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o Beyond GIT (Alper, Halpner-Leistner, Heinloth): After a choice of L,
MDODM* M

good moduli space. M is endowed with 6-stratification, and good moduli space
exists iff M is f-reductive and S-complete. Note: [X*/G] — X//G is good moduli
space, and O-stratification on [X/G] coincides with the GIT stratification.

o Problem: no good moduli spaces for G non-reductive (stabilizers are reductive!)

o David Rydh (2022-?) attempt to extend good moduli spaces to non-reductive
quotient stacks. No analog of O-stratification.
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Beyond GIT (Alper, Halpner-Leistner, Heinloth): After a choice of L,
MDODM* M

good moduli space. M is endowed with 6-stratification, and good moduli space
exists iff M is f-reductive and S-complete. Note: [X*/G] — X//G is good moduli
space, and O-stratification on [X/G] coincides with the GIT stratification.

Problem: no good moduli spaces for G non-reductive (stabilizers are reductive!)

David Rydh (2022-?7) attempt to extend good moduli spaces to non-reductive
quotient stacks. No analog of O-stratification.

Stacky proof of J-theorem by Ludvig Modin (2025): works for any characteristic,
actions in families and to general §-strata.
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moduli of representations of quivers with multiplicities.
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GIT construction:
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X//H = Xain \ UZuin/H = Proj(A(X)"))

Beyond GIT (Alper, Halpner-Leistner, Heinloth): After a choice of L,
MDODM* M

good moduli space. M is endowed with 6-stratification, and good moduli space
exists iff M is f-reductive and S-complete. Note: [X*/G] — X//G is good moduli
space, and O-stratification on [X/G] coincides with the GIT stratification.

Problem: no good moduli spaces for G non-reductive (stabilizers are reductive!)

David Rydh (2022-?7) attempt to extend good moduli spaces to non-reductive
quotient stacks. No analog of O-stratification.

Stacky proof of J-theorem by Ludvig Modin (2025): works for any characteristic,
actions in families and to general §-strata.

Affine NRGIT: Hamilton, Hoskins, Jackson (2024): affine non-reductive GIT and
moduli of representations of quivers with multiplicities.

GIT blow-up:
For additive groups: Qiao (2025): iterated blow-up algorithm (e.g. via Fitting-ideal
centers) for graded additive/unipotent settings.

Gergely Bérczi Aarhus University Non-reductive group actions: jet moduli spaces



Summary with some outlook

© The GIT construction:
o H=UxR, (X, L) acts on polarized H-variety, L well-adapted and Staby trivial then

X//H = Xain \ UZuin/H = Proj(A(X)"))

Beyond GIT (Alper, Halpner-Leistner, Heinloth): After a choice of L,
MDODM* M

good moduli space. M is endowed with 6-stratification, and good moduli space
exists iff M is f-reductive and S-complete. Note: [X*/G] — X//G is good moduli
space, and O-stratification on [X/G] coincides with the GIT stratification.

o Problem: no good moduli spaces for G non-reductive (stabilizers are reductive!)

David Rydh (2022-?7) attempt to extend good moduli spaces to non-reductive
quotient stacks. No analog of O-stratification.

e Stacky proof of J-theorem by Ludvig Modin (2025): works for any characteristic,
actions in families and to general §-strata.

Affine NRGIT: Hamilton, Hoskins, Jackson (2024): affine non-reductive GIT and
moduli of representations of quivers with multiplicities.

@ The GIT blow-up:
o For additive groups: Qiao (2025): iterated blow-up algorithm (e.g. via Fitting-ideal
centers) for graded additive/unipotent settings.

o For parabolic groups: Hoskins, Jackson (2021) Quotients by Parabolic Groups and
Moduli Spaces of Unstable Objects

Gergely Bérczi Aarhus University Non-reductive group actions: jet moduli spaces



Summary with some outlook

© The GIT construction:
o H=UxR, (X, L) acts on polarized H-variety, L well-adapted and Staby trivial then

X//H = Xain \ UZuin/H = Proj(A(X)"))

Beyond GIT (Alper, Halpner-Leistner, Heinloth): After a choice of L,
MDODM* M

good moduli space. M is endowed with 6-stratification, and good moduli space
exists iff M is f-reductive and S-complete. Note: [X*/G] — X//G is good moduli
space, and O-stratification on [X/G] coincides with the GIT stratification.

o Problem: no good moduli spaces for G non-reductive (stabilizers are reductive!)

David Rydh (2022-?7) attempt to extend good moduli spaces to non-reductive
quotient stacks. No analog of O-stratification.

e Stacky proof of J-theorem by Ludvig Modin (2025): works for any characteristic,
actions in families and to general §-strata.

Affine NRGIT: Hamilton, Hoskins, Jackson (2024): affine non-reductive GIT and
moduli of representations of quivers with multiplicities.

@ The GIT blow-up:
o For additive groups: Qiao (2025): iterated blow-up algorithm (e.g. via Fitting-ideal
centers) for graded additive/unipotent settings.

o For parabolic groups: Hoskins, Jackson (2021) Quotients by Parabolic Groups and
Moduli Spaces of Unstable Objects

© Cohomology of X//H: Our theory works when s = ss. Is there a (stacky) integration
theory in the presence of stabilisers?
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Moduli of jets

Motivation: X-complex manifold. (Jets of) holomorphic maps f : C — X and their
moduli space lie at the heart of classical problems in enumerative, complex and
arithmetic geometry.
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Motivation: X-complex manifold. (Jets of) holomorphic maps f : C — X and their
moduli space lie at the heart of classical problems in enumerative, complex and
arithmetic geometry.

o Jets in C": Ji(1, n) = {k-jets of germs f : (C,0) — (C",0)} =
{(f/(0), f"(0),..., fK(0)) : F(D(0) € C"}

o Diff, = J;*8(1,1) acts by reparametrisation: ¢ - f = f o ¢

¢

C——C"

o £(2) = 2(0) + Z"(0) + ... + 2 F¥)(0) € Ji(1, n) and
o(z) = a1z + azz? + ... + oy z¥ € Diff, then

a1 Qa2 as [e7”

0 a% 212 ... 201041+ ...

fop(z) = (F(0),...,FBO)/k1)-] 0 0 a3 ... 3a%ak o+t ...
0 o0 0 .
. . ak
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Note: This is not reductive, has the form U, x C*.
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f
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o £(2) = 2(0) + Z"(0) + ... + 2 F¥)(0) € Ji(1, n) and
o(z) = a1z + azz? + ... + oy z¥ € Diff, then

a1 Qa2 as [e7”
0 a% 212 ... 201041+ ...
fop(z) = (F(0),...,FBO)/k1)-] 0 0 a3 ... 3a%ak o+t ...
0 o0 0 .
. ak

Note: This is not reductive, has the form U, x C*.
o We call Ji(1, n)/Diffx the moduli of k-jets of germs, or jet moduli space of
order k
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Jet bundles

o Let f:(C,0) = (X,x), f(t)=(f(t),f(t),...,fa(t)) be a curve written in
some local holomorphic coordinates t on C and (z1,...,2,) on X. The k-jet
bundle is

JkX = {f[k] cf ((C,O) *}X} — X

sending f4 to £(0).
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o Let f:(C,0) = (X,x), f(t)=(f(t),f(t),...,fa(t)) be a curve written in
some local holomorphic coordinates t on C and (z1,...,2,) on X. The k-jet
bundle is
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sending f4 to £(0).
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Jet bundles

o Let f:(C,0) = (X,x), f(t)=(f(t),f(t),...,fa(t)) be a curve written in
some local holomorphic coordinates t on C and (z1,...,2,) on X. The k-jet
bundle is

JkX = {f[k] cf ((C,O) *)X} — X

sending f4 to £(0).
o JiX = Diffx Xpig, (n) Jk(1, n) is not a vector bundle.
e f:C— Xinduces fi) : C — JiX.
o Diffy acts fiberwise with fibration Ji X /Diff, — X
Jet spaces, Arc spaces:
m = SpecC[t]/(t™*1) and A = SpecCJ[t]].
There are obvious inclusion maps

Ao CDLC - CApC - CA. (1)

Definition[Jets on a scheme] Let X be a scheme over C. Set-theoretically, the space
of m-th order jets on X consists of the morphisms of schemes over C:

Xm := Hom(Apm, X), X :=Hom(A, X).
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Projective completions of jet moduli

Jk(1, n)/Diff
Curvilinear Hilbert scheme oS e bundl
NRGIT tient Demailly-Semple bundle
CHilb§*(C") = quotien ymoemp :
P(C @ Jk(1,n))//Diffy X — ... — Xy =P

{I Cm:m/l ~ tC[t]/tk}
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Projective completions of jet moduli

Jk(1, n)/Diff

/

Curvilinear Hilbert scheme
CHilb{™(C") =
{I Cm:m/l ~ tC[t]/tk}

NRGIT quotient Demailly-Semple bundle
P(C & Ji(1, n))//Diff Xk = ... —= Xy =P1

@ singular projective

o endowed with
tautological bundle,

@ tautological
intersection theory
encodes enumerative
geometry problems
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Projective completions of jet moduli

Jk(1, n)/Diff
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NRGIT quotient Demailly-Semple bundle
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Projective completions of jet moduli

Jk(1, n)/Diff

/

Curvilinear Hilbert scheme

NRGIT quotient Demailly-Semple bundle
CHilbA+(C") = quot )
P(C @ Jk(1,n))//Diffy X — ... — Xy =P
{I Cm:m/l ~ tC[t]/tk}
@ singular projective @ nonsingular projective @ nonsingular projective
o endowed with o traditionally used in
tautological bundle, o JK-type integral hyperbolicty questions
° 'tatutologtllcal th formula for o exponential bound
intersection theory intersection theor H ci
encodes enumerative y in h'yp:rboilaty
conjecture

geometry problems

@ enumerative
geometry

o arithmetic geometry

o hyperbolicity
conjectures
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The Hilbert scheme of points—brief overview

R =Cl[x1,...,xn].
Hilb*(C") = {/ C R:dim(R/I) = k} <———Hilb§(C") = {I : supp(R/I) = {0}}

GHilb*(C") = {p1 U ... U ps} <———GHilb§(C") = GHilb*(C") N Hilb§(C")

CHIilb§(C") = {I : R/l ~ C[t]/tk}
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The Hilbert scheme of points—brief overview

R =Cl[x1,...,xn].
Hilb*(C") = {/ C R:dim(R/I) = k} <———Hilb§(C") = {I : supp(R/I) = {0}}

GHilb*(C") = {p1 U ... U ps} <———GHilb§(C") = GHilb*(C") N Hilb§(C")

CHilbg(C") = {I - R/l ~ C[t]/t"}
On surfaces:
o Hilb¥(C?) = GHilbX(C?) is smooth of dimension 2k
o Hilb&(C?) = CHilb*(C?) is irreducible, singular of dimension (k — 1) (Briancon)

and moreover, a complete intersection: CHilb*(C?) = s—1(0) for a section of
B = 0K /O (Haiman).
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The Hilbert scheme of points—brief overview

R =Cl[x1,...,xn].
Hilb*(C") = {/ C R:dim(R/I) = k} <———Hilb§(C") = {I : supp(R/I) = {0}}

GHilb*(C") = {p1 U ... U ps} <———GHilb§(C") = GHilb*(C") N Hilb§(C")

CHilb§(C") = {I : R/l ~ C[t]/tF}
On surfaces:
o Hilb¥(C?) = GHilbX(C?) is smooth of dimension 2k
o Hilb&(C?) = CHilb*(C?) is irreducible, singular of dimension (k — 1) (Briancon)
and moreover, a complete intersection: CHilb*(C?) = s—1(0) for a section of
B = 0K /O (Haiman).

For n > 2 Hilb¥(C") has pathological behaviour, Murphy’s law (Vakil). Components,
singularities, deformation theory is hard (out of reach).
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The refined Bellis Hilbertis (following J. Jelisiejew)
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The refined Bellis Hilbertis (following J. Jelisiejew)

o Stem = GHilb¥(C"), the smoothable (geometric, main) component where a
generic ladybird has k dots. Singular of dimension kn, important in enumerative
geometry.
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The refined Bellis Hilbertis (following J. Jelisiejew)

o Stem = GHilb¥(C"), the smoothable (geometric, main) component where a
generic ladybird has k dots. Singular of dimension kn, important in enumerative
geometry.

o Petals not in spem = non-smoothable components of Hilb*(C").

Gergely Bérczi Aarhus University Non-reductive group actions: jet moduli spaces



The refined Bellis Hilbertis (following J. Jelisiejew)

o Stem = GHilb¥(C"), the smoothable (geometric, main) component where a
generic ladybird has k dots. Singular of dimension kn, important in enumerative
geometry.

o Petals not in spem = non-smoothable components of Hilb*(C").

o Yellow petals = components of Hilb4(C").
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The refined Bellis Hilbertis (following J. Jelisiejew)

o Stem = GHilb¥(C"), the smoothable (geometric, main) component where a
generic ladybird has k dots. Singular of dimension kn, important in enumerative
geometry.

o Petals not in spem = non-smoothable components of Hilb*(C").

o Yellow petals = components of Hilb4(C"). Some of them are smoothable (i.e sit
in GHilbX(C"))
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The refined Bellis Hilbertis (following J. Jelisiejew)

o Stem = GHilb¥(C"), the smoothable (geometric, main) component where a
generic ladybird has k dots. Singular of dimension kn, important in enumerative
geometry.

Petals not in spem = non-smoothable components of HilbX(C").

Yellow petals = components of Hilb§(C"). Some of them are smoothable (i.e sit
in GHilbX(C"))

o Dark yellow curve = CHilb§(C")
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The refined Bellis Hilbertis (following J. Jelisiejew)

o Stem = GHilb¥(C"), the smoothable (geometric, main) component where a
generic ladybird has k dots. Singular of dimension kn, important in enumerative
geometry.

o Petals not in spem = non-smoothable components of Hilb*(C").

o Yellow petals = components of Hilb4(C"). Some of them are smoothable (i.e sit
in GHilbX(C"))

o Dark yellow curve = CHilb4(C") small component intersecting all other punctual
and non-punctual components.
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The refined Bellis Hilbertis (following J. Jelisiejew)

o Stem = GHilb¥(C"), the smoothable (geometric, main) component where a
generic ladybird has k dots. Singular of dimension kn, important in enumerative
geometry.

o Petals not in spem = non-smoothable components of Hilb*(C").

o Yellow petals = components of Hilb4(C"). Some of them are smoothable (i.e sit
in GHilbX(C"))

o Dark yellow curve = CHilb4(C") small component intersecting all other punctual
and non-punctual components.

o Theorem (B-Svendsen '23): CHilbX(C") contains all torus fixed points (red
dots). That is: monomial ideals deform to a smooth jet of curve.
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Tautological intersection theory of Hilbert schemes

Tautological bundles: V — X rank r bundle ~» VIK — Hilbk(X) rank rk bundle

Ve = V@ 0 = HO(€, Fle).
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Tautological intersection theory of Hilbert schemes

Tautological bundles: V — X rank r bundle ~» VIK — Hilbk(X) rank rk bundle
Ve = V@ 0 = HO(€, Fle).

Tautological integrals: ® symmetric polynomial of top degree.

/ o(VIH)
GHilbk(X)
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Tautological intersection theory of Hilbert schemes

Tautological bundles: V — X rank r bundle ~» VIK — Hilbk(X) rank rk bundle
Ve = V@ 0 = HO(€, Fle).

Tautological integrals: ® symmetric polynomial of top degree.

/ ol V[k]) more generally / o( V[k])
GHilbk(X) GHilbA1: -+ As (X)

Geometric subsets: Aj,...,As be finite dimensional quotient algebras of C[x1, ..., xn]
of dimension dim¢(A;) = k; with k = ki + ... + ks.

Hilb" A (CM) = {€ = &1 U... U & : Og, ~ A;} C Hilb*(C™)
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Tautological intersection theory of Hilbert schemes

Tautological bundles: V — X rank r bundle ~» VIK — Hilbk(X) rank rk bundle
Ve = V@ 0 = HO(€, Fle).

Tautological integrals: ® symmetric polynomial of top degree.

/ ol V[k]) more generally / o( V[k])
GHilbk(X) GHilbA1: -+ As (X)

Geometric subsets: Aj,...,As be finite dimensional quotient algebras of C[x1, ..., xn]
of dimension dim¢(A;) = k; with k = ki + ... + ks.

Hilb" A (CM) = {€ = &1 U... U & : Og, ~ A;} C Hilb*(C™)

Examples:
e GHilb*(C") = Hilb®-C(Cn)
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Tautological intersection theory of Hilbert schemes

Tautological bundles: V — X rank r bundle ~» VIK — Hilbk(X) rank rk bundle
Ve = V@ 0 = HO(€, Fle).

Tautological integrals: ® symmetric polynomial of top degree.

/ ol V[k]) more generally / o( V[k])
GHilbk(X) GHilbA1: -+ As (X)

Geometric subsets: Aj,...,As be finite dimensional quotient algebras of C[x1, ..., xn]
of dimension dim¢(A;) = k; with k = ki + ... + ks.

Hilb" A (CM) = {€ = &1 U... U & : Og, ~ A;} C Hilb*(C™)
Examples:
o CHilbk¥(C") = Hilb®C(C™)
o CHilbX(C") = Hilb” (C") where A, = C[t]/tX = 1T 1 Tis the Morin algebra.
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Tautological intersection theory of Hilbert schemes

Tautological bundles: V — X rank r bundle ~» VIK — Hilbk(X) rank rk bundle
Ve = V@ 0 = HO(€, Fle).

Tautological integrals: ® symmetric polynomial of top degree.

/ ol V[k]) more generally / o( V[k])
GHilbk(X) GHilbA1: -+ As (X)

Geometric subsets: Aj,...,As be finite dimensional quotient algebras of C[x1, ..., xn]
of dimension dim¢(A;) = k; with k = ki + ... + ks.

Hilb" A (CM) = {€ = &1 U... U & : Og, ~ A;} C Hilb*(C™)

Examples:

o CHilbk¥(C") = Hilb®C(C™)

o CHilbX(C") = Hilb” (C") where A, = C[t]/tX = 1T 1 Tis the Morin algebra.
Theorem (Rennemo, 2013) fGHilelv-“vAS(X) ¢(V[k]) = Pay,... A (V, X) is given by
a universal polynomial in the Chern roots of X and V.
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Tautological intersection theory of Hilbert schemes

Tautological bundles: V — X rank r bundle ~» VIK — Hilbk(X) rank rk bundle
Ve = V@ 0 = HO(€, Fle).

Tautological integrals: ® symmetric polynomial of top degree.

/ ol V[k]) more generally / o( V[k])
GHilbk(X) GHilbA1: -+ As (X)

Geometric subsets: Aj,...,As be finite dimensional quotient algebras of C[x1, ..., xn]
of dimension dim¢(A;) = k; with k = ki + ... + ks.

Hilb" A (CM) = {€ = &1 U... U & : Og, ~ A;} C Hilb*(C™)

Examples:

o CHilbk¥(C") = Hilb®C(C™)

o CHilbX(C") = Hilb” (C") where A, = C[t]/tX = 1T 1 Tis the Morin algebra.
Theorem (Rennemo, 2013) fGHilelv-“vAS(X) ¢(V[k]) = Pay,... A (V, X) is given by

a universal polynomial in the Chern roots of X and V.
Theorem Tautological integral formulas on Hilbert scheme of points.
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Tautological intersection theory of Hilbert schemes

Tautological bundles: V — X rank r bundle ~» VIK — Hilbk(X) rank rk bundle
Ve = V@ 0 = HO(€, Fle).

Tautological integrals: ® symmetric polynomial of top degree.

/ ol V[k]) more generally / o( V[k])
GHilbk(X) GHilbA1: -+ As (X)

Geometric subsets: Aj,...,As be finite dimensional quotient algebras of C[x1, ..., xn]
of dimension dim¢(A;) = k; with k = ki + ... + ks.

Hilb" A (CM) = {€ = &1 U... U & : Og, ~ A;} C Hilb*(C™)

Examples:

o CHilbk¥(C") = Hilb®C(C™)

o CHilbX(C") = Hilb” (C") where A, = C[t]/tX = 1T 1 Tis the Morin algebra.
Theorem (Rennemo, 2013) fGHilelv-“vAS(X) ¢(V[k]) = Pay,... A (V, X) is given by

a universal polynomial in the Chern roots of X and V.
Theorem Tautological integral formulas on Hilbert scheme of points.

o B, 2017 Iterated residue formula on CHilb**1(X)
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Tautological intersection theory of Hilbert schemes

Tautological bundles: V — X rank r bundle ~» VIK — Hilbk(X) rank rk bundle
Ve = V@ 0 = HO(€, Fle).

Tautological integrals: ® symmetric polynomial of top degree.

/ ol V[k]) more generally / o( V[k])
GHilbk(X) GHilbA1: -+ As (X)

Geometric subsets: Aj,...,As be finite dimensional quotient algebras of C[x1, ..., xn]
of dimension dim¢(A;) = k; with k = ki + ... + ks.

Hilb" A (CM) = {€ = &1 U... U & : Og, ~ A;} C Hilb*(C™)

Examples:

o CHilbk¥(C") = Hilb®C(C™)

o CHilbX(C") = Hilb” (C") where A, = C[t]/tX = 1T 1 Tis the Morin algebra.
Theorem (Rennemo, 2013) fGHilelv-“vAS(X) ¢(V[k]) = Pay,... A (V, X) is given by

a universal polynomial in the Chern roots of X and V.
Theorem Tautological integral formulas on Hilbert scheme of points.

o B, 2017 Iterated residue formula on CHilb**1(X)
e B, 2021 Toric residue formula using NRGIT quotient model
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Tautological intersection theory of Hilbert schemes

Tautological bundles: V — X rank r bundle ~» VIK — Hilbk(X) rank rk bundle
Ve = V@ 0 = HO(€, Fle).

Tautological integrals: ® symmetric polynomial of top degree.

/ ol V[k]) more generally / o( V[k])
GHilbk(X) GHilbA1: -+ As (X)

Geometric subsets: Aj,...,As be finite dimensional quotient algebras of C[x1, ..., xn]
of dimension dim¢(A;) = k; with k = ki + ... + ks.

Hilb" A (CM) = {€ = &1 U... U & : Og, ~ A;} C Hilb*(C™)

Examples:

o CHilbk¥(C") = Hilb®C(C™)

o CHilbX(C") = Hilb” (C") where A, = C[t]/tX = 1T 1 Tis the Morin algebra.
Theorem (Rennemo, 2013) fGHilelv-“vAS(X) ¢(V[k]) = Pay,... A (V, X) is given by

a universal polynomial in the Chern roots of X and V.
Theorem Tautological integral formulas on Hilbert scheme of points.

o B, 2017 Iterated residue formula on CHilb**1(X)
e B, 2021 Toric residue formula using NRGIT quotient model
o B-Szenes 2023 Reduction of integration over GHilb¥(X) to CHilb*(X)
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Enumerative geometry applications:

1. Thom polynomials
e f: N — M holomorphic map, dim(N) = n < m = dim(M).
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Enumerative geometry applications:

1. Thom polynomials
e f: N — M holomorphic map, dim(N) = n < m = dim(M).
@ Morin singularity locus: let A = tC[t]/t* and
Yio1(f)={p e N:Clxt,...,xa]/(f1,...,fm) =~ A}
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Enumerative geometry applications:

1. Thom polynomials
e f: N — M holomorphic map, dim(N) = n < m = dim(M).
@ Morin singularity locus: let A = tC[t]/t* and
Yio1(f)={p e N:Clxt,...,xa]/(f1,...,fm) =~ A}
o If N is compact and f is sufficiently generic, Xx(f) is an analytic subvariety of N.
Thom: [La] € H*(N,Z) is a polynomial Tp,y™(c1, c2,...) in the Chern classes of
the difference bundle ¢;(f) = ¢;(TN — f*TM).
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Enumerative geometry applications:

1. Thom polynomials

e f: N — M holomorphic map, dim(N) = n < m = dim(M).

@ Morin singularity locus: let A = tC[t]/t* and
Yio1(f)={p e N:Clxt,...,xa]/(f1,...,fm) =~ A}

o If N is compact and f is sufficiently generic, Xx(f) is an analytic subvariety of N.
Thom: [La] € H*(N,Z) is a polynomial Tp,y™(c1, c2,...) in the Chern classes of
the difference bundle ¢;(f) = ¢;(TN — f*TM).

o Calculation of Thom polynomials is major unsolved problem of singularity theory.
Example: Ronga formula:

¥1(f) = Sing(f) and [Sing(f)] = Tpa,"" = cm—n+1(f)
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Enumerative geometry applications:

1. Thom polynomials

e f: N — M holomorphic map, dim(N) = n < m = dim(M).

@ Morin singularity locus: let A = tC[t]/t* and
Yio1(f)={p e N:Clxt,...,xa]/(f1,...,fm) =~ A}

o If N is compact and f is sufficiently generic, Xx(f) is an analytic subvariety of N.
Thom: [La] € H*(N,Z) is a polynomial Tp,y™(c1, c2,...) in the Chern classes of
the difference bundle ¢;(f) = ¢;(TN — f*TM).

o Calculation of Thom polynomials is major unsolved problem of singularity theory.
Example: Ronga formula:

¥1(f) = Sing(f) and [Sing(f)] = Tpa,"" = cm—n+1(f)

Theorem, B-Szenes '12 The Thom polynomial of the Ax_1 Morin singularity is a
tautological integral over the curvilinear Hilbert scheme

Tpp =" = / Euler(F*(TM)k=1
CHilbk(Cn)
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Enumerative geometry applications:

1. Thom polynomials

e f: N — M holomorphic map, dim(N) = n < m = dim(M).

@ Morin singularity locus: let A = tC[t]/t* and
Yio1(f)={p e N:Clxt,...,xa]/(f1,...,fm) =~ A}

o If N is compact and f is sufficiently generic, Xx(f) is an analytic subvariety of N.
Thom: [La] € H*(N,Z) is a polynomial Tp,y™(c1, c2,...) in the Chern classes of
the difference bundle ¢;(f) = ¢;(TN — f*TM).

o Calculation of Thom polynomials is major unsolved problem of singularity theory.
Example: Ronga formula:

¥1(f) = Sing(f) and [Sing(f)] = Tpa,"" = cm—n+1(f)

Theorem, B-Szenes '12 The Thom polynomial of the Ax_1 Morin singularity is a
tautological integral over the curvilinear Hilbert scheme

Tpp =" = / Euler(F*(TM)k=1
CHilbk(Cn)

2. Multipoint locus of maps For a map f : N — M we define the Kleiman k-fold
class as

mi = [{p € M: #f~1(p) = k}] € H"(M)
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Enumerative geometry applications:

1. Thom polynomials

e f: N — M holomorphic map, dim(N) = n < m = dim(M).

@ Morin singularity locus: let A = tC[t]/t* and
Yio1(f)={p e N:Clxt,...,xa]/(f1,...,fm) =~ A}

o If N is compact and f is sufficiently generic, Xx(f) is an analytic subvariety of N.
Thom: [La] € H*(N,Z) is a polynomial Tp,y™(c1, c2,...) in the Chern classes of
the difference bundle ¢;(f) = ¢;(TN — f*TM).

o Calculation of Thom polynomials is major unsolved problem of singularity theory.
Example: Ronga formula:

¥1(f) = Sing(f) and [Sing(f)] = Tpa,"" = cm—n+1(f)

Theorem, B-Szenes '12 The Thom polynomial of the Ax_1 Morin singularity is a
tautological integral over the curvilinear Hilbert scheme

Tpp =" = / Euler(F*(TM)k=1
CHilbk(Cn)

2. Multipoint locus of maps For a map f : N — M we define the Kleiman k-fold
class as

e = [{p € M - 1(p) = kJ] € H*"(M)
Example: k = 2, the double point formula: my = £ [1]f[1] + fi ch—m(F* TM — TN).
[ S —

n—m—1

Tp,
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Enumerative geometry applications:

1. Thom polynomials

e f: N — M holomorphic map, dim(N) = n < m = dim(M).

@ Morin singularity locus: let A = tC[t]/t* and
Yio1(f)={p e N:Clxt,...,xa]/(f1,...,fm) =~ A}

o If N is compact and f is sufficiently generic, Xx(f) is an analytic subvariety of N.
Thom: [La] € H*(N,Z) is a polynomial Tp,y™(c1, c2,...) in the Chern classes of
the difference bundle ¢;(f) = ¢;(TN — f*TM).

o Calculation of Thom polynomials is major unsolved problem of singularity theory.
Example: Ronga formula:

¥1(f) = Sing(f) and [Sing(f)] = Tpa,"" = cm—n+1(f)

Theorem, B-Szenes '12 The Thom polynomial of the Ax_1 Morin singularity is a
tautological integral over the curvilinear Hilbert scheme

Tpp =" = / Euler(F*(TM)k=1
CHilbk(Cn)

2. Multipoint locus of maps For a map f : N — M we define the Kleiman k-fold
class as

me = [{p € M: #F1(p) = kT] € H* (M)

Example: k = 2, the double point formula: my = £ [1]f[1] + fi ch—m(F* TM — TN).
| S —

Tp;%m—l

Theorem, B-Szenes 2021 If f is sufficiently generic (stable) then

my = / Euler((F* TM)K /£ TM))
GHilblKl(Mm)
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Curve and hypersurface counting formula

3. Curve and hypersurface counting
Géttsche '95: S surface, Ay = ... = As = C[x, y]/(x?, xy, y?), and
HilbA1--4s(S) C Hilb3s(S).
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Curve and hypersurface counting formula

3. Curve and hypersurface counting

Géttsche '95: S surface, Ay = ... = As = C[x, y]/(x?, xy, y?), and

HilbA1-4s(S) C Hilb3(S). If L — S suff. ample line bundle, then the number of
s-nodal curves in a generic P$ C P(|L|) is inlel,...,As(s) cas(LBST).
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Curve and hypersurface counting formula

3. Curve and hypersurface counting

Géttsche '95: S surface, Ay = ... = As = C[x, y]/(x?, xy, y?), and

HilbA1-4s(S) C Hilb3(S). If L — S suff. ample line bundle, then the number of
s-nodal curves in a generic PS C P(|L]) is inlel,,,,,As(s) c2s(L139).

More generally, the tautological integral

(L[dim(A1)+m+dim(A5)] )

gives the number of hypersurfaces in |L| with singularities Ay, ..., As.
4. Segre series

snk(V[k]) = AH'lbk(X) snk(V[k])
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Curve and hypersurface counting formula

3. Curve and hypersurface counting

Géttsche '95: S surface, Ay = ... = As = C[x, y]/(x?, xy, y?), and

HilbA1-4s(S) C Hilb3(S). If L — S suff. ample line bundle, then the number of
s-nodal curves in a generic PS C P(|L]) is inlel,,,,,As(s) c2s(L139).

More generally, the tautological integral

(L[dim(A1)+m+dim(A5)] )

gives the number of hypersurfaces in |L| with singularities Ay, ..., As.
4. Segre series

snk(V[k]) = AH'lbk(X) snk(V[k])

For n = 2 Lehn's conjecture, proved by [Voisin-Oprea-Pandharipande 2018]
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Curve and hypersurface counting formula

3. Curve and hypersurface counting

Géttsche '95: S surface, Ay = ... = As = C[x, y]/(x?, xy, y?), and

HilbA1-4s(S) C Hilb3(S). If L — S suff. ample line bundle, then the number of
s-nodal curves in a generic PS C P(|L]) is inlel,,,,,As(s) c2s(L139).

More generally, the tautological integral

(L[dim(A1)+m+dim(A5)] )

gives the number of hypersurfaces in |L| with singularities Ay, ..., As.
4. Segre series

snk(V[k]) = AH'lbk(X) snk(V[k])

For n = 2 Lehn's conjecture, proved by [Voisin-Oprea-Pandharipande 2018]
For n > 2 we obtain

ok icick_1(zi — 2))Qu_1(2)sydz k-1
S s (VIH) = exp <Zq Res [icicj<k—al ) Q—1(2)sv s(l) o
i=1

k>0 i K= [liy<icka (@ + 3 = 2)(z - zkg)HH Zi
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Curve and hypersurface counting formula

3. Curve and hypersurface counting

Géttsche '95: S surface, Ay = ... = As = C[x, y]/(x?, xy, y?), and

HilbA1-4s(S) C Hilb3(S). If L — S suff. ample line bundle, then the number of
s-nodal curves in a generic PS C P(|L]) is inlel,,,,,As(s) c2s(L139).

More generally, the tautological integral

(L[dim(A1)+m+dim(A5)] )

gives the number of hypersurfaces in |L| with singularities Ay, ..., As.
4. Segre series

snk(V[k]) = AH'lbk(X) snk(V[k])

For n = 2 Lehn's conjecture, proved by [Voisin-Oprea-Pandharipande 2018]
For n > 2 we obtain

ok icick_1(zi — 2))Qu_1(2)sydz k-1
S s (VIH) = exp <Zq Res [icicj<k—al ) Q—1(2)sv s(l) o
i=1

k>0 i K= [liy<icka (@ + 3 = 2)(z - zkg)HH Zi

The same exponential expansion holds for any multiplicative characteristic class, and
in particular Chern series. Similar formula for Verlinde numbers. Higher dimensional
Segre-Verlinde duality?
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0, NEOTB, FIFTOBNL0.
Nimma gamanakke dhanyavadagalu.
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p-adic integrals

5. lgusa zeta function and Monodromy Conjecture
ma

@ p prime, then any g € Q uniquely x = p™2 with some m, a, b € Z. Order and the
norm of x: ordp(x) = m and |x|, = pi,,,.

Gergely Bérczi Aarhus University Non-reductive group actions: jet moduli spaces



p-adic integrals

5. lgusa zeta function and Monodromy Conjecture
© p prime, then any g € Q uniquely x = p™ 2 with some m, a, b € Z. Order and the
norm of x: ordp(x) = m and |x|, = pi,,,.

o Qp (field of p-adic numbers) is the completion of the normed topological space
(Q,|.|p). Elements of Qp are Laurent series

X =amp™ + am1p™ T + ... where m = ord,(x), a; € Zy/pZy = Fp

Gergely Bérczi Aarhus University Non-reductive group actions: jet moduli spaces



p-adic integrals

5. lgusa zeta function and Monodromy Conjecture

© p prime, then any g € Q uniquely x = p™ 2 with some m, a, b € Z. Order and the

norm of x: ordp(x) = m and |x|, = pi,,,.

o Qp (field of p-adic numbers) is the completion of the normed topological space
(Q,|.|p). Elements of Qp are Laurent series

X =amp™ + am1p™ T + ... where m = ord,(x), a; € Zy/pZy = Fp

o Ring of p-adic integers: Z, = {x € Qp : |x|p < 1}, compact, local ring, Z,/pZp.

Zo/p"Zy ={a1+ap+...+am-1p" "t 2 € Fp}
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p-adic integrals

5. lgusa zeta function and Monodromy Conjecture

© p prime, then any g € Q uniquely x = p™ 2 with some m, a, b € Z. Order and the

norm of x: ordp(x) = m and |x|, = pi,,,.

o Qp (field of p-adic numbers) is the completion of the normed topological space
(Q,|.|p). Elements of Qp are Laurent series

X =amp™ + am1p™ T + ... where m = ord,(x), a; € Zy/pZy = Fp

o Ring of p-adic integers: Z, = {x € Qp : |x|p < 1}, compact, local ring, Z,/pZp.

Zo/p"Zy ={a1+ap+...+am-1p" "t 2 € Fp}

@ Qp is locally compact, so it has Haar measure p, which can be normalized so that
u(Zp) =1 (hence u(p™Z,) = 1/p™ from disjoint paving!)
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p-adic integrals

5. lgusa zeta function and Monodromy Conjecture

© p prime, then any g € Q uniquely x = p™ 2 with some m, a, b € Z. Order and the

m

norm of x: ordp(x) = m and |x|, = pi.

o Qp (field of p-adic numbers) is the completion of the normed topological space
(Q,|.|p). Elements of Qp are Laurent series
X = amp™ 4 am1p™ 1 4+ ... where m = ordp(x), a; € Zp/pZp = Fp
o Ring of p-adic integers: Z, = {x € Qp : |x|p < 1}, compact, local ring, Z,/pZp.
Zo/p"Zy ={a1+ap+...+am-1p" "t 2 € Fp}
@ Qp is locally compact, so it has Haar measure p, which can be normalized so that

1(Zp) =1 (hence u(p™Z,) = 1/p™ from disjoint paving!)

o For measurable h one can integrate: fQ 2 hdu
pr4p
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p-adic integrals

5. lgusa zeta function and Monodromy Conjecture
© p prime, then any g € Q uniquely x = p™ 2 with some m, a, b € Z. Order and the
norm of x: ordp(x) = m and |x|, = pi.

m

o Qp (field of p-adic numbers) is the completion of the normed topological space
(Q,|.|p). Elements of Qp are Laurent series

X =amp™ + am1p™ T + ... where m = ord,(x), a; € Zy/pZy = Fp

o Ring of p-adic integers: Z, = {x € Qp : |x|p < 1}, compact, local ring, Z,/pZp.

Zo/p"Zy ={a1+ap+...+am-1p" "t 2 € Fp}

@ Qp is locally compact, so it has Haar measure p, which can be normalized so that
u(Zp) =1 (hence u(p™Z,) = 1/p™ from disjoint paving!)

o For measurable h one can integrate: fQ 2 hdp Change of variables:
pr4p

¢:U— V then / hdu:/(ho¢))-Jac(h)d,u
#(U) u

@ More generally: A p-adic field K is a finite extension of Qp. The ring of integers
Ok C K is the integral closure of Z, in K. This is a local ring with maxiomal
ideal mg and Ox/m = F4 for some g = p".
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Igusa zeta function and the Monodromy Conjecture

Definition Let f € Ok[x1,...,xq] and s > 0.
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Igusa zeta function and the Monodromy Conjecture

Definition Let f € Ok[x1,...,xq] and s > 0.
@ The zeta function of f is

2(f.5) = [ 1FGas. )l
of
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Igusa zeta function and the Monodromy Conjecture

Definition Let f € Ok[x1,...,xq] and s > 0.
@ The zeta function of f is

2(f.5) = [ 1FGas. )l
O
@ Let Np = #{x € (Ox/mp)? : f(x) =0 (mod mT)}. The Poincaré series of f is

Q(f,t) = i Npt™
m=0
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Igusa zeta function and the Monodromy Conjecture

Definition Let f € Ok[x1,...,xq] and s > 0.

@ The zeta function of f is
2(f.5) = [ 1FGas. )l
of
@ Let Np = #{x € (Ox/mp)? : f(x) =0 (mod mT)}. The Poincaré series of f is

Q(f,t) = i Npt™
m=0

Theorem (lgusa): Z(f,s) = Q (f, qd—1+5> (1 —g°) + g°, hence Q(f,t) is a rational
function.
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Igusa zeta function and the Monodromy Conjecture

Definition Let f € Ok[x1,...,xq] and s > 0.
@ The zeta function of f is

2(f.5) = [ 1FGas. )l
of

@ Let Np = #{x € (Ox/mp)? : f(x) =0 (mod mT)}. The Poincaré series of f is
Q(f, t) =D Npt™
m=0

Theorem (lgusa): Z(f,s) = Q (f, qd—1+5> (1 —g°) + g°, hence Q(f,t) is a rational
function.
Idea of proof: Let Vi = {O% : [f(x)| < qim} so the level set is Vin \ Vim—1. Then

#(Vim) = Nmﬁ

Monodromy Conjecture (Igusa) Let s be a pole of Z(f,s). Then €*™ is an
eigenvalue of the monodromy action on some Milnor fiber H"(M,r,x) at some point of
x € f~1(0)

B-Rossinelli, in progress: Recursive formula for the lgusa zeta function without
resolutions. The lgusa zeta function is the generating function of the number of points
on certain components of Hilb¥(f).
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