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OUTLINE

Goal: Quantum information spreading in “integrable” systems with dissipation

2

Lindblad dynamics in free-fermion and free-bosons models

Hydrodynamic description of entanglement spreading: Quasiparticle picture

Dissipative impurities:

Generic quadratic systems, generic quench, generic linear dissipation 

• Non-equilibrium steady-state: hydrodynamic limit

• Entanglement production

GLOBAL DISSIPATION

LOCAL DISSIPATION
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ENTANGLEMENT MEASURES
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SA = − TrρA ln(ρA) Von Neumann entropy

S(n)
A =

1
1 − n

ln(Trρn
A) Renyi entropies

• Entanglement measures for global pure states:

• Dissipation            global density matrix is mixed           logarithmic negativity

⟨ei, ēj |ρT |ek, ēl⟩ = ⟨ei, ēl |ρA |ek, ēj⟩,

A Ā

Partial transpose
ei, ēj bases for A, Ā

ℰ = ln(Tr |ρT
A | )

G. Vidal and R. F. Werner, PRA 65, 032314 (2002)

V. Eisler and Z. Zimboras, New J. Phys 17 (2015) 053048
H. Shapourian and S. Ryu, PRA 99, 022310 (2019)
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t/vM

SA

lin
ear

saturating

CFT

generic integrable

• Hydrodynamic description of entanglement dynamics via emergent quasiparticles 

•  Out-of-equilibrium strongly correlated quantum system          entanglement production

QUASIPARTICLE PICTURE

P. Calabrese and J. Cardy, JSTAT 2005
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QUASIPARTICLE PICTURE

SA = ∑
k

[t ∫
|vk|t<ℓ

dλvk(λ)sk(λ) + ℓ ∫
|vk|t>ℓ

dλsk(λ)]

V.A.,P. Calabrese, PNAS,114, 7947 (2017) + a lot more
Universality from thermodynamics

sk GGE thermodynamic entropy

vk Entangling quasiparticles are the excitations above GGE

• For free models quasiparticles are the eigenmodes
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LINDBLAD EQUATION

dρ
dt

= − i[H, ρ] + ∑
μ

(LμρL†
μ −

1
2

{L†
μLμ, ρ})

A B

A
(b)

(a)

• System coupled with bath             Lindblad provides most general linear equation

Lμ encodes system+bath interaction
Non unitary dynamics

Breuer, Heinz-Peter; Petruccione, F. (2002). The Theory of Open Quantum Systems. Oxford University Press
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LINDBLAD EQUATION: INTEGRABLE CASES
• Quadratic Hamiltonian + linear dissipation           exact solvable (third quantisation).

T. Prosen, New J. Phys. 10, 043026 (2008)

H =
2L

∑
j=1

wjHjkwk

Lμ =
2L

∑
j=1

lμ, jwj

wj Majorana fermions

• Effective equation for two-point correlators (incoherent hopping, dephasing): 

L(h)
j = c†

j cj+1

L(d)
j = c†

j cj

d
dt

Gkl = i(Gk−1,l + Gk+1,l − Gk,l−1 − Gk,l+1) − 2γhGk,l + γhδk,l(Gk−1,k−1 + Gk+1,k+1)

d
dt

Gkl = i(Gk−1,l + Gk+1,l − Gk,l−1 − Gk,l+1) − γd(Gkl − δklGkk)

• Bethe Ansatz solutions, hydrodynamic treatment: 

V. Eisler, J. Stat. Mech. (2011) P06007 

M. V. Medvedyeva, F. H. L. Essler and T. Prosen, Phys. Rev. Lett. 117, 137202 (2016)
B. Buca, C. Booker, M. Medenjak and D. Jaksch, arXiv:2004.05955
A. Bastianello, J. De Nardis and A. De Luca, Phys. Rev. B 102, 161110 (2020)
A. A. Ziolkowska and F. H. Essler, SciPost Phys. 8, 44 (2020)

I. Bouchoule, B. Doyon and J. Dubail, SciPost Phys. 9, 44 (2020)
M. de Leeuw, C. Paletta and B. Pozsgay, arXiv:2101.08279

Gx,y = Tr(c†
x cyρ)
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FREE FERMIONS WITH GAIN/LOSS DISSIPATION

8

H =
∞

∑
x=−∞

(c†
x cx+1 + c†

x+1cx) ϵk = 2 cos(k) vk =
dϵk

dk
= − 2 sin(k)

• Simple free fermion model:

• Gain/loss dissipation
L+

j = γ+c†
j L−

j = γ−cj

• Diagonal dissipation            simple relationship for eigenvalues  of Gλj

λj = n∞(1 − b(t)) + b(t)λ̃j
b(t) = e−(γ−+γ+)t

n∞ =
γ+

γ− + γ+

A Ā

• Simple evolution for the density

nt,n0
= n∞(1 − b(t)) + n0b(t)
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FERMIONIC NEEL QUENCH

|0101010101…⟩

SA = − Tr(G ln G + (1 − G)ln(1 − G))

V. Eisler, I. Peschel, J. Phys. A: Math. Theor. 42 504003 (2009)

A Ā
G restricted to A

•  in terms of Tr(Gn) Tr( G̃ n)
G̃ Correlation matrix in the unitary case

s(α),YY
q = s(α),YY(nt,1/2) .s(α),mix =

s(α),YY(nt,1) + s(α),YY(nt,0)
2

,

s(α),YY(nk) =
1

1 − α
ln(nα

k + (1 − nk)α)• Hydrodynamic limit t, ℓ → ∞, γ± → 0,t/ℓ, γ±ℓ fixed

Gx,y = Tr(c†
x cyρ)

S(n)
ℓ (t) = ∫

dq
2π {ℓs(n), mix

q (t) + min(2 |vq | t, ℓ)[s(n), YY
q (t) − s(n), mix

q (t)]}

• Simple heuristic interpretations:
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ENTANGLEMENT ENTROPIES
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VS HydrodynamicsNumerics 

V.A. and F. Carollo, PRB 103 L020302 (2021)

IA = SA + SĀ − SA∪Ā

S. Maity, S. Bandyopadhayay, S. Bhattachariee, A. Dutta, PRB 101, 180301(R) (2020)
see also:

S(n)
ℓ (t) = ∫

dq
2π {ℓs(n), mix

q (t) + min(2 |vq | t, ℓ)[s(n), YY
q (t) − s(n), mix

q (t)]}
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INCOHERENT HOPPING AND DEPHASING
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IA = SA + SĀ − SA∪Ā
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SCALING IN THE WEAK-DISSIPATION LIMIT

12

0 0.5 1 1.5 2
0

0.1

0.2

ε γ
-

!=10 γ
-
=0.1

!=20 γ
-
=0.05

!=40 γ
-
=0.025

0 0.5 1 1.5 2

rescaled times (γ
-
 t, γ

h
 t, γ

d
 t)

0

0.1

0.2
ε γ

d

!=10 γ
d
=0.1

!=20 γ
d
=0.05

!=40 γ
d
=0.025

0 0.5 1 1.5
0

0.02

0.04

I A(1
/2

) γ
h
/2

!=10 γ
h
=0.1

!=20 γ
h
=0.05

!=40 γ
h
=0.025

0 0.5 1 1.5
0

0.1

0.2

I A(1
/2

) γ
- /2

!=10 γ
-
=0.1

!=20 γ
-
=0.05

!=40 γ
-
=0.025

0 0.5 1 1.5 2
0

0.04

0.08

0.12

ε γ
h

!=10 γ
h
=0.1

!=20 γ
h
=0.05

!=40 γ
h
=0.025

0 0.5 1 1.5
0

0.04

0.08

I A(1
/2

) γ
d
/2

!=10 γ
d
=0.1

!=20 γ
d
=0.05

!=40 γ
d
=0.025

(a) gain/loss

(b) hopping

(c) dephasing

V.A. and P. Calabrese, EPL 126 60001 (2019) 

I(1/2)
A = S(1/2)

A + S(1/2)
Ā

− S(1/2)
A∪Ā

• Nice scaling behaviour for γ → 0,t, ℓ → ∞, t/ℓ fixed, γℓ fixed

ℰ ≠ I(1/2)
A /2
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HOW GENERAL IS THIS RESULT?
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mixed quantum state

statistical uncertainty
S(| ih |) = 0 7! S(⇢) 6= 0
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S
v
N

`,
p
a
ir
s/
`

<latexit sha1_base64="2bWAXNdxIwa9zT5shv4+mGBpuUY=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoJJURTBWYmFCRdCH1ITIcd3WqvOQ7VSqonwCC7/CwgBCrIxs/A1OmgFajnSl43Pule89bsiokIbxrRWWlldW14rrpY3Nre0dfXevLYKIY9LCAQt410WCMOqTlqSSkW7ICfJcRjru+Cr1OxPCBQ38ezkNie2hoU8HFCOpJEc/rlTunNgijMHT2OIeDBHlIkkessfkJjlLvUrF0ctG1cgAF4mZkzLI0XT0L6sf4MgjvsQMCdEzjVDaMeKSYkaSkhUJEiI8RkPSU9RHHhF2nB2UwCOl9OEg4Kp8CTP190SMPCGmnqs6PSRHYt5Lxf+8XiQHl3ZM/TCSxMezjwYRgzKAaTqwTznBkk0VQZhTtSvEI8QRlirDkgrBnD95kbRrVbNePb+tlRv1PI4iOACH4ASY4AI0wDVoghbA4BE8g1fwpj1pL9q79jFrLWj5zD74A+3zBxoEm/c=</latexit>

0.060.030

10
-3

`�1

<latexit sha1_base64="C8R8gOyggLQ+Vq/T8ZveMo+oYXo=">AAAB9HicbVDLTgJBEOz1ifhCPXqZyJp4kewSjB5JvHjERB4JrGR2aGDC7MOZWRKy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx4Ir7Tjf1tr6xubWdm4nv7u3f3BYODpuqCiRDOssEpFs+VSh4CHWNdcCW7FEGvgCm/7oduY3xygVj8IHPYnRC+gg5H3OqDaSZ9sdFOIxvXSntt0tFJ2SMwdZJW5GipCh1i18dXoRSwIMNRNUqbbrxNpLqdScCZzmO4nCmLIRHWDb0JAGqLx0fvSUnBulR/qRNBVqMld/T6Q0UGoS+KYzoHqolr2Z+J/XTnT/xkt5GCcaQ7ZY1E8E0RGZJUB6XCLTYmIIZZKbWwkbUkmZNjnlTQju8surpFEuuZXS1X25WK1kceTgFM7gAly4hircQQ3qwOAJnuEV3qyx9WK9Wx+L1jUrmzmBP7A+fwDcYZDR</latexit>

S
v
N

`,
p
a
ir
s/
`

<latexit sha1_base64="2bWAXNdxIwa9zT5shv4+mGBpuUY=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoJJURTBWYmFCRdCH1ITIcd3WqvOQ7VSqonwCC7/CwgBCrIxs/A1OmgFajnSl43Pule89bsiokIbxrRWWlldW14rrpY3Nre0dfXevLYKIY9LCAQt410WCMOqTlqSSkW7ICfJcRjru+Cr1OxPCBQ38ezkNie2hoU8HFCOpJEc/rlTunNgijMHT2OIeDBHlIkkessfkJjlLvUrF0ctG1cgAF4mZkzLI0XT0L6sf4MgjvsQMCdEzjVDaMeKSYkaSkhUJEiI8RkPSU9RHHhF2nB2UwCOl9OEg4Kp8CTP190SMPCGmnqs6PSRHYt5Lxf+8XiQHl3ZM/TCSxMezjwYRgzKAaTqwTznBkk0VQZhTtSvEI8QRlirDkgrBnD95kbRrVbNePb+tlRv1PI4iOACH4ASY4AI0wDVoghbA4BE8g1fwpj1pL9q79jFrLWj5zD74A+3zBxoEm/c=</latexit>

S
(2

)
`

/`

<latexit sha1_base64="3eqmBLvniPKe3wA1MYJfJCNqL8U=">AAACAHicbZC7TsMwFIadcivlFmBgYLFokMpSkqoIxkosjEXQi9SGyHGd1qrjRLaDVEVZeBUWBhBi5THYeBuctgO0/JKlT/85R8fn92NGpbLtb6Owsrq2vlHcLG1t7+zumfsHbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen44+u83nkkQtKI36tJTNwQDTkNKEZKW555ZFl3XtonjGUPaaV2lp3nbFmeWbar9lRwGZw5lMFcTc/86g8inISEK8yQlD3HjpWbIqEoZiQr9RNJYoTHaEh6GjkKiXTT6QEZPNXOAAaR0I8rOHV/T6QolHIS+rozRGokF2u5+V+tl6jgyk0pjxNFOJ4tChIGVQTzNOCACoIVm2hAWFD9V4hHSCCsdGYlHYKzePIytGtVp169uK2VG/V5HEVwDE5ABTjgEjTADWiCFsAgA8/gFbwZT8aL8W58zFoLxnzmEPyR8fkDdIuU/Q==</latexit>

10
-2

`�1

<latexit sha1_base64="C8R8gOyggLQ+Vq/T8ZveMo+oYXo=">AAAB9HicbVDLTgJBEOz1ifhCPXqZyJp4kewSjB5JvHjERB4JrGR2aGDC7MOZWRKy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx4Ir7Tjf1tr6xubWdm4nv7u3f3BYODpuqCiRDOssEpFs+VSh4CHWNdcCW7FEGvgCm/7oduY3xygVj8IHPYnRC+gg5H3OqDaSZ9sdFOIxvXSntt0tFJ2SMwdZJW5GipCh1i18dXoRSwIMNRNUqbbrxNpLqdScCZzmO4nCmLIRHWDb0JAGqLx0fvSUnBulR/qRNBVqMld/T6Q0UGoS+KYzoHqolr2Z+J/XTnT/xkt5GCcaQ7ZY1E8E0RGZJUB6XCLTYmIIZZKbWwkbUkmZNjnlTQju8surpFEuuZXS1X25WK1kceTgFM7gAly4hircQQ3qwOAJnuEV3qyx9WK9Wx+L1jUrmzmBP7A+fwDcYZDR</latexit>

S
v
N

`,
p
a
ir
s/
`

<latexit sha1_base64="2bWAXNdxIwa9zT5shv4+mGBpuUY=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoJJURTBWYmFCRdCH1ITIcd3WqvOQ7VSqonwCC7/CwgBCrIxs/A1OmgFajnSl43Pule89bsiokIbxrRWWlldW14rrpY3Nre0dfXevLYKIY9LCAQt410WCMOqTlqSSkW7ICfJcRjru+Cr1OxPCBQ38ezkNie2hoU8HFCOpJEc/rlTunNgijMHT2OIeDBHlIkkessfkJjlLvUrF0ctG1cgAF4mZkzLI0XT0L6sf4MgjvsQMCdEzjVDaMeKSYkaSkhUJEiI8RkPSU9RHHhF2nB2UwCOl9OEg4Kp8CTP190SMPCGmnqs6PSRHYt5Lxf+8XiQHl3ZM/TCSxMezjwYRgzKAaTqwTznBkk0VQZhTtSvEI8QRlirDkgrBnD95kbRrVbNePb+tlRv1PI4iOACH4ASY4AI0wDVoghbA4BE8g1fwpj1pL9q79jFrLWj5zD74A+3zBxoEm/c=</latexit>

0 0.03 0.06
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Jt/`

<latexit sha1_base64="HDFHhty+A/AIlj13KC7VJeU02fY=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHdLRY8FL+Kpgv2A7VKyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmRangBjzv21lb39jc2i7sFHf39g8OS0fHLaMyTVmTKqF0JyKGCS5ZEzgI1kk1I0kkWDsa3c789hPThiv5COOUhQkZSB5zSsBKgevew2WXCeG6vVLZq3hz4FXi56SMcjR6pa9uX9EsYRKoIMYEvpdCOCEaOBVsWuxmhqWEjsiABZZKkjATTuYnT/G5Vfo4VtqWBDxXf09MSGLMOIlsZ0JgaJa9mfifF2QQ34QTLtMMmKSLRXEmMCg8+x/3uWYUxNgSQjW3t2I6JJpQsCkVbQj+8surpFWt+LXK1UO1XK/lcRTQKTpDF8hH16iO7lADNRFFCj2jV/TmgPPivDsfi9Y1J585QX/gfP4AW/GP9g==</latexit>

10 200

S
(2

)
`

/`

<latexit sha1_base64="3eqmBLvniPKe3wA1MYJfJCNqL8U=">AAACAHicbZC7TsMwFIadcivlFmBgYLFokMpSkqoIxkosjEXQi9SGyHGd1qrjRLaDVEVZeBUWBhBi5THYeBuctgO0/JKlT/85R8fn92NGpbLtb6Owsrq2vlHcLG1t7+zumfsHbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen44+u83nkkQtKI36tJTNwQDTkNKEZKW555ZFl3XtonjGUPaaV2lp3nbFmeWbar9lRwGZw5lMFcTc/86g8inISEK8yQlD3HjpWbIqEoZiQr9RNJYoTHaEh6GjkKiXTT6QEZPNXOAAaR0I8rOHV/T6QolHIS+rozRGokF2u5+V+tl6jgyk0pjxNFOJ4tChIGVQTzNOCACoIVm2hAWFD9V4hHSCCsdGYlHYKzePIytGtVp169uK2VG/V5HEVwDE5ABTjgEjTADWiCFsAgA8/gFbwZT8aL8W58zFoLxnzmEPyR8fkDdIuU/Q==</latexit>

0

1

2

Jt/`

<latexit sha1_base64="HDFHhty+A/AIlj13KC7VJeU02fY=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHdLRY8FL+Kpgv2A7VKyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmRangBjzv21lb39jc2i7sFHf39g8OS0fHLaMyTVmTKqF0JyKGCS5ZEzgI1kk1I0kkWDsa3c789hPThiv5COOUhQkZSB5zSsBKgevew2WXCeG6vVLZq3hz4FXi56SMcjR6pa9uX9EsYRKoIMYEvpdCOCEaOBVsWuxmhqWEjsiABZZKkjATTuYnT/G5Vfo4VtqWBDxXf09MSGLMOIlsZ0JgaJa9mfifF2QQ34QTLtMMmKSLRXEmMCg8+x/3uWYUxNgSQjW3t2I6JJpQsCkVbQj+8surpFWt+LXK1UO1XK/lcRTQKTpDF8hH16iO7lADNRFFCj2jV/TmgPPivDsfi9Y1J585QX/gfP4AW/GP9g==</latexit>

10 200

S(n)
ℓ (t) = ∫

dq
2π {ℓs(n), mix

q (t) + min(2 |vq | t, ℓ)[s(n), YY
q (t) − s(n), mix

q (t)]}

QUASIPARTICLE PICTURE: WEAK-DISSIPATION LIMIT
• Generic free-fermion or free-boson model:

H = ∑
q

εqb†
qbq + h . c bq Bogoliubov modes

V.A. and F. Carollo, arXiv:2106.11997)
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QUASIPARTICLE PICTURE: THE RECIPE

H = ∑
k

εkb†
k bk + h . c

• Determine Liouvillian eigenmodes

ℒ [βk] = − ( γk

2
+ i εk) βk

βk

βk ≠ bk

ρk = ⟨β†
k βk⟩

•                 is the Yang-Yang entropy of s(n),YY(ρk) ρk

s(n),YY(ρq) =
1

1 − n
ln(ρn

q + (1 − ρq)n)

•  obtained from the covariance matrix in momentum space.  s(n),mix
q

Γj, j′￼=
1
2 (

⟨w1, jw1, j′￼− δj, j′￼⟩ ⟨w1, jw2, j′￼⟩
⟨w2, jw1, j⟩ ⟨w2, jw2, j′￼⟩ − δj, j′￼) Γ̂k

s(n),mix
k =

1
2

1
1 − n

Tr ln[( 12 + Γ̂k

2 )
n

+ (12 − Γ̂k

2 )
n

],
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THE CASE OF THE HARMONIC CHAIN

0 10 20
0

2

4

0 10 20
0

1

2

0 1 2
0

4

8 10-3

0 2.5 5
0

0.02

0.04

tim
e

space

(a) closed quantum system

quasi-particle

open quantum system(b)

subsystem
`

<latexit sha1_base64="tx7PGsLnJhN5aor9tWyXU/H1pQo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKYo8FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IOFMadf9tgobm1vbO8Xd0t7+weFR+fikreJUUmzRmMeyGxCFnAlsaaY5dhOJJAo4doLJ7dzvPKFULBYPepqgH5GRYCGjRBup6zh95NxxBuWKW3UXsNeJl5MK5GgOyl/9YUzTCIWmnCjV89xE+xmRmlGOs1I/VZgQOiEj7BkqSITKzxb3zuwLowztMJamhLYX6u+JjERKTaPAdEZEj9WqNxf/83qpDut+xkSSahR0uShMua1je/68PWQSqeZTQwiVzNxq0zGRhGoTUcmE4K2+vE7atap3Vb2+r1Ua9TyOIpzBOVyCBzfQgDtoQgsocHiGV3izHq0X6936WLYWrHzmFP7A+vwBf4mO7w==</latexit>

+|vq|

<latexit sha1_base64="NSjlPaaBX4Vwcjc3cASjL/8HCcc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LDaCIJSkKPZY8OKxgv2ANJTNdtMu3Wzi7qRQ2v4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZuY3Nreye/W9jbPzg8Kh6fNHWcKsoaNBaxagdEM8ElawAHwdqJYiQKBGsFw7u53xoxpXksH2GcMD8ifclDTgkYybPtKzwddZ+mtt0tlpyyswBeJ25GSihDvVv86vRimkZMAhVEa891EvAnRAGngs0KnVSzhNAh6TPPUEkipv3J4uQZvjBKD4exMiUBL9TfExMSaT2OAtMZERjoVW8u/ud5KYRVf8JlkgKTdLkoTAWGGM//xz2uGAUxNoRQxc2tmA6IIhRMSgUTgrv68jppVsrudfnmoVKqVbM48ugMnaNL5KJbVEP3qI4aiKIYPaNX9GaB9WK9Wx/L1pyVzZyiP7A+fwBg1I/9</latexit>

�|vq|

<latexit sha1_base64="272ulSg6Q8nPoRX7ELE0xt8Q7mA=">AAAB8nicbVBNT8JAEN3iF+IX6tHLRmriRdISjRxJvHjERD6S0pDtsoUN223dnZIQ4Gd48aAxXv013vw3LtCDgi+Z5OW9mczMCxLBNTjOt5Xb2Nza3snvFvb2Dw6PiscnTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8G7ut0ZMaR7LRxgnzI9IX/KQUwJG8mz7Ck9H3aepbXeLJafsLIDXiZuREspQ7xa/Or2YphGTQAXR2nOdBPwJUcCpYLNCJ9UsIXRI+swzVJKIaX+yOHmGL4zSw2GsTEnAC/X3xIREWo+jwHRGBAZ61ZuL/3leCmHVn3CZpMAkXS4KU4EhxvP/cY8rRkGMDSFUcXMrpgOiCAWTUsGE4K6+vE6albJ7Xb55qJRq1SyOPDpD5+gSuegW1dA9qqMGoihGz+gVvVlgvVjv1seyNWdlM6foD6zPH2Psj/8=</latexit>

±|vq|

<latexit sha1_base64="N4f5ql+fEXWzFQVZ0oTlQ1DNuy8=">AAAB9XicbVBNT8JAEJ36ifiFevSykZp4Ii3RyJHEi0dM5COBSrbLFjbstnV3iyGF/+HFg8Z49b9489+4QA8KvmSSl/dmMjPPjzlT2nG+rbX1jc2t7dxOfndv/+CwcHTcUFEiCa2TiEey5WNFOQtpXTPNaSuWFAuf06Y/vJn5zRGVikXhvR7H1BO4H7KAEayN9GDbnVggNBl1Hye23S0UnZIzB1olbkaKkKHWLXx1ehFJBA014ViptuvE2kux1IxwOs13EkVjTIa4T9uGhlhQ5aXzq6fo3Cg9FETSVKjRXP09kWKh1Fj4plNgPVDL3kz8z2snOqh4KQvjRNOQLBYFCUc6QrMIUI9JSjQfG4KJZOZWRAZYYqJNUHkTgrv88ipplEvuZenqrlysVrI4cnAKZ3ABLlxDFW6hBnUgIOEZXuHNerJerHfrY9G6ZmUzJ/AH1ucPpkGRSQ==</latexit>

velocity

entangled pair

| i 7! ⇢ =
X

pk| kih k|

<latexit sha1_base64="BkRQyNg0VQDwP6TJm0SzdpKdBHM=">AAACLXicbVBLSwMxGMzWV62vqkcvwVbwVHZLRS9CQQ8eK9gHdMuSTdM2NMmGJCuUtn/Ii39FBA8V8erfMN0uoq0DIcPMfCTfhJJRbVx35mTW1jc2t7LbuZ3dvf2D/OFRQ0exwqSOIxapVog0YVSQuqGGkZZUBPGQkWY4vJn7zUeiNI3EgxlJ0uGoL2iPYmSsFORvi8WJLzX1FRJ9RqDPkdQmgr4aRNe+jjmUwTBJBMOfDEvvRJ0Ui0G+4JbcBHCVeCkpgBS1IP/qdyMccyIMZkjrtudK0xkjZShmZJrzY00kwkPUJ21LBeJEd8bJtlN4ZpUu7EXKHmFgov6eGCOu9YiHNsmRGehlby7+57Vj07vqjKmQsSECLx7qxQzaOubVwS5VBBs2sgRhRe1fIR4ghbCxBedsCd7yyqukUS55ldLFfblQraR1ZMEJOAXnwAOXoAruQA3UAQZP4AXMwLvz7Lw5H87nIppx0plj8AfO1zc88Kix</latexit>

time-evolving density
nq = hb†qbqi 7! nq(t)

<latexit sha1_base64="fc0XMGWGjlekgATixbr/5nio0P4=">AAACHnicbVDLSgMxFM34rPVVdekm2Ap1U2ZKRTdCwY3LCrYKnTrcSW+nwUxmmmSEUvwSN/6KGxeKCK70b0wfC18HAodzzuXmnjAVXBvX/XTm5hcWl5ZzK/nVtfWNzcLWdksnmWLYZIlI1FUIGgWX2DTcCLxKFUIcCrwMb07H/uUtKs0TeWGGKXZiiCTvcQbGSkHhsFSSweDEFyAjgTS89rsQRaiCAQ2Dga+msh9Dqk1CbbRsDkqloFB0K+4E9C/xZqRIZmgEhXe/m7AsRmmYAK3bnpuazgiU4UzgXd7PNKbAbiDCtqUSYtSd0eS8O7pvlS7tJco+aehE/T4xgljrYRzaZAymr397Y/E/r52Z3nFnxGWaGZRsuqiXCWovHXdFu1whM2JoCTDF7V8p64MCZmyjeVuC9/vkv6RVrXi1yuF5tVivzerIkV2yR8rEI0ekTs5IgzQJI/fkkTyTF+fBeXJenbdpdM6ZzeyQH3A+vgBrD6Ff</latexit>

mixed quantum state

statistical uncertainty
S(| ih |) = 0 7! S(⇢) 6= 0

<latexit sha1_base64="69SOEYpZqnyZhfaqq8XOgXnvXn4="></latexit>

tight-binding chain
harmonic chain
numerical results

(a) (b)

tight-binding chain
harmonic chain
numerical results
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(a)

Jt/`

<latexit sha1_base64="HDFHhty+A/AIlj13KC7VJeU02fY=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHdLRY8FL+Kpgv2A7VKyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmRangBjzv21lb39jc2i7sFHf39g8OS0fHLaMyTVmTKqF0JyKGCS5ZEzgI1kk1I0kkWDsa3c789hPThiv5COOUhQkZSB5zSsBKgevew2WXCeG6vVLZq3hz4FXi56SMcjR6pa9uX9EsYRKoIMYEvpdCOCEaOBVsWuxmhqWEjsiABZZKkjATTuYnT/G5Vfo4VtqWBDxXf09MSGLMOIlsZ0JgaJa9mfifF2QQ34QTLtMMmKSLRXEmMCg8+x/3uWYUxNgSQjW3t2I6JJpQsCkVbQj+8surpFWt+LXK1UO1XK/lcRTQKTpDF8hH16iO7lADNRFFCj2jV/TmgPPivDsfi9Y1J585QX/gfP4AW/GP9g==</latexit>

2.5 50

harmonic chain 

`

<latexit sha1_base64="NyOyEej4i7m41BK3qGX3+M48SB0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0lKRY8FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IOFMadf9tgobm1vbO8Xd0t7+weFR+fikreJUUmzRmMeyGxCFnAlsaaY5dhOJJAo4doLJ7dzvPKFULBYPepqgH5GRYCGjRBup6zh95NxxBuWKW3UXsNeJl5MK5GgOyl/9YUzTCIWmnCjV89xE+xmRmlGOs1I/VZgQOiEj7BkqSITKzxb3zuwLowztMJamhLYX6u+JjERKTaPAdEZEj9WqNxf/83qpDm/8jIkk1SjoclGYclvH9vx5e8gkUs2nhhAqmbnVpmMiCdUmopIJwVt9eZ20a1WvXr26r1Ua9TyOIpzBOVyCB9fQgDtoQgsocHiGV3izHq0X6936WLYWrHzmFP7A+vwBflWO6w==</latexit>

prediction

Ising chain

`

<latexit sha1_base64="NyOyEej4i7m41BK3qGX3+M48SB0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0lKRY8FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IOFMadf9tgobm1vbO8Xd0t7+weFR+fikreJUUmzRmMeyGxCFnAlsaaY5dhOJJAo4doLJ7dzvPKFULBYPepqgH5GRYCGjRBup6zh95NxxBuWKW3UXsNeJl5MK5GgOyl/9YUzTCIWmnCjV89xE+xmRmlGOs1I/VZgQOiEj7BkqSITKzxb3zuwLowztMJamhLYX6u+JjERKTaPAdEZEj9WqNxf/83qpDm/8jIkk1SjoclGYclvH9vx5e8gkUs2nhhAqmbnVpmMiCdUmopIJwVt9eZ20a1WvXr26r1Ua9TyOIpzBOVyCB9fQgDtoQgsocHiGV3izHq0X6936WLYWrHzmFP7A+vwBflWO6w==</latexit>

prediction

Jt/`

<latexit sha1_base64="HDFHhty+A/AIlj13KC7VJeU02fY=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHdLRY8FL+Kpgv2A7VKyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmRangBjzv21lb39jc2i7sFHf39g8OS0fHLaMyTVmTKqF0JyKGCS5ZEzgI1kk1I0kkWDsa3c789hPThiv5COOUhQkZSB5zSsBKgevew2WXCeG6vVLZq3hz4FXi56SMcjR6pa9uX9EsYRKoIMYEvpdCOCEaOBVsWuxmhqWEjsiABZZKkjATTuYnT/G5Vfo4VtqWBDxXf09MSGLMOIlsZ0JgaJa9mfifF2QQ34QTLtMMmKSLRXEmMCg8+x/3uWYUxNgSQjW3t2I6JJpQsCkVbQj+8surpFWt+LXK1UO1XK/lcRTQKTpDF8hH16iO7lADNRFFCj2jV/TmgPPivDsfi9Y1J585QX/gfP4AW/GP9g==</latexit>

1 20

(b) 10
-3

0

4

8

S
v
N

`,
p
a
ir
s/
`

<latexit sha1_base64="2bWAXNdxIwa9zT5shv4+mGBpuUY=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoJJURTBWYmFCRdCH1ITIcd3WqvOQ7VSqonwCC7/CwgBCrIxs/A1OmgFajnSl43Pule89bsiokIbxrRWWlldW14rrpY3Nre0dfXevLYKIY9LCAQt410WCMOqTlqSSkW7ICfJcRjru+Cr1OxPCBQ38ezkNie2hoU8HFCOpJEc/rlTunNgijMHT2OIeDBHlIkkessfkJjlLvUrF0ctG1cgAF4mZkzLI0XT0L6sf4MgjvsQMCdEzjVDaMeKSYkaSkhUJEiI8RkPSU9RHHhF2nB2UwCOl9OEg4Kp8CTP190SMPCGmnqs6PSRHYt5Lxf+8XiQHl3ZM/TCSxMezjwYRgzKAaTqwTznBkk0VQZhTtSvEI8QRlirDkgrBnD95kbRrVbNePb+tlRv1PI4iOACH4ASY4AI0wDVoghbA4BE8g1fwpj1pL9q79jFrLWj5zD74A+3zBxoEm/c=</latexit>

S
v
N

`,
p
a
ir
s/
`

<latexit sha1_base64="2bWAXNdxIwa9zT5shv4+mGBpuUY=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoJJURTBWYmFCRdCH1ITIcd3WqvOQ7VSqonwCC7/CwgBCrIxs/A1OmgFajnSl43Pule89bsiokIbxrRWWlldW14rrpY3Nre0dfXevLYKIY9LCAQt410WCMOqTlqSSkW7ICfJcRjru+Cr1OxPCBQ38ezkNie2hoU8HFCOpJEc/rlTunNgijMHT2OIeDBHlIkkessfkJjlLvUrF0ctG1cgAF4mZkzLI0XT0L6sf4MgjvsQMCdEzjVDaMeKSYkaSkhUJEiI8RkPSU9RHHhF2nB2UwCOl9OEg4Kp8CTP190SMPCGmnqs6PSRHYt5Lxf+8XiQHl3ZM/TCSxMezjwYRgzKAaTqwTznBkk0VQZhTtSvEI8QRlirDkgrBnD95kbRrVbNePb+tlRv1PI4iOACH4ASY4AI0wDVoghbA4BE8g1fwpj1pL9q79jFrLWj5zD74A+3zBxoEm/c=</latexit>

0.060.030

10
-3

`�1

<latexit sha1_base64="C8R8gOyggLQ+Vq/T8ZveMo+oYXo=">AAAB9HicbVDLTgJBEOz1ifhCPXqZyJp4kewSjB5JvHjERB4JrGR2aGDC7MOZWRKy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx4Ir7Tjf1tr6xubWdm4nv7u3f3BYODpuqCiRDOssEpFs+VSh4CHWNdcCW7FEGvgCm/7oduY3xygVj8IHPYnRC+gg5H3OqDaSZ9sdFOIxvXSntt0tFJ2SMwdZJW5GipCh1i18dXoRSwIMNRNUqbbrxNpLqdScCZzmO4nCmLIRHWDb0JAGqLx0fvSUnBulR/qRNBVqMld/T6Q0UGoS+KYzoHqolr2Z+J/XTnT/xkt5GCcaQ7ZY1E8E0RGZJUB6XCLTYmIIZZKbWwkbUkmZNjnlTQju8surpFEuuZXS1X25WK1kceTgFM7gAly4hircQQ3qwOAJnuEV3qyx9WK9Wx+L1jUrmzmBP7A+fwDcYZDR</latexit>

S
v
N

`,
p
a
ir
s/
`

<latexit sha1_base64="2bWAXNdxIwa9zT5shv4+mGBpuUY=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoJJURTBWYmFCRdCH1ITIcd3WqvOQ7VSqonwCC7/CwgBCrIxs/A1OmgFajnSl43Pule89bsiokIbxrRWWlldW14rrpY3Nre0dfXevLYKIY9LCAQt410WCMOqTlqSSkW7ICfJcRjru+Cr1OxPCBQ38ezkNie2hoU8HFCOpJEc/rlTunNgijMHT2OIeDBHlIkkessfkJjlLvUrF0ctG1cgAF4mZkzLI0XT0L6sf4MgjvsQMCdEzjVDaMeKSYkaSkhUJEiI8RkPSU9RHHhF2nB2UwCOl9OEg4Kp8CTP190SMPCGmnqs6PSRHYt5Lxf+8XiQHl3ZM/TCSxMezjwYRgzKAaTqwTznBkk0VQZhTtSvEI8QRlirDkgrBnD95kbRrVbNePb+tlRv1PI4iOACH4ASY4AI0wDVoghbA4BE8g1fwpj1pL9q79jFrLWj5zD74A+3zBxoEm/c=</latexit>

S
(2

)
`

/`

<latexit sha1_base64="3eqmBLvniPKe3wA1MYJfJCNqL8U=">AAACAHicbZC7TsMwFIadcivlFmBgYLFokMpSkqoIxkosjEXQi9SGyHGd1qrjRLaDVEVZeBUWBhBi5THYeBuctgO0/JKlT/85R8fn92NGpbLtb6Owsrq2vlHcLG1t7+zumfsHbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen44+u83nkkQtKI36tJTNwQDTkNKEZKW555ZFl3XtonjGUPaaV2lp3nbFmeWbar9lRwGZw5lMFcTc/86g8inISEK8yQlD3HjpWbIqEoZiQr9RNJYoTHaEh6GjkKiXTT6QEZPNXOAAaR0I8rOHV/T6QolHIS+rozRGokF2u5+V+tl6jgyk0pjxNFOJ4tChIGVQTzNOCACoIVm2hAWFD9V4hHSCCsdGYlHYKzePIytGtVp169uK2VG/V5HEVwDE5ABTjgEjTADWiCFsAgA8/gFbwZT8aL8W58zFoLxnzmEPyR8fkDdIuU/Q==</latexit>

10
-2

`�1

<latexit sha1_base64="C8R8gOyggLQ+Vq/T8ZveMo+oYXo=">AAAB9HicbVDLTgJBEOz1ifhCPXqZyJp4kewSjB5JvHjERB4JrGR2aGDC7MOZWRKy4Tu8eNAYr36MN//GAfagYCWdVKq6093lx4Ir7Tjf1tr6xubWdm4nv7u3f3BYODpuqCiRDOssEpFs+VSh4CHWNdcCW7FEGvgCm/7oduY3xygVj8IHPYnRC+gg5H3OqDaSZ9sdFOIxvXSntt0tFJ2SMwdZJW5GipCh1i18dXoRSwIMNRNUqbbrxNpLqdScCZzmO4nCmLIRHWDb0JAGqLx0fvSUnBulR/qRNBVqMld/T6Q0UGoS+KYzoHqolr2Z+J/XTnT/xkt5GCcaQ7ZY1E8E0RGZJUB6XCLTYmIIZZKbWwkbUkmZNjnlTQju8surpFEuuZXS1X25WK1kceTgFM7gAly4hircQQ3qwOAJnuEV3qyx9WK9Wx+L1jUrmzmBP7A+fwDcYZDR</latexit>

S
v
N

`,
p
a
ir
s/
`

<latexit sha1_base64="2bWAXNdxIwa9zT5shv4+mGBpuUY=">AAACEHicbVC7TsMwFHXKq5RXgJHFokUwoJJURTBWYmFCRdCH1ITIcd3WqvOQ7VSqonwCC7/CwgBCrIxs/A1OmgFajnSl43Pule89bsiokIbxrRWWlldW14rrpY3Nre0dfXevLYKIY9LCAQt410WCMOqTlqSSkW7ICfJcRjru+Cr1OxPCBQ38ezkNie2hoU8HFCOpJEc/rlTunNgijMHT2OIeDBHlIkkessfkJjlLvUrF0ctG1cgAF4mZkzLI0XT0L6sf4MgjvsQMCdEzjVDaMeKSYkaSkhUJEiI8RkPSU9RHHhF2nB2UwCOl9OEg4Kp8CTP190SMPCGmnqs6PSRHYt5Lxf+8XiQHl3ZM/TCSxMezjwYRgzKAaTqwTznBkk0VQZhTtSvEI8QRlirDkgrBnD95kbRrVbNePb+tlRv1PI4iOACH4ASY4AI0wDVoghbA4BE8g1fwpj1pL9q79jFrLWj5zD74A+3zBxoEm/c=</latexit>
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Jt/`

<latexit sha1_base64="HDFHhty+A/AIlj13KC7VJeU02fY=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHdLRY8FL+Kpgv2A7VKyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmRangBjzv21lb39jc2i7sFHf39g8OS0fHLaMyTVmTKqF0JyKGCS5ZEzgI1kk1I0kkWDsa3c789hPThiv5COOUhQkZSB5zSsBKgevew2WXCeG6vVLZq3hz4FXi56SMcjR6pa9uX9EsYRKoIMYEvpdCOCEaOBVsWuxmhqWEjsiABZZKkjATTuYnT/G5Vfo4VtqWBDxXf09MSGLMOIlsZ0JgaJa9mfifF2QQ34QTLtMMmKSLRXEmMCg8+x/3uWYUxNgSQjW3t2I6JJpQsCkVbQj+8surpFWt+LXK1UO1XK/lcRTQKTpDF8hH16iO7lADNRFFCj2jV/TmgPPivDsfi9Y1J585QX/gfP4AW/GP9g==</latexit>

10 200

S
(2

)
`

/`

<latexit sha1_base64="3eqmBLvniPKe3wA1MYJfJCNqL8U=">AAACAHicbZC7TsMwFIadcivlFmBgYLFokMpSkqoIxkosjEXQi9SGyHGd1qrjRLaDVEVZeBUWBhBi5THYeBuctgO0/JKlT/85R8fn92NGpbLtb6Owsrq2vlHcLG1t7+zumfsHbRklApMWjlgkuj6ShFFOWooqRrqxICj0Gen44+u83nkkQtKI36tJTNwQDTkNKEZKW555ZFl3XtonjGUPaaV2lp3nbFmeWbar9lRwGZw5lMFcTc/86g8inISEK8yQlD3HjpWbIqEoZiQr9RNJYoTHaEh6GjkKiXTT6QEZPNXOAAaR0I8rOHV/T6QolHIS+rozRGokF2u5+V+tl6jgyk0pjxNFOJ4tChIGVQTzNOCACoIVm2hAWFD9V4hHSCCsdGYlHYKzePIytGtVp169uK2VG/V5HEVwDE5ABTjgEjTADWiCFsAgA8/gFbwZT8aL8W58zFoLxnzmEPyR8fkDdIuU/Q==</latexit>

0

1

2

Jt/`

<latexit sha1_base64="HDFHhty+A/AIlj13KC7VJeU02fY=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHdLRY8FL+Kpgv2A7VKyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmRangBjzv21lb39jc2i7sFHf39g8OS0fHLaMyTVmTKqF0JyKGCS5ZEzgI1kk1I0kkWDsa3c789hPThiv5COOUhQkZSB5zSsBKgevew2WXCeG6vVLZq3hz4FXi56SMcjR6pa9uX9EsYRKoIMYEvpdCOCEaOBVsWuxmhqWEjsiABZZKkjATTuYnT/G5Vfo4VtqWBDxXf09MSGLMOIlsZ0JgaJa9mfifF2QQ34QTLtMMmKSLRXEmMCg8+x/3uWYUxNgSQjW3t2I6JJpQsCkVbQj+8surpFWt+LXK1UO1XK/lcRTQKTpDF8hH16iO7lADNRFFCj2jV/TmgPPivDsfi9Y1J585QX/gfP4AW/GP9g==</latexit>

10 200

H =
J
2

L

∑
i=1

(p2
i + m2x2

i + (xi − xi+1)2)dO
dt

= i[H, O] +
2L

∑
i, j=1

Cij (riOrj −
1
2 {O, rirj})

r = (x1, p1, x2, p2, …, xL, pL)

Cij = ∑
α

Cα
ij Cα

ij = γα f α
ij c

α

c± =
1
2 ( 1 ∓i

±i 1 ) , cx = (1 0
0 0) , cp = (0 0

0 1) .

Dissipation

Non local dissipative processes

f α
ij = e−|i−j|/ξα

Mass quench

m0 → m

SvN
ℓ,pairs = 2IvN

A
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`

<latexit sha1_base64="tx7PGsLnJhN5aor9tWyXU/H1pQo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0mKYo8FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IOFMadf9tgobm1vbO8Xd0t7+weFR+fikreJUUmzRmMeyGxCFnAlsaaY5dhOJJAo4doLJ7dzvPKFULBYPepqgH5GRYCGjRBup6zh95NxxBuWKW3UXsNeJl5MK5GgOyl/9YUzTCIWmnCjV89xE+xmRmlGOs1I/VZgQOiEj7BkqSITKzxb3zuwLowztMJamhLYX6u+JjERKTaPAdEZEj9WqNxf/83qpDut+xkSSahR0uShMua1je/68PWQSqeZTQwiVzNxq0zGRhGoTUcmE4K2+vE7atap3Vb2+r1Ua9TyOIpzBOVyCBzfQgDtoQgsocHiGV3izHq0X6936WLYWrHzmFP7A+vwBf4mO7w==</latexit>

+|vq|

<latexit sha1_base64="NSjlPaaBX4Vwcjc3cASjL/8HCcc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LDaCIJSkKPZY8OKxgv2ANJTNdtMu3Wzi7qRQ2v4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0gE1+A431ZuY3Nreye/W9jbPzg8Kh6fNHWcKsoaNBaxagdEM8ElawAHwdqJYiQKBGsFw7u53xoxpXksH2GcMD8ifclDTgkYybPtKzwddZ+mtt0tlpyyswBeJ25GSihDvVv86vRimkZMAhVEa891EvAnRAGngs0KnVSzhNAh6TPPUEkipv3J4uQZvjBKD4exMiUBL9TfExMSaT2OAtMZERjoVW8u/ud5KYRVf8JlkgKTdLkoTAWGGM//xz2uGAUxNoRQxc2tmA6IIhRMSgUTgrv68jppVsrudfnmoVKqVbM48ugMnaNL5KJbVEP3qI4aiKIYPaNX9GaB9WK9Wx/L1pyVzZyiP7A+fwBg1I/9</latexit>

�|vq|

<latexit sha1_base64="272ulSg6Q8nPoRX7ELE0xt8Q7mA=">AAAB8nicbVBNT8JAEN3iF+IX6tHLRmriRdISjRxJvHjERD6S0pDtsoUN223dnZIQ4Gd48aAxXv013vw3LtCDgi+Z5OW9mczMCxLBNTjOt5Xb2Nza3snvFvb2Dw6PiscnTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8G7ut0ZMaR7LRxgnzI9IX/KQUwJG8mz7Ck9H3aepbXeLJafsLIDXiZuREspQ7xa/Or2YphGTQAXR2nOdBPwJUcCpYLNCJ9UsIXRI+swzVJKIaX+yOHmGL4zSw2GsTEnAC/X3xIREWo+jwHRGBAZ61ZuL/3leCmHVn3CZpMAkXS4KU4EhxvP/cY8rRkGMDSFUcXMrpgOiCAWTUsGE4K6+vE6albJ7Xb55qJRq1SyOPDpD5+gSuegW1dA9qqMGoihGz+gVvVlgvVjv1seyNWdlM6foD6zPH2Psj/8=</latexit>

±|vq|

<latexit sha1_base64="N4f5ql+fEXWzFQVZ0oTlQ1DNuy8=">AAAB9XicbVBNT8JAEJ36ifiFevSykZp4Ii3RyJHEi0dM5COBSrbLFjbstnV3iyGF/+HFg8Z49b9489+4QA8KvmSSl/dmMjPPjzlT2nG+rbX1jc2t7dxOfndv/+CwcHTcUFEiCa2TiEey5WNFOQtpXTPNaSuWFAuf06Y/vJn5zRGVikXhvR7H1BO4H7KAEayN9GDbnVggNBl1Hye23S0UnZIzB1olbkaKkKHWLXx1ehFJBA014ViptuvE2kux1IxwOs13EkVjTIa4T9uGhlhQ5aXzq6fo3Cg9FETSVKjRXP09kWKh1Fj4plNgPVDL3kz8z2snOqh4KQvjRNOQLBYFCUc6QrMIUI9JSjQfG4KJZOZWRAZYYqJNUHkTgrv88ipplEvuZenqrlysVrI4cnAKZ3ABLlxDFW6hBnUgIOEZXuHNerJerHfrY9G6ZmUzJ/AH1ucPpkGRSQ==</latexit>

velocity

entangled pair

| i 7! ⇢ =
X

pk| kih k|

<latexit sha1_base64="BkRQyNg0VQDwP6TJm0SzdpKdBHM=">AAACLXicbVBLSwMxGMzWV62vqkcvwVbwVHZLRS9CQQ8eK9gHdMuSTdM2NMmGJCuUtn/Ii39FBA8V8erfMN0uoq0DIcPMfCTfhJJRbVx35mTW1jc2t7LbuZ3dvf2D/OFRQ0exwqSOIxapVog0YVSQuqGGkZZUBPGQkWY4vJn7zUeiNI3EgxlJ0uGoL2iPYmSsFORvi8WJLzX1FRJ9RqDPkdQmgr4aRNe+jjmUwTBJBMOfDEvvRJ0Ui0G+4JbcBHCVeCkpgBS1IP/qdyMccyIMZkjrtudK0xkjZShmZJrzY00kwkPUJ21LBeJEd8bJtlN4ZpUu7EXKHmFgov6eGCOu9YiHNsmRGehlby7+57Vj07vqjKmQsSECLx7qxQzaOubVwS5VBBs2sgRhRe1fIR4ghbCxBedsCd7yyqukUS55ldLFfblQraR1ZMEJOAXnwAOXoAruQA3UAQZP4AXMwLvz7Lw5H87nIppx0plj8AfO1zc88Kix</latexit>

time-evolving density
nq = hb†qbqi 7! nq(t)

<latexit sha1_base64="fc0XMGWGjlekgATixbr/5nio0P4=">AAACHnicbVDLSgMxFM34rPVVdekm2Ap1U2ZKRTdCwY3LCrYKnTrcSW+nwUxmmmSEUvwSN/6KGxeKCK70b0wfC18HAodzzuXmnjAVXBvX/XTm5hcWl5ZzK/nVtfWNzcLWdksnmWLYZIlI1FUIGgWX2DTcCLxKFUIcCrwMb07H/uUtKs0TeWGGKXZiiCTvcQbGSkHhsFSSweDEFyAjgTS89rsQRaiCAQ2Dga+msh9Dqk1CbbRsDkqloFB0K+4E9C/xZqRIZmgEhXe/m7AsRmmYAK3bnpuazgiU4UzgXd7PNKbAbiDCtqUSYtSd0eS8O7pvlS7tJco+aehE/T4xgljrYRzaZAymr397Y/E/r52Z3nFnxGWaGZRsuqiXCWovHXdFu1whM2JoCTDF7V8p64MCZmyjeVuC9/vkv6RVrXi1yuF5tVivzerIkV2yR8rEI0ekTs5IgzQJI/fkkTyTF+fBeXJenbdpdM6ZzeyQH3A+vgBrD6Ff</latexit>

mixed quantum state

statistical uncertainty
S(| ih |) = 0 7! S(⇢) 6= 0

<latexit sha1_base64="69SOEYpZqnyZhfaqq8XOgXnvXn4="></latexit>

tight-binding chain
harmonic chain
numerical results

(a) (b)

tight-binding chain
harmonic chain
numerical results
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10
-2

(a)

Jt/`

<latexit sha1_base64="HDFHhty+A/AIlj13KC7VJeU02fY=">AAAB8nicbVBNSwMxEM36WetX1aOXYFfwVHdLRY8FL+Kpgv2A7VKyabYNzSZLMiuU0p/hxYMiXv013vw3pu0etPXBwOO9GWbmRangBjzv21lb39jc2i7sFHf39g8OS0fHLaMyTVmTKqF0JyKGCS5ZEzgI1kk1I0kkWDsa3c789hPThiv5COOUhQkZSB5zSsBKgevew2WXCeG6vVLZq3hz4FXi56SMcjR6pa9uX9EsYRKoIMYEvpdCOCEaOBVsWuxmhqWEjsiABZZKkjATTuYnT/G5Vfo4VtqWBDxXf09MSGLMOIlsZ0JgaJa9mfifF2QQ34QTLtMMmKSLRXEmMCg8+x/3uWYUxNgSQjW3t2I6JJpQsCkVbQj+8surpFWt+LXK1UO1XK/lcRTQKTpDF8hH16iO7lADNRFFCj2jV/TmgPPivDsfi9Y1J585QX/gfP4AW/GP9g==</latexit>

2.5 50

harmonic chain 

`

<latexit sha1_base64="NyOyEej4i7m41BK3qGX3+M48SB0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BBvBU0lKRY8FLx4r2A9oQ9lsJ+3SzSbuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IOFMadf9tgobm1vbO8Xd0t7+weFR+fikreJUUmzRmMeyGxCFnAlsaaY5dhOJJAo4doLJ7dzvPKFULBYPepqgH5GRYCGjRBup6zh95NxxBuWKW3UXsNeJl5MK5GgOyl/9YUzTCIWmnCjV89xE+xmRmlGOs1I/VZgQOiEj7BkqSITKzxb3zuwLowztMJamhLYX6u+JjERKTaPAdEZEj9WqNxf/83qpDm/8jIkk1SjoclGYclvH9vx5e8gkUs2nhhAqmbnVpmMiCdUmopIJwVt9eZ20a1WvXr26r1Ua9TyOIpzBOVyCB9fQgDtoQgsocHiGV3izHq0X6936WLYWrHzmFP7A+vwBflWO6w==</latexit>
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THE CASE OF THE ISING CHAIN
H = − J

L

∑
j=1

(c†
j cj+1 + c†

j+1cj − δcjcj+1 − δc†
j+1c

†
j − 2hc†

j cj) − JhL .

SvN
ℓ,pairs = 2IvN

A

dO
dt

= i[H, O] +
2L

∑
m, j=1

Cmj (wmOwj −
1
2 {O, wmwj}) w+,j = c†

j + cj

Magnetic field quench

h0 → h
(h0 = 3,h = 5)

f α
ij = e−|i−j|/ξα

c± =
1
2 ( 1 ∓i

±i 1 )

w = (w+,1, w−,1, w+,2, w−,2, …, w+,L, w−,L)
w−,j = c†

j − cj

Cij = ∑
α

Cα
ij Cα

ij = γα f α
ij c

α

Non local dissipative processes

ξ− = 2,γ− = 2/ℓ
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QUANTUM ISING CHAIN: GIST OF THE PROOF
• Full information contained in the covariance matrix

Γj, j′￼=
1
2 (

⟨w1, jw1, j′￼− δj, j′￼⟩ ⟨w1, jw2, j′￼⟩
⟨w2, jw1, j⟩ ⟨w2, jw2, j′￼⟩ − δj, j′￼)

• Formal solution of Lindblad equation

dO
dt

= i[H, O] +
2L

∑
m, j=1

Kmj (wmOwj −
1
2 {O, wmwj}) Γ(t) = Ũ (t)Γ(0) Ũ T(t) + 4i∫

t

0
du Ũ (t − u)KIm Ũ T(t − u)

• In Fourier space

Γ̂k(t) = Ũ kΓ̂k(0) Ũ T
−k(t) + 4i∫

t

0
du Ũ k(t − u)K̂Im

k Ũ T
−k(t − u)

U(t) = e−4iht−2KRet

• Generic linear translation invariant dissipation:

K̂k = γ ( a(k) c(k)
c*(k) b(k)) a, b, c arbitrary functions

V.A., F. Carollo, arXiv:2109.01836

Γ̂k 2x2 matrix
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QUANTUM ISING CHAIN: GIST OF THE PROOF
• Weakly-dissipative hydrodynamic limit t → ∞, γ → 0, γt fixed

Γ̂k = Ck12 + Akσ(k)
y + Bkσ(k)

x e2iεh(k)tσ(k)
y

εh(k) = 2 1 + h2 − 2h cos(k)

σ(k)
α := ei ⃗v (k)⋅ ⃗σ σαe−i ⃗v (k)⋅ ⃗σ , α = x, y, z

Rotated Pauli matrices

Ak, Bk, Ck•                encode dissipation and unitary dynamics

• How do we calculate the entropies?

Γm, j(t) = ∫
π

−π

dk
2π

e−ik(m−j)Γ̂k(t)

S(n)
A =

1
2

1
1 − n

Tr ln[( 1 + Γℓ

2 )
n

+ (1 − Γℓ

2 )
n

] A Ā

Γℓ

• Moments  + analytic continuationΓα
ℓ

S(n)
A = Tr ℱ(Γ2

ℓ) = ∑
α

cα Tr Γ2α
ℓ
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QUANTUM ISING CHAIN: GIST OF THE PROOF

Γ̂k = Ck12 + Akσ(k)
y + Bkσ(k)

x e2iεh(k)tσ(k)
y

• Same situation as in the unitary caseCk = 0 ⇒
P. Calabrese, F. H. L. Essler, M. Fagotti J. Stat. Mech.  (2012) P07016

• Generalization to  (multidimensional stationary phase approximation)Ck ≠ 0

S(n)
A = ∫

π

−π

dk
2π [s(n),YY

k − s(n),mix
k ] min(ℓ, |2ε′￼h(k) | t) + ℓ∫

π

−π

dk
2π

s(n),mix
k

s(n),YY(ρk) =
1

1 − n
ln(ρn

k + (1 − ρk)n)

ρk :=
1 − Ck + Ak

2

V.A., F. Carollo, arXiv:2109.01836

s(n),mix
k =

1
2

1
1 − n

Tr ln[( 12 + Γ̂k

2 )
n

+ (12 − Γ̂k

2 )
n

]
• Simple dynamics for ρk

dρk

dt
= − 4γ(se + zo)ρk + 2γ(se − so + zo + ze)

not the density of Bogoliubov modesρk

t, ℓ → ∞, γ → 0,t/ℓ, γℓ fixed

https://arxiv.org/search/cond-mat?searchtype=author&query=Calabrese%2C+P
https://arxiv.org/search/cond-mat?searchtype=author&query=Essler%2C+F+H+L
https://arxiv.org/search/cond-mat?searchtype=author&query=Fagotti%2C+M
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DISSIPATIVE IMPURITIES

21

V.A. and F. Carollo, arXiv:2103.05671)

V.A., arXiv:2104.10921v2)
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CORRELATION FUNCTIONS
dGx,y

dt
= i(Gx+1,y + Gx−1,y − Gx,y+1 − Gx,y−1) −

γ+ + γ−

2
(δx,0Gx,y + δy,0Gx,y) + γ+δx,0δy,0

Gx,y(0)With initial condition

Gx,y = ∫
π

−π

dk
2π

Sk,xS̄k,y

dGx,y

dt
= i(Gx+1,y + Gx−1,y − Gx,y+1 − Gx,y−1) −

γ−

2
(δx,0Gx,y + δy,0Gx,y)

sufficient to restrict to losses

factorized ansatz

dSk,x

dt
= i[Sk,x+1 + Sk,x−1] −

γ−

2
δx,0Sk,x

Fourier+Laplace transform ̂S k,x(s) = ∫
∞

0
dte−stSk,x(t) ̂S k,q =

∞

∑
x=−∞

̂S k,xe−iqx
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CORRELATION FUNCTIONS: HYDRODYNAMIC LIMIT

Sk,x(t) = i|x−k|J|x−k|(2t) −
γ−

2
i|x|+|k|K|x|+|k|(t) K|x|+|k| = ℒ−1( 1

( γ−

2 + s2 + 4) s2 + 4 ( 2i

s + s2 + 4 )
|k|+|x|

)

• Almost full analytic solution:

Dissipation

• Hydrodynamic limit:
x
2t

,
y
2t

fixed

|x − y |
2t

→ 0

doable in some cases

easier “universal”

Sk,x = eikx+r(k)Θ( |vk | t − |x | )ei|k||x| r(k) = −
γ−

2
1

γ−

2 + |vk |
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SCATTERING WITH IMAGINARY DELTA POTENTIAL

−
ℏ2

2m
d2ψ(x)

dx2
+ V(x)ψ(x) = Eψ(x) V(x) = − i

γ−

2
δ(x)

r(k) = −
γ−

2
1

γ−

2 + k
k → |vk |

• Scattering by delta potential

• Reflection and transmission amplitudes:

τ(k) =
|vk |

γ−

2 + |vk |
1 − τ2 − r2 = a2 > 0

Non unitary dynamics
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INHOMOGENEOUS QUENCHES

• Generalizable to other other homogeneous and inhomogeneous quenches

H =
∞

∑
x=−∞

(c†
x cx+1 + c†

x+1cx)

Fermionic Neel quench

Domain-wall quench

Two Fermi seas

|0101010101…⟩

|…11111110000000…⟩

|kl
F⟩ ⊗ |kr

F⟩

T. Antal, Z. Racz, A. Racos, G. M. Schutz, PRE 59, 4912 (1999) 
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INHOMOGENEOUS QUENCHES

H =
∞

∑
x=−∞

(c†
x cx+1 + c†

x+1cx)

Gx,y(t) = ∫
kl

F

−kl
F

dK
2π {eiK(x−y)Θ(2t sin(K ) −

x + y
2 ) + eiK(|x|−|y|)Θ(K )(Θ(x) + Θ(y))χx χyr

+Θ(K )eiK(|x|−|y|)χx χyr2} + l ↔ r,

|kl
F⟩ ⊗ |kr

F⟩

Gx,y = ∫
kl

F

−kl
F

dk
2π

Sl
k,xS̄

l
k,y + ∫

kr
F

−kr
F

dk
2π

Sr
k,xS̄

r
k,y

• Two Fermi seas

• Factorized ansatz

• Hydrodynamic limit
χx = Θ( |vk | t − |x | )

J. Viti, J.-M. Stephan, J. Dubail, M. Haque, EPL 115 (2016) 40011
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INHOMOGENEOUS QUENCHES
H =

∞

∑
x=−∞

(c†
x cx+1 + c†

x+1cx)

Fermionic Neel quench

Domain wall quench

Two Fermi seas

-1 -0.5 0 0.5 1

x/(2t)

0

0.1

0.2

0.3

0.4

1
/2

-n
x,

t

γ
-
=5 t=100

γ
-
=5 t=98

hydrodynamics

-1 -0.5 0 0.5 1

x/(2t)

0.25

0.3

0.35

0.4

0.45

0.5

0.55

n
x,

t

γ
-
=0.5 t=20

γ
-
=0.5 t=100

hydrodynamics

-1.5 -1 -0.5 0 0.5 1

0.3

0.4

0.5

NESS (γ
-
=0)

-1.5 -1 -0.5 0 0.5 1

x/(2t)

0

0.2

0.4

0.6

0.8

1

n
x,

t

γ
-
=0.5 t=10

γ
-
=0.5 t=20

γ
-
=0.5 t=30

γ
-
=5 t=10

γ
-
=5 t=20

γ
-
=5 t=30

hydrodynamics Singularity at x=0 

 Scaling behaviour

 Match with analytics 

nx,t = ⟨c†
x cx⟩

kl
F = π/2 kr

F = π/3

γ− → ∞

Quantum Zeno effect

V.A. and F. Carollo, arXiv:2103.05671)

P. Krapyvsky, K. Mallick, D. Sels, J. Stat. Mech. (2019) 113108



ICTS  “HYDRODYNAMICS AND FLUCTUATIONS” VIN CENZO ALBA 28

HOW ABOUT ENTANGLEMENT?
• Let us consider the uniform Fermi sea with localised losses

V.A., to appear

(a)
(c)

reflected transmittedA
(b)

A'

H =
∞

∑
x=−∞

(c†
x cx+1 + c†

x+1cx)

• From previous slides:

Gx,y = ∫
kF

−kF

dk
2π

(eikx + r(k)χxei|k||x|)(e−iky + r(k)χye−i|k||y|)
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HOW ABOUT ENTANGLEMENT?

SA = − Tr(G ln G + (1 − G)ln(1 − G))

• Entanglement entropy obtained from covariance matrix

V. Eisler, I. Peschel, J. Phys. A: Math. Theor. 42 504003 (2009)

A Ā
G restricted to A

• Requires hydrodynamic limit of   Tr(Gn)

TrGn = ℓ∫
kF

−kF

dk
2π [(1 −

1
2zX

min(zX |vk | t/ℓ,1)) +
1

2zX
(1 − zX |a(k) |2 )n min(zX |vk | t/ℓ,1)], zA(A′￼) = 1(2)

(a)
(c)

reflected transmittedA
(b)

A'
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(a)
(c)

reflected transmittedA
(b)

A'

ENTANGLEMENT PRODUCTION MECHANISM

• Entanglement between reflected and transmitted wave

• Similar to unitary case (defect)
V. Eisler and I. Peschel, EPL 99, 20001 (2012) 

• Due to non unitarity genuine entanglement mixed with thermodynamic entropy
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ENTANGLEMENT ENTROPY

S(n)
X =

1
2zX

ℓ
1 − n ∫

kF

−kF

dk
2π

Hn(1 − zX |a |2 ) min(zX |vk | t/ℓ,1)

(a)
(c)

reflected transmittedA
(b)

A'

Hn(z) = ln(zn + (1 − z)n)

• Main result:

• Observations

Dependence on “surviving” probability of fermions

Trivial dependence on geometry

Same qualitative behaviour for both bipartitions
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NUMERICAL BENCHMARKS

1 2 3

v
max

t/!

0.05

0.1

0.15

0.2

S/!

hydrodynamics
!=10
!=20
!=40
!=80
!=160

 Linear increase + saturation

Agreement with hydrodynamics in the scaling limit
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ENTANGLEMENT VS THERMODYNAMICS

0 0.1 0.2 0.3 0.4

v
max

t/!

0.02

0.025

0.03

0.035

ε
/!

centered partition
side partition

0.1 0.2 0.3 0.4

v
max

t/!

0.015

0.02

0.025

0.03

0.035

0.04

0.045

S
/!

centered partition
side partition
hydrodynamic limit

(a) (b)

(a)
(c)

reflected transmittedA
(b)

A'

Genuine entanglement correctly diagnosed by negativity
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A LOT REMAINS TO BE DONE !! 

CONCLUSIONS



THANK YOU


