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G H a homogeneous space T C G a discrete subgp

If T a is proper and free

TIG H admits a canonical manifold structure that makes

下 G H ー ー HG H a covering map

Def We call such TIG H

a Clifford Klein form of Ct
C K form

Rink proper not free ws orbifold s

not proper us non Hausdorff pathological
t



A G invariant Geometria Strut ture on
G H

us the corresponding geometric Structure on 51 G H

Conversely one can sometimes prove that

a manifold equipped with a very nile

geometric Structure

must be a Clifford Klein form



Example spaces of constant negative curvatures

Det 7 1 に n xptq e RP
を が ー ぶてptj く

negative definite lines in RPE1

is called the pseudo Riemannian hyperbolic space

Rmk 1で HP 1109 RPE

Isom H PO p.at1 O p.Et1 社 y

POLP 9 1
pop g x on

三
11ᵗʰ di feo



Let 1で 9 be the universal cover of 19

He 0 P 9 17
0 p q for 932

Fait Clifford Klein forms of Ha
1 1

がいどないでいで た の
1 1

Complete pseudo Riem mtds of signature q.p

with sectional curvature 三 1



In this talk we consider the following problem

Prd Given a homogeneous space
G H

determine if it admits a compact Ck form
ー ー

ー ー ー

often simply called a compact quotient

A special case G H He

Determine all p.q N such that

a compact complete pseudo Rem mfd of signature p.q

with sectional curvature 三 1



t

Rmk If G is linear by Selberg's lemma

a compact quotient of G H

T c G torsion free discrete subgp

s.t.TNG H is proper and cocompact

The problem is insensitive to

passing to linear finite covers of G

adding compact factors to H etc



We list major approaches for this problem i

Structure theory of red native Lie groups
l properness criterion in terms of the KAK decoup

Kobayashi 89 92 Benoist 96 M 21 t
T

systematic search for examples Okuda Bochenski

or Homogeneous dynamics zimmer's cocycle superrigidity

Zimmer 94 Labour ie Mozes Zimmer 95

Labour ie Zimmer 95

Infinite dimensional unitary representation theory

decay of matrix w ici ents

Margulis 97 Oh 98 Shalom 00



de Rham and relative Lie algebra ahomolog ies

I Hirzebruch's proportionality principle Sullivan model

Kulkarni 87 Kobayashi Ono 90

Benoist Labour ie 92 M 15 17 Tholo zan 15

Geometric group theory
Anosou representations solution to the Sharpness Conj

Kassel Tho lo zan I in preparation



A nine thing about the existence problem of

compact quotients is that different methods often give

partially overlapping but different results

We may see this problem as

one of the crossroads in mathematics



Ex Known results for GH H or He

a compact quotient if

p q o n In o 12n 1 14n 3 18.71

ぶ all hのfolds Kulkarni 81 Kobayashi 94

a compact quotient if

q P 1 1 Calabi Markus 62 Wolf 62 Kobayashi 89

1p q 2n 1 2n 1n 31 Benoist 96

pg p y my
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10 日 も 車 も 車 も 車 も 車 も 車 も 車 も

9 日 も 車 も 車 も 車 も 車 も 車 も 1
8 日 中 車 も 車 も 車 も 車 も 車 も 尹
ヲ ヨ 事 も 車 も 車 も 車 ヨ 丰 も 車 も

6 日 車 も 車 も 尹 尹 や 尹 尹 尹 尹
5 ヨ 尹 尹 尹 尹 尹 尹 や 尹 申 申

4 ヨ 尹 尹 尹 や 尹 も 車 も 車 も

3 日 車 や 車 ヨ 申 尹 ヨ 尹 尹 ヨ 尹 ヨ ヨ

2 日 も 車 も 車 も 車 も 車 も

1 ヨ 尹 ヨ 申 ヨ 尹 ヨ 尹 ヨ 尹 ヨ 尹 ヨ 尹 ヨ 尹 ヨ

o ヨ ヨ ヨ ヨ ヨ ヨ ヨ ヨ ヨ ヨ ヨ ヨ ヨ ヨ ヨ ヨ ヨ
q
p 0 7 2 3 4 5 6 7 8 9 10 17 12 13 14 15 16
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Today I give a new necessary condition for

the existence of compast Ck forms

It is formulated in terms of

algebraic topology of sphere bundles

Before stating our new necessary condition

let us see some consequences in con irate examples



Constant sectional curvature 生 Kobayashi Yoshino 05

on tha tangential version

Let h q 1
L

L y
9 ミ 0.6.7 mod g

a 三 1.2.3.45 md

8yTh Kassel M Tho lo zan

1 11ᵗʰ admits a compact CK form only when

p is divisible by 2
を 1

P N 2 N 4N 8IN 16 IN 32 IN 64 N 128 IN

9 0 1 2 3 4.5.6.7 8 9 10 11 12 13.14.15

i.e a compact complete pseudo Riem mfd of sect curv 三 1

can exist only when the signature p.q is one of the above
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Simple symmetric spaces

Let G H be a simple symmetric space i.e

G a simple Lie group

UH
the fixed print subgp by an involution on G

Assume H noncompact G H



Fact Kulkarni 81 Kobayashi 90 s

GH admits a compact Ck form if

it is locally isomorphic to one of the following

5012 い 2
s 0 2n 1 x on

50 2 21
V1n 1

1

5014h 41
51014n 3 0に1 が 3

501881
51018.71 0111 7187

SV 2n21
s o 2n 1 x on

S で 2n 2

spin 1

5014.3
s o 4 n x 012

5044
5 1014.1 0 3

50184
S1017.4 0n.ci

5089
5017.1



Thm Kassel M Tho lo zan Kobayashi 92 Benoist 96

Tho lo zan 15t M 17 19 Kassel Tho lo zan

G H a simple sym space not belonging to the previous list

Then G H does not admit a compact Ck form

possibly except for the following four cases

i SO p 9 9 stop.g x og p is divisible by IR q 9

1 店
ルツ

iii SP'P 9191
sp.gg x spig が 19 8

iv 50 n.nl
so 2n In odd definitions omitted

jR1q 1 2
と 1



Rmkee If we could prove the ピー triviality of N

the cases i with g 2 ii iii would be excluded

If furthermore we could prove the GF Conj

the case iv would be excluded

i with q 1 seems to be the hardest case

lie 1 1 p is divisible by 2



SL n R
SL m R

Th Kassel M Tholo zan Kassel Tholo zan

SL n R
s m R n m 2

does not admit a compact Ck form

Rmk Today's main theorem all cases but

SL14 R
su3 R and

548 R
SL 7 R

Kassel Tho lo zan n mt 1



t

Rink Although our new neessay condition is

quite powerful in many cases

it does not cover some easy cases

For instance our new method does not cover

the case of H
G

GL 3 R x GL 1 R

whereas many previous methods Cover it

e.g Kobayashi 89 Kobayashi Ono So Benoist Labourie 92

t
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In the mid ー 70s Tho lo zan proposed

a conjectural picture of compact CK forms

which he calls the Geometric Fibration Conjecture
GF Conj

first formulated in 15

discussed in detail in his Habilitation Thesis 21

Our main theorem is inspired by this conjecture



Setting G a linear reductive Lie group
v

H reductive in G

T A G H proper cocpt T torsion free

Take a max compact subgp K of G

so that Kn H is a max compact subgp of

H.msWe obtain the following double fibration

T'G Kn H
兀p fp

p
G
H

L fibre Mkn H fibre YknH
p
G
kcontraitible comp at l





Pmk The Geometric Fibration Conjest ure

asserts in particular that

a smooth fibre bundle t'G H は M

with total spare t'G H and typical fibre K
KH



Ex G H 1で PO n 2
PC om.nl x on

the anti de Sitter space Ads
1

K P 01ml 0121 K n H P Om x On 0111

us based timelike geodesics
in fl Ads

n 1

H
Ads fibre が fibre Rpn

time like geodesics

in f1 Ads
nt1

The GF Conj says that il Ads should admit

a foliation by time like geodesics



Obviously one can rephrase GF Conj as follows

GF Conj rephrased

51G H a compact CK form with T torsion free

G
kn H兀 p

G
H

L fibre Mkn H fibre YknH G
kcontraitible compat l

Then M C G K a P invariant submfd
F
g MI G Hsit I induces a differ f M



Supporting evi denies

1 GF Conj is true for standard compact CK forms

LC G a connected closed subgp

L P th

to a oon_e use subsp

uns M
h

kn L has the required property



ヽ

M i To an abstract torsion free discrete group

we
Ji To Ces G a dis irate embedding s.t

j To
1 G H is a compact CK form

gye

Y j em G F Cong is true for j IT
で H

is open in NL

In particular GF Gnj is true for

a small deformation of standard Compact CK forms



13 GF Conj is true for the compact CK forms of
G
H

PO n 1 P0 n 1
diag PO n 1

Guev it and Kassel 17

n 2 anti de Sitter 3 manifolds

Rmk Let n 2 and To i T きj シ
m I j To s G a discrete embedding s.t

j To
G
H is a compact Ck form l

conj.isnot connected Sale in 00

But 13 says that GF Conj is true for every point of m



14 GF Conj is true for the compact CK forms of
G
H

0 2n 2
で n 1

follows from Monchair Schlenker Tholo zan 23

and Kassel Tho lo zan

Rmk Monclair Sshdenker Thilo zan 23 proved that

for n 2 a compact Clifford Klein form T
G
H

S.t T is not isomorphic to any
cocompact hatti ie of

any reductive Lie group

But 4 says that GF Conj is true even for such T
t



N the normal bundle of kn it in GH

Prop Assume the GF Conj is true

Then G H admits a compact CK form only when

N is a trivial vector bundle

Rmk conjectured by Kobayashi Yoshino

in mid 0s



Sketch of proof It GF Conj were true we have

kn H
兀 p

GH L U
G
Kp M

11 u

YH ai年eo kn H fibre Mbundle

f M

でも っ 一川
が 四



In summary

Prop If GF Conj is true then

admits a compact CK form only when

the vector bundle N K 爫 P n L

is trivial

し
Rmk conjectured by Kobayashi Yoshino

in mid ー o o s
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We proved a somewhat weaker result

without assuming the GF Conj

Main Theorem Kassel M Tho lo zan

G H K N as before

SINI the unit sphere bundle for N

Then G H admits a compact Ck form only when

S N has the same fibre wise homotopy type as

the trivial sphere bundef on
K kn H

next slide



B a topological spare

下 X B 尤 X ー っ B cont maps

Det 11 to.fi X X cont maps over B
ア

compatible with た 犬

to 3 fr G
ョ
F X X o 11 X cont over B

fibrewise homotopic s.t.FI xx guy fo.FI xx int ft

2 X has the same fibrewise homotopy type as X

は ヨ
f X メ ヨ

t X X cont over

Bs.tf'of idx f'of β idx



Rmk N trivial as a vector bundle

ISN C trivial as a fibre bundle

I do not know

it holds

S N ピー trivial as a fibre bundle

Counterexample

1 年 くー PV 24 2
p V124.1 で 17

S N has the same fibrewise homotopy type as

the trivial sphere bundle



Ex GH H 1 P0 P 9 1
p op.g x om

YknH RPE N tautological line bundle
P

Fait Adams 62 V actor fields on spheres

In this situation S N has the same fibrewise homotopy

type as the trivial sphere bundle

if and only if p is divisible by 29

h q 1
L 9三 0.6.7 mod 8 1
1921 1 19三 1.2.3.4 5 mod 8

71 has a compact Ck form only when 2ⁿᵈで 1 p



Sketch of proof of main theorem

N K 品 中 nq 中 に た
q g

ing

K 前 や n q Es G di feo

k X 1 k exp x Kobayashi 89

G
kn H

兀 f
G に ー

す

G
kヨ

o a T equivariant section

the fibre H
kn H is contractible



g G
ヤ not is

a
contractible

p n q cos G H can 9k nH
4 4

X 1 s exp Xl H

Put 王 K
kn H P n q G

H

EN.lix っ よ IX a

き is incompatible with the projections onto YknH

Constru it a fibrewise homotopy equivalence from 王

use TAG H co cpt 5 T equivariant 四



Thank you












