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Divisibility Relay

In this session, we will start with a game called ’Divisibility Relay’. The class will be split
into teams of 5-6 students. Each team will pose questions for the next team to solve related
to Divisibility and Fermat’s Little Theorem. The objective is to solve the provided problems
and ensure that your fellow team members have understood the solution. Team members must
work together and discuss. The facilitator will then randomly choose a student from each team
to present and solve the problem set for their team by the opposite team.

Your task will be to consider yourself a problem-setter and create exciting and challenging
problems for your opposite teams to solve.

3:45 pm: Break for refreshments
4:00 pm onwards

More Number Theory

In this part of the session, I am holding a lottery with infinitely many tickets. Each ticket has
a natural number written on it. I follow a rule to print the tickets: for any natural number n,
the number of tickets with the divisors of n written on them is exactly n. Your task is to prove
that every natural number m is written on at least one ticket.

For example, the divisors of the number 4: 1, 2, 4 appear on exactly 4 tickets. The divisor
of 1 is just 1, and therefore, it will appear on only 1 ticket. The divisors of 2 are 1, 2, since 1
is written only once, 2 can occur only one more time. This leaves 4, it has to occur twice to
make divisors of 4 appear a total of 4 times.

LetR(n) be the number of times n appears on a ticket. CalculateR(n) for n = 5, 6, 7, 8, 9, 10.
Do you notice any patterns for R(n)? For instance, can I find out R(2926) without calculating
R(k) for k smaller than 2926?

Following are some more functions that can help us solve our main problem:

• T (n) = number of all divisors of a natural number n.

• S(n) = sum of all divisors of n.

• P(n) = product of all divisors of n.

A function f is multiplicative if, f(mn) = f(m)f(n), when m and n are relatively prime.
Verify whether T ,S,P ,R are multiplicative.

The numbers 12 and 35 are relatively prime, while 24 and 9 are not. For any natural number
n, let us define ϕ(n) as the number of natural numbers less than n and relatively prime to n.
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For example, the numbers 1, 3, 5, and 7 are less than 8 and relatively prime to 8 and therefore
ϕ(8) = 4.

What is ϕ(7)? What is ϕ(p) when p is a prime number?
Consider the following table -

1 2 3 4 5 6 7 8 9
10 11 12 13 14 15 16 17 18
19 20 21 22 23 24 25 26 27
28 29 30 31 32 33 34 35 36
37 38 39 40 41 42 43 44 45
46 47 48 49 50 51 52 53 54
55 56 57 58 59 60 61 62 63
64 65 66 67 68 69 70 71 72
73 74 75 76 77 78 79 80 81
82 83 84 85 86 87 88 89 90

Observe that every kth column is congruent to k modulo 9. Construct a ’sieve’ similar to
the Eratosthenes to find ϕ(90).

What is ϕ(35)? What is ϕ(pq) when p and q are prime numbers? Is ϕ multiplicative?
What is ϕ(9)? What is ϕ(p2) when p is a prime number?
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