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Particles behave as waves
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Particles...
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...behave as waves
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When does wave mechanics matter?
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When does wave mechanics matter?
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Bosons versus Fermions
Fermions (unsociable):
Half-Integer Spin
Pauli blocking → Form Fermi sea
No phase transition at low Temperature

Bosons (sociable):
Integer Spin
Can share quantum states
At low temperatures:
Bose-Einstein condensation

Fermi Feb. 1926

Dirac Oct. 1926

Bose 1924

Einstein 1924/25



Bosons

N bosons sharing one and the same macroscopic matter wave

(Artist’s conception)



Fermions

N fermions avoiding each other

(Artist’s conception)



Condition for quantum degeneracy
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Fermions in a Box

Z. Yan, P. Patel, B. Mukherjee, Z. Hadzibabic, T. Yefsah, J. Struck, MWZ, PRL 2017



Measuring the Fermi-Dirac distribution
Pauli blocking

Fermi surface

formation

See also: Drake et al., PRA 2012, selectively probe the central portion of an inhomogeneous gas. 
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Z. Yan, P. Patel, B. Mukherjee, Z. Hadzibabic, T. Yefsah, J. Struck, MWZ, PRL 2017

Velocity / Fermi Velocity



Harvard-Smithsonian Center for Astrophysics 

Lithium-6

Fermions – The Building Blocks of Matter



Interatomic interactions

RvdW
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• For Alkali atoms: RvdW ~ 50-200 a0

• Ultracold collisions:

→ atoms do not probe the details of the potential
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Interatomic interactions

R

• For Alkali atoms: RvdW ~ 50-200 a0

• Ultracold collisions:

→ atoms do not probe the details of the potential

→ Only effect of collisions is a phase shift 

→ Can use model potential that produces same phase shift!
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Scattering Resonances
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Tunable Interactions

Vary interaction strength between spin up and spin down

Example: tunable square well (with           ):

V
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strong attraction

deep bound state

weak attraction

no bound state

Resonance

bound state appears

scattering length
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Important for Many-Body

Physics:
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Feshbach resonances: Tuning the interactions



Feshbach resonances: Tuning the interactions

Energy

Magnetic FieldMolecular state

Free atoms

Herman 
Feshbach

Scattering Length
(~Interaction Strength)



Strongly Interacting Fermi Systems
Length scales

10-15 m

White
dwarf

High-Tc
Superconductors

Nuclei

1 m 107 m

Ultracold
Gases

1 mm

Neutron Star

104 m

Nuclear Fission
Bulgac et al., PRL 116, 122504 (2016)

Neutron Star Merger
NSF/LIGO/Somona/A. Simonnet

Strange Metal



Recreating the split-second after the Big Bang

via Collision of Heavy Nuclei

Creating a Quark-Gluon Plasma (first@RHIC)

Large Hadron Collider (LHC)



4 ft



Little Fermi Collider (LFC)

           

Harmonic

Trap

Collision at 100 peV

23 orders of magnitude smaller than LHC

A.T. Sommer, M.J.H. Ku, G. Roati, M.W. Zwierlein, Nature 472, 201 (2011)



Little Fermi Collider (LFC)
Without Interactions

A.T. Sommer, M.J.H. Ku, G. Roati, M.W. Zwierlein, Nature 472, 201 (2011)

Resonant Interactions
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A.T. Sommer, M.J.H. Ku, G. Roati, M.W. Zwierlein, Nature 472, 201 (2011)



Diffusion constant:
~ mean free path  average velocity D 

Mean free path ~ Interparticle spacing

→ Quantum Limit of Diffusion

~D
m

Planck’s constant

Particle mass
=
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1s
=

Quantum limit of spin diffusion
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In a hot relativistic fluid (e.g. Quark-Gluon Plasma):
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A.T. Sommer, M.J.H. Ku, G. Roati, M.W. Zwierlein, Nature 472, 201 (2011)



Quantum Limit of
Spin Diffusion

Spin Diffusion vs Temperature

Spin current = -D  Spin density gradient

Universal high-T behavior:

A.T. Sommer, M.J.H. Ku, G. Roati, M.W. Zwierlein, Nature 472, 201 (2011)
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Diffusivity in the Quark-Gluon Plasma



Can Fermi Gases become
superfluid?



Superconductivity

Heike

Kamerlingh-Onnes

1911

Electrons are Fermions

Discovery of superconductivity 1911



Fermionic Superfluidity

• Helium-3 (Lee, Osheroff, Richardson 1971)

• Superconductors: Charged superfluids of electron pairs

Frictionless flow  Resistance-less current

Condensation of Fermion Pairs

John Bardeen Leon N. Cooper John R. Schrieffer

• Neutron stars

In the core: Quark superfluid



Bosons vs Fermions

EF

e.g.: 1H, 23Na, 6Li2 e.g.: e-, 3He, 6Li, 40K e.g.: e- + p, 23Na+ + e-, 6Li + 6Li

strong interactions

tightly bound

Fermion pairs

weak interactions

TC  TF





/2 | |Fk a
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From BEC to BCS

Weakly Interacting Bosons

→ Strongly Interacting Bosons

→ Strongly Interacting Fermions

→Weakly Interacting Fermions

( )
1

Fk a
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0 1−1
Interparticle Distance

Scattering Length
=



Theory: Eagles, Leggett, Nozières, Schmitt-Rink, Zwerger, Randeria, 

Timmermans, Holland, Strinati, Combescot, Griffin, Stoof, Levin, …

Interaction Parameter 1/kFa

0 -11

TC

- 

0.5

TC/TF

Conventional SC: 10-5…10-4

Superfluid 3He: 10-3

High-TC SC: 10-2

High-TC Superfluid: 0.2

Critical Temperature for Fermionic Superfluidity

0

Scaled to the density of electrons in solids:

Superconductivity far above room temperature!

TF

/2 | |Fk a

C FT T e −

C FT T



Rotating buckets



Rotating superfluid

Superfluids are described by matter wave

The wave has to close in itself

(Example: Vibrating rubber band)

Superfluid does not want to rotate 

Only possibility:

Vortices, “Mini-Tornados”, “Quantum whirlpools”

Only full wavelengths  are allowed

Circulation is only possible in certain

units (“Quanta”), carried by the Vortices



Does it rotate like this?



Aleksei A.

Abrikosov Look from top into the bucket

Like this!

Abrikosov lattice (triangular lattice)



Vortex Arrays
in Bosonic Gases / Fluids

ENS

(J. Dalibard, 2000)

Rubidium BEC

Berkeley

(R.E. Packard, 1979)

Helium-4

Also: Phase engineering

of single vortices in BEC:

JILA (1999)



U. Essmann and H. Träuble,

Physics Letters A, 24, 526 (1967)

Neutral superfluids under rotation

Coriolis force in rotating frame

Superconductors in magnetic field

Lorentz Force

2F mv = 

F qv B= 





Demonstration of superfluidity in a Fermi gas

Ultracold gas



Vortex lattices in the BEC-BCS crossover

M.W. Zwierlein, J.R. Abo-Shaeer, A. Schirotzek, C.H. Schunck, W. Ketterle,

Nature 435, 1047-1051 (2005)



The Unitary Fermi Gas
Only two length scales:

Interparticle spacing

De Broglie wavelength

1/3n−

dB

Only two corresp. energy scales:

Fermi energy

Temperature
FE

Bk T

1/3d n−=





The Unitary Fermi Gas

(Scattering length)-1
0

Only two length scales:

Interparticle spacing

De Broglie wavelength

1/3n−

dB

Only two corresp. energy scales:

Fermi energy

Temperature
FE

Bk T

→ Universal equation of state
Duke/NC State, ENS, JILA, Innsbruck, Swinburne, MIT

3

5
FE NE=

Exp 0.37(1) =

Mark Ku, Ariel Sommer, Lawrence Cheuk, MZ

Science 335, 563-567  (2012)



The Unitary Fermi Gas
Comparison to other dilute Fermi systems

From Cao et al., Jarillo-Herrero, Nature 2018



Transport in Strongly Interacting Systems

e.g. Unitary Gas @ Feshbach Resonance

Mean free path ~ Interparticle spacing d

Average velocity

Quantum Limit of Diffusion (charge, spin, momentum, thermal) 

v
md

D vl
m

A.T. Sommer, M.J.H. Ku, G. Roati, M.W. Zwierlein, Nature 472, 201 (2011)



Sound in strongly interacting Fermi Gases

a

E

B

Feshbach Resonances → e.g. BEC-BCS Crossover

Quantum Gases → Quantum Fluids

Biswaroop

Mukherjee

Parth 

Patel

Dr. Julian 

Struck

Dr. Richard 

Fletcher

Zhenjie 

Yan

P. Patel, Z. Yan, B. Mukherjee, R. Fletcher, J. Struck, MZ, Science, 370, 1222-1226 (2020)



Creating Sound Waves in a Box

d



m
See also: 2D Bose gas, ENS (Dalibard),

3D Bose gas, Cambridge (Hadzibabic), Fermi gas, NCState (Thomas), 2D Fermi Gas, Hamburg (Moritz)



Dispersion relation

400 Hz

700 Hz

c = 1.555±0.005 cm/s

0.15 kF
1 ( m )k  −


(m

s-1
)

P. Patel, Z. Yan, B. Mukherjee, R. Fletcher, J. Struck, MZ, Science, 370, 1222-1226 (2020)



E =  m c2
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P. Patel, Z. Yan, B. Mukherjee, R. Fletcher, J. Struck, MZ, Science, 370, 1222-1226 (2020)



Resonant Modes

P. Patel, Z. Yan, B. Mukherjee, R. Fletcher, J. Struck, MZ, Science, 370, 1222-1226 (2020)



145 Hz 290 Hz 435 Hz

Resonant Modes

1000 Hz200 Hz

m



One-sided shaking: Even and odd

z
 (


m

)
k
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
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P. Patel, Z. Yan, B. Mukherjee, R. Fletcher, J. Struck, MZ, Science, 370, 1222-1226 (2020)



Unitary Hydrodynamics

Continuity equation

Navier-Stokes equation

viscosity damps fluid

thermal conduction

increases entropy

0
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Momentum

Heat
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Sound Diffusivity
due to viscosity &

thermal conductivity
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Dispersion relation

Damping rate:
2Dk =

No bulk viscosity (z) due to scale invariance



Sound resonances

n
th

s
p
a

ti
a

l 
F

o
u
ri

e
r 

a
m

p
lit

u
d
e

A direct measurement of the density response function

P. Patel, Z. Yan, B. Mukherjee, R. Fletcher, J. Struck, MZ, Science, 370, 1222-1226 (2020)



Sound Diffusivity from Sonogram Peaks

Quantum limited sound diffusion
Spin diffusion: Sommer et al., MIT 2011

Viscosity: Schaefer, Thomas (e.g. Science 2011)

Theory: Enss, Haussmann, Zwerger, Taylor, Randeria et al.
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m

=

Quadratic behavior
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Viscosity of Superfluid Helium-4

From: Donnelly, Barenghi, JPC Reference Data, 1998



Viscosity of Superfluid Helium-3
Helium-3 above Tc: Fermi Liquid behavior

Huang et al., Cryogenics 52, 538 (2012)



Viscosity of Superfluid Helium-3
Helium-3 below Tc: Sudden decrease, then constant

Ono et al., 

JLTP 48, 167

1982



Quantum Limited Sound Diffusion

7

3





 from

Enss,
Haussmann,

Zwerger,

Ann. Phys. (2011)

Schäfer et al.,

PRA 2010

Prandtl number < 2/3

F

T
D f

m T

 
=  

  High-T-Limit:

P. Patel, Z. Yan, B. Mukherjee, R. Fletcher, J. Struck, MZ, Science, 370, 1222-1226 (2020)



Comparison to state of the art theory
Quantum critical thermal transport in the unitary Fermi gas

Bernhard Frank, Wilhelm Zwerger, Tilman Enss

Phys. Rev. Research 2, 023301 (2020)



Unitary Two-Fluid Hydrodynamics

Laszlo Tisza

Lev Landau

Continuity equation

Navier-Stokes eq.

viscosity

damps normal fluid

Entropy moving

with normal fluid,

thermal conduction

increases entropy
Superfluid flow:

For 1D flow, linearized:

No other transport coefficients (z1, z2, z4)

due to scale invariance (Son, Stringari&Pitaevskii)

bulk viscosity

normal-superfluid

interconversion

+Thermodynamics relating p, , T, s, 



First and Second Sound
Two fluids → Two sound modes

For small expansivity: Density and Heat

First sound, a density wave

normal and superfluid

oscillate in phase

Second sound, a heat wave,

normal and superfluid oscillate out of phase

Review: Stringari&Pitaevskii

arXiv:1510.01306



Second sound in a box

Apply oscillating gradient to the box

Observation of Second Sound in Quasi-1D geometry:

Sidorenkov et al., Grimm, Stringari&Piatevskii, Nature 2013

On bosons: weakly interacting situation: JILA (Debbie Jin 1996), MIT

Hydrodynamic gas: van der Straten



Second Sound seen in Density



RF absorption spectra 

Col

d

Hot

Hotter

2nd Sound Creation

A local thermometer for heat transport



Second Sound with local thermometer



Density Probe

→ Speeds and Decay rates of First and Second sound

First and Second Sound



Speed of first and second sound
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Z. Yan, P. Patel, B. Mukherjee, R. Fletcher, MZ, in prep. (2021)



Superfluid fraction

Z. Yan, P. Patel, B. Mukherjee, R. Fletcher, MZ, in prep. (2021)

Steady state 

response
Free evolution, resonant shaking

Free evolution, local heater



2nd sound

Rf transfer

Damping of Second Sound
Temperature Probe

Z. Yan, P. Patel, B. Mukherjee, R. Fletcher, MZ, in prep. (2021)



Transition from normal to superfluid



Diffusivity of Second Sound

Z. Yan, P. Patel, B. Mukherjee, R. Fletcher, MZ, in prep. (2021)



Diffusivities in the Unitary Gas

A.T. Sommer, M.J.H. Ku, G. Roati,
MZ, Nature 472, 201 (2011)

Cao et al., John Thomas group,
Science 331, 58 (2011)

Spin diffusivity Kinematic viscosity 

(= momentum diffusivity)

1st Sound diffusivity

P. Patel, Z. Yan, B. Mukherjee,

R. Fletcher, J. Struck, MZ,

Science 370, 1222 (2020)

Diffusivity (charge, spin, momentum, thermal) 

D vl
m

2nd Sound diffusivity



Transport in Strongly Correlated Quantum Gases
Unifying themes of strongly interacting Fermi systems:

Loss of quasi-particle description:

Quantum-Limited diffusivities:

1 /FE − 
D

m


Quantum gas simulators are poised to further elucidate

Interplay between charge, spin, heat and Hall transport

• Universal Sound Diffusion in a Strongly Interacting Fermi Gas

Parth B. Patel, Zhenjie Yan, Biswaroop Mukherjee, Richard J. Fletcher, Julian Struck, MZ

Science, 370, 1222 (2020)

• Spin Transport in a Mott Insulator of Ultracold Fermions

Matthew Nichols, Lawrence Cheuk, Melih Okan, Thomas Hartke, Enrique Mendez, T. 

Senthil, Ehsan Khatami, Hao Zhang, MZ, Science 363, 383 (2019)

• Doublon-Hole Correlations and Fluctuation Thermometry in a Fermi-Hubbard Gas

T. Hartke, B. Oreg, N. Jia, MZ, PRL 125, 113601 (2020)

• Bose polarons near quantum criticality

Zoe Z. Yan, Yiqi Ni, Carsten Robens, MZ, Science, 368, 190-194 (2020) 

• Geometric squeezing into the lowest Landau level

Richard J. Fletcher, Airlia Shaffer, Cedric C. Wilson, Parth B. Patel, Zhenjie Yan, Valentin 

Crépel, Biswaroop Mukherjee, MZ, arXiv:1911.12347 (Science 2021, to be published)



Bosons and Fermions



Bosons and Fermions
BEC 1/Fermi3 Fermi 1 Fermi 2

Fermionic Superfluids NaK Dipolar Molecules Fermi Gas Microscope
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Parth Patel

Zhenjie Yan

Dr. Richard Fletcher
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