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Idea: QFT as deformation of classical covariant fields e.g. [Harrivel 2006]

Correlation function for A\¢* on M = R>3:
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QFT as Hopf algebra deformation of classical observables

e Twist deformation [Sweedler 1968, Rota-Stein 1987, Drinfeld 1990]:
Hopf algebra: H (graded) commutative

- . ) (1]a) = (al1) = (a)
Laplace pairing/2-cocycle: (| ) : H® H — K such that {(ab|c) — S (alew) (bl

Twisted algebra: H with associative circle product ‘ aob =Y (awlba)) ae)be)

e QFT as twist deformation [Brouder-Fauser-F-Oeckl 2004] [Brouder 2009]:
Free fields: Hopf (super)algebra H ="S(¢"(x)|n > 0,x € M)"

_ JrAw(x,y) Wightmann = o = operator product
(¢(lo W) = {hAF(X,y) Feynman = o = .7 = time-ordered product

- _ L J<ea) b)) = e(d(xa) o+ - 0 p(xk))
Expectation value = counit {<T¢(X1) b)) = e(B(x) T -7 (xe))
Interacting fields: Line(p) = ¢ = expo(—%)\qﬁp) = ano (;l%i!)"(qﬁp)o"

insert in counit, explicit Feynman graphs with symmetry factors!
Renormalization: problem with ¢?(x) in time-ordered product

[Brouder-Schmitt 2007]: second Hopf algebra on Span{¢”(x)} = "S(¢(x))”

[Herscovich 2019]: two tensor products ® and [x] on LCVS of sections

e Problems: 1) Formally consistent, but what is H ="5(S(¢(x)))"?
2) Which relation with renormalization Hopf algebras [Connes-Kreimer 2000, 2001]7
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Classical observables as sections of a bundle

e Data: vector bundle E— M over spacetime + Lagrangian £ : JE — Denspy

Fields: £(M, E) = {smooth sections ¢ : M — E} cf. [Rejzner 2016]
Ec(M, E) = {¢ | Euler-Lagrange eq. EL(y) = 0}

Observables: on-shell C(E-(M, E)) = {F : E£(M, E) — R smooth} =~ %
start with off-shell C*(E(M, E)) = {F : £(M, E) — R smooth}
both algebras with multiplication (F1 - F2)(p) = Fi(¢)F2(p)
microcausal restrictions for Poisson bracket {Fi, F2} () = Fi(¢)AcF3(0)

e Bundle description of observables?

Local observables: Fr(p) = f {f(x),j¢"(x))dx represented by f : M — S"(JE*)
M

Multilocal observables: (Fy, - Fr,)(p) = h(x) ® R(y),je™ (x) ®je"™ (y)) dx dy
MxM
rep. by filxlfh: M x M — S™(JE*)[x]S™(JE*) of VB

Problem: Fg - Fy, is commutative, but not f;[x| > because (x,y) # (y,x) in Mx M.

Trick: change category of vector bundles so that [x] becomes symmetric!
Need space of unordered configurations M*/Sy.

This is an orbifold, start with configurations of distinct points (M*\A®))/S,.
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Vector bundles over configuration spaces

e Configuration space of a manifold M: Conf(M) = |_| Conf (M)

Confo(M) = {vacuum ¢} =0

Confy (M) = (MM\aW)/s, = {x = {x1, ..., x} | distinct points xi, ..., xx in M}

e Category of K-vector bundles over Conf(M): VB(Conf(M))

vector bundle: V= | | Vi=| |Vi with Vi — Confi(M) usual VB
xeConf(M) k=0

bundle map: 'V — W = collection of usual bundle maps V, — W,

e Theorem: VB(Conf(M)) is a symmetric 2-monoidal category [Aguiar-Mahajan 2010]

Hadamard (VOW), =V, W, (lg)x =K
Cauchy (VEW),= @ Vo/QW. (Iz)n = {](If, fl; @

is a symmetrized version of the external tensor product of bundles on M ‘

Example: (VW){X,y} = V{Xﬁy}®wg @ Vx®Wy@ Vy®W>< @ V®®W{x,y}
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Cauchy-Hadamard (Cauchemar!) 2-algebra bundles

e 2-algebra bundle: A — Conf(M) with 2-coalgebra bundle: C — Conf(M)
mg : AQA — A ug : lg — A with dual maps Ag, g, Ax, €x
mg : AXIA — A uyg g — A and dual relations
plus usual compatibility conditions. = C* = Hom(C, lg) is a 2-algebra.

e ® and [x-tensors (co)algebras from E — M and E* — M:

TR(E*) = @,(E))", ® «——— TH(E) = @, EY", A
algebral Tcoalgebra (same for ®)

SPUE®) = @,(E*)"/Sn, [ —— — T(E) = @,(E¥")™, Ag

e Tensor 2-(co)algebra bundles: combine ® and [x-tensors

SHS®(E*) ~ (ZME®(E))*
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Poisson 2- and [x}-algebra bundles

o Poisson 2-algebra bundle: (P, eg, o5) commutative with \{ ,}:PRP — P‘

antisymmetry:  {ax, by} = —{by, ax} over x Ly

Jacobi identity:  {{ax, by}, ¢z} + {{by, ¢z}, ax} + {{cz,ax}, by} = 0

e-Leibniz rule:  {ax, by e ¢z} = {ax, by} o ¢z + by o {ax, ¢z}

eg-Leibniz rule:  {ax, by eg ¢y} = {ax, by} e@ (1x em ¢y) + (1x om by) e@ {ax, ¢/}

e Theorem: In VB(Conf(M)) we have:
1. A vector bundle E — M determines a 2-algebra bundle S¥S®(JE)* with ®, 1.

2. Any antisymmetric bundle map k : (JE)* X (JE)* — Iy [ lg =~ K over Conf,(M)
determines a Poisson bracket on S¥S®(JE)* with [.

3. Densities Denscons(m) = S(DensM) form a commutative algebra bundle with [=].

4. Hence k gives a Poisson [xl-algebra bundle on Conf(M) with [-]

P(E) = SPS®(JE)* @ Denscont () = <ZZ®(JE)> ’

where VY = V* ® Denscont(um) is the functional dual.
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Poisson algebras of sections and distributions

e Sections: ¢ : Conf(M) — V = collection of usual sections ¢, : Confix(M) — V

compact support smooth
regular D(Conf(M),VY) —— &(Conf(M),V")
¢ Distributions: I !
all E'(Conf(M),V") —— D'(Conf(M),V")
= &(Conf(M), V)’ = D(Conf(M),V)’

e Theorem: If P is a Poisson [xl-algebra bundle on Conf(M), then

‘ E(Conf(M),P) and D'(Conf(M),P) are Poisson algebras ‘

(While D(Conf(M),P) c £(Conf(M),P) is not a subalgebra!)

e Corollary: Apply to P(E) = SS®(JE)*®DensCO,][(M) with Poisson bracket from
an antisymmetric bundle map k : (JE)* X (JE)* — K over Conf,(M),
same as a smooth section k € £(Confa(M), N2 (JE)),
i.e. a regular distribution k € D’(Confy(M), A2(JE)).
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Multilocal observables in covariant field theory

e Claim: 1) The causal propagator is an antisymmetric distributional kernel k
yielding a Poisson bracket on sections of P(E) = S¥S®(JE)* ® Denscont(m)-
2) There is a Poisson map (non injective!)

F : D.,.(Conf(M),P(E)) — C*(E(M, E))

sending a distribution T to the function Fr : £(M, E) — R defined on a field ¢ by

Fr(e) =<T,ely)) = (T(x), e(p)(x))

Conf(M)

1

ﬁ(jnp)@“ - ®()®™ s a section of XSO (JE).
!

where e(jp) = Z

e ldea: Bornology + microcausality for D), [Brunetti-Fredenhagen-Ribero 2012]
D(Conf(M), P(E)) — E,c(Conf(M),P(E)) — £(Conf(M), P(E))
not algebra\[ algebra\[ algebra\[
&' (Conf(M),P(E)) —— Dj,.(Conf(M),P(E)) —— D’(Conf(M),P(E))

\, % M:ﬂﬂ

C®(E(M,E),R)

9/11



Conclusion and Outlook

e Quantize D,,.(Conf(M), P(E)) using the Feynman propagator as a Laplace pairing:
works on bundles (formally already done), to do on distributions, wait for orbifolds!
[with P. Bonneau and G. Dito, cf. E. Herscovich]

e Include diagonals with multi-configuration orbifolds M*/S: renormalization should
show up classically as blow up on singular diagonals [PhD H.C. Nguyén, and with
L. Ryvkin, I. Khavkine, A. Kotov]

e Double Poisson bracket and r-matrix [with M. Fairon, O. Kravchenko, cf. Appendix]

e Multilocal observables in Multisymplectic Geometry and Lagrangian Field Theory:
higher Poisson algebras to resolve the kernel of F [with A. Miti, L. Ryvkin
and C. Laurent-Gengoux, T. Wurzbacher]

e Factorization algebras as sections of Poisson bundles over Conf(M) [with O.
Kravchenko, A. Thomas], links with pAQFT & la Fredenhagen, Rejzner et al.

e Higher groupoid symmetries for gauge fields [PhD S. Amiel and with M. D'Agostino,
A. Miti] and for spinors [someone interested?]

e Which structure to resolve on-shell observables? [ideas? someone interested?]

‘Thank you for the attention‘
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Appendix: Double Poisson bundle and classical r-matrix

e Double Poisson algebra [Van den Bergh 2008]: unital associative algebra (A, m)
with double bracket {{ , }} : A® A — A® A satisfying suitable skew-symmetry, Jacobi
and Leibniz identities. Then A/[A, A] is a Poisson algebra with { , } = mo{{, }}.

e Theorem [Fairon-F-Kravchenko 2025]:
Any skew-symmetric bundle map k : V[X] V — Ig [X] Iy over Confs(M)
gives a quadratic double Poisson bracket {{ , }} on S¥S®(V) over Conf(M)

such that { , } =[1o {{, }} is the Poisson bracket induced by k = [-]o k.

e Corollary after [Odesskii-Roubtsov-Sokolov 2013]:
On SES®(JE)* there is a classical antisymmetric (associative) r-matrix:
if {en(x) = e (x)--- € (x) | N = (m,...,n;) € N} is a basis of S®(JE)}, then:
on 2-generators (JE)*:  {{ei(x), g(y)}} = k(ei(x), ei(y)) € (Ip B o) x)
on [X-generators S®(JE)*:

{{eN(X),eM(y)}}=Znimj/;(ef(x),ej(y))en1 ..... ni—1,..., ng(X)eml ..... mj—1,..., m[(y)

= rim(x.y) es(x) R ex(y).
JK

e Ongoing: what can we say on distributions of P(E) = SS®(JE)* ® Denscont(m)?
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