melendrez, Marcin Szyniszewski,
Hitesh J. Changlani, Arijeet Pal. Arxiv: 2306.01835.(accepted
in PRB)

Thank you for your attention !!!
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Level statistics

N=14 w =753
2 \ ‘ \ -
s=A <r> =0.4979 1

P(r)

<r>=0.4021 Bl

P(r)

<r>=0.3941 b

5, = (1.59.13) -

= [ <r>=0.3928
Il I
0 0.2 0.4 0.6 0.8 1

r

w=7.53 N=14.
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Level statistics

T
<r>=0.4167

P(r)

g =

T I ]

15| AL sg=1{1.5} <r>=0.4101 —
i e E
e e

15| o
05 ||| ||
[y at
02

P(r)

P(r)

5, = {1.5.9.13) <> =04173 .
0 04 06 038 1

w=25.6,N=14
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Level statistics

@ an approximate conserved quantity at any .

A A
__oN z z
m=2VTTI cos 2|(Sf + tan 5sly)] I1s:

i€Esy i¢sq

° [M, H,(EO)] =0 at any A. M converts to D, at A = 27k.

@ Such quantities may remain nearly conserved and give rise to
Poissonian statistics.
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