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- Exclusion process.
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» Point process - # = {X.} CRY; P = 0, , random Radon (locally-finite) counting measure.
XESR

@ Stationary Point process - &: P +y 5 P, Vy e RY, distribution invariant under translations.

@ Eg. Poisson point process - For bounded A, & N A is Poisson (| A |) many points distributed uniformly.

Ginibre point process - Eigenvalues of n X n i.i.d. complex Gaussian matrix as n — 0.

Figure from
Ben Hough, Krishnapur,
Peres & Virag (2006).

Poisson process Ginibre process Cox process
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o Point process - = {X } - IRd Po= Z , random Radon (locally-ﬁnife) counting measure.
XES

@ Stationary Point process - &: P +y 5 P, Vy e RY, distribution invariant under translations.

@ Eg. Poisson point process - For bounded A, & N A is Poisson (| A |) many points distributed uniformly.

Ginibre point process - Eigenvalues of n X n i.i.d. complex Gaussian matrix as n — 0.

Figure from
Ben Hough, Krishnapur,
Peres & Virag (2006).

Poisson process Ginibre process Cox process

~/

@ Simple marked point process - P = {(X;, M)} C R X M such that ? = {X;} is a point process,

Equivalently, P = 2 O M(x)) 1-e- each point of 9 is marked / labelled with M(x) € M, Polish space.
XER



FRAMEWORK FOR INTERACTING PARTICLE SYSTEMS



@ Point process - &, assume stationary Poisson process or Ginibre point process on I
Key property- ‘Asymptotically decorrelated’. s !



@ Point process - &, assume stationary Poisson process or Ginibre point process on I 2
Key property- ‘Asymptotically decorrelated’. et

@ Interaction graph - & : Vertex set &°; Translation-invariant ‘quasi-local’ rule for edges.
For example, K-NNG i.e., k-nearest neighbour graph.

X ~ Y if X is k-nearest point to Y or vice-versa. @ Long-edges are possible.
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Point process - &, assume stationary Poisson process or Ginibre point process on RZ.
Key property- ‘Asymptotically decorrelated’.

Interaction graph - & : Vertex set &; Translation-invariant 'quasi-local’ rule for edges.
For example, K-NNG i.e., k-nearest neighbour graph.

X ~ Y if X is k-nearest point to Y or vice-versa. @ Long-edges are possible.

Original fig. by DeWilde
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Point process - &, assume stationary Poisson process or Ginibre point process on RZ.
Key property- ‘Asymptotically decorrelated’.

Interaction graph - & : Vertex set &; Translation-invariant ‘quasi-local’ rule for edges.
For example, K-NNG i.e., k-nearest neighbour graph.

X ~ Y if X is k-nearest point to Y or vice-versa. @ Long-edges are possible.

Original fig. by DeWilde 1-NNG on 100 points ; Fig. by D. Eppstein
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Point process - &, assume stationary Poisson process or Ginibre point process on |
Key property- “Asymptotically decorrelated’. '

Interaction graph - & : Vertex set &; Translation-invariant 'quasi-local’ rule for edges.
For example, kK-NNG i.e., k-nearest neighbour graph.

X ~ Y if X is k-nearest point to Y or vice-versa. Long-edges are possible.

Initial State: M(X,0) = M(X) € R, X € &P - constant / i.i.d. ( or locally-dependent ! )

14 P =PnNW,; €, -graphon P .

' System Evolution on W : M(x,0) e Mx,t; L), 0<t<T. (MARKOVIAN)

Asymptotics for Z Mx,T; P,)
Xes.






CSA - Co-operative Sequential Adsorption



@ Point process - & ; Eg. Poisson or Ginibre point process. <, - truncated point process.
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@ Initial State: M(X,0) =0 oriid. {0,1}. 0/1- unoccupied / occupied.
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@ Evolution: Unit rate Poisson clock at every site in &°. When the clock rings at X € &, if X
is unoccupied it gets occupied with a probability depending on states & locations of neighbours.
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@ Eg. Random Sequential Adsorption (RSA): Occupied with prob. 1 if there are no occupied
neighbours.



@ Point process - & ; Eg. Poisson or Ginibre point process. <, - truncated point process.

@ Interaction graph &, on &, - k-Nearest Neighbour Graph. Long-edges are possible.
@ Initial State: M(X,0) =0 oriid. {0,1}. 0/1- unoccupied / occupied.

@ Evolution: Unit rate Poisson clock at every site in &°. When the clock rings at X € &, if X
is unoccupied it gets occupied with a probability depending on states & locations of neighbours.

@ Eg. Random Sequential Adsorption (RSA): Occupied with prob. 1 if there are no occupied
neighbours.

@ M(X,t) - State of site X at time t.
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@ Point process - & ; Eg. Poisson or Ginibre point process. <, - truncated point process.

@ Interaction graph &, on &, - k-Nearest Neighbour Graph. Long-edges are possible.
@ Initial State: M(X,0) =0 oriid. {0,1}. 0/1- unoccupied / occupied.

@ Evolution: Unit rate Poisson clock at every site in &°. When the clock rings at X € &, if X
is unoccupied it gets occupied with a probability depending on states & locations of neighbours.

@ Eg. Random Sequential Adsorption (RSA): Occupied with prob. 1 if there are no occupied
neighbours.

@ M(X,t) - State of site X at time t.

o Stafistic: H, := z M(X,T; &,) (occupied sites at T) ; sites occupied for T/2 time ; ......
=T
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Inputs: Point process & ; k-Nearest neighbour graph ; initial states M(X,0) =0 or i.i.d. 0/1 ;

Evolution: Unit rate Poisson clock at every site in &°. When the clock rings at X € &,

if X is unoccupied it gets occupied with a probability depending on states & locations of neighbours.

M(X.1) - State of site X at time . H,:= ) M(x,T;P,)
=T
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Inputs: Point process & ; k-Nearest neighbour graph ; initial states M(X,0) =0 or i.i.d. 0/1 ;

Evolution: Unit rate Poisson clock at every site in &?. When the clock rings at X € &,

if X is unoccupied it gets occupied with a probability depending on states & locations of neighbours.

M(X, 1) - State of site X at time +. H, := Z Mx,T; P )
=T

THEOREM (B. Btaszczyszyn, D.Y. and J. E. Yukich, 2023+)
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" Initial State: M(X,0) is i.i.d. {O,1}. 0/1 - unoccupied / occupied.

" Evolution: Unit rate Poisson clock at every site in &?. When the clock rings at X € &,
X chooses a random neighbour and exchanges its state with that of the neighbour:

' Difference with CSA - state of X and neighbours may be changed at clock ring.

' M(X,t) - State of site X at time t.

Statistic: H, := Z l[X is occupied for T/2 fime] (sites occupied for T/2 time); .........
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Inputs: Point process & ; k-Nearest nelghbour graph ; initial states M(X 0) i.i.d. 0/1 ;

Evolution: Unit rate Poisson clock at every site in &°. When the clock rings at X € &,

X chooses a random neighbour and exchanges its state with that of the neighbour.

M(X,t) - State of site X at time +. H, :=

Z l[X is occupied for T/2 fime]

e

THEOREM (B. Btaszczyszyn, D.Y. and J. E. Yukich, 2023+)

Iim n
n—> Q0

—l

e ol ]| =

=0l M(0,7 5) ]

lim n~'Var[H | = 6*(M, P)

n— oo

If VarlH ] = Qn"), v >0,

H —E[H ]

D
then k — —> N(0,1)

\/Var[H,]
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Examples of pure jump processes

@ Epidemic Spread and Voter models

@ Majority dynamics

@ Ballistic Deposition

@ Divisible sandpile dynamics

@ Discrete-time interacting particle systems

Some CLTs on lattices & transitive graphs - Holley & Stroock (1979), Doukhan & Lang (2008) ;

Penrose (2008) - Poisson process, bounded range interaction graphs and i.i.d. initial states.

Example of non-jump processes or continuous evolution

SYSTEM OF INTERACTING DIFFUSIONS - R’-valued diffusions at each vertex with drift and diffusion
coefficients depending on the neighbouring diffusions.

Lacker, Ramanan & Wu (2019) - Local weak convergence approach, expectation asymptotics.
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» Point process - # = {X,} CRY; P = 0

@ Stationary Point process - L: P +y 4 P, Vy e RY, distribution invariant under translations.
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@ Simple marked point process - P = (X, M)} C RY % M such that & = 1X:} is a point process,

Equivalently, P = Z O M) I-e-. each point of & is marked\labelled with M(x) € M, Polish space.
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@ Kk-point correlation functions. <k>(x1, ...,X;) - "probability density that & contains points xi, ..., X .

R ey Z X, ....X)] = J fxq, ...,xk)p(k)(xl, LX) dxy...dx,
X EP (R)~
® k-Palm expectations. E, | -"conditional expectation” given that & contains points x|, ..., X; .

Formally defined via the Campbell-Little-Mecke formula i.e.,

Z o Ko N = | B [ s POy e 3
X EDP (R4)k

forall f: (RY)*x N — R, , ./ — space of Radon counting measures.

@ Poisson process &L - _xl,...,xk[f(xl’ e ooy Xy 95)] = ‘[f(xp ---»xk;‘@U X1 ---»xk})]
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~/

@ Initial states / marks - M(x) € [K,, x € & . Marked point process - & .= {(x, M(x)) }re s

@ Marked point process satisfies joint ‘fast’ mixing of correlations i.e., s ({x }l ' 1%} _ZIH)

|E,... o« LAM M SR PR )

=% _xl,...,xp[f(Ml’ 9Mp)] p(p)(xla °-°9-xp) X I ,,,,xp+q[g(Mp+19 e p-|-q)] P(Q)( p_|_ ’ “"xp+q) ‘ < Cp+q¢(s)

Xp+15

4b 18 =1, C, = O(k“k), a< 1. ¢ - stretched exponential decay



Example of marked point processes and a CLT




Example of marked point processes:

@ Stationary point processes with fast mixing of correlations. Many examples.



@ Stationary point processes with fast mixing of correlations. Many examples.

@ Assume we have a marked point process with joint fast mixing of correlations. ( some details soon....)



@ Stationary point processes with fast mixing of correlations. Many examples.

@ Assume we have a marked point process with joint fast mixing of correlations. ( some details soon....)

'THEOREM (B. Btaszczyszyn, D.Y. and J. E. Yukich, 2023+)




@ Stationary point processes with fast mixing of correlations. Many examples.

@ Assume we have a marked point process with joint fast mixing of correlations. ( some details soon....)

'THEOREM (B. Btaszczyszyn, D.Y. and J. E. Yukich, 2023+)
Let M(x) € R and the stationary marked point process P = {(x, M(x)) } e satisfy joint “fast’

mixing of correlations with respect to bounded 1-Lipschitz functions. Let M(x;) have all moments
under Palm distribution £, . for all p > 1. Define H, := Z M(x).

H —E|H]| b
If VarlH ]| = Q(n"), v > 0, then —> N(0,1)

\/Var[H,]




@ Stationary point processes with fast mixing of correlations. Many examples.

@ Assume we have a marked point process with joint fast mixing of correlations. ( some details soon....)

'THEOREM (B. Btaszczyszyn, D.Y. and J. E. Yukich, 2023+)
Let M(x) € R and the stationary marked point process P = {(x, M(x)) } e satisfy joint “fast’

mixing of correlations with respect to bounded 1-Lipschitz functions. Let M(x;) have all moments
under Palm distribution £, . for all p > 1. Define H, := Z M(x).

xXeRP
H —E|H]| b
If VarlH ]| = Q(n"), v > 0, then —> N(0,1)
\/ Var|H, |

Proved via an extension of cumulant method CLT and for linear statistics of y,A := Z M(x) 0, -va,

e
Pre-cursors for point processes and special cases - Malyshev (1975), Martin-Yalcin (1980), Nazarov-

Sodin (2012), Btaszczyszyn, Y. and Yukich (2019), Fenzl (2019).
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@ Marked point process P = {(x, M(x)) ! .« satisfies joint ‘fast’ mixing of correlations.

@ Score functions - & &(X, @) - score assigned to a point based on ‘neighbouring’ points and marks.
® Ex. inIPS &F %) = M(x,T;P), determined by initial state M(x,0), other initial states and points - .
@ New marked point process: &' = {(x, E(X, @))}xeg

@ APPROACH: Marked point process & satisfies joint ‘fast’ mixing of correlations w.r.t. bounded functions
& £ satisfies "BL-STABILIZATION / LOCALIZATION” condition & “moment” conditions.

( uses factorial moment expansion by B. Btaszczyszyn, E. Merzbach, V. Schmidf, 1995 )

T — {(x, E(X, @)) } .« satisfies joint ‘fast’ mixing of correlations w.r.t. bdd. 1-Lipschitz functions.
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@ Other Applications - Empirical random fields, Geostatistical models.
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