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OUTLINE

= Goal: Quantum information spreading in “integrable” systems with dissipation

GLOBAL DISSIPATION

Lindblad dynamics in free-fermion and free-bosons models

Hydrodynamic description of entanglement spreading: Quasiparticle picture

Generic quadratic systems, generic quench, generic linear dissipation

LOCAL DISSIPATION

Dissipative impurities:
* Non-equilibrium steady-state: hydrodynamic limit

* Entanglement production
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ENTANGLEMENT MEASURES

 Entanglement measures for global pure states:

SA = — TI’pA hl(pA) Von Neumann entropy
St = : In(TrpY) Renyi entropies
A 1 —n Pa y P

G. Vidal and R. F. Werner, PRA 65, 032314 (2002

- Dissipation * global density matrix is mixed * logarithmic negativity

e, éj bases for A, A

Partial transpose

7 V. Eisler and Z. Zimboras, New J. Phys 17 (2015) 053048
(e, € lp* e, e) =(e,e|psle eJ-), H. Shapourian and S. Ryu, PRA 99, 022310 (2019)

& =In(Tr|p,|)
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QUASIPARTICLE PICTURE

* Qut-of-equilibrium strongly correlated quantum system * entanglement production

* Hydrodynamic description of entanglement dynamics via emergent quasiparticles

P. Calabrese and J. Cardy, JSTAT 2005
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QUASIPARTICLE PICTURE

_ Universality from thermodynamics
V.A.,P. Calabrese, PNAS,114, 7947 (2017) + a lot more .

X J d/lsk(/i)]

S GGE thermodynamic entropy

Vi Entangling quasiparticles are the excitations above GGE

 For free models quasiparticles are the eigenmodes

VINCENZO ALBA ICTS “"HYDRODYNAMICS AND FLUCTUATIONS” )



LINDBLAD EQUATION

* System coupled with bath * Lindblad provides most general linear equation

dp

dt

Non unitary dynamics
L encodes system+bath interaction
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LINDBLAD EQUATION: INTEGRABLE CASES

Quadratic Hamiltonian + linear dissipation * exact solvable (third quantisation).
T. Prosen, New J. Phys. 10, 043026 (2008)

2L
=1

2L
LM — Z lﬂ,jwj
J=1

Effective equation for two-point correlators (incoherent hopping, dephasing):

. ¥ V. Eisler, J. Stat. Mech. (2011) PO6007
G,, = Tr(cic,p)

w; Majorana fermions

® — e, d .
] ] ]+1 EGI{Z = l(Gk—l,l + Gk-l—l,l — Gk,l—l - Gk,H_l) - 2}/th,l + yhék,l(Gk—l,k—l + Gk+1,k+1)

d
d _ )
L = ¢/ EGM = (Gy—11+ Gry10 = Gt = Grgnt) = 1a(Gry = 04Gp)

Bethe Ansatz solutions, hydrodynamic treatment:

M. V. Medvedyeva, F. H. L. Essler and T. Prosen, Phys. Rev. Lett. 117, 137202 (2016)
B. Buca, C. Booker, M. Medenjak and D. Jaksch, arXiv:2004.05955

A. Bastianello, J. De Nardis and A. De Luca, Phys. Rev. B 102, 161110 (2020)

A. A. Ziolkowska and F. H. Essler, SciPost Phys. 8, 44 (2020)

M. de Leeuw, C. Paletta and B. Pozsgay, arXiv:2101.08279

|. Bouchoule, B. Doyon and J. Dubail, SciPost Phys. 9, 44 (2020)
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FREE FERMIONS WITH GAIN/LOSS DISSIPATION

* Simple free fermion model:

de .
H = Z (cle.y g + ch c,) e, = 2 cos(k) v = d_kk = — 2 sin(k)

 Diagonal dissipation * simple relationship for eigenvalues 4; of G

b(f) = e~ 1

A = ng(1 = b(0) + b(1)4; o o+

oyt

» Simple evolution for the density

My o = n.(1 —b(1)) + nyb(2)
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FERMIONIC NEEL QUENCH

10101010101...) G, = Tr(c/¢,p)

G restricted to A

S, =—Tr(GInG + (1 — G)In(1 — G))

. V. Eisler, I. Peschel, J. Phys. A: Math. Theor. 42 504003 (2009)
* Tr(G") in terms of Tr(G")

—~—~—

(G Correlation matrix in the unitary case

dq . . .
SO(1) = Jz_ﬂ{ £ (0) 4+ min(2 v, |1, €) ¢ YV @) = 50| |
* Hydrodynamic limit 7, # — co,y™ — 0,t/¢, y~¢ fixed s@XY () = 1 i In(n + (1 — m)%)

* Simple heuristic interpretations:

S(a),YY(nt,l) + S(a),YY(nZ’O)

2

S(a),mix — S(Q’),YY —_ S(a)?YY(n

’ q l,1/2) )
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ENTANGLEMENT ENTROPIES

Numerics @ Hydrodynamics

V.A. and F. Carollo, PRB 103 L020302 (2021)

30 e , | | | | |
20 ‘ & ity R T :
1012 y e ’Y_=O.2 ey |0 S g @ s IA — SA + SA - SAUA

........

" — analytical a1
1 I 1 1 1

1.2 T |
00 =20y=2y=02 (D)7
0.8F O % : o0 =20y =y =0.1 i
IA 4 R, kg - = analytical
0.4+¢ ‘ ey
_Q SEE -
O == s
° S 10 15

d | |
SO(r) = [ 2_q{ £ (0) 4+ min(2 v, |1, €) | ¢ YV @) = (0| |

T

see also:
S. Maity, S. Bandyopadhayay, S. Bhattachariee, A. Dutta, PRB 101, 180301(R) (2020)
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INCOHERENT HOPPING AND DEPHASING

7 T N I T T T T T l T T T T T T T T I T
I 8 — =50y'=2y=0.025 , (OL =20 4"=0.1 y=0v"=2 0.6 (e)
i - - (=50 y'=2y=0.05 | — (=20 y'=2y=0.05y"=2.5 | 04 — (=20 y"'=y=0.2 |
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SCALING IN THE WEAK-DISSIPATION LIMIT

02| (againfloss  — p_qoy_01 - I
i o 0=207=0.05 | QN ol
- -~ .
oo  aoyoo0ms |re J(72) — ¢(172) 4 ¢(172) _ ¢(1/2)
T o4} 18 _ A A A AUA
=t 0.1 -+ =20 =0.05 ]
! —— (=407 =0.025
0 ! | L | L | L O ! | ! ! L I
0 0.5 1 1.5 2 0 0.5 1 1.5
012F 1] I ' I ' I ] 0.04 . I
-1¢ " (b) hopping — (=1017,=0.1 . — (=1017,=0.1
[ 2 ... 1=207,=0.05 | \ ... £=207,=0.05
0.08 - (=40 v =0.025 | =< R, - — (=407,=0.025
€M : T TERTEEY 122002 N =AU =Y
0.04 '
1 ] ] 1 } ) 0 1 ] | |
% 05 1t 15 =2 o051 15
| (c)dephasing  __ ¢=10y,=0.1 — (=107:=0.1
02 ) co 1=207,=0.05 | QN =20 v,=0.05 -
e ,Yd i l)« \\\ —— =40 Yd=0'025 | a>P004 N\ - =40 Yd=0.025 |
011 f :
1 | 1 I I O 1 | 1 | 1 ]
% 0.5 1 1.5 2 0 _ 05 1 1.5

rescaled times (v t, v, t, v, t)

* Nice scaling behaviour for y — 0.,t,7 — o0,/ fixed, yZ fixed

(1/2)
& #1172

V.A. and P. Calabrese, EPL 126 60001 (2019)
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HOW GENERAL IS THIS RESULT?
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QUASIPARTICLE PICTURE: WEAK-DISSIPATION LIMIT

e Generic free-fermion or free-boson model:

H = Z eqb;bq T hoc b, Bogoliubov modes
q
(a) closed quantum system (b) open quantum system
«--X....5 @ quasi-particle
subsystem +|v,| velocity
GJ —
- N ’
-~ \s X 4
® o . . .
¥, o’ time-evolving density
S 4
—|vg| «— ‘y‘ —> +|vg| Ng = <b;r1bq> — ng(t)

V.A. and F. Carollo, arXiv:2106.11997)

d | |
SO(p) = J L s+ min2] v, |1, 0) |50 (0) 500 ||

27
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QUASIPARTICLE PICTURE: THE RECIPE

H= Zekbljbk+h.c
k

Determine Liouvillian eigenmodes g,

P 7 by

Ve | .
7l == (541 p= (B

s (p) is the Yang-Yang entropy of p;

1
s (pg) = ——In(pg + (1 = p))")
S(n),mix

g obtained from the covariance matrix in momentum space.

Va\
F o 1 <w]’jwl,]‘/ —_ 5],]/> <W1’]W2’]/> | ‘ . F
) (wy w1 ;) (W Wy i) — 6 i - - k

| L+ N\ /1,=T,\"
S(n),mlx =l 1 Trln[( 2+ k) 4 ( 2 k) ],
k 21—n 2 2
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THE CASE OF THE HARMONIC CHAIN

J 5 2.2 2
1 =_Z pz +mx; + (X — X;p) )
— = i[H, O] r;— > {0, rirj}> 2 =
P = (X D1 X0 Doy o os X5 1) N Dissipation S;]Zam = 20N
o -2 : :
Non local dissipative processes (a)10 harmonic chain
Cj=D C:  Cl=r"fice 4!
» N
T~
n
fa = e_|i_j|/5a %
ly %

s L1 F) o L_(1O0)y ,_(00 Ny
2 \+i 1) 00/)° 0 1) 21

Mass quench

may —> m ‘ CQ“3 . .1
0 0 003 006"
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THE CASE OF THE ISING CHAIN

H——JZ(C ]Jr1+chH — Qe = 5c 2hc ¢;)— JhL.
j=1
O 1 0 o
- = —{ wmw]} Wij=C + C;
w_ .= C.?L — C;
J J J SVN 2IvN
— (W+,]9 W_1sWiooW_9os et s Wy 1, W_ L) £.pairs — A

Non local dissipative processes (b) 41 03 |Sing Chain
=2 ¢ G 8

= 16°
. % 3 8
fo = e~ =il/Sq g=
l Z o
L/ = f_ = 2,}/_ =2/ > o
+ _ +
73 (ii 1> 4t

Magnetic field quench

hy = h 0 |
(hy = 3.h = 5) 0 1 Jt /0 2
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QUANTUM ISING CHAIN: GIST OF THE PROOF

) ) ) ] ) . V.A., F. Carollo, arXiv:2109.01836
Full information contained in the covariance matrix

r.— 1 <<W1,jW1,j'—5j,j/> (wy jwy ;) >

) (wy w1 ;) (W Wy ) — 6
Formal solution of Lindblad equation
2L ~ — . —_— —
C;—(: =i[H,01+ Y K, <Wm0Wj_%{0’ mej}> ’ﬂ’b I'()=U®rO)v’ (s + 4iJ du U(t—wK™U" (1 — u)
0

m,j=1

; Re
U(t) = e—4zht—2K t
In Fourier space

4
[0 =UT 00U @+ 4i[ duU (1t — WK™ UL, (t — u) fk 2%2 matrix
0

Generic linear translation invariant dissipation:

. k k
K., =y <CC:<((k)) ZE;) a,b,c arbitrary functions
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QUANTUM ISING CHAIN: GIST OF THE PROOF

+ Weakly-dissipative hydrodynamic limit t —> oo,y = 0, yr fixed

,(k) = 24/ 1+ 1? — 2h cos(k)

A : (k) . .
[, = Gy + AolP + BioPe e, Rotated Pauli matrices

k L .—»k.—> _.—»k.—» .
aé).—elv()"aae ivk)-o a=2Xxy2z

* Ay, By, G, encode dissipation and unitary dynamics

* How do we calculate the entropies?

L, D) = J & pion P 1 Py

g 2

1 1 1+1T,\" 1 —T,\n
- el s (5]
21—n 2 2

* Moments I'} + analytic continuation

SO = Tr F(I?2) = 2 ¢, Tr2

a
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QUANTUM ISING CHAIN: GIST OF THE PROOF

C, = 0 = Same situation as in the unitary case
P. Calabrese, F. H. L. Essler, M. Fagotti J. Stat. Mech. (2012) P0O7016

[ = Cly + A + B, oM e2ier®re,”

Generalization to C, # 0 (multidimensional stationary phase approximation)

t,f = o0,y = 0,t/¢, y¢ fixed V.A., F. Carollo, arXiv:2109.01836

"t ' : * dk .
Sf(ln) - [ 2_71- [SIEH),YY . S]En),mIX] mm(f, |2€}’Z(k) | ) + fj 2—ﬂsl§”),mlx

—7T

1
s (p) = ———In(p] + (1= p)")

11 L+ 1,—T T
o=yl (250
k 21—n 2 2
Simple dynamics for p, Pr not the density of Bogoliubov modes
oy

o = —4y(s, + z,)pr + 2y(s. — S, + 2, + Z.)
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https://arxiv.org/search/cond-mat?searchtype=author&query=Calabrese%2C+P
https://arxiv.org/search/cond-mat?searchtype=author&query=Essler%2C+F+H+L
https://arxiv.org/search/cond-mat?searchtype=author&query=Fagotti%2C+M

DISSIPATIVE IMPURITIES

V.A. and F. Carollo, arXiv:2103.05671)
V.A., arXiv:2104.10921v?2)

(a)
o2l %7‘

IR T s iR V4

a:=:O >
(b) ] 7+¥7 o
R R AN \—n‘?&— ~
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CORRELATION FUNCTIONS

de,y : y"
— Z(Gx+1,y + Gx—l,y - Gx,y+1 - Gx,y—l) -

dt
* sufficient to restrict to losses
dG

X,y : v
i — l(Gx+1,y T Gx—l,y  Mxy+l Gx,y—l) o 7(5)6,0(;3@)’ T 5y,OGx,y)

+7
7 (5x,OGx,y + 5y,0Gx,y) + y+5x,05y,0

With initial condition G, ,(0)

factorized ansatz G,,=
ds, . Y~
dr Sk pa1 + Sk x-1] = 75x,05k,x
Fourier+Laplace transform S’\k’x(s) =[ dte™'S; (1) :S’\k,q = Z §k’xe—iqx
0 X=—00
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CORRELATION FUNCTIONS: HYDRODYNAMIC LIMIT

* Almost full analytic solution:

| x— Y. X el 1 2i |Kk|+|x|
Sk’X(t) B ll k|]|x_k|(2t) - 7” |+|||x|+|k|(t) St = <(% +/s2+4n/s2+4 (s +1/s2+4 ) )

™ Dissipation
* Hydrodynamic limit: — _
i,l fixed doable in some cases
2t 2t
|x _ yl ° 1 ° n
— 0 easier "universal
2t
| | Y- 1
St = e+ r(k)O(| v |t — | x| )e!IklIx r(k) = — a
’ - |l
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SCATTERING WITH IMAGINARY DELTA POTENTIAL

* Scattering by delta potential

ne doy(x)
2m  dx?

FV(x)w(x) = Ey(x) Vix) = iyz o(x)

* Reflection and transmission amplitudes:

|Vk|
A
I k

Non unitary dynamics
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INHOMOGENEOUS QUENCHES

* Generalizable to other other homogeneous and inhomogeneous quenches

(S 9)
H = Z (cle., g+ C;_lcx)

Fermionic Neel quench 10101010101...)
Domain-wall quench |...11111110000000...)
Two Fermi seas | kL) @ | kr)

T. Antal, Z. Racz, A. Racos, G. M. Schutz, PRE 59, 4912 (1999)
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INHOMOGENEOUS QUENCHES

¢ Two Fermi seas H = Z (clepsr + C;Jrlcx)

| kLY @ | ki)

 Factorized ansatz

“odk o (5 dk
G, = —S. 5, + —S, S
X,y [_k% 2 k.x~k,y v[_kg 2 kx>~k,y

)(x=®(|vk|t_|x|)
* Hydrodynamic limit

AR (o |
G, (1) = —{e’ g y>®<2z sin(K) —

X+Yy

) + eKU-DDOK)NO) + O, 2,7

+®(K)€iK(|x|_|y|))(x)(yl"2} +lor,

J. Viti, J.-M. Stephan, J. Dubail, M. Haque, EPL 115 (2016) 40011
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INHOMOGENEOUS QUENCHES

V.A. and F. Carollo, arXiv:2103.05671) xX=—00 Two Fermi seas
Fermionic Neel nch I _ ro_
ermionic Neel quenc - kp=nl2 kp=mn/3
| | | | o | | v ;"=5t=1(|)0 | | -I | | | 0 T T 'I'___
04r — z;jr(t;l?/iamics ] 0
0.3 — — T 0.45-
. L i nxat o <Cx CX> 15 0.4-

0.35

03~ . O y=051=20 o) 7
L : ¥=0.5 t=100 : i
: — hydrodynamics :
0251 [ ’ | ’ , $ , | R
-1 -0.5 0 0.5 1
x/(21)
T — T

Domain wall quench

L T I T I I

O y=051=10

7777777777 W@@E‘? O y:=0.5 t=20
0.8 © Y—fg'fj% -

L ;;St:ZO
™ Singularity at x=0 ool  Fraeapanics Yy~ =
™ Scaling behaviour =

9 , , Quantum Zeno effect

™ Match with analytics

1.5 1 -0.5 X/(gt) 0.5 1

P. Krapyvsky, K. Mallick, D. Sels, J. Stat. Mech. (2019) 113108
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HOW ABOUT ENTANGLEMENT?

e Let us consider the uniform Fermi sea with localised losses

V.A., to appear

(a)

* From previous slides:

k

Fodk . . . .

ny — J _(elkx 4+ r(k))(xellkllxl)(e—zky + r(k))(ye_llkl Iyl)
’ i, 2T
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HOW ABOUT ENTANGLEMENT?

 Entanglement entropy obtained from covariance matrix

G restricted to A

S, =—Tr(GInG + (1 — G)In(1 — G))

V. Eisler, I. Peschel, J. Phys. A: Math. Theor. 42 504003 (2009)

» Requires hydrodynamic limit of Tr(G")

k
rdk 1 1
Tansz —[<1—2—min(zx|vk|t/f,1)>+2—(1—ZX|a(k)|2)nmin(zx|vk|t/f,1)], 2 = 1)

—kp 27 76’6 <X
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ENTANGLEMENT PRODUCTION MECHANISM

* Entanglement between reflected and transmitted wave

reflected transmitted
«—>—>

—
>

e Similar to unitary case (defect)
V. Eisler and I. Peschel, EPL 99, 20001 (2012)

* Due to non unitarity genuine entanglement mixed with thermodynamic entropy A
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ENTANGLEMENT ENTROPY

(a)

 Main result:

1 ¢ (& dk

X

S = J —H (1 — zy|a|*) min(zy | v, | t/£,1)
k, 27

2z 1 —n
H, (z) = In(z" + (1 — 2)")

 QObservations

Dependence on “surviving” probability of fermions }

Trivial dependence on geometry
Same qualitative behaviour for both bipartitions
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NUMERICAL BENCHMARKS

0.2 _|
0.15 _|
S/t Pt
0.1+ ///
- .
Pad — hydrodynamics -
RS — (=10
0.05 (=20 —
— - (=40
(=80
- (=160
| | | | | | |
1 2 3

™ Linear increase + saturation
M Agreement with hydrodynamics in the scaling limit
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ENTANGLEMENT VS THERMODYNAMICS

(a)
' I I I I
0.035— centered partition (a)- 0.045
. side partition
i} 0.04
0.03 - ] 0.035
S0 = I
3 &) 0.03
0.025 |- n I
0.025
0.02
0.02 = 7
| | | L -
0 0.1 0.2 0.3 0.4
Vool

- T I T
| — centered partition

- side partition
hydrodynamic limit

0.015F"

max

t/¢

o]
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Genuine entanglement correctly diagnosed by negativity



CONCLUSIONS

A LOT REMAINS TO BE DONE !l
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THANK YOU



