
 GaugeTheory Toda spares Coulomb branches

Physics and recently mathematics understanding

3D topological gauge theory
is controlled by

Hyperliahler spaces closely relate to Toda system

Pattern low energy behavior of a aft should be

Sigma model in moduli space of Vache M

Some Landmarks for gauge theory w linear matter
o Seiberg and Witten on 3D pun gaugethey fr 5012
o Argynes Famagi Warner generalization to SU in
o Seiberg Intiligator on 3D mirror symmet
o Witt n Hanany

on Poincaré series for Coulomb branches
Bezrakamilov Finkelberg Mirloric

Topological description of Toda span from affin Grassman ian
o Gromov Witten boundary ends a hole Lagrangians
o Bulli m m Dim ft Gai otto abelian Coulomb branches

Braverman Finkelberg Nakajima Chiralrings for polarizedreps
o Braverman et al proposal forquaternion craps

construction of chiral ring

In Susy gauge theories 3D higher ham
Coulomb and Higgs branches Mi din of M

For 3D XG x hyper Kahler

Higgs XING Coulomb Toda t quantum comations



2 The Toda spaces by Gio
T E K theory

Hyperleadermanifolds
home's

in one complex structure completely integrable abelian gps
over

e gag tow ly Gallo Tew

o Abelian cases E3 III by TagIponation
o General cases affine blow ups of Weyl quo hints

BFM If G o HE ro

44 Gol Kara
Pontyagin product
homology co prechent

Hopf algebras over HE KE

Th m l l Some boundary conditions for 3D topological gang thy
correspond to bundles of categories w Lagrangiansupport on 83,4

Kapustin Rozansky San lina 2 category

Ed from symph In unfolds with Hamiltonian G action

Sympher cosmologies of certain open unfolds
Quantum ahem ologies of compact mfolds

Examples a point Verlinde formulas C

a ex representation Generalized Coulomb br

Compact Fares tomorrow



3 Gauged point with a bulk deformation

W E E E e ga invariant quachati frm
h E H BG

The exponentiated graph flaw meet the unit section

of the Toda groups at lattice points in tx w Ta W

The Hessian determinants on the structure constant

for a Frobenius algebra This is the ZD TAFT

G with bulk defamation W

4 Complex representation V

Non compact use a scaling to render things first
Equivariant parameter m complex mass in physics

E NCBA

The associate Lagrangian is again Text dw
fr the G LSM superpetential in Hx and

ta a t wits m vies

sections

t t t t t t may
E tr

Toda

extend to
moduli

iunit selfron is the Gromov Witten gaugedthe y VIG



5 Main Theorem on Chiral Ring 63,4 Gi E

G compact connoted Lie gp E quatunionic rep
polarized means E V04

Nakajima Bullimen Din ft Gaiotto yours truly
Braverman Finkelberg Nakajima

I Them exist constructible equivariant coefficient systems
Ite Ke over the loop Grassmann ian Gage 1 648277

old oh
2 They are Ez multiplication under Pontryagin products
and the in equivariant cohomologies 3,4 GIE an E3
Poisson structures of degree 2

3 They are multiplication in E HE 07 HE F

so 93,4 GE x 83,4 G FI 83,6 Gj EOF I
Toda

4 Non polarized E require the removal of obstruction

5 HICRG HE and KE RG TE an birational to

63 by and are expiate to be the chiral ring fr Ef

6 Abelionization 83,4 GE I 83,6 IT E Din W

if E contains the roots of of

7 Polarized case construction from Gla boundary and
a



6 Construction in the Polarized case

Physics Nakajima B F Ni BD G

Morally Choosy a polarhalf Y of E

Get an index bunch H H P pg York along IP

over Bunge IP't NAG able

Build the associated linear space specSym dual sheaf

Coefficient systems HE Ke are cohomologies with

compact vertical supports

Morally 83,4 G El Spee HE KE IRC HERE
with Pontryagin product

unit volume frm difficult to mala precise

Product structure should come from 3D pair ofpants
by solving a gauged Direr dynatron w prescribed
boundary conditions

moduli span
of solutions

Buno P x Bun Apt Buno fell



IAlgebraic Geometry Rewording B F N

The splitting R ex R reduces the 3D Direneznation
to the 5 y nation and Taft constant in t

complex geometry can be used

Ute tiny sphere
dish with doubled

on gin

Bun f Heck corresponding
diagram

top sheets y
Bunt x Bunt Bun outer

sheets

bottom sheet

The conspondina diagram is now well defined and

gives an E3 multiphiatum on HE fro At Ke

8 Global construction from G LSM

63,4 Gie arises by gluing two copies of the Toda span

along the vertical shear by exp dw from CISM

Equivalently The chiral ring for E is the subring of
functions on the Toda space which survive explant translation

Reformulation Pomerleau This is the subring of

functions that preserve the Lattre QHE y c shot it
including its bulk deformations



9 Non polarized case E f V04
t

o I don't have a good interpretation in terms of
Gromov Witten boundary conditions

Guen in terms of G F
V E is a death over T

the formula I han is not clean though

caution check paper linked from my website

the arXiv version has many calculation at mistakes

Prostem Invoking the construction fr E instead of 11
Lead to 13,4 Gi Eto E

Heed to extract square root of the H K

you
Method check real structures Vigquantum

Investigate Ko a ku

t are
BG É Bsp no ro ÉÉ a

G map

Polarization of E would lift rt to KU

Obstructedby yo NE e ko

In any case want an Ez lift so obstructionreally is

BG É Bsp I 2316



seems unhelpful until we recall that

we don't need a complete lift
Just enough to build the coefficient systems

So the obstruction is the image via 24J into

2404 H2 or I Ch Ku or 2964 IG

For cohomology obstruction clan in H BG 2 2

Wi and is Cale med 2 Wy E

For Ko theory a secondary obstruction 5 45 BG242
wa is defined if Wy E 0

For KU theory the 2nd obstruction is Bre 461Boi Z

Ws Essentially IG E

theorem nasty calculation

If G is connected and Wyle D then Br 0

Fails for disconnected groups

Improvement Om can weaken the obstruction to

Wa is the square of a clan in H2 139 2



Witten Obtustin i im TayG É tu si
One can even reduce to the obstructionpredicted by
Ed Witten Wa has a square root e H 13922

af the price of collapsing
the cohomology grading mod 2

O

at
Eko

136 BS I 212 4

homologygrading


