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@ It can be used to dimensionally reduce several PDE to simpler
PDE.

@ Since systems of PDE might be an important future direction
the vortex ansatz is a fertile testing ground.

@ Has been applied to Hermitian-Einstein metrics (GP), the
KYM equations (GP-GF-AC-P-Y), the vector bundle MA
equation (P), Gieseker stability (Ghosh), CYM equations (P,
Ghosh), the Demailly systems (Mandal), and the vector
bundle J-equation (Takahashi) to prove
Kobayashi-Hitchin-Donaldson-Uhlenbeck-Yau-type
correspondences.
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compact Riemann surface and wy is the curvature of an
ample bundle (L, hy). SU(2) acts on S.

Let V be an extension

0O—-L1—-V—=L—0

Ly = 71 ((n +1)L) © 73(20(2))

Ly, = 7TT(I’1L) X 7r>2"((r2 + 1)0(2))

If $ € HO(Z, L), V has second fundamental form 7} ¢ ® 3¢
where ¢ = E{ﬁgﬁz) ® dz.

Consider a smooth metric h on L and a smooth function £ on
Y. Put h = 7 (h68hg) ® m3(h22) on Ly and

hy = Ti(hhY) @ (h2f2+2) on Ly.

Can be extended to higher ranks and higher-dimensional .
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@ The Hermitian-Einstein equation v/—1© A w = Aw? on a
vortex bundle boils down to the vortex equation
V10, = Ty,

@ This equation can be solved using the Kazdan-Warner theory
(Garcia-Prada) iff ¢1(L) < %, which is precisely the
Mumford stability condition for invariant subsheaves.

@ Solving using the method of continuity:

_ r—|o|2 e~ Tt
V=109 + /—100f; = ul_twl%ewz where fy = 0,
V=100 = cws >0, ]qﬁ]%o <Z andu=—2

o}
=19,
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— 2 o—ft

@ Linearisation: v/—199v — ulft%vwz whose kernel is
trivial and is hence an isomorphism. By the inf.dim. IFT, the
set of 0 < t < 1 solving the equation is open.

o Closedness: Since
V=100|¢[;, = —V=16¢¢[;, + V0o A VO1pt, by max.
princ. \gbﬁ,t < 7. By max prin, ||f]| < C (when
0 <6 <t <1) and hence by elliptic theory we have a priori
estimates. By Arzela-Ascoli we are done.

@ Uniqueness is by max prin.
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e Motivated by the moduli problem for triples (M, L, E), and
physical considerations AC, GF, and GP came up with (and
studied) the KYM system of PDE: /=10 A w1 = \w"/d,
Sow" + atr((v—10)?)w" 2 = cw".
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MA-positive solution to the vbMA for a right-hand-side.

@ Provides an approach to the Griffiths conjecture for rank-2
stable bundles on surfaces: Ballal proved that MA-positivity is
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@ Ghosh generalised the estimates to general equations that also
include the CYM equations with the vortex ansatz.

e Currently we (with Ballal) are studying a higher-dimensional
vortex MA equation. Leads to a fully nonlinear system.
Openness is done. Closedness appears nastily difficult!

Vamsi Pritham Pingali The vortex ansatz 10/12



An advertisement for systems of PDE and the vortex

ansatz

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead!

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

@ The subject is branching out

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !
@ The subject is branching out into CY manifolds (

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

@ The subject is branching out into CY manifolds (Tosatti et
al),

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

@ The subject is branching out into CY manifolds (Tosatti et
al), the symplectic side (

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

@ The subject is branching out into CY manifolds (Tosatti et
al), the symplectic side (Minimal surfaces (Székelyhidi),
Lagrangian submanifolds and mirror symmetry (Rubinstein,
Collins, Yau, etc), and

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

@ The subject is branching out into CY manifolds (Tosatti et
al), the symplectic side (Minimal surfaces (Székelyhidi),
Lagrangian submanifolds and mirror symmetry (Rubinstein,
Collins, Yau, etc), and into systems of PDE (

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

@ The subject is branching out into CY manifolds (Tosatti et
al), the symplectic side (Minimal surfaces (Székelyhidi),
Lagrangian submanifolds and mirror symmetry (Rubinstein,
Collins, Yau, etc), and into systems of PDE (Dervan, Stoppa,
GF, etc).

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

@ The subject is branching out into CY manifolds (Tosatti et
al), the symplectic side (Minimal surfaces (Székelyhidi),
Lagrangian submanifolds and mirror symmetry (Rubinstein,
Collins, Yau, etc), and into systems of PDE (Dervan, Stoppa,
GF, etc).

@ Systems of fully nonlinear PDE

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

@ The subject is branching out into CY manifolds (Tosatti et
al), the symplectic side (Minimal surfaces (Székelyhidi),
Lagrangian submanifolds and mirror symmetry (Rubinstein,
Collins, Yau, etc), and into systems of PDE (Dervan, Stoppa,
GF, etc).

@ Systems of fully nonlinear PDE have not been studied much

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

@ The subject is branching out into CY manifolds (Tosatti et
al), the symplectic side (Minimal surfaces (Székelyhidi),
Lagrangian submanifolds and mirror symmetry (Rubinstein,
Collins, Yau, etc), and into systems of PDE (Dervan, Stoppa,
GF, etc).

@ Systems of fully nonlinear PDE have not been studied much
and are resistant to techniques like

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz

@ KE is dead! Long live cscK !

@ The subject is branching out into CY manifolds (Tosatti et
al), the symplectic side (Minimal surfaces (Székelyhidi),
Lagrangian submanifolds and mirror symmetry (Rubinstein,
Collins, Yau, etc), and into systems of PDE (Dervan, Stoppa,
GF, etc).

@ Systems of fully nonlinear PDE have not been studied much
and are resistant to techniques like the maximum principle,

Vamsi Pritham Pingali The vortex ansatz 11/12



An advertisement for systems of PDE and the vortex

ansatz
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generality. All are fully nonlinear systems.

The vortex ansatz is a fertile testing ground. For instance,
Mandal recently proved the feasibility of some of Demailly's
methods for the vortex bundle.
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