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Maass forms

Let H={z=x+1iy:y >0}. v € SLy(R) acts on z € H by
Mobius transformation v -z = Zig A Maass cusp form f for
SLo(Z) is a non-zero function f € L?(SL(2,Z)\H), vanishes at the
cusp oo, and is an eigenfunction of the Laplace operator

A= yz(a—2 2%, It admits Fourier expansion

= 57 pe(n) V7K (2rlnly)e(nx).
n#0

Assume f is an eigenfunction of all the Hecke operators T,,
pr(£n) = pr(£1)Ar(n). For f a Hecke-Maass cusp form we define

1 5) =3 M) (Res) > 1),

nS
n>1



Given F an automorphic form on GLg, let Ag(n) be its associated
Hecke eigenvalues. Let

L(Fs)=Y )";(S”), Rs > 1

n>1

be the L-function attached to F. Define the completed L-function

d
A(F,s) = qin% I1 rEL L, s),
J:

where gF is the “arithmetic conductor” of L(F,s), and x; € C are
local parameters of L(F,s) at infinity.
This satisfies a functional equation

A(F,s) =e(F)N(F,1—s),

where £(F) (of absolute value 1) is the root number.



Analytic Conductor

Associated to L(F,1/2) one defines the "Analytic Conductor’
(lwaniec=Sarnak, 2000)

d
H 1+ s+ xjl),

measuring the “complexity” of L(F,1/2) as F varies.
Examples:

o if F = x| -|" where y : Dirichlet character modulo g and
|- |t:n— n’t, then

Q(F) = q(1 + [t]).

e if Fis a cusp form on Ng(q)\H of weight kg (if F is
holomorphic) or of Laplacian eigenvalue 1/4 + k2 (if F is
Maass), then

Q(F) = q(1 + [ke[?).



The subconvexity problem

The Phragmén—Lindelof principle = Convexity bound:
L(F,1/2) < Q(F)Y/*Fe),
GRH = the Generalised Lindelof hypothesis:
L(F,1/2) < Q(F)~.
The subconvexity problem: Find an § > 0 such that

L(F,1/2) < Q(F)Y4=9.



Subconvexity on Gl

o t-aspect (i.e., F =|-|): Weyl (1922)
C(1/2+ it) < (1+|t])s o,

Subsequent works by many authors. Bourgain (1/6 — 13/84).
@ g-aspect: Burgess (1963), x mod g Dirichlet characters

L(x,1/2 + it) < g*/10te().
and Weyl-bound
L(x,1/2) < g*/6Fo()

by Conrey—Iwaniec/Petrow—Young, Nelson,
Balkanova—Frolenkov—Wu, etc.

In general for F € GLq, the first cases to study is for F that
admits factorization, e.g.,

F=1fxyx, ffixed, xvarying.



The GL; case: twist aspect

Let x mod g be Dirichlet characters, f be GLy cusp forms, and let
L(f x x,s) = anl Ar(n)x(n)n—=.

Theorem (Duke—Friedlander—lwaniec, BykovskiT, ...)

Let f be fixed GLy automorphic forms. Then
L(f x x,1/2) <5 (g®)Y4%F=, for § = 1/16.
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@ The saving § = 1/16 represents the Burgess-type subconvex
bounds:
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proving ground for new methods: Blomer—Harcos—Michel,
Han Wu, Munshi, Aggarwal-Holowinsky—L.—Sun, etc.



The GL; case: twist aspect

Let x mod g be Dirichlet characters, f be GLy cusp forms, and let
L(f x x,s) = anl Ar(n)x(n)n—=.

Theorem (Duke—Friedlander—lwaniec, BykovskiT, ...)

Let f be fixed GLy automorphic forms. Then
L(f x x,1/2) <5 (g®)Y4%F=, for § = 1/16.

@ The saving § = 1/16 represents the Burgess-type subconvex

bounds:
L(F,1/2) < Q(F)1/4—1/16+a;

proving ground for new methods: Blomer—Harcos—Michel,
Han Wu, Munshi, Aggarwal-Holowinsky—L.—Sun, etc.
@ Best: 0 = 1/12 (Weyl-type), Conrey—lwaniec/Petrow-Young:

0 < L(F x x,1/2), L(x, 1/2)® < (q?)V/4- /124,

extended to other number fields by Nelson,
Balkanova—Frolenkov—Wu.



A fundamental work of Conrey—lwaniec

Let x mod g be characters. C-l established

o0

1 1 .

=Y h(G)L(f x x, 1/2)* + / h(t)|L(x, 1/2 + it)|Pdt <, q°.
. . C
€B(q.triv)

Rmk: Cond(L(f; x x,1/2)%) = ¢°, size(B(q, triv)) = q,
log(conductor) 6
log(family)



A fundamental work of Conrey—lwaniec

Let x mod g be characters. C-l established

1 1 [ ,
=) h(G)L(h x x:1/2)° + = / h(t)|L(x, 1/2 + it)|Pdt <, q°.
fieB(q,triv) 9J—o0

Rmk: Cond(L(f; x x,1/2)%) = ¢°, size(B(q, triv)) = q,
log(conductor) 6
log(family)

Restricting to x = xq real and appealing to J. Guo:

L(fi x xq,1/2) >0,
C-I derived
Theorem (Conrey—lwaniec, 2000)

Let x4 mod q be real characters with square-free conductor q.

L(fj % Xq:1/2) < ¢35, L(xg 1/2 4 it) <¢ g0+,



Remarks on the Weyl bound

The bound L(x4,1/2) < q*/®*¢: first improvement of Burgess's
bound L(x,1/2) < ¢3/10+¢ (1963).



Remarks on the Weyl bound

The bound L(x4,1/2) < q*/®*¢: first improvement of Burgess's
bound L(x,1/2) < ¢3/16+ (1963).
The Conrey—lwaniec bounds were extended to

e hybrid (g, tj)-aspect by M. Young;

@ all characters x mod g, all g, over Q by Petrow—Young;

@ Hecke characters x over number fields K cube-free conductor,
by P. Nelson and by Balkanova—Frolenkov—Wu (K totally real
at the moment) independently.



A Motohashi-type formula

A spectral identity is visible from the proof of C-I/P-Y:

= Z h(t;)L fxx,1/2)3+:,/ h(t)|L(x,1/2 + it)|°dt

feB(q) -
- MT+ 2 ST g, 1L, 1/2)F(h),
qz/) mod q
where
g(w,x)chl S (v + 1) T (v(u+ 1) (uv — 1),

u,v(q)



A Motohashi-type formula

A spectral identity is visible from the proof of C-I/P-Y:

Z h(t)L(f ><x,1/2)3+:,/ h(t)|L(x,1/2 + it)|°dt

feB(q) T
- MT+ 2 ST g, 1L, 1/2)F(h),
qz/) mod q
where
g, x) = 3; S (v + 1) T (v(u+ 1) (uv — 1),
u,v(q)

The next move of C—l is to ignore possible sign change from the
arguments of g(v, x):

RHS < ()l x = 37 IL(w, 1/2)[*

1 mod g

and appeal to Deligne's RH: ||g(¢, X)||co < 1 (interpreted as a
“trace function” modulo g, g primes).



Remarks on the Weyl bound: I

@ To improve the Weyl-bound, one wants to detect cancellation
from sign changes of ¢'s in g(v, x):

N7 g IL(w, 1/2)* = 0(¢*0).

1 mod q

o If g(v,x) =1,



Remarks on the Weyl bound: I

@ To improve the Weyl-bound, one wants to detect cancellation
from sign changes of ¥'s in g(v, x):

3" g )L, 1/2)]* = 0(g+7).

1 mod g

o If g(v,x) =1,
M. Young (2011):

> 1L, 1/2)[* = MT = 0(q").
1 mod g
Kowalski-Michel-Sawin (2017):

S L(F x4, 1/2)L(g x ¥, 1/2) — MT; 4z = O(¢*~%).
) mod g



GL3: Xiaoging Li's work (spectral aspect)

Recall Conrey—lwaniec (Emin = 1B 1H1):

oo

> (LS xx,1/2)3—|—/ h(t)|L(x,1/2 + it)|®dt

f,eB(q,triv) -

= > h(t)L(Emin % £ X X,1/2) +/ h(t)|L(Emin % X, 1/2 + it)|? < g'*=.
f,eB(q,triv) R



GL3: Xiaoging Li's work (spectral aspect)

Recall Conrey—lwaniec (Emin = 1B 1H1):

oo

> (LS xx,1/2)3—|—/ h(t)|L(x,1/2 + it)|®dt

f,eB(q,triv) -

= > h(t)L(Emin % £ x X, 1/2) + / h(t)|L(Emin % X, 1/2 + it)|? < g'*=.
f,eB(q,triv) R
Li replaced Enin by F € GL3 cuspidal and obtained (for g = 1):

T+M
> h(G)L(F x £,1/2) +/ h(t)|L(F,1/2 +it)|2dt < TM
feB T—-M

5-T|<M

under M > T3/8; Lindel6f-on-average, according to Weyl's law:
Bt e [T—MT+M)}=TM.

By appealing to Lapid's result L(F x f;,1/2) >0,



Xiaoging Li's work

taking M = T3/8 in

T+M
> LFx£,1/2) +/ IL(F,1/2 + it)2dt < T**M,
lti—TI|<M

Li obtained

Theorem (Xiaoqing Li, 2011)
Let F be self-dual.

L(F x £,1/2), |L(F,1/2 + it)|? < t}1/8+e = ¢3/2-1/8+=

e First subconvexity on GL3; many further progresses (in the
past one decade) are along this line.
@ Improvements of exponent by McKee-Sun—Ye, R. Nunes, etc.



Main result

We give an improvement over Li's saving.

Theorem (L.—Ramon Nunes-Zhi Qi, 2021+)

It holds true that

T+M
> h(tj)L(szj-,l/Z)-l—/ h(t)|L(F,1/2 + it)]2dt
feB T-M
[ti—T|<M

< T1+€M(1 4 T1/4/M5/4).

Taking M = T1/5, one has

Corollary
Let F be self-dual.

L(F x f;',l/2), |L(F, 1/2+it)‘2 <F £6/5+e



Main result

We give an improvement over Li's saving.

Theorem (L.—Ramon Nunes-Zhi Qi, 2021+)

It holds true that

T+M
> h(tj)L(szj-,l/Z)-l—/ h(t)|L(F,1/2 + it)]2dt
feB T-M
[ti—T|<M

< T1+€M(1 4 T1/4/M5/4).

Taking M = T1/5, one has

Corollary
Let F be self-dual.

L(F x f;',l/2), |L(F, 1/2+it)‘2 <F £6/5+e

@ The exponent 6/5 is the natural limit of this method.



Other results: without self-duality assumption

For F not necessarily self-dual:

o |L(F,1/2 +it)|> <F t3/27%, Munshi (§ < 1/8), Aggarwal
(0 < 3/20), Aggarwal-Leung—Munshi (6 < 1/4);

o L(F x £,1/2+it) <g g t/>7%, Munshi (§ < 1/51), L.-Q. Sun
(6 < 3/20);

o L(F xf,1/2) <F t;s/z*‘s, Kumar (6 < 1/51);

o L(Fx f,1/2+it) <F (t + [t])3/?79, B. Huang (§ < 3/20).
All proofs follow the delta-method approach pioneered by Munshi.



Other results: without self-duality assumption

For F not necessarily self-dual:

o |L(F,1/2 +it)]> < t3/?79 Munshi (6 < 1/8), Aggarwal
(0 < 3/20), Aggarwal-Leung—Munshi (6 < 1/4);

o L(F x £,1/2+it) <g g t/>7%, Munshi (§ < 1/51), L.-Q. Sun
(6 < 3/20);

o L(F xf,1/2) <F t;s/%‘s, Kumar (§ < 1/51);

o L(Fx f,1/2+it) <F (t + [t])3/?79, B. Huang (§ < 3/20).
All proofs follow the delta-method approach pioneered by Munshi.

@ P. Nelson announced a spectral-aspect subconvex bound for all
standard L-functions on GLg:

L(F,1/2) < Q(F)Y/4~°

away from the “conductor-dropping” case (F of level 1).



Remarks: Motohashi-type formula

An underlying spectral identity
1 1 T+M )
—_— h(t))L(F x f,1/2) + — h(t)|L(F,1/2 + it)|~dt
TM|t§T|:<M (G)UF * 6,1/2) % g7 [ A(OILF 1/2 4 it)

>

- /M _
e L(F,1)H(h) + /_T/M h(t)L(F,1/2+ it)((1/2 — it)dt,

obtained independently (apart from localizing support of h(t)) by
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Poincaré series);
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Remarks: Motohashi-type formula

An underlying spectral identity

1 1 T+M

an;wh( UF X 6.1/2) 4 | HOILF /24 i)t
- T/M _
s L(F, 1)A(h) + / HOL(F.1/2 + it)C(1/2 — in)d,
~T/M

obtained independently (apart from localizing support of h(t)) by

e Chung-Hang Kwan (2021), by period integral approach (via
Poincaré series);

e Humphries—Khan (forthcoming), via analytic continuation of
Dirichlet series.

@ Motohashi's original formula (corresp. to F = 1H1H1)

/ (12 + it) *g(t)de
3 g 1/2)3+ho|o.+/g(t)y§(1/2+it)\ﬁdt+|inear.
R

t,eB(1)



Some tools

We use classical approach (approximate functional equation,
Kuznetsov, Voronoi, stationary phase, Cauchy). Some tools:



Some tools

We use classical approach (approximate functional equation,
Kuznetsov, Voronoi, stationary phase, Cauchy). Some tools:

e Approximate functional equation
>\F n )\F n
L(F,1/2)~ ) ,,1(/2) +e(F) > nl(/z).
n<+/Q(F) n</Q(F)

@ Kuznetsov trace formula

Zh t1)Aj(n1)A;(n2) + (Eis)

n,:tn c) 47 /niny
_ ”1"2H+ZZ 1 2, Hi( C1 )

e GL4(Z)-Voronoi summation:
/

5250 (2 = S AF(f)K/d (e ()

n~N n<sy




Some tools (cont.)

@ Stationary phase

/Rg(x)e(qb(X))dx - f/(%&\(xo) L 04 (T—A) ‘

Here ¢/(x0) = 0.

e Cauchy—Schwarz/large sieve

SN anbme(n,m) < (3 1aa®) 2SS bmd(n, m)2)Y?

n<N m<M n<N n<N m<M

expecting variations of the argument of ¢(n, m1), ¢(n, my) to be
independent, so that (for my # my)

Zd) (n, m1)o(n, mg)—o Z |¢(n, m1)g(n, my)|).

n<N n<N



Proof sketch

Our goal:

T+M
> h(G)L(F x £,1/2) +/ h(t)|L(F,1/2 + it)|?dt
feB T-M
lt—T|<M
= TM L(F,1)H(h) + O(T5/**+=/M*/%).
Proof steps: approx functional eq+Kuznetsov+Voronoi+inverse
Mellin+functional eq+large sieve ineq.
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Proof sketch

Our goal:

T+M
Z h(t;)L(F x £;,1/2) —|—/ h(t)|L(F,1/2 4+ it)|2dt
feB T-M
[t—T|I<M

= TM L(F,1)H(h) + O(T>/*+ /M%),

Proof steps: approx functional eq+Kuznetsov+Voronoi+inverse
Mellin+functional eq+large sieve ineq.

o AFE gives
> ohy) > AF((S;Z:))I);J'Z(H)Jr(Eis);

[ti—T|I<M m2n< T3te

o Kuznetsov gives

S G (e 3 L () ).

m2n< T3+e c>1



Proof sketch (cont.)

@ Voronoi transforms the off-diagonal into

(off) = Z%ZAF(Lﬁ)e( 4 g)wi(g; VN

r>1 0 A>1

).

Rmk: One reason our proof being much shorter is because we
apply the balanced version of Voronoi due to Miller—Zhou:

Z ZAF(n, m)mS(n,1; r/m)w( N )BT (

m|r n>1
— %ZAF(L A)e( + g)wi(g; ﬂ)-

A>1

r




Proof sketch (cont.)

@ Voronoi transforms the off-diagonal into
1 y fi Ni VN
(off) = > = > Ar(1, A)e( + ?)Wi(?; —).
>1" A>1
Rmk: One reason our proof being much shorter is because we

apply the balanced version of Voronoi due to Miller—Zhou:

ZZAF(n, m)mS(n,l;r/m)W(mNn)B+(47T rmzn)
m|r n>1

= % > A1 A)e( + g)wi(Nﬁ- VN

)
A>1

@ M. Young (stationary phase+inverse Mellin):
Wt (Nﬁ_ VN

“3i) = (factor) x e F g) /AT” h(t) <':>it dt,

blues cancelled out!

g/~



Proof sketch (cont.)
-
. 1 Ar(1, i)
— o) =t (TR Y X R
M r& T2
Rmk: The integral is essentially

i< T3/2

T

/MT h(t)¢(1/2 + it)L(F,1/2 — it)dt.

M

@ Functional equation in the A-variable if fA-sum is long;



Proof sketch (cont.)
-
v o~ 1 Ar(1, A)
— o) =t (TR Y X R
™ r& T2 Ak T3/2
Rmk: The integral is essentially

T

/MT h(t)¢(1/2 + it)L(F,1/2 — it)dt.

M

@ Functional equation in the A-variable if fA-sum is long;

e Cauchy/Large sieve inequality:

B
2~

(int) < (

1/2
‘ Z r1/2+:t‘ dt) / (

r<<Tl/2

(i)

— (off) = O(T3/4+ /M4,

B

AF 1, /) 1/2
A< (3

<~

1/2

O



Remarks on subconvexity exponent

Rmk: The final subconvex quality relies on

/ IL(F,1/2 — it)|Pdt < U3/2. (1)
[t|<U

@ Any improvement of this (trivial) bound will lead to improvement
of the exponent 6/5 in
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Remarks on subconvexity exponent

Rmk: The final subconvex quality relies on

/ IL(F,1/2 — it)|Pdt < U3/2. (1)
[t|l<u
@ Any improvement of this (trivial) bound will lead to improvement

of the exponent 6/5 in

@ e.g., if one could obtain the optimal: f|t|<U )< UttE it
would lead to (off) = O(T*¢) and

L(F x £,1/2), |L(F,1/2 + it)]? <F t}7¢ (Weyl-type).

o If F = Epin ~ Ivi¢'s work, then indeed (off) = O(T'*¢) by Zhi
Qi (c.f. his talk at the Meeting).

log(conductor) __ 6

o It seems difficult to improve over (1), since = ot

@ Recent work by Aggarwal-Leung—Munshi on short-interval version
of (1).



GL3: g-aspect case

Let x mod g be Dirichlet characters. Let F € GL3 be a fixed cusp
form.
By a similar method, Blomer obtained

Theorem (Blomer, 2012)

For F self-dual and x4 real characters, we have

L(F X f; X Xq,1/2), L(F X xq,1/2)? < s qi e = g¥/271/4+,
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@ The exponent 5/4 is better than 11/8 (Li's bound), due to the
use of large sieve ineq. in place of second Voronoi in the later case.



GL3: g-aspect case

Let x mod g be Dirichlet characters. Let F € GL3 be a fixed cusp
form.
By a similar method, Blomer obtained

Theorem (Blomer, 2012)

For F self-dual and x4 real characters, we have

L(F X f; X Xq,1/2), L(F X xq,1/2)? < s qi e = g¥/271/4+,

@ The exponent 5/4 is better than 11/8 (Li's bound), due to the
use of large sieve ineq. in place of second Voronoi in the later case.

o extended to F and x not necessarily self-dual by Munshi and
Sharma respectively, by a completely different approach
(6-method).



Comparison: Blomer vs Conrey—lwaniec

Conrey—lwaniec (F =1H1H1):
1 1 [
oY e |

h(t)|L(xq,1/2 + it)[°dt < ¢7;
fieB(q,triv)

— 00



Comparison: Blomer vs Conrey—lwaniec

Conrey—lwaniec (F =1H1H1):

1 1 [ .

= Z h(t)L(f; x xq,1/2)% + f/ h(t)|L(xq,1/2 + it)[°dt < ¢7;

q9 f,eB(q,triv) 9 J-co

Blomer:

1 1 [ N2

© D AL X e 1/2) o | BOIL xxg /2 + )Pt
— 00

f,eB(q,triv)

e MT+ 5 S g0 IL(F x 0, 1/2)L@, /2 H(h) < g + 67
% mod g



Comparison: Blomer vs Conrey—lwaniec

Conrey—lwaniec (F =1H1H1):

1 1 [

= Z h(t)L(f; x xq,1/2)% + —/ h(t)|L(xq,1/2 + it)[°dt < ¢7;
q9 fieB(q,triv) qJ-c0

Blomer:

1 oo

1
CY ML X w2+ /

h(t)|L(F x xq,1/2 + it)[?dt
q9 f,eB(q,triv) o0

1 * _ ~
> MT + = > g, X)L(F x ,1/2)L(1,1/2)H(h) < ¢" + ¢"/"
Y mod g
resulting from Cauchy—Schwarz:

RHS <<§||g(w,x)|\oo( SLF %0, 1/2)R) S L@, 1/2)R)

% mod q % mod q
1 1/2
<<7(q3/2.q) / '
q
Recall

() = = 37 x(u(v + D)X(v(u+ 1))(uv — 1) < 1.

u,v(q)



Remarks on Blomer

To improve Blomer for g primes, one can try to improve

S x 6, 1/2)P < ¢,
¥ mod g
or (if ambitious) to improve
> g OLF x 6, 1/2)L(,1/2) <F °/%,
¥ mod g

seems difficult!



Remarks on Blomer

To improve Blomer for g primes, one can try to improve

S ILE x 4,1/2)P <5 672
¥ mod g
or (if ambitious) to improve
S g L %, 1/2)L(5,1/2) < ¢,
¥ mod g
seems difficult! e.g. We do not know how to study
3" L(F x 9,1/2)L(,1/2).
Y mod g

We tried the case g composite, then...



GLj3 revisited: g composite

Theorem (L.—Ramon Nunes, in progress)

Let F be self-dual. Let q = q1qp. 36 = 5(:22 g;) >0, s.t.

L(F x f; x x,1/2), |L(F x x,1/2)|? < ¢*/*=".

Rmk: The strongest saving is when g1 < /%, q» =< q*/®, then
L(---,1/2) < ¢®/5Fe,

consistent with the t-aspect case.



Sketch for L(---,1/2) < ¢°/*°, F self-dual

Key observation: unbalance in Blomer's bound
> h(t)L(F x £ x x,1/2)

o[ MO < xg 12 0 < g g+ ).

Basic idea: summing over a larger family to improve the
off-diagonal (at the cost of increasing diagonal).



Sketch for L(---,1/2) < ¢°/*°, F self-dual

Key observation: unbalance in Blomer's bound

Y h(G)L(F x f; x x,1/2)

o[ MO < xg 12 0 < g g+ ).

Basic idea: summing over a larger family to improve the
off-diagonal (at the cost of increasing diagonal).

o Choose g’ > g such that Cond(L(F x f; x x,1/2)) = q°, then

> h(t)L(F x  x x,1/2) + (Eis)

o Balance the diagonal and off-diagonal contribution.



