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@ Background: Ivié’s works

© Statement of results

© Methods: Kuznetsov—Motohashi formula versus
Kuznetsov-Voronoi approach

© Proof
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Background: Ivi¢’s works

What are Maass forms?

@ Consider SL,(Z)\IH, where H is the hyperbolic upper half plane
H={z=x+iy:y>0}

with SL,(IR) action by the Mobius transform

Z_az+b _fa b
8= o4d 8 \c 4/
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o SLy(R)-invariant metric, measure, and Laplacian on H:

_ d’x+d%y
=g

_ dxdy

d?s ,  du(z) 72 A = y2(0?/9x* + 9%/ dyP).
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@ Consider SL,(Z)\IH, where H is the hyperbolic upper half plane
H={z=x+iy:y>0}

with SL,(IR) action by the Mobius transform
- az+b _fa b
8= o4d 8 \c 4/
o SLy(R)-invariant metric, measure, and Laplacian on H:

_ d’x+d%y
=g

_ dxdy

d?s ,  du(z) 72 A = y2(0?/9x* + 9%/ dyP).

@ Maass cusp forms f are eigenfunctions in L%(SL,(Z)\H) of the
Laplacian A that decay (exponentially) at the cusp oo. Let
Ap =1+ t]% (tr > 0) be the Laplacian eigenvalue of f.
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Background: Ivi¢’s works

What are Maass forms?

Fourier expansion:

@)=Y prlm) VK, @rlnly)e(nz),

n#0
where e(x) = exp(2nix) and K, (y) is the K-Bessel function.
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n#0
where e(x) = exp(2nix) and K, (y) is the K-Bessel function.

Assumptions:
Hecke: f is an eigenfunction of all the Hecke operators T, (n > 1).

=X YAt )
ad n b(mod d)

Let A¢(n) be the Hecke eigenvalues of f.
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Fourier expansion:

@)=Y prlm) VK, @rlnly)e(nz),

n#0
where e(x) = exp(2nix) and K, (y) is the K-Bessel function.

Assumptions:
Hecke: f is an eigenfunction of all the Hecke operators T, (n > 1).

=X YAt )
ad n b(mod d)

Let A¢(n) be the Hecke eigenvalues of f.
Parity: f is either even or odd in the sense that f(—x + iy) = €/f (x + iy) for
€ =T1or -1
o It is known that

pr(x£n) = pr(£1)As(n), pr(=1) = erps(D).
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Background: Ivi¢’s works

What are Maass form L-functions?

Let 98 be an orthonormal basis of (even) Hecke-Maass cusp forms.
For f € R define the L-function L(s, f) (or Hecke series Hf(s) (in Ivi¢’s
notation))

L= A;(:l), Re(s) > 1.
n=1
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What are Maass form L-functions?

Let 98 be an orthonormal basis of (even) Hecke-Maass cusp forms.
For f € R define the L-function L(s, f) (or Hecke series Hf(s) (in Ivi¢’s
notation))

L= ki (:l), Re(s) > 1.

n
n=1

Hecke:
@ It has Euler product.
@ It has analytic continuation to the whole complex plane.
@ It has functional equation:

Al =s,f) = €AGs, f),
with A(s,f) = y(s, tr)L(s, f) for y(s, t) = n°T((s — it)/2)T'((s + it)/2).
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Background: Ivi¢’s works

What are Maass form L-functions?

Let 98 be an orthonormal basis of (even) Hecke-Maass cusp forms.
For f € R define the L-function L(s, f) (or Hecke series Hf(s) (in Ivi¢’s
notation))

L= ki (:l), Re(s) > 1.

n
n=1

Hecke:
@ It has Euler product.
@ It has analytic continuation to the whole complex plane.
@ It has functional equation:

Al =s,f) = € As, f),
with A(s,f) = y(s, tr)L(s, f) for y(s, t) = n°T((s — it)/2)T'((s + it)/2).
We have
o L(},f) = 0if ey = —1 (trivially);
° L(%, f) > 0 (Katok-Sarnak).
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Background: Ivi¢’s works

Moments of Maass-form L-functions

Define ay to be the harmonic weight

(P

%= cosh(mts)”
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AMAT) = ) orL(3.) +‘f |c<1+2zt)|2

tng

Zhi Qi Cubic Moment of Maass Form L-Functions 6/40



Background: Ivi¢’s works

Moments of Maass-form L-functions

Define ay to be the harmonic weight

lor(DP
cosh(mts)”

af =
Define

'C +zt
AMAT) = ) orL(3.) +‘f |c<1+2zt)|2

tng
and forT* <H<T/3

AT H = Y afL(%,f)k+% f

lt;~TI<H T

T+H |C(% + it)|2k
_p 101+ 2it)]2
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Background: Ivi¢’s works

Moments of Maass-form L-functions

Define ay to be the harmonic weight

lor(D)I?
cosh(mts)”

af—

Define

'C +zt
AMAT) = ) orL(3.) +‘f |c<1+2zt)|2

tng
and forT* <H<T/3

2k
T+H C(l +it)
MT,H) =Y afL(%'f)k+% fTH Hdt

|tf—T‘SH

The moment integrals of Riemann C function correspond to
Eisenstein series (continuous spectrum).
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Background: Ivié’s works

Aleksandar Ivié

Aleksandar Ivié (1949-2020)
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Background: Ivié’s works

Ivi¢’'s moment conjectures

A. Ivié. On the moments of Hecke series at central points. Funct. Approx. Comment.
Math., 30:49-82, 2002.
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Background: Ivi¢’s works

Ivi¢’'s moment conjectures

A. Ivié. On the moments of Hecke series at central points. Funct. Approx. Comment.
Math., 30:49-82, 2002.

Ivi¢’s (weak) moment conjecture:
./M/k(T) = sz(kz_k)/z(log T) + OE(T1+Ck+S),

where P._y; is an explicit polynomial of degree (k* —k)/2, and
0<c <1
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Background: Ivi¢’s works

Ivi¢’'s moment conjectures

A. Ivié. On the moments of Hecke series at central points. Funct. Approx. Comment.
Math., 30:49-82, 2002.

Ivi¢’s (weak) moment conjecture:
./M/k(T) = sz(kz_k)/z(log T) + OE(T1+Ck+S),

where P._y; is an explicit polynomial of degree (k* —k)/2, and
0<c <1

Ivi¢’s (strong) moment conjecture: ¢, = 0, or
Mi(T) = T?Po_pyp(log T) + O (T*).

Note: “square-root rule”.

Zhi Qi Cubic Moment of Maass Form L-Functions 8/40



Background:

The moment conjectures of Conrey, Farmer, Keating,
Rubinstein, and Snaith (2005)

Asymptotic formulae for the following example families:
@ unitary: C(% + it), ordered by t.
o symplectic: L(%, )(d), Xda(n) = (dn), ordered by |d|.

e orthogonal: L(%, f), f € Sk(I'o(N)), ordered by k (N fixed) or by N
(k fixed).
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Background: Ivi¢’s works

The moment conjectures of Conrey, Farmer, Keating,
Rubinstein, and Snaith (2005)

Asymptotic formulae for the following example families:
@ unitary: C(% + it), ordered by t.
o symplectic: L(%, )(d), Xda(n) = (dn), ordered by |d|.
e orthogonal: L(%, f), f € Sk(I'o(N)), ordered by k (N fixed) or by N
(k fixed).
The main term: Random Matrix Theory.
The error term: “square root rule”.

The strong moment conjecture of Ivi¢ is the Maass-form analogue of
the moment conjectures of Conrey, Farmer, Keating, Rubinstein, and
Snaith.
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Background: Ivi¢’s works

The moment conjecture for C(% + it)

Define

F(T) = fOT [Ex it)|2kdt,
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Background: Ivi¢’s works

The moment conjecture for C(% + it)

Define

T 2%k
F(T) = fo ot +it)) dt,
then its moment conjecture reads
ZK(T) = TPp(log T) + EK(T),
with Pj a certain polynomial of degree k* and

Ex(T) = O(T"*).
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Background: Ivi¢’s works

The moment conjecture for C(% + it)

@ Casek = 1. E{(T) = O(T'015/4816+¢) — O(T9-31457-) (Littlewood,
1922; ... Bourgain—-Watt, 2018).
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Background: Ivi¢’s works

The moment conjecture for C(% + it)

@ Casek = 1. E{(T) = O(T'015/4816+¢) — O(T9-31457-) (Littlewood,
1922; ... Bourgain—-Watt, 2018). Conjecture: E;(T) = O(T'/*).
o Case k = 2. Ey(T) = O(T*?log® T) (Ingham, 1926; Heath-Brown,
1977; Zavorotnyi, 1989; Ivic-Motohashi, 1995).
@ Casek > 3. Even F(T) = O(T'**) is wide open.
e Case k = 6. F(T) = O(T?**) (Heath-Brown, 1978).
Note: Z(T) = O(T**¢) would imply that for Ivi¢’s conjectures on

M (T) the moment integral of C could be removed and absorbed into
the error term—Maass forms should dominate in Jl(T).
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Background: Ivi¢’s works

Known results on Ivi¢’s conjecture

Recall that Ivi¢’s moment conjecture reads:

C +zt
l = ' 2 1+cx+e
L otlhs K f |C(1+21t)|2 = TP tlogT) + 0T,
<
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Known results on Ivi¢’s conjecture

Recall that Ivi¢’s moment conjecture reads:

C +zt
l = ' 2 1+cx+e
L otlhs K f |C(1+21t)|2 = TP tlogT) + 0T,
<

The best error bounds to date towards Ivié’s conjecture:

@ Case k = 0 (weighted Weyl law (for both even and odd forms)):
O(T/log T) (Kuznetsov, 1981; Ivi¢-Jutila, 2003; Xiaoqing Li, 2011).

e Casek =1: O(Tlog® T) (Ivi¢-Jutila, 2003).
o Case k = 2: O(Tlog® T) (Motohashi, 1992).
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<

The best error bounds to date towards Ivié’s conjecture:
@ Case k = 0 (weighted Weyl law (for both even and odd forms)):
O(T/log T) (Kuznetsov, 1981; Ivi¢-Jutila, 2003; Xiaoqing Li, 2011).
e Casek =1: O(Tlog® T) (Ivi¢-Jutila, 2003).
o Case k = 2: O(Tlog® T) (Motohashi, 1992).
e Case k = 3: O(T%7*¢) (Ivi¢, 2002) c3 = 1/7.
@ Case k = 4: O(T#3+¢) (Kuznetsov, 1999; Ivi¢, 2002) c; = 1/3.
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Known results on Ivi¢’s conjecture

Recall that Ivi¢’s moment conjecture reads:

C +zt
l = ' 2 1+cx+e
L otlhs K f |C(1+21t)|2 = TP tlogT) + 0T,
<

The best error bounds to date towards Ivié’s conjecture:

@ Case k = 0 (weighted Weyl law (for both even and odd forms)):
O(T/log T) (Kuznetsov, 1981; Ivi¢-Jutila, 2003; Xiaoqing Li, 2011).

e Casek =1: O(Tlog® T) (Ivi¢-Jutila, 2003).
o Case k = 2: O(Tlog® T) (Motohashi, 1992).
e Case k = 3: O(T®/7+¢) (Ivi¢, 2002) ¢5 = 1/7.
@ Case k = 4: O(T#3+¢) (Kuznetsov, 1999; Ivi¢, 2002) c; = 1/3.
@ Case k > 5: wide open (Kiral-Young, Blomer-Khan, Khan).
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Background: Ivi¢’s works

Ivi¢’s Lindel6f-on-average bound

A. Ivi¢. On sums of Hecke series in short intervals. J. Théor. Nombres Bordeaux,
13(2):453-468, 2001.

Forany T* <H<KT,

+H |C Lt
afL(%,f)3+ EfT H | (2 +z)

lty=TI<H n Jroy IC(1+2it)2

|6
dt < HT'™.

Recall that the left hand side was denoted by (3(T, H).
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Background: Ivi¢’s works

Ivi¢’s Lindel6f-on-average bound

A. Ivi¢. On sums of Hecke series in short intervals. . Théor. Nombres Bordeaux,
13(2):453-468, 2001.

Forany T* <H<T,

3
aL(L,f) < HT'™.
lt=TI<H

1/3+¢

Consequence: the Weyl-type subconvex bound L(%, f ) <t (choose

H = T¢ and use the non-negativity of L(%, f ) and B <oy < tff).
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Statement of results

Asymptotic formula for J(3(T, H)

Define

6
o [T+ C(1+it)
JM5(T, H) = Z, “fL(%ff)3+_ fT_H ||C(12+2it)||2 '

s
lty~TI<H

Then for any T* < H < T/3 we have
T+H
M3(T,H) = f KPi(log K)dK + O.(T"*),
T-H

where Pg is an explicit cubic polynomial.
This is a refinement of Ivi¢’s Lindelof-on-average bound.
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Statement of results

Asymptotic formula for ./ﬂg(T, M) (smoothed variant)

Define
L (]

3
AT, M) = Y (L, f) kr(ty) + 7). jC( + 2P

feR

krm(t)dt,

where
kTM(t) — e—(t‘—T)z/M2 + e—(t+T)2/M2.
Then for any T < M < T'™¢ we have
ME(T, M) = VIMTP(log T) + O (T™*).

This also implies Ivi¢’s Lindel6f-on-average bound.
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Statement of results

Asymptotic formula for Jl3(T)

Define
6
1 .
s o 7 [ad )
Ms(T) =Y afL(L,f) += ——dt.
(1) tf; L) + o ICA+2it)?
Then we have
M3(T) = T*P3(log T) + O(T'*),
for an explicit cubic polynomial Ps.

This verifies Ivi¢’s strong conjecture in the case k = 3.
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Asymptotic formula for Jl3(T)

Define
6
1 .
s o 7 [ad )
Ms(T) =Y afL(L,f) += ——dt.
(1) tf; L) + o ICA+2it)?
Then we have
M3(T) = T*P3(log T) + O(T'*),
for an explicit cubic polynomial Ps.

This verifies Ivi¢’s strong conjecture in the case k = 3.
d(K2P5(log K))

————2 = = KPi(log K).

dK 3(log K)
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Statement of results

A connection between J/(3(T, H) and ./%;(T, %))

The unsmoothing lemma below is essentially due to Motohashi, Ivi¢,
and Jutila (they used a log T version).

Lemma

For T¢ < M < H < T/3 we have

1 T+H

VM Jr-n

Ms(T,H) = MK, M)AK + O (MT"*).
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Statement of results

A connection between J/(3(T, H) and ./%;(T, %))

The unsmoothing lemma below is essentially due to Motohashi, Ivi¢,
and Jutila (they used a log T version).

Lemma

For T¢ < M < H < T/3 we have

1 T+H
VM Jr-n

@ The optimal choice of M is T¢. (The case M = T* is usually hard.)

@ The error term can not be better than O(T'*¢). (Xiaoging Li used
another method to achieve O(T/ log T) in her weighted Weyl law.)

Ms(T,H) = MK, M)AK + O (MT"*).
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Methods

Ivi¢’s approach: Kuznetsov—-Motohashi formula

In Ivi¢’s works, he used an explicit formula of Kuznetsov and
Motohashi for the twisted second moment of central L-values.
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Methods

Ivi¢’s approach: Kuznetsov—-Motohashi formula

In Ivi¢’s works, he used an explicit formula of Kuznetsov and
Motohashi for the twisted second moment of central L-values.

Define
s ’c(% + it)|4

o) = Y gL (3, F) At + ~ NGRS

feR

Tir(mh(t)dt,

with
7s(n) = T_s(n) = z(a/b)s.

ab=n
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Methods

Ivi¢’s approach: Kuznetsov—-Motohashi formula

In Ivi¢’s works, he used an explicit formula of Kuznetsov and
Motohashi for the twisted second moment of central L-values.

Define
s ’c(% + it)|4

M) = Y oL (4 f) Astnphtt) + ~ R

feR

Tir(mh(t)dt,

with
T,(n) = (1) = ) (@/b)"
ab=n

The Kuznetsov—Motohashi formula reads
Mo(n;h) = FHr(n;h) + -+ - + He(n; h),

where #,(n; h) are explicit in terms of the divisor function 7 = 79 and
certain integral transforms of & (roughly speaking, #»(n; h), #3(n; h),
and #4(n; h) are shifted convolution sums of 7).

Zhi Qi Cubic Moment of Maass Form L-Functions 18/40



Methods

Kuznetsov—Motohashi formula

o It follows from the Kuznetsov trace formula with K-Bessel
function.

@ Itis very explicit (no need for the approximate functional
equation).
@ Itis easy to see the main term.
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The Kuznetsov—-Motohashi formula is very effective in Motohashi’s
treatment of the (twisted) second moment.
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Methods

Kuznetsov—Motohashi formula

o It follows from the Kuznetsov trace formula with K-Bessel
function.

@ Itis very explicit (no need for the approximate functional
equation).
@ Itis easy to see the main term.

The Kuznetsov—-Motohashi formula is very effective in Motohashi’s
treatment of the (twisted) second moment.

There however seem to be losses when Ivi¢ applied it to the cubic
moment sum by averaging Jl,(1; h) over n (using AFE (approximate
functional equation)).
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Methods

Kuznetsov—Voronoi approach a la Conrey-Iwaniec

J. B. Conrey and H. Iwaniec. The cubic moment of central values of automorphic
L-functions. Ann. of Math. (2),151(3):1175-1216, 2000.
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Methods

Kuznetsov—Voronoi approach a la Conrey-Iwaniec

J. B. Conrey and H. Iwaniec. The cubic moment of central values of automorphic
L-functions. Ann. of Math. (2),151(3):1175-1216, 2000.

The “Kuznetsov—Voronoi” approach of Conrey and Iwaniec:

@ Petersson—-Kuznetsov trace formula (after AFE).
@ Poisson—Voronoi summation formula.
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Methods

Kuznetsov—Voronoi approach a la Conrey-Iwaniec

J. B. Conrey and H. Iwaniec. The cubic moment of central values of automorphic
L-functions. Ann. of Math. (2),151(3):1175-1216, 2000.

The “Kuznetsov—Voronoi” approach of Conrey and Iwaniec:

@ Petersson—-Kuznetsov trace formula (after AFE).

@ Poisson—Voronoi summation formula.
Now, the work of Conrey-Iwaniec may be interpreted as the inverse
of the Motohashi formula or a reciprocity formula (Young, Petrow,

Nelson, Han Wu, Blomer, Khan, Humphries, and Chung-Hang
Kwan, etc.).
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Methods

Kuznetsov—Voronoi approach a la Conrey-Iwaniec

X. Li. Bounds for GL(3) x GL(2) L-functions and GL(3) L-functions. Ann. of Math. (2),
173(1):301-336, 2011.

M. P. Young. Weyl-type hybrid subconvexity bounds for twisted L-functions and
Heegner points on shrinking sets. J. Eur. Math. Soc. (JEMS), 19(5):1545-1576, 2017.

The “Kuznetsov-Voronoi” approach of Conrey and Iwaniec:

@ Petersson—-Kuznetsov trace formula (after AFE).

@ Poisson—Voronoi summation formula.
Now, the work of Conrey-Iwaniec may be interpreted as the inverse
of the Motohashi formula or a reciprocity formula (Young, Petrow,
Nelson, Han Wu, Blomer, Khan, Humphries, and Chung-Hang
Kwan, etc.).

@ Conrey and Iwaniec treat the g-aspect.
@ We treat the spectral aspect and use the analysis of Xiaoqing Li
and Young (second Voronoi and large sieve).
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Methods

Motivation: Nonvanishing problem for Maass forms

Need asymptotic formulae for the twisted (mollified) first and second
moment.

@ Shenhui Liu, Balkanova-Bingrong Huang-Sodergren
(Kuznetsov—Motohashi),

@ Sheng-chi Liu—Q. (Kuznetsov—Voronof).

Sheng-chi Liu and I also solved the nonvanishing problem over
imaginary quadratic fields by the Kuznetsov—Voronoi approach.
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@ Sheng-chi Liu—Q. (Kuznetsov—Voronof).
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Maass-form case:

Kuznetsov—Voronoi ~ Kuznetsov—-Motohashi
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moment.
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@ Sheng-chi Liu—Q. (Kuznetsov—Voronof).

Sheng-chi Liu and I also solved the nonvanishing problem over
imaginary quadratic fields by the Kuznetsov—Voronoi approach.

Maass-form case:
Kuznetsov—Voronoi ~ Kuznetsov—-Motohashi
Holomorphic case:

Petersson—Voronoi = Kuznetsov (Balkanova—Frolenkov)
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Methods

Motivation: Nonvanishing problem for Maass forms

Need asymptotic formulae for the twisted (mollified) first and second
moment.

@ Shenhui Liu, Balkanova-Bingrong Huang-Sodergren
(Kuznetsov—Motohashi),

@ Sheng-chi Liu—Q. (Kuznetsov—Voronof).

Sheng-chi Liu and I also solved the nonvanishing problem over
imaginary quadratic fields by the Kuznetsov—Voronoi approach.

Maass-form case:
Kuznetsov—Voronoi =~ Kuznetsov—-Motohashi
Holomorphic case:
Petersson—Voronoi = Kuznetsov (Balkanova—Frolenkov)

Note: the main term comes from the diagonal and the zero frequency.
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Bessel kernel

For real x > 0 and complex s define Bessel kernel

Bs(x) = (J-2s(4mVR) ~ s (4 VR)),  By(—x) = 4 cos(mis)Kas (471 V).

(S)
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Bessel kernel

For real x > 0 and complex s define Bessel kernel

T
sin(7s)

Bi(x) = (J-2:(4m VD) = Jas(4nVR)), - Be(~x) = 4 cos(ms)Kas(dm V).

@ Bessel integral in Kuznetsov:

F(x) = 2%12 f ) h(t)Bir(x) tanh(ret)tdt.
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Bessel kernel

For real x > 0 and complex s define Bessel kernel

T
sin(7s)

Bi(x) = (J-2:(4m VD) = Jas(4nVR)), - Be(~x) = 4 cos(ms)Kas(dm V).

@ Plancherel integral in Kuznetsov (diagonal):

= L f h(t) tanh(reb)td .
212 J_o
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Bessel kernel

For real x > 0 and complex s define Bessel kernel

By(x) = (J-2s(4m VD) = Jas(4nVR)), - Be(~x) = 4 cos(ms)Kas(dm V).

( s)

@ Bessel integral in Kuznetsov:

F(x) = ﬁ f ) h(t)By (x) tanh(ret)tdt.

@ Hankel transform in Voronoi:
wo(y) = f w(x)Bo(xy)dx.
0

o) = ¥, CEL D o), o - o ST
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Bessel kernel

For real x > 0 and complex s define Bessel kernel

Bs(x) =

in( s)(] 25(4TTVX) = Jos 471\/_)) By(—x) = 4 cos(1ts)Kas (471 V).

@ Plancherel integral in Kuznetsov (diagonal):
1

(7€=—f h(t) tanh(ret)tdt.
212 ) _o

@ Mellin integrals in Voronoi (zero frequency):

wo(0) = foo w(x)dx, wy(0) = foo w(x) log xdx
0 0
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Proof

Kuznetsov trace formula

For 11,1, > 1 we have

X Myt + o [ hitayzatm)mue)dr

feRB
S(Tll/ +1y;C) ninp
= Omm + Z‘ Z ( c? )

with

lor ()P 2 4

% = cosh(nty) ~ L(1,Sym2f)’ 0 = T 2me
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Proof

Poisson and Voronoi summation formula

Poisson:

Lgho- L )

m=a(mod c)

where W is the Fourier transform of w.
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Proof

Poisson and Voronoi summation formula

Poisson:

Lgho- L )

m=a(mod c)

where W is the Fourier transform of w.

Voronoi:

c Z T(n)e(—a?n)w(n) = 2(y — log c)wo(0) + wy(0) + Z T(m)e(ﬁTm)%o(g).

n m#0
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L. f)> = L(s,f)? - L(s.f)-
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L(s,f)* = L(s,f)* - L(s, ).

A A
L(s,f)zZ%, L(s,f)? = C(Z)Z f(I’l)T(Tl)'
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Tit(n)

s + i) (s — it) = Z e CEs it)2C(s — it)? = C(ZS)Z %):(”)

Zhi Qi Cubic Moment of Maass Form L-Functions 25/40



Ls.f)> = L(s.f)? - L(s.f)-

A A
Lo = 500 L= Y A,

A
p=2 Y 2 ), L P2y f‘”’“"’.

<flte <2+
nt ntf
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L(s,f)* = L(s,f)* - L(s, ).

A
1= Y 20, 1o = e Y L

\/;\,—1 Z Ap(n1)wn (17\1711)’ \/LN_Z Z Af(n2)t(n2)w, (;\l—é),

for N; < T'*¢ and N, < T?*.
It is most convenient to use a version of AFE of Blomer.
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Setup

o Apply AFE to L} = JL5(T, M):

\/I\% Z Z T(n7) Zaf/\f(m))tf(nz)wl (;\%)wz (%)k(tf) Feen,

ny,ny feR

with
k() = kyp(t) = e T IM o o=@V,
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Setup

o Apply AFE to Jl} = (T, M):

\/I\WZZT(nZ)Zaf/\f(nl)/\f(HZ)wl( ) 2(%)]((15]()4_...,

1,12 feR

with
k() = kpp(t) = e T IM o=@ /ME

@ The off-diagonal sum after Kuznetsov:

o DL L Xt = o () (e )

c 1,1

with .
H(x) ~ Lf k(#)Bit(x) tanh(mtf)tdt.
212 J_ o
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Setup

° Apply AFE to ﬂ/éh = J%h(T M):

m Z Z T(nz) Zaf/\f(m)Af(nz)wl ( ) Wy (%)k(tf) T

ny,ny fEE‘B
with
k(t) = kpp(t) = e CTM 4 o (T2 /M

@ The off-diagonal sum after Kuznetsov:

i LLL Lo e (s

c N1,

with
w*(x1, X2; A) = Wi (1) W (x2) H(£Ax1x2),

H(x) ~ % j:oo k(t)Bj(x) tanh(7tt)tdt.
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The main term

The main term becomes transparent after the Voronoi—half is from
the diagonal term in Kuznetsov and half is from the zero frequency
after Voronoi.
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The error term

@ Arithmetic part:
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The error term

@ Arithmetic part:

Kloosterman S(1n1, +1,; c) in the off-diagonal terms Voronoi
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The error term

@ Arithmetic part:

Kloosterman S(1n1, +1,; c) in the off-diagonal terms Voronoi

. _ . . Poisson
Ramanujan sum S(n; F my, 0;¢) in the nonzero frequencies ——
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The error term

@ Arithmetic part:

Kloosterman S(1n1, +1,; c) in the off-diagonal terms Voronoi

. _ . . Poisson
Ramanujan sum S(n; F my, 0;¢) in the nonzero frequencies ——

Exponential factor e(+m;m;/c) + condition (my,c) = 1.
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The error term

@ Arithmetic part:

Kloosterman S(1n1, +1,; c) in the off-diagonal terms Voronoi

. . . Poisson
Ramanujan sum S(n; F my, 0;¢) in the nonzero frequencies ——
Exponential factor e(+m;m;/c) + condition (my,c) = 1.

@ Analytic part:
Fourier-Hankel transform of Bessel integrals.
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Proof

Analysis for the Bessel integrals

F(x) = JHo(x) + F_(x),
with ,
M¢ /M
F.(x*) ~ MT f g(Mr)e(Tr/m ¥ 2x cosh r)dr,
_Mt‘/M
Mt /M
Fo(=x2) = MTf g(Mr)e(Tr/m £+ 2x sinh r)dr,
—-M#/M

2
g(r) = me
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Proof

Analysis for the Bessel integrals

F(x) = JHo(x) + F_(x),
with ;
Mt /M
FH.o(x*) ~ MT f g(Mr)e(Tr/m F 2x coshr)dr,
-Me¢/M

Mé [M
FHo(—x*) = MT f g(Mr)e(Tr/m £ 2x sinh r)dr,
_Ms/M

2
g(r) = me

e F(x?) is negligibly small unless x > M~*T,
o #(—x?) is negligibly small unless x < T.
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Proof

Analysis for the Fourier-Hankel transform

w*(x1, x0; A) = w1 (1)wa(x2)H(xAx1x2).

5+(y1,yz;/l)=f f w* (1, X2; A)e(—x1y1)Bo(x2y2)dx1 dxs.
0o Jo
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Proof

Analysis for the Fourier-Hankel transform

w*(x1, x0; A) = w1 (1)wa(x2)H(xAx1x2).
5i(y1,yz;A) = f f w* (1, X2; A)e(—x1y1)Bo(x2y2)dx1 dxs.
0o Jo

By stationary phase analysis (after Young), we get

T .
D= (y112/AN),

M
Viviyel

e(2y1y2 A0 (g1, yo; A) ~

for

1l < V2.
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Proof

Analysis for the Fourier-Hankel transform

Letx = y1y2/A and x < X.
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Proof

Analysis for the Fourier-Hankel transform

Letx = y1y2/A and x < X.
O*(x) = f e(Tr/m — x tanh? r)V* (r)dr,

O (x) = f e(Tr/ 7 — x coth? )V~ (r)dr,
where V*(r), V7(r) are supported in
r=U"/T, Irl=U/T,

with
u+ =T1%/1X|, u- = IX|T2.
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Proof

Analysis for the Fourier-Hankel transform

Conditions:

IX|= VA, T< VA/M'™S,
or

T= VA, X< VA/MS,

in the *+-case.
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Proof

Analysis for the Fourier-Hankel transform

Conditions:

IX|= VA, T< VA/M'™S,
or

T= VA, X< VA/MS,

in the *+-case.

Note: U* < T/M¢.
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Proof

Aside: The average process

Recall that
TeH
M3(T,H) = —— M (K, MYAK + O (MT*).
3(T, H) Ny 5(K,M) e )
Need to change T into K and average over [T — H, T + H] (it is clear
that K < T).

Zhi Qi Cubic Moment of Maass Form L-Functions 33/40



Proof

Aside: The average process

Recall that
TeH
M3(T,H) = —— (K, M)dK + O (MT"*).
3(T, H) Ny 5(K,M) e )
Need to change T into K and average over [T — H, T + H] (it is clear
that K < T).
This is easy.
T+H T+H T+H
_ Ke(Kr/m) 1
M o Ke(Kr/m)dK = M |y 20 M oy e(Kr/m)dK.
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Proof

Aside: The average process

Recall that
TeH
M3(T,H) = —— (K, M)dK + O (MT"*).
3(T, H) Ny 5(K,M) e )
Need to change T into K and average over [T — H, T + H] (it is clear
that K < T).
This is easy.
T+H T+H T+H
_ Ke(Kr/m) 1
M o Ke(Kr/m)dK = M |y 20 M oy e(Kr/m)dK.

Essentially, we have the same kind of ®-integrals but we lose T/MU*:

VE@r) — VE@r)/rM = T/MU* - VE(r).

Zhi Qi Cubic Moment of Maass Form L-Functions 33/40



Proof

Analysis for the Fourier-Hankel transform

By Mellin technique (after Young), we have

o)== [ Az,
T [H=<UEE ’

for )\;—'(,T(t) < 1 (with implied constant independent on the parameters
X and T). Again

ut =T?%/|X|, U- = +/IX|T2.
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Conclusion

We arrive at:

MTY Y Y e (),

c>0 |m1| m2>0
(my,0)=1

which is bounded by the supremum of

mr [ eSSl
|H=U*
__ 1 1 h (m)
5i(C) = Z e o) = Z —a oal) = Z pypEl

c~C m~L m~L
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Conclusion

MT* f |Si(C*)Si(LE)SE(LE)|dt,
|=Lr*

1 1 b T(ﬂ’l)
56 =) T SD=) —m, S =) 5,

c~C m~L m~L
for dyadic parameters C*, L}, and L3 in the ranges

VN1N> LyN>

C+ < Ml_sT 7 L:f < N1 12 L; = Nll
N LN
e YNNe o NV N
T 1 N, 27 M2
and for
i, ,3/L1*L2*T2
=L N2

Ll Ve
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Cauchy-Schwarz

By Cauchy-Schwarz:

& 4 ]2 1/2 N 1/2
ur ([ tsesanfa) ([ sasfa)
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Another Voronoi

e By

tw(n) T(m)
an/z—it ~ Z ml/2+it’

n=N m=<t2/N

we can always reduce the length of summation of Sft(Lf) to at
most (|{| <)U*.
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Another Voronoi

e By
Z tw(n) T(m)
1/2—it ~ Z 1/2+it”
n=N n m=t2/N m

we can always reduce the length of summation of Sft(Lf) to at
most (|{| <)U*.

@ We check that the length of summation of S;;(C*)Si(L}) is already
less than U*. (C*LT < U*T*.)
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Gallagher’s large sieve

By a special case of Gallagher’s large sieve:

T .
[|Z e
-T
we infer that

‘ * 2 o b7y 2
Mr (]|IZ|XLI+ |Sit(c )Sit(L1)| dt) (f|t‘|xu* 'Sit(Lz)l dt)

is bounded by

2
dt < Z(T +1)lanl?,
n

1/2

MT® - VU* - VU= = MU*T®.
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Conclusion

For ./M; note that U* < T/M'~¢ and hence
MU*T® < T,

For Jil 3 recall that we lost T/MU* when applying the average
process, but we still have (no matter how we choose M)

MU*T? - T/MU* = T'*.
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Thank You!
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