
 

Jercolation on nonamenable groups
old and new

0 Percolation Basics

G V E connected locally finite graph
all degreesfiniteV E countable

Bernoulli p
bond percolation on 6 Delete or retain

each edge of G independently at random with retention

onbability P Denote Iou by Rp expectations byEp
Retained edges are called ope
Deleted edges are called closed

Connected components are
called clusters

Q What do clusters look like How does this

depend on p
The monotone coupling Let Ue e ee

be ii d

uniform 0,13 rv s For each p cEo 13

Wp e 1 Heep

has the law of Bernoulli p
band percolator and has

Wp E Wq when peg



Consequence If A E 20,13
E is increasing

Tw c A and W wthen Plp A is increasing function ofP area

Harris EKG inequality H A B are increasing
then

Plp AnB z Rp A Plp B

Increasing events are positively
correlated

mustequal
The critical probability 1byEingia

PE Pe
G if p Rp G an a cluster to

Say that G has a non trivial phase transition if
0 a PcCG c 1

This is an equalityProf Pc G Z maxtdegree
1 on a regular tree

Simple

hoof let M max degree The numberofpaths of length n

Starting at some vertex V B at most McmDn l By
Markov's

inequality the probability at
least are such path is open is at

most M Mt p This goes to zero as n soo when peut

D



Troung Pact is generally harder

top If d 2 then pc Rd e

Proof Suffices by monotarrity to
consider case d 2

If the clusterof theorigin
ftp.IIIIIIEI isswfiiitiiu.Tgmnandukicircua

of closed edges

There are at most 3 on

dual circuits of length in surrounding
the
origin p ypossible

Similar
argumentfor any one

ended choresof
choresof

pathgiven positex
finitely presented group Babson Benjamin intercept intercept

So p 73 Expected numberof
closed dual

circuits surrounding the origin is finite

n
No closed dual circuits surrounding the origin
with positive probability a

Thin Kersten pc CRY E
D Wedon'texpect to beable to compute p in most

examples



G nonamenable if its Cheeger constant

hCG if WE
ftp.z.degu KEV finite

is positive amenate
otherwise

Edges with one endpoint
in K and the otheroutside t

Prof Benjamini Schramm If G is k regular then

Pc E 14thk
t Cheegerconstant

Foot Consider exploring the cluster of the origin
one edge at a time as follows

Fix an enumeration E 4 ez 3

At each step let En be theminimal

element of E that

a Has exactly one endpoint in the
revealed part of the cluster of the5k
origin

b Has not already been revealed



w Ee W Ei W ET
are distributed as iid coinflips

At the end of the procedure we have

An open spanning tree of
the cluster of

theorigin
All the closed edges in the boundary of the

cluster

Some additional dosed edges with both

endpoints in the cluster of the origin
Revealed

open E IKI
t vertices

Revealed closed z IOE KI z h KIKI

H p IFK positive probability
that

an a sequence of iid can flips Bi
will satisfy f Bi 14th k FNA

Positive probability not to have an a cluster a



Sharpness of the phase transitan

Them Menshikov AizenmandBarsky 807 If G is transitive

and p ape then Ep 1kt Loo

clusteroftheoriginIn fact I Cp so such that
susceptibility

Plp 1kt zn s e cm unzz

This is a very important
theorem

Easy new proof due to Dammit Copm Tassion20T

For each SEV finite and petioles define

pp S p 2 Rp CoE e

e Es T L
9 Fixed

origin vertex
oriented edgeswith

e ES et S
0
A

Define pro Sup P F SEV with Cfp CS 13

We will show Fc p



BK Inequality let A E 9913 E WEA

WEE is a witness for A if Knewing Wlw guarantees A

E
g A Ex y3

W an open path fun x toy

AOB 3 disjoint witnesses fr A and B
disjointoccurrence

3k Inequality If A B increasing then tw

Pip AoB E Rp A Plp B

Steph tf p a pi then F with ppCS at

s

vfeo xse w
B

Bk Inequality

Ep Kl Rpco x E 2 Plpco x

XES

Work inside 11 EV finite
look at supremal expected

cluster
t
sPp

o E Is Rpletax
size inside

151 CfpCS Epl Kl



Epl Kl e 1st To do this properly

I CfpS
Work in finite volume
and take a limit

So p
e fo Epl Kl e

pc Epc

Russo's formula If A Bapenefrogasffmey
then many edges

IpRptA Ee Plp Ce is
pigotal fr

A

Given w l Eire's

turning e or causesIt

to occur turning e

off causes A not tooccur



Ip A Ip Pp legis
a closedpivotal

claim fball of
radius r

ddpplploeBCo.rs
I Rpl0 Bc

Thf Yp SZ pTtp7
sfinite

why
Conditan on set of rotas

connected to B Cary let s be the

complement of this set

condenonal expected

i
f I stain Iii



So if pope

FpRp O Bark

Zp p
I Rpco Biopic

Integrate the differential
inequality

Rp 0 Blanc z PPI
pu pi

p fo
and r 1

RHS doesn't decay as r

Pepe



1 Uniqueness and non uniqueness

The Newman Schulman If 6 is transitive then

the number of 00
clusters is either 0 1 or a s

Proof of a clusters is not random by ergodicAg

Suppose that it is a s equal to IL KLA

F R St B lo R intersects all k infinite
clusters

with probability at least 1k

ii

i

Independent of the edges
inside

Bto RI

Since with positive probability every edge
in Bio R is open

there is a unique infinite
cluster with positive probability

a



The Aizenman Kester Newman Burton Keane

If G is transitive and amenable then there is at

most 1 infinite cluster almost surely

Kj
Thang.nu EpEfeyvqex

Triforcaam
thfuration

µ
point't

k 111 KILLI

II I By linearity of expectation

tL

µ

E Trifurations e c 1111

p
00

Combinatorial fact
If 7k trifuraltons

inside 11 then

F a collection of K edge disjoint

open paths connecting 11 to as

Trifreakms E DEAL



Thin Uniqueness monotonicity Haggstomm Peres

Schumann If G is transitive and

Plp 3 a unique a cluster L for some p
then Rq tf a unique a cluster L V qzp

X t This event is not increasing

0 A I

I

might
be degenerate

Understanding non uniqueness at pu is a

difficult problem

E.g tesselation of
the hyperbola plane

then

0 Cpc pact
no clusters at p

Unique
cluster at A

Benjamin Schramm 2001



Proto Via the Lyons Schramm Sledgehammer

Tha Lyons Schramm Indistinguishability

If G is transitive and unimodular and DeWitt
is a measurable automorphism invariant set of subgraphs

then

either

Plp All
clustersbelong to A L

or Rp All a clusters belong to A L

Uninodulong lstabuvl lstabuulv u.ve V

Equivalently a transitive graph G is unimoduler

f the mass transport principle

F ION 2 Far o

holds for every F
V2 to 3 such that

FCpu gr F Luis f f e Aut G une V



Suppose for contradition that
there is a unique

a

cluster at p but many
clusters at q p

We can distinguish the co q
clusters by the

invarantly defined property performing Pig percolahmgives
at least one cluster almost surely

Similar argument
carried out in the nonunimodula

Case by Tang or Haggstomm
Peres Schonmann

Infarct It has been proven using indistinguishably

that far 6 transitive

nonuniqueness
at p Inyf RpCX y

o

Since the RHS condition is duly monotone this

gives
another proof of uniqueness monotonicity

This was proven by Lyons
Schramm

in the uninoduler case and by Tang in the
nonunimodular case



Lecture 2
0 a 1

Last time I l l l
Pc Pu

Uniqueness monotonicity

Pepa far
amenable transitive graphs

Sharpness of the phase
transition

Epl Kl coo fer pepo

Pc s 111th k 1 far nonamenable

degree
gaps

Cheapconstant

Mf
10

Effegas
k finite



Big Conjecture Benjamin Schramm 1996

If G is transitive and nonamenable then puccapeal

Grimmett and Newman

Oc Pe Cpuc 1 on TexRd with K large

Perturbative results Schumann Nagnikdataki I

nonamenable
griphas a Cayleygraphwhere the conjecture holds

Planargraphs Lalley BenjammitSchramm

Costs 1 Lyons

Graphs with a nonuninodula transitive subgroup

e.g products with trees H 2017

Gromov hyperbole graphs H2018

Another
conjecture If GB transitive and one ended

then puca at Caild befalse



The operator theoretR approach Afirst look

G VE countable Mt Eo no ft Ethier

11MHz sup Ift fetch 9033

Operator
finitely supported

Similarly define norm

HMHq q
OMonateIT on ich

Te UN Plp Uav two point matrix

Pz z G Sup p HTpHz z 003

Conjecture H 2018 If G is transitive and non
amenable

then pcCG Prez
G

Known in all cases pupa
is known except

the cost I case

Note for contrast that HTpH1 1 ItTroll EpIKI

so that pc p1 e p by sharpnessof the

phase transition



Observation par Epa

Why Tp UN z Plp Usaf o tuneV when por

Tp unbounded

Recall that if P is the simple random walk tansman
matrix then fCG7 HPHz z is called the spectral radius

of G return probs

Tha Kersten G nonamenable g 1 decay exponential

Note that if G is k regular and A is the adjacency

matrix on 6 then A KP
P

Observation Tp k ElpAli
Enfywise inequality

Why'd Ai Luv is an upper
bound on the numberof

length i self avoiding paths for u to v Claim follows
a

by Markov's inequality Note If MN are
nonneg

matrices with MIN then
Corollary HTpHz z E pHAllez HMHHIN

In portrulo Prez Z
1
11Allez Tks

for k regular
G



The cf Nagnihedae Pak If G is regular and

g e th then Pc Pez

Proof We have
Po E Ith and Pan Z

I Cheeger constant

Ide Kl

Talk
I RUN I TE LIK PIK

21 g

yyzy.geaggpayy.a.gywq.gg
So

Po E IIF c and pure

Clearly implies the
dam a

Corollary Evey nenamenable gap
has a

Cayley graph
with pccpz z Epa



Proof Easy if we allow multigraphs fan generating
multats

since g Sk gCSF
multiset

Also true without allowing mutants
but
fffomobyffs

Later we'll see that we can get a lot more
out

of the operator theoretr approach

Lemema Tp e I Ion EIA Tp
EA

EEE
X y3 E

e e
x eisose.PH gfen

3oElfcsez 3o

Apply union bound and Bkiteguaky
Reiner



Corollary ftp ae lgyq
HTpHe

sa1EllAHqsqHTpllq
sqHMkeieII'Immota

When E MIAH
q qHTpHg q

column

I
ftp.lle se Epelkl N

HAHe s1

Epc elklZHExcmax degree
Mean field lower band

ftp.tih o HTn e zIIa

9
This inequality plays

an

important
role in our analysis

of percolator
on hyperbolic

groups



Z Critical Behavior

Are there infinite clusters at pc
What does the distributor of finite

critical

clusters look like

Believed that there exist central exponents
eg
Rpc Helen x n

Hs

Plate IH a a EP

Epa e l KI e E 8

On the tree I I I

Rp IKI z n x n k Equalities and

inequalities towithin

Rpae I KI oo E posine multipleaime
constants

Epa e l KI Y E ft g f Ocp



What about Rd

Believed that same exponents as hee

hold when d 6 Mean field critical
behaviour

Proven far d large by Hoad
Slade 90s

dz11 Fitzner Van der Hofstadt

For d 6 exponents
should be different

Only
understood f de she percolation

on the triangular lattice s
B

J Plate Hel a e E
gH E d

Rpc Helen n
5191

g z
E E
Ei
Epe 1kt

a E
4348

I 8 T
E s I en

Far d 3 4,5 no reason fr exponents
to be rational or algebraic

I



Intuitively mean field central
behaviour

Central percolation
behaves

similarly to crinal branching
random walk

Conjecture Every transitive nonamenable

graph
has mean field antral

behavior

Seven dimensional volume growth
should be

sufficient It



Xp Ep 1kt susceptibility

By Russo's formula

IpXp Ep R
p

If G is uninodulo then

AdpXp Ep 2 LF Ike Ix Ikel Ice et I
e o

P

This easily gives ftpXp E CXp We already
saw this
via a

EEE Xp ez E dmifff.LT



To establish mean field behaviour key step

is usually to prove complementary diff req

IdpXp Z c Xf pep
Idea conditioning

two clusters not to intersect

should have a mild effect in high
dimensions

why
does this suffice

dip tf1 e c

1 I
X

E CE

Po E

O

Xpe e E ke



The triangle condann

Dp Zz Plp
Co g Rely

Z Rp E o

Tp3co 03 Certainly finite if paper

The Aizenman Newman tf Ppaca
then Epoe IKI E CE 1 too

ItXp Z CXp Hands on Dpc Pc and

the degree

Now known that Dp c oo implies

many aspects of mean field central behaviour

So Pc pz
Mean field annal

behaviour



A new derivation of mean field anacal
behaviour

Let's see a simple derivation of ItpXpzcXp2

assuming p pI Similar proof works assuming only

Ppaca with a bit more work

Define tip S Zoe Rp let y offs

By Russo's formula

LpXp pEpfEx 33

Ep EpEEp K

Suffices to prove that

VIP S e cXpIS I V S EV finite
pipe

UNDER THE TRIANGLE CONDITION BUTNOT Pa Pz z

THIS INEQUALITYMAY NOT HOLD POINTWISE



Fix SEV erY XES gets

Xc y3E six e Sosheopens

13kt Umm bound
o et y offS3

Ees
y s
RpCx y

Pe
e s

sRpl e7y
RpCet y off S

Write far _these 52 1 6
dg7IY p

sy s
Rp y p Es IesPlp x v for

p LTpts f 7

LTpts f I HI1sHzHfHz

HTptsllllflhllfh.it

s s
Rp Cx y 1StXp CTp Is Is



Xp1St LTpts Is 5Ifp S f t
ZpayTp Ishi f

HfHoo Max degree x Xp HIDE 151
M

Ifp S z
XP Tell 2 21514

P'Htp 112 151 Xp

Suppose that HTpdlz z
Loo

Since Xp too as p Tpc
there exists

E O St Xp 2211kHz fr p PEE
so that

If Z C Xp IS 1

far every Pc E e pep
and SEV

finite I



4 Continuity of the phase
transition and

power law
bounds

Conjecture Benjamin Schramm 967 If G is transience

and pactthen
there are no infinite

clusters at p

BIG open problem fr Kd d 3 4,5

Theorem Benjamini Lyons Peres Schramm 99

True for 6 uninoduler
and nonamenable

Theorem H 2016 True fr G of exponentialygowth
Input in nonunimodular case fun Timer 4

Weaker than nonamenability

eg lamplighters

Theorem H 2018 If 6 has exponential volume

growth then F constants cTC so such that

PpcCt Kl en Cn c Vnz1

transitive and unimodular



transitive

The If G has exponential growth then G

does not have a unique infinite cluster at pc

Proot Consider the quantity

k p n mm RpCx y drays en

Claim Kp htm z KpCh Kp m Supermultiplicatury

why For each 2 with dixies entm Fy with dcx.gs en dayak

Ppl z z PlpCx g Pp yaz z KpChKp m

claim follows by infiniting
over z

Fekete's Lemma If aCnl is a positive

supermultiplicative sequence
then

snuff acn
In Lif aan n

numerator aXp soo bysharpness
Let pepo

Then I

SEE kpcnih nhs.kpcnt.net ItxEy Pjf
11

gr G lineup IBco.nl great



So kpCn EgrCG for every pep
and he 1

For each xy
Plp X

y Snuff Rp x sy
inside Bars

Supremum of increasing continuous

functions

RpCx y
is left continuous in p fr each

Xy EV

ftp.cn e gr
G

n
the 1 also

This implies the claim I

Demart Same proof gives
that

kpz n Egr
G Nz

Un z1 so that there is never

Uniqueness at Pz z

Open problem when is pez pu



Lectures

Last time Perturbative criteria fer pepz
Mean field annal

behaviour

and the triangle
condition

Kpc h min RpcCx y dexys en

gray
n

where
gr

G Lingua 1Bcoin 1h

exponential rate ofgrowth



Polynomial
bounds via the Aizenman Kersten

Newman method

Then CH 2018 If G is a unimodulotransmue

graph
with degree k and growth groszy 1

then F C C C kg
and c cck.gs o St

Rpc 1kt zu e n
c th 1

Aside

Schramm's Locality Conjecture If Gn is a

sequence of transitive graphs converging locally
to a transitive

graph G and peg at the 1 then

Pc Gn palG

Given pact the value of Pe B local

Carty The locality conjecture is true if 7g 1st



gr
Con

zg
t n 1

Wah Prop Pete PIG a finna Picon

Pc is lower semi continuous

We saw in the proof of sharpness that

Pate IKI D z
E

pacpete
Z E

forevery Kaneohe graph If Rn
is the maximal radius

St Conand G coincide up to
radius Rn then

ftp.GG.ytellklzRnlzpp ia eClkI
oo

Z E th E o

and it follows that if pz limit pecan te then

PPG IKEA z Iniggoup RPG IKER ZE

This implies the claim I



To complete the proof that exponential growth
locality suffices to pane that

PecGm EpccGHC Rmt thirst

By the
theorem F C and c cost

RPG Helen e Cn Hn mz1
PepeChom

tf Gn and 6 coincide up to
radius R

but Pe Gm z RCGITE then

CR I Refine 1kt IR z Rafa e
th n z E

which
gives

a contradiction when E CR

So Pe Gm Cpc G t CR as claimed

El

General principle Uniform control of
central or new central percolatra for some
class of graphs Locality for that class



Problem Let 6 be a transitive graph
with

degrees
bounded by K Then I C CCK

such that c YE

Epa El Kl E CC V E o

1 1

or whateverfunctionyou
like

This would establish locality



The Aizenman Kester Newman method

Thm AKN 86 Percolation or abox in Rd

Plp 7 e Cpj

Bound any implicit
in their work

Gained more popularly following
the work of Cerf 2013

They Twoghost Inequality H 2018

G transitive uninoduler Then

e o
Plp Sqn e 66dg V n.it

T I kn

e e t belongto distinct clusters
both touch at least

n edges at least one is finite



Let h so and let be an independent

ghost field of intensity
h or E i.e a random

subset of E in which metres are included independently

at randan with inclusion probability Joint Ian ftp.h
I e heh

Ghostfields let us convert questions
about the

distributor of the volume of
percolation custers into

connectivity type events
At criticality we expect

intuitively that IKI z 4 3 and go Gs are rughly

the same

r

1h1 Twoghost Inequality H 2018

G transitive uninoduler Then

n

o
Plph l e 33deg Ih Hush

t
e et belongto distinct

clusters both touch a ghostedge

and at least one is finite

Orn



To deduce Thu fun Thun use that

Rp h Te z l e
hn 2Rp Sen

and optimize over h

For each finite subgraph H of G define

the fluctuation

hp H p 10th up IEDHH
w

edgesthat edges
touch but belonging
do not helmy to H
to It

If we explore the cluster of the anymore
edge at a time then

p
Revealed closed edges at time n

tp
Revealed open edges

at time n

is a random walk on Rl with iid mean zero

increments stopped when we explore the whole chain



hp K Final value of this martingale

Aside If F is a function on subgraphs of

G then under mild assumptions we have

Epf K Idp Ep Map
dosed
FCC

ftp.EphpCKIFCKB

This makes the fluctuation hp k an

important quantity
in many

contexts

keylemmy

e
RahlTe

mIi a ii
Koko l e

HECKoily



Mass transport foredge functions

uFCON F Yo F U2 To NB

FLgu jv Fluid

rented Edge version

Eo
Eee F e e Zee Fier e Ht

F E to so

ftp.e.ge FCe ez

Similarly if F E'T R is diagonally invariant and satisfies

FEoEee Kuh 1 a

then holds why Apply CH to positive
and

negative parts of F

Proof of key lemma Te 3

Fe Evey cluster touching
e is finite

e F a finite cluster touching e andg 3



Observe

It Te n Fe Ice closed finite clusterstouching e andg

Ake closed n Ge

Taking expectations

Rpm Te Fe ELIle closed finite clusterstouching e andg

PlpGe closedIngerFe

Rp e closed3hSette

Ted Fe and e closed3hSette

have union Te modulo a null set in which there is an

clusternot touchingG

So

Plph Te FILle closed finite clusterstouching e andg

PlpGe closedIngerFe

ELIle closed finite clusterstouching e andg
IP RpGe Settep open



no

PlpL Te E IA le closed If Ice open
finite clusterstouching e and

So far we have not used anything about
thegraph

Define F E x E R by

Fce ez
Write 2 9 i c IS IZai

Elp h Z
A 4 dosed II le open K a finite cluster

2 IE K 1 touching ez ez and
the ghost field

Multiset being
summed over has size ez

F satisfies integrability required

for signed
MTP

oRph Te
o Zee

F Cei eh

e o e
Fck ee



t.pe oEp.EEhEiEfitE nfmt anYi
sEZpdegco7

Ep h f ICI Koko Eckoffg

as required L7

Now as we discussed before exploring the

Chester of the origin are edge at a time

p
Revealed closed edges at time n

Zn Cfp Revealed open edges
at time n

T IE Ko 1 stopping
time

ZT hp Ko

o

Rpm Te E Fdeg Ep I e ht Good

WTP E C Th



So it suffices to proc

Ep I e ht Good e C ftp.pI

We have hx
i e

Ep I e ht Good
T

E
o

Ep III 1711GET I

Zn is a martingale with

Ep 2 EpRi Zi il E
pCtp

n

orthogonally ofmartingale increments

Doob's E maximal inequality

KILIFI 2kt I Zn l t 4 Ep Izzat I't 8pups2



Ep I e ht Good

t

ftp.p te
h2k

z Kk

E C Th I e hike h2k
for K E togaNh

I e 42k ed

fer k loyz Ill

hi E F
Crh

This completes the proof



Deducing power
low upper

bands for the

two ghost inequality

Fix pape Ecn a

Rpf e P suepplpte.nl

To x in distinct clustersof size at least n

Why Force edges in a geodesic o x

to be open are at a time On the event

in question there must be a point during

this procedure where we have an event Se n fer
same e Doing the bookkeeping to see how

this surgery affects probabilities gives
the

claim

RflKol Iki en a Rpf
VI t Plp o x

Plp Helen 2



Tpp Ikot ante EprSEPRfSe n
t Kp Cr

E p
r
n k t grCG

r

Tate r clogn for an appropriately

small constant Cso El

Mae applications of this method

Hermon H 2018 No predation at pc fr
certain groupsof

intermediate growth

H 2020 Continuity of the phase
transition

forthe bony
model on nonamerable

groups

H 2020 Porno law bands for critical long range
percolation on Fed



The Herman H Suppose G is a uninodular transitive graph St

Paco07 E Ce
cat some C cso j Then there

is no percolator at centrality on G

Applies to some groups of
intermediategrowth

likeErschler's

pie om s

Yield groups of intermediate growthwith
arbitrarily fast

subexponential heat turret decay

Bootstrapping
method

H

Take papa Assume bound on

puss RpUk l
Inwiffanalysis

E
d

ObtainboundoT
if1k
E

Pp lklznT Twoghost
C Cp rn ht lepers It surgery I

Obtainnew band on I



Pape X indep random walk

R Xo Xk EE P'To x
XEko

N

Kpk E Fer En.IT tYPkcoix

EYE Pkg.x

Eiko IyerPKly x E spktko.tt

Note If 6 nonamenable then LPkttko.LK

EgklkolRpCXosXr EfkV kz1 papcSchramm'slemme

This inequalityholdsfor any automorphism invariantpercolationmodel

with no infinite components

idea In amenable setting f CPH I cannot be
bounded by sanething small Intifada

AA
A

But If return probabilities decay very fast
dependence on It

is mild



top If 6 satisfies pnco.ae Ce
ch tha

FACptIa 1a E C e
om IET KO

PINKcA IX uniform on A VAEV finite and kz1

Plp Xo Xk E C Epe
mm fTko KB

C Epeloghkolge up KEITH
a

BE Cat

y 1h FB cCOAT with PM
up y B

Rp Khan s Cp kn th C Epefloghkolge up
K

K clogs

Rpakhn s C It Epefloghkol Ike eclogn
x

vs

Elp e togPlKol E Cftp.logPTkol



Rearrange us Epelos ko e C f p cpo
t doesn't depend on p

Same bound holds at pd a



Lecture 4 Percolation on hyperbole graphs

Some
things to

recall

Tp cu v Rp cu u two point matrix

pz z G sup p Tpllzszc.co
Epa

Conjecture H 2018 If 6 is transitive

nonamenable then pi G e pz CG

Sprinkling
lemma Tpte FFI ETPA Tp

entrywine inequality

Itp Hz zZf p
as p r Pez

To prove the conjecture
it therefore suffices to prove

11Thell z z octet as Edo



Proofstategyj

Step a Prove HFcells E Xp Epl Kl
Satisfies

STP
11Tpcelle 1 0 te

dq.NL
path

This is predicted to hold in the nonamenable

case since it is part of mean field
central

behavior But still open in general

Stepb Prove that

I Trie
TRelle.ae z z

oCH as Edo

This is a symmetric
bstochastic matrix

Can therefore
be interpreted as the transition

matrix of a random walk

At each step this walk samples a size based

cluster then jumps to
a uniform point in that

cluster



Steph is plausible

As pipe the
matrix I

highly spread out
Tellez

becomes

Tpais a Hyp small tune V

Geron spread out
random walk

matrices on a nonamenable transitive

graph
have small norm

E.g KPKHz HPI o

as K oo

However not every
spread out matrix

on a nonamenable group
has small norm

Consider e.g a random walk on

Tt 2 2 that takes bigjumps
on



one copy of TL

Wewill rule out these obstructions
using hyperbolic

geometry
noyamenable

Thin H 2018 If G is a trans.me Gromov hyperbole

graph then PIG pun G

Gromovhyprbolity F Szo don't think small

St fr each geodesic triangle

each side ofthe triangle
is

contained in the S neighbourhood

triangles look life
of the other two

sides

tripods f
Trees are Grana hypob
with 8 0

Rd is not Grana hyperbolewhen da

ID RTE Ht is hyperbole but amenable



Hd d dimensional open ball
small line segment e away

Iie
th

n M HI rough isomelm to

l fl A Beiyang
tree plus horizontal

i I I EE
hinaitiabijiannemism

hyperbole spaces

Thin Bonk Schramm If G is a

bounded degree Granor hyperbolic graph
then 7

dat a convex set T E Hd a function

Q V P and constants X and Cst



It dcycui.fm dcu.uslECV
u.ueV.V

xEPFueVwithdlycu.x EC

For titanium graphs we may
take P to be

the convex hull of its ideal boundary point

i i
a regular tree

Geodesres in Hd E Ars ofcircles
orthogonal to the

boundary

Upshot For many purposes
we can

pretend that we're in standard hyperbole

space



The
magic

lemma O.O

Teh Benjamin
Schramm 2001

From the perspective of a typical point any

finite set of vertices
in Rd looks like it accumulates

to at most two points of Rdu 3 one ofWhish

is D

Let A c Rid be finite For each x c A

define the isolation radius

5 CX min Ix yl y
c A 9 33

For each E o and r coo F CC E r d soo

and a set At EA with 1All za E IAI st

tx EA Fy c A st

IA n Burgan n Bly IE's IEC



euros

t



Hyperbolic Maya
Lemmen H20181 Call a set of

points AT separated if doxy as a distinct Xy c A

From the perspective of a typical point any

finite
EPofatedpoints in Hd looks like it accumulates

to at most two points of the
ideal boundy dHd

Leto o and let AEHd be a finite o separated

subset of Hd For
every

Eso and ran 3

Ccd r e r coo and A E A with

IA't e El E A such that for every

XEH there exist half spaces the Hz
with dex Hit zr such that

IA CH u th l e c

it



O

The hyperbole magic
lemma follows by

applying the Euclidean may
r lemma to the

upper half spacemodel

Why is this relevant to us

The magic
lemma is used in both steps

of our strategy
to prove pcc pz for hyperbole

graphs

Step a Xp HTpll Ep Ppc

As we discussed earlier it suffices



to prove the complementary differential

inequality
deep peixe

O7C

Ep Ike H Kettle et

X a surgery argument

Epl Kitty 11 Key
with dcx.gs bounded

Consequence of the mage
lemma

For each 8 so and dzz there

exists R such that if A E Hd is finite
and 8 separated then FA EA with 1A IzElAl



Such that if x c A F a half space H

with du H1 E R and AnH 0

wkly

ix
n n ne

Moreover when f G T is the embedding

of Gmto Hd via Bank Schramm we
maytake

H such that T accumulates to the portof the

boundary in the intern of H

Interpretation Most points in any finite
8separated

at A E Hd are near the boundary of the

convex hull of A

We aren't really using thefull power of the
ma g r lemma here



When G is uninodula and pepo
the origin is uniform on its cluster

Given 1kt I such a half space

within distance R of 0 with probe K

A compactness argument
F Hp with d coOHC ER St

E l KI IL K E HEIP

Z c Epl Kl
Hp can be taken to satisfy same non degeneracy

assumptions as before



dcx.gl EC

X y

E l Kd Ickx E th z c Xp

Elk 11 K E H e c Xp
y y y

El ked x

1kg1 IC x g z a Xp
m AdpXp z d Xp

Xp e
0 Ye

Completes step a



Step b Need to prove

H I Han 0 as p tape

Idea Hw EwTp Cun
has an interpretation

in terms of looking at W

frm a typicalpoint



By may R lemma suffus to pore that

µTp UN Epl Kun HI

E ECR Xp
when datH z R where ECR 0 as

R soo

How can we share this

OH suitably
interpreted

By Bk
t

E pl Kun th E EptKunOHI
Xp

that Suppose 6 a Cayleygraph of
a grup T



If A E T generates a free semigroup

A EFA
then 2 TpCid al E I t p

a Pc
a c A

why By EKG

TP Gdi at aidi9
an

When
pep

I I cidia

µTp
Cid X E Xp c D

and the clam follows



idea Boundaries of half spaces are

essentially free
More precisely there is a set A

St d H E C neighborhoodofAl
and LAI E Fa

m Elp l Kun OH I e C
not good enough

need a small constant

aan

Stade k hyperplanes still has



approximatelyfree property
1

So at least one of these hyperplanes

has Ep IkonOH I E

We get the
bound we want

on the inner half space D


