Non-reductive moment maps and cohomology of quotients

Gergely Bérczi
Aarhus University

Geometric Structures and Stability

Geometric Structures and Stability
ICTS Bangalore
2026

Gergely Bérczi Aarhus University Non-reductive moment maps and cohomology of quotients



The NRGIT setup

(X, L) be an irreducible normal U-variety

Z. . { xeX ‘ x is a C*-fixed point and }

C* acts on L*|x with min weight
Xoin = {x € X | lim t-x € Zyin} (t € Gm C 0)

the Bialynicki-Birula stratum.
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The NRGIT setup

(X, L) be an irreducible normal U-variety

o x is a C*-fixed point and
Zmin 1= { xeX ‘ C* acts on L*|x with min weight }

Xiin = {x € X | lim t-x € Zuin} (teGmC0)

the Bialynicki-Birula stratum.
Theorem [B.,Doran, Hawes, Kirwan '16)] If Staby(x) = 1 for x € Zyi, and the
linearisation is well-adapted then
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The NRGIT setup

(X, L) be an irreducible normal U-variety

x is a C*-fixed point and }

Zmin = { xeX ‘ C* acts on L*|x with min weight

Xiin = {x € X | lim t-x € Zuin} (teGmC0)

the Bialynicki-Birula stratum.
Theorem [B.,Doran, Hawes, Kirwan '16)] If Staby(x) = 1 for x € Zyi, and the
linearisation is well-adapted then

© X//U is projective hence A(X)0 is finitely generated and X /.U = Proj(A(X)O)
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The NRGIT setup

(X, L) be an irreducible normal U-variety

x is a C*-fixed point and }

Zmin = { xeX ‘ C* acts on L*|x with min weight

Xiin = {x € X | lim t-x € Zuin} (teGmC0)

the Bialynicki-Birula stratum.
Theorem [B.,Doran, Hawes, Kirwan '16)] If Staby(x) = 1 for x € Zyi, and the
linearisation is well-adapted then

© X//U is projective hence A(X)0 is finitely generated and X /.U = Proj(A(X)O)
@ (Hilbert -Mumford) X0 = x50 = (), _, uXsAC) = Xoyin \ UZipin.
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GIT blow-ups

Reductive case

o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.

Gergely Bérczi Aarhus University ive moment maps and cohomology of quotients



GIT blow-ups

Reductive case

o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.

e Let
X3¢ = {x € X** | dim Stabg(x) = d}

and dmax = max{d | X**9 #£ (}.
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GIT blow-ups

Reductive case

o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.

o Let
X*9 = {x € X* | dim Stabg(x) = d}
and dmax = max{d | X**9 #£ (}.

o Blow up X along X%:dmax to get X. Theorem: dmax < dmax (that is, dmax is a
ranking function).
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GIT blow-ups

Reductive case

o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.

o Let
X*9 = {x € X* | dim Stabg(x) = d}
and dmax = max{d | X**9 #£ (}.

o Blow up X along X%:dmax to get X. Theorem: dmax < dmax (that is, dmax is a
ranking function).

@ We repeat this process until we obtain an iterated blow-up X — X such that
Xss = X5,
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GIT blow-ups

Reductive case

o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.

o Let
X*9 = {x € X* | dim Stabg(x) = d}
and dmax = max{d | X**9 #£ (}.

o Blow up X along X%:dmax to get X. Theorem: dmax < dmax (that is, dmax is a
ranking function).

@ We repeat this process until we obtain an iterated blow-up X — X such that
XS = XS.

Non-reductive case The picture is less clear..
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GIT blow-ups

Reductive case

o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.

o Let
X*9 = {x € X* | dim Stabg(x) = d}
and dmax = max{d | X**9 #£ (}.

o Blow up X along X%:dmax to get X. Theorem: dmax < dmax (that is, dmax is a
ranking function).

@ We repeat this process until we obtain an iterated blow-up X — X such that
X = X5,
Non-reductive case The picture is less clear..
o Recall p: Xiin = Zmin is the O-invariant morphism x — Iim0 t-x.
t—
teX(C*)
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GIT blow-ups

Reductive case
o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.
o Let
X554 = {x € X* | dim Stabg(x) = d}
and dmax = max{d | X*9 £ p}.
o Blow up X along X%:dmax to get X. Theorem: dmax < dmax (that is, dmax is a
ranking function).
@ We repeat this process until we obtain an iterated blow-up X — X such that
X = X°.
Non-reductive case The picture is less clear..
o Recall p: Xiin = Zmin is the O-invariant morphism x — Iim0 t-x.
t—
teX(C*)

:= {2 € Zuin | dimStaby(z) = d} and X%, = {x € Xqin | dim Staby(z) =

min in

e Zd
d
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GIT blow-ups

Reductive case
o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.
o Let
X554 = {x € X* | dim Stabg(x) = d}
and dmax = max{d | X*9 £ p}.
o Blow up X along X%:dmax to get X. Theorem: dmax < dmax (that is, dmax is a
ranking function).
@ We repeat this process until we obtain an iterated blow-up X — X such that
X = X°.
Non-reductive case The picture is less clear..
o Recall p: Xiin = Zmin is the O-invariant morphism x — Iim0 t-x.
t—
teX(C*)

:= {2 € Zuin | dimStaby(z) = d} and X%, = {x € Xqin | dim Staby(z) =

min in

e Zd
d

o dim Staby(x) < dim Staby(p(x)) and hence UZﬂ’i’;j’x C Xmax C p=1( Z%max)

min min
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GIT blow-ups

Reductive case
o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.
o Let
X9 = {x € X% | dim Stabg(x) = d}
and dmax = max{d | X*9 £ p}.
o Blow up X along X%:dmax to get X. Theorem: dmax < dmax (that is, dmax is a
ranking function).
@ We repeat this process until we obtain an iterated blow-up X — X such that
XSS J— XS
Non-reductive case The picture is less clear..
o Recall p: Xiin = Zmin is the O-invariant morphism x — Iim0 t-x.
t—
teX(C*)
in = 1% € Xmin | dim Staby(z) =

min m

o Z4 = {z € Zu, | dimStaby(z) = d} and X
d

o dimStaby(x) < dim Staby(p(x)) and hence UZma C X%max C p=1(Zmax)

min min

o U.Zmx = (J. ZM is 3 closed subscheme of the BB stratum Xpmin
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GIT blow-ups

Reductive case

o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.

o Let
X*9 = {x € X* | dim Stabg(x) = d}
and dmax = max{d | X**9 #£ (}.

o Blow up X along X%:dmax to get X. Theorem: dmax < dmax (that is, dmax is a
ranking function).

@ We repeat this process until we obtain an iterated blow-up X — X such that
XSS — XS
Non-reductive case The picture is less clear..
o Recall p: Xiin = Zmin is the O-invariant morphism x — tIiLn0 t-x.
teX(C*)
in = 1% € Xmin | dim Staby(z) =

m

rfm :={z € Zpnin | dimStaby(z) = d} and X
d

dim Staby(x) < dim Staby(p(x)) and hence UZmax C X %max C p=1(Z%max)

min min
U-Zmx = (J. ZMm is 3 closed subscheme of the BB stratum Xmin

Candidates for blow-up center: Uzﬁlmna& Xg’l‘:fx, maybe with scheme structure?
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GIT blow-ups

Reductive case

o If Gx C X is closed (i.e x is polystable) then Stabg(x) is reductive. Hence the
maximal dimensional stabiliser in X*° is reductive.

o Let
X*9 = {x € X* | dim Stabg(x) = d}
and dmax = max{d | X**9 #£ (}.

o Blow up X along X%:dmax to get X. Theorem: dmax < dmax (that is, dmax is a
ranking function).

@ We repeat this process until we obtain an iterated blow-up X — X such that
XSS — XS
Non-reductive case The picture is less clear..
o Recall p: Xiin = Zmin is the O-invariant morphism x — tIiLn0 t-x.
teX(C*)
in = 1% € Xmin | dim Staby(z) =

m

rfm :={z € Zpnin | dimStaby(z) = d} and X
d

dim Staby(x) < dim Staby(p(x)) and hence UZmax C X %max C p=1(Z%max)

min min
U-Zmx = (J. ZMm is 3 closed subscheme of the BB stratum Xmin

Candidates for blow-up center: Uzﬁlmna& Xg’l‘:fx, maybe with scheme structure?

@ For H= U x R more candidates.
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Toy examples: why candidate blow-ups do not work?

Example 1 Blowing up at Xr‘:'ﬁfx does not work

t1 ux u3

H= 0 tb 0] :ti,to,t3€C"u1,ux €Cyp C GL(3,C)
0 0 t3
acts on the space of projectivized 3 x n matrices X = P(ry, r2, r3)
)
2 0 0
MC*) = o tt o teC
0 o0 t3

50 Zmin = P(0,0, r3), and dmax(Zmin) = 0, dmax(Xmin) = 1.
o X1 = {[M] : rank(rz,r3) = 1 (ry is arbitrary)}

UZnin = {[M] : I“.‘:Hlk(l’]_7 r3) =1,rn=0r# 0}
o Blow-up at Xr}]in:
X — N = I’ZJ‘(I‘3) if rank(r2, r3) = 2
x= {([M]’ [N)) € P(Mataxn) x P(Matin) |y o /25 fani(ra, 1) = 1 :

h- (M1, [N]) = ([bM], [N)) for h € H

and hence the action on the blow-up space is the same as on the original, we do
not gain anything by blowing-up this way:

amax()?min) = dmaX(X) =1
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Why candidate blow-ups do not work?

Example 2 Blowing up at UZ%> does not work.

min
t 0 s v
N 0t v O .
e H=U= 00 1 0 1 teC*,s,veC ) C GL(4,C) acts on the space
0 0 0 1
of projectivized 4 X n matrices X = P(r1, r2,r3, ra)
)
Zmin:{r;[:rz:O}DZg’i"nax:{r1:r2:r3:0}
and dmax = 1 where
1 0 s O
0 1 0 O
Staby(y) = 00 1 0 :seC CUforyGanqin
0 0 0 1

o We blow up at
dmax — T . _ _ _
vz ={lr,r2,r3,1a]" : r2 = r3 = 0, rank(r1, ra) = 1}

Take the point (z,Z) where

0 o0
00 0 0 y ) 0 0 0O
z=19 0 0 o0 €Zyi,andZ=10 0 0 Of,
0 0 0 1 0 0 0 ¢

where the latter matrix represents a point over z. Check: Staby(z,2) = U'.
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Non-reductive blow-up process

Theorem (B-Kirwan, 2025) For iterated blow-ups along UZ;i'i"nax the lexicographic
pair (dmax,dim(UZrz’i';fX)) is a delayed Lyapunov (ranking) function for non-reductive
GIT blow-ups, with delay 3. Hence blowing-up terminates.

This means that:
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Non-reductive blow-up process

Theorem (B-Kirwan, 2025) For iterated blow-ups along UZ;i'i"nax the lexicographic
pair (dmax,dim(UZrz’i';fX)) is a delayed Lyapunov (ranking) function for non-reductive
GIT blow-ups, with delay 3. Hence blowing-up terminates.

This means that:

@ We blow up along UZ%max iteratively.

min
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Non-reductive blow-up process

Theorem (B-Kirwan, 2025) For iterated blow-ups along UZ;i'i"nax the lexicographic
pair (dmax,dim(UZrz’i';fX)) is a delayed Lyapunov (ranking) function for non-reductive
GIT blow-ups, with delay 3. Hence blowing-up terminates.

This means that:

@ We blow up along UZ%max iteratively.

min

@ After each blow-up either dmax decreases
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Non-reductive blow-up process

Theorem (B-Kirwan, 2025) For iterated blow-ups along UZ;i'i"nax the lexicographic
pair (dmax,dim(UZrz’i';fX)) is a delayed Lyapunov (ranking) function for non-reductive
GIT blow-ups, with delay 3. Hence blowing-up terminates.
This means that:

@ We blow up along UZrz?;fX iteratively.

@ After each blow-up either dmax decreases

© or if dmax = dmax then after at most 3 iterations dim(UZri’i“naX) < dim(UZri’i':j’x).

Non-reductive moment maps and cohomology of quotients
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Non-reductive blow-up process

Theorem (B-Kirwan, 2025) For iterated blow-ups along UZ;i'i"nax the lexicographic
pair (dmax,dim(UZrz’i';fX)) is a delayed Lyapunov (ranking) function for non-reductive
GIT blow-ups, with delay 3. Hence blowing-up terminates.
This means that:

@ We blow up along UZrz?;fX iteratively.

@ After each blow-up either dmax decreases

© or if dmax = dmax then after at most 3 iterations dim(UZri’i“naX) < dim(UZri’i':j’x).

@ Terminal states:

o codim(UZIma < 1 then Zm> = Z.i, and the quotient is Zinin
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Non-reductive blow-up process

Theorem (B-Kirwan, 2025) For iterated blow-ups along UZ;i'i"nax the lexicographic
pair (dmax,dim(UZrz’i';fX)) is a delayed Lyapunov (ranking) function for non-reductive
GIT blow-ups, with delay 3. Hence blowing-up terminates.

This means that:

@ We blow up along UZ%max iteratively.

min
@ After each blow-up either dmax decreases
© or if dmax = dimax then after at most 3 iterations dim(UZri’i“naX) < dim(UZri’i':j’x).
@ Terminal states:

o codim(UZIma < 1 then Zm>* = Z.i, and the quotient is Zinin
@ dmnax = 0 hence s = ss.
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o Let (X,w) be a symplectic manifold, and let K be a compact Lie group acting on

(X, w).
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o Let (X,w) be a symplectic manifold, and let K be a compact Lie group acting on
(X,w). A moment map is a map p: X — £*, smooth and K-equivariant, such
that

d{p,ay = ipw forall x € X,aet

where (i, a) : M — R is the pairing and ax = % exp(ta)x is infinitesimal action
of a€ ton X.
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o Let (X,w) be a symplectic manifold, and let K be a compact Lie group acting on
(X,w). A moment map is a map p: X — £*, smooth and K-equivariant, such
that

d{u,a) = izw forall x € X,act

where (i, a) : M — R is the pairing and ax = % exp(ta)x is infinitesimal action
of a€ ton X.

o If a complex projective variety X C P" is acted on by G = K€ via a
representation p: G — GL(n + 1, C) such that p(K) C U(n+ 1) and w = wps is
the Fubini-Study Kahler form, then the K-action on X is Hamiltonian with
moment map

xp*(a)xT

w(lxo i+ xa]).a = 277 [XI2

for all a € ¢ and x = (xo, ..., Xn)-
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o Let (X,w) be a symplectic manifold, and let K be a compact Lie group acting on
(X,w). A moment map is a map p: X — £*, smooth and K-equivariant, such
that

d{u,a) = izw forall x € X,act

where (i, a) : M — R is the pairing and ax = % exp(ta)x is infinitesimal action
of a€ ton X.

o If a complex projective variety X C P" is acted on by G = K€ via a
representation p: G — GL(n + 1, C) such that p(K) C U(n+ 1) and w = wps is
the Fubini-Study Kahler form, then the K-action on X is Hamiltonian with
moment map

xp*(a)xT

w(lxo i+ xa]).a = W

for all a € ¢ and x = (xo, ..., Xn)-

o Fix a € . The component

ta : X — R given by x — p(x) - a
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o Let (X,w) be a symplectic manifold, and let K be a compact Lie group acting on
(X,w). A moment map is a map p: X — £*, smooth and K-equivariant, such
that

d{u,a) = izw forall x € X,act

where (i, a) : M — R is the pairing and ax = % exp(ta)x is infinitesimal action
of a€ ton X.

o If a complex projective variety X C P" is acted on by G = K€ via a
representation p: G — GL(n + 1, C) such that p(K) C U(n+ 1) and w = wps is
the Fubini-Study Kahler form, then the K-action on X is Hamiltonian with
moment map

xp*(a)xT

w(lxo i+ xa]).a = W

for all a € ¢ and x = (xo, ..., Xn)-

o Fix a € . The component

ta : X — R given by x — p(x) - a

e is a Hamiltonian function of the vector field x — ay on X induced by a.
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o Let (X,w) be a symplectic manifold, and let K be a compact Lie group acting on
(X,w). A moment map is a map p: X — £*, smooth and K-equivariant, such
that

d{u,a) = izw forall x € X,act

where (i, a) : M — R is the pairing and ax = % exp(ta)x is infinitesimal action
of a€ ton X.

o If a complex projective variety X C P" is acted on by G = K€ via a
representation p: G — GL(n + 1, C) such that p(K) C U(n+ 1) and w = wps is
the Fubini-Study Kahler form, then the K-action on X is Hamiltonian with
moment map

xp*(a)xT

w(lxo i+ xa]).a = W

for all a € ¢ and x = (xo, ..., Xn)-

o Fix a € . The component
ta: X — R given by x — u(x) - a

e is a Hamiltonian function of the vector field x — ay on X induced by a.
o If X is Kahler then w(¢, ax) = g(&, iax) hence the gradient flow of p, is given by

gradp,(x) = iax
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Reductive symplectic reduction

Theorem (Kirwan) Let G = K€ act on X as detailed above.
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Reductive symplectic reduction

Theorem (Kirwan) Let G = K€ act on X as detailed above.
(a) X% = {x € X | Gxnu~1(0) # 0}
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Reductive symplectic reduction

Theorem (Kirwan) Let G = K€ act on X as detailed above.
(a) X% = {x € X | Gxnu~1(0) # 0}
(b) X3 ={x€ X | GxN pu~(0)reg # 0} where
pH(0)reg = {x € u71(0) | du(x) : TX — Tot* = £ is surjective}.
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Reductive symplectic reduction

Theorem (Kirwan) Let G = K€ act on X as detailed above.
(a) X% = {x € X | Gxnu~1(0) # 0}
(b) X3 ={x€ X | GxN pu~(0)reg # 0} where
pH(0)reg = {x € u71(0) | du(x) : TX — Tot* = £ is surjective}.
(c) The inclusions
pTH0) = X5, T (0)reg > X5,

induce homeomorphisms

pH0)/K 2 X)G, p”(O)reg/K = X*/G.
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Reductive symplectic reduction

Theorem (Kirwan) Let G = K€ act on X as detailed above.
(a) X% = {x € X | Gxnu~1(0) # 0}
(b) X3 ={x€ X | GxN pu~(0)reg # 0} where
pH(0)reg = {x € u71(0) | du(x) : TX — Tot* = £ is surjective}.
(c) The inclusions
pTH0) = X5, T (0)reg > X5,

induce homeomorphisms
pTH0)/K =2 X)G, p  (O)reg/K = X°/G.

Sketch of proof
(a)+(b) Key observations:
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Reductive symplectic reduction

Theorem (Kirwan) Let G = K€ act on X as detailed above.
(a) X% = {x € X | Gxnu~1(0) # 0}
(b) X3 ={x€ X | GxN pu~(0)reg # 0} where
pH(0)reg = {x € u71(0) | du(x) : TX — Tot* = £ is surjective}.
(c) The inclusions
pTH0) = X5, T (0)reg > X5,

induce homeomorphisms
pH0)/K 2 X)G, p”(O)reg/K = X*/G.
Sketch of proof
(a)+(b) Key observations:

o f = ||u||? of the moment map p : X — £* as a Morse-Bott function on X, where
[| - || is the norm induced from a fixed K-invariant inner product on ¢, used to
identify £* with €.
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Reductive symplectic reduction

Theorem (Kirwan) Let G = KC act on X as detailed above.
(a) X% = {x € X | Gxnu~1(0) # 0}
(b) X3 ={x€ X | GxN pu~(0)reg # 0} where
pH(0)reg = {x € u71(0) | du(x) : TX — Tot* = £ is surjective}.
(c) The inclusions
pTH0) = X5, T (0)reg > X5,

induce homeomorphisms
pTH0)/K =2 X)G, p  (O)reg/K = X°/G.

Sketch of proof
(a)+(b) Key observations:

o f = ||u||? of the moment map p : X — £* as a Morse-Bott function on X, where
[| - || is the norm induced from a fixed K-invariant inner product on ¢, used to
identify £* with €.

@ open stratum of the corresponding Morse stratification (which retracts
K-equivariantly onto the zero level set 4 ~(0)), coincides with the GIT
semistable locus X*°C for the linear action of G on X.
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Reductive symplectic reduction

Theorem (Kirwan) Let G = KC act on X as detailed above.
(a) X% = {x € X | Gxnu~1(0) # 0}
(b) X3 ={x€ X | GxN pu~(0)reg # 0} where
pH(0)reg = {x € u71(0) | du(x) : TX — Tot* = £ is surjective}.
(c) The inclusions
pTH0) = X5, T (0)reg > X5,
induce homeomorphisms

pH0)/K 2 X)G, p”(O)reg/K = X*/G.

Sketch of proof
(a)+(b) Key observations:
o f = ||u||? of the moment map p : X — £* as a Morse-Bott function on X, where
[| - || is the norm induced from a fixed K-invariant inner product on ¢, used to
identify £* with €.
@ open stratum of the corresponding Morse stratification (which retracts
K-equivariantly onto the zero level set 4 ~(0)), coincides with the GIT
semistable locus X*°C for the linear action of G on X.

o gradua(x) = iax, so components of the gradient flow sit in G-orbits, and hence
for x € X the orbit Gx intersects the minimal critical set ©~1(0), and for x in
other Morse strata it flows to other critical sets.
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Reductive symplectic reduction

Theorem (Kirwan) Let G = KC act on X as detailed above.
(a) X% = {x € X | Gxnu~1(0) # 0}
(b) X3 ={x€ X | GxN pu~(0)reg # 0} where
pH(0)reg = {x € u71(0) | du(x) : TX — Tot* = £ is surjective}.
(c) The inclusions
pTH0) = X5, T (0)reg > X5,

induce homeomorphisms
pTH0)/K =2 X)G, p  (O)reg/K = X°/G.

Sketch of proof
(a)+(b) Key observations:
o f = ||u||? of the moment map p : X — £* as a Morse-Bott function on X, where
[| - || is the norm induced from a fixed K-invariant inner product on ¢, used to
identify £* with €.
@ open stratum of the corresponding Morse stratification (which retracts
K-equivariantly onto the zero level set 4 ~(0)), coincides with the GIT
semistable locus X*°C for the linear action of G on X.

o gradua(x) = iax, so components of the gradient flow sit in G-orbits, and hence
for x € X the orbit Gx intersects the minimal critical set ©~1(0), and for x in
other Morse strata it flows to other critical sets.

@ Moreover: the Morse stratification coincide the GIT stratification.
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Reductive symplectic reduction

Theorem (Kirwan) Let G = KC act on X as detailed above.
(a) X% = {x € X | Gxnu~1(0) # 0}
(b) X3 ={x€ X | GxN pu~(0)reg # 0} where
pH(0)reg = {x € u71(0) | du(x) : TX — Tot* = £ is surjective}.
(c) The inclusions
pTH0) = X5, T (0)reg > X5,
induce homeomorphisms

pH0)/K 2 X)G, p”(O)reg/K = X*/G.

Sketch of proof
(a)+(b) Key observations:

o f = ||u||? of the moment map p : X — £* as a Morse-Bott function on X, where
[| - || is the norm induced from a fixed K-invariant inner product on ¢, used to
identify £* with €.

@ open stratum of the corresponding Morse stratification (which retracts
K-equivariantly onto the zero level set 4 ~(0)), coincides with the GIT
semistable locus X*5C for the linear action of G on X.

o gradua(x) = iax, so components of the gradient flow sit in G-orbits, and hence
for x € X the orbit Gx intersects the minimal critical set ©~1(0), and for x in
other Morse strata it flows to other critical sets.

@ Moreover: the Morse stratification coincide the GIT stratification.

(c) We use the gradient trick.
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The reductive gradient trick

Theorem (Gradient trick) Let X be a smooth manifold acted on by a Lie group H.
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The reductive gradient trick

Theorem (Gradient trick) Let X be a smooth manifold acted on by a Lie group H.

olet f: X =R, Y Cf10)C X be a union of finitely many compact connected
components
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The reductive gradient trick

Theorem (Gradient trick) Let X be a smooth manifold acted on by a Lie group H.
olet f: X =R, Y Cf10)C X be a union of finitely many compact connected
components

o let a € Lie(H) and df(ax) > 0 holds for all x € Y (f increases along the vector
field generated by a)
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The reductive gradient trick

Theorem (Gradient trick) Let X be a smooth manifold acted on by a Lie group H.
olet f: X =R, Y Cf10)C X be a union of finitely many compact connected
components
o let a € Lie(H) and df(ax) > 0 holds for all x € Y (f increases along the vector
field generated by a)
If y € Y and exp(ta)y € Y for some t € R, then t = 0.
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The reductive gradient trick

Theorem (Gradient trick) Let X be a smooth manifold acted on by a Lie group H.

olet f: X =R, Y Cf10)C X be a union of finitely many compact connected
components

o let a € Lie(H) and df(ax) > 0 holds for all x € Y (f increases along the vector
field generated by a)
If y € Y and exp(ta)y € Y for some t € R, then t = 0.
Apply this: f(x) = p(x) - a with a € £. Then df (—iax) = w(ax, iax) = g(ax,ax) > 0.
We get
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The reductive gradient trick

Theorem (Gradient trick) Let X be a smooth manifold acted on by a Lie group H.

olet f: X =R, Y Cf10)C X be a union of finitely many compact connected
components

o let a € Lie(H) and df(ax) > 0 holds for all x € Y (f increases along the vector
field generated by a)
If y € Y and exp(ta)y € Y for some t € R, then t = 0.
Apply this: f(x) = p(x) - a with a € £. Then df (—iax) = w(ax, iax) = g(ax,ax) > 0.
We get
O If x € p~1(0) and g € G, then gx € ~1(0) if and only if gx € Kx, i.e.,
g € K Stabg(x).
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The reductive gradient trick

Theorem (Gradient trick) Let X be a smooth manifold acted on by a Lie group H.

olet f: X =R, Y Cf10)C X be a union of finitely many compact connected
components

o let a € Lie(H) and df(ax) > 0 holds for all x € Y (f increases along the vector
field generated by a)

If y € Y and exp(ta)y € Y for some t € R, then t = 0.
Apply this: f(x) = p(x) - a with a € £. Then df (—iax) = w(ax, iax) = g(ax,ax) > 0.
We get

O If x € p~1(0) and g € G, then gx € ~1(0) if and only if gx € Kx, i.e.,
g € K Stabg ().

© Moreover, 17 1(0)reg is a (G, K)-slice, i.e., Gu™1(0)reg is open in X and
G (0)reg =2 (G X p~H(0)reg)/K  diffeomorphically,

where k - (g,x) = (gk™1, kx) for k € K, g € G, and x € X.
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The reductive gradient trick

Theorem (Gradient trick) Let X be a smooth manifold acted on by a Lie group H.

olet f: X =R, Y Cf10)C X be a union of finitely many compact connected
components

o let a € Lie(H) and df(ax) > 0 holds for all x € Y (f increases along the vector
field generated by a)

If y € Y and exp(ta)y € Y for some t € R, then t = 0.
Apply this: f(x) = p(x) - a with a € £. Then df (—iax) = w(ax, iax) = g(ax,ax) > 0.
We get

O If x € p~1(0) and g € G, then gx € ~1(0) if and only if gx € Kx, i.e.,
g € K Stabg ().

© Moreover, 17 1(0)reg is a (G, K)-slice, i.e., Gu™1(0)reg is open in X and
G (0)reg =2 (G X p~H(0)reg)/K  diffeomorphically,

where k - (g,x) = (gk™1, kx) for k € K, g € G, and x € X.

Theorem (Kirwan) f = ||u||? : X — R is a Morse function, and Morse stratification=
GIT stratification. The stratification is equivariantly perfect, hence Morse-equalities
combined with Kirwan surjectivity gives formula for cohomology of X//G.
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Moment maps for complex group actions

@ Y be a complex manifold acted on by complex reductive G holomorphically.
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Moment maps for complex group actions

@ Y be a complex manifold acted on by complex reductive G holomorphically.
e G = K€ for some maximal compact subgroup K, and g = ¢ ®p C.

Gergely Bérczi Aarhus University Non-reductive moment maps and cohomology of quotients



Moment maps for complex group actions

@ Y be a complex manifold acted on by complex reductive G holomorphically.
e G = K€ for some maximal compact subgroup K, and g = ¢ ®p C.
o £ = Homz(E,R) = {€ € g" | £(t) C R} C g* = Hom (g, C) = &* @ C.
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Moment maps for complex group actions

@ Y be a complex manifold acted on by complex reductive G holomorphically.
e G = K€ for some maximal compact subgroup K, and g = ¢ ®p C.
o £ = Home(E,R) = {€ € g" | £(t) C R} C g* = Hom (g, C) = &* @ C.

) (K, w
@ we can define the complex moment map as ug : Y RGN g*.
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Moment maps for complex group actions

@ Y be a complex manifold acted on by complex reductive G holomorphically.
e G = K€ for some maximal compact subgroup K, and g = ¢ ®p C.
o t* = Homp(¢,R) = {¢ € g* | £(¢) C R} C g* = Hom¢(g,C) = ¢* ®gr C.
. H(K,w)
o we can define the complex moment map as pg : Y ——= & — g*. Not
G-equivariant, we can fix.
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Moment maps for complex group actions

Y be a complex manifold acted on by complex reductive G holomorphically.
G = K€ for some maximal compact subgroup K, and g = ¢ ®p C.
& = Homp (&, R) = {€ € g | £(t) C R} C g* = Home(s, C) = & 5 C.

) B(K,w
we can define the complex moment map as pug : Y RGN g*. Not
G-equivariant, we can fix.
Observations:
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Moment maps for complex group actions

@ Y be a complex manifold acted on by complex reductive G holomorphically.
e G = K€ for some maximal compact subgroup K, and g = ¢ ®p C.
o £ = Home(E,R) = {€ € g" | £(t) C R} C g* = Hom (g, C) = &* @ C.

o we can define the complex moment map as ug : Y M £ — g*. Not
G-equivariant, we can fix.
Observations:
@ w is K-invariant Kihler form then g*w is K’-invariant where K’ = g~ 1Kg.
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Moment maps for complex group actions

@ Y be a complex manifold acted on by complex reductive G holomorphically.
e G = K€ for some maximal compact subgroup K, and g = ¢ ®p C.
o £ = Home(E,R) = {€ € g" | £(t) C R} C g* = Hom (g, C) = &* @ C.

o we can define the complex moment map as ug : Y M £ — g*. Not
G-equivariant, we can fix.
Observations:
@ w is K-invariant Kihler form then g*w is K’-invariant where K’ = g~ 1Kg.
o If ux 1 Y — £* is a moment map for (Y,w) then pyr = Ad*(g ) opukogisa
moment map for the K’-action on (Y, g*w).
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Moment maps for complex group actions

@ Y be a complex manifold acted on by complex reductive G holomorphically.
e G = K€ for some maximal compact subgroup K, and g = ¢ ®p C.
o £ = Home(E,R) = {€ € g" | £(t) C R} C g* = Hom (g, C) = &* @ C.

o we can define the complex moment map as ug : Y M £ — g*. Not
G-equivariant, we can fix.
Observations:
@ w is K-invariant Kihler form then g*w is K’-invariant where K’ = g~ 1Kg.
o If ux 1 Y — £* is a moment map for (Y,w) then pyr = Ad*(g ) opukogisa
moment map for the K’-action on (Y, g*w).
Definition
@ A G-equivariant Kahler structure on Y is a G-orbit 2 in

{(K,w) € K¢ x Kahler(Y) | w is K-invariant}

where K¢ is the set of maximal compact subgroups of G and Kahler(Y) is the
set of Kahler structures on Y that are compatible with the fixed complex
structure on Y.
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Moment maps for complex group actions

@ Y be a complex manifold acted on by complex reductive G holomorphically.
e G = K€ for some maximal compact subgroup K, and g = ¢ ®p C.
o t* = Homp(¢,R) = {¢ € g* | £(¢) C R} C g* = Hom¢(g,C) = ¢* ®gr C.
. H(K,w)
o we can define the complex moment map as pg : Y ——= & — g*. Not
G-equivariant, we can fix.
Observations:
@ w is K-invariant Kihler form then g*w is K’-invariant where K’ = g~ 1Kg.
o If ux 1 Y — £* is a moment map for (Y,w) then pyr = Ad*(g ) opukogisa
moment map for the K’-action on (Y, g*w).
Definition
@ A G-equivariant Kahler structure on Y is a G-orbit 2 in

{(K,w) € K¢ x Kahler(Y) | w is K-invariant}
where K¢ is the set of maximal compact subgroups of G and Kahler(Y) is the
set of Kahler structures on Y that are compatible with the fixed complex
structure on Y.
@ The Q-moment map for G acting on Y is a smooth G-equivariant map
m:mnyy’G:QX Y—)g*
such that for each (K,w) € Q, the map
x s m((K,w), x)
is the composition

H(K,w
Y (K,w) ¢ ;}g*’
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Moment maps for non-reductive complex groups

o Kabhler set-up
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Moment maps for non-reductive complex groups

o Kabhler set-up
o Suppose X C Y where Y is a compact Kidhler manifold and X is a closed complex
submanifold.
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Moment maps for non-reductive complex groups

o Kabhler set-up
o Suppose X C Y where Y is a compact Kidhler manifold and X is a closed complex
submanifold.
e Suppose H = U X R acts on X, where U is graded by a 1-parameter subgroup
A:C* — Z(R), and G = K® is a reductive group acting on Y, with H < G.
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Moment maps for non-reductive complex groups

o Kabhler set-up
o Suppose X C Y where Y is a compact Kidhler manifold and X is a closed complex
submanifold.
e Suppose H = U X R acts on X, where U is graded by a 1-parameter subgroup
A:C* — Z(R), and G = K® is a reductive group acting on Y, with H < G.
o Without loss of generality, R = QVC where @ = KN R = K N H, since unipotent
groups have no non-trivial compact subgroups.
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Moment maps for non-reductive complex groups

o Kabhler set-up

o Suppose X C Y where Y is a compact Kidhler manifold and X is a closed complex
submanifold.

e Suppose H = U X R acts on X, where U is graded by a 1-parameter subgroup
A:C* — Z(R), and G = K® is a reductive group acting on Y, with H < G.

o Without loss of generality, R = QVC where @ = KN R = K N H, since unipotent
groups have no non-trivial compact subgroups.

Definition The moment map 'ué-IK,w) is (essentially) the composition

X sy LE9) ey gx g

which can be modified up to a central element (i.e., a rational character). Here

& = Homg(¢,R) = {§ € ¢ | {(¢) C R} C g" = Homc(g,C) =" @ C.
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Moment maps for non-reductive complex groups

o Kabhler set-up
o Suppose X C Y where Y is a compact Kidhler manifold and X is a closed complex
submanifold.
e Suppose H = U X R acts on X, where U is graded by a 1-parameter subgroup
A:C* — Z(R), and G = K® is a reductive group acting on Y, with H < G.
o Without loss of generality, R = QF where Q = KN R = KN H, since unipotent
groups have no non-trivial compact subgroups.

Definition The moment map 'ué-IK,w) is (essentially) the composition
B(K,w
Xy D89 e oy e g

which can be modified up to a central element (i.e., a rational character). Here

& = Homg(¢,R) = {§ € ¢ | {(¢) C R} C g" = Homc(g,C) =" @ C.

o Algebraic set-up X C Y = P" with a linear H-action on X via a homomorphism
p:H<— GL(n+1,C), K= U(n+ 1) and a maximal compact subgroup Q C H
containing the circle A(51) < U preserves the standard U(n + 1)-invariant
hermitian inner product (,) on C™1, w is the Fubini-Study form on P".
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Moment maps for non-reductive complex groups

o Kabhler set-up
o Suppose X C Y where Y is a compact Kidhler manifold and X is a closed complex
submanifold.
e Suppose H = U X R acts on X, where U is graded by a 1-parameter subgroup
A:C* — Z(R), and G = K® is a reductive group acting on Y, with H < G.
o Without loss of generality, R = QF where Q = KN R = KN H, since unipotent
groups have no non-trivial compact subgroups.

Definition The moment map ,ué"K ) is (essentially) the composition

B(K,w
Xy D89 e oy e g
which can be modified up to a central element (i.e., a rational character). Here

& = Homg(¢,R) = {§ € ¢ | {(¢) C R} C g" = Homc(g,C) =" @ C.

o Algebraic set-up X C Y = P" with a linear H-action on X via a homomorphism
p:H<— GL(n+1,C), K= U(n+ 1) and a maximal compact subgroup Q C H
containing the circle A(51) < U preserves the standard U(n + 1)-invariant
hermitian inner product (,) on C™1, w is the Fubini-Study form on P".

1

—— —xTp(a)x eCrorallac H
27il|x]||2

'u‘z-IK,w)([X]) ra=

where - denotes the natural pairing between Lie(H)* and Lie(H).
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Moment maps for non-reductive complex groups

o Kabhler set-up
o Suppose X C Y where Y is a compact Kidhler manifold and X is a closed complex
submanifold.
e Suppose H = U X R acts on X, where U is graded by a 1-parameter subgroup
A:C* — Z(R), and G = K® is a reductive group acting on Y, with H < G.
o Without loss of generality, R = QF where Q = KN R = KN H, since unipotent
groups have no non-trivial compact subgroups.

Definition The moment map ,ué"K ) is (essentially) the composition

B(K,w
Xy D89 e oy e g
which can be modified up to a central element (i.e., a rational character). Here

& = Homg(¢,R) = {§ € ¢ | {(¢) C R} C g" = Homc(g,C) =" @ C.

o Algebraic set-up X C Y = P" with a linear H-action on X via a homomorphism
p:H<— GL(n+1,C), K= U(n+ 1) and a maximal compact subgroup Q C H
containing the circle A(51) < U preserves the standard U(n + 1)-invariant
hermitian inner product (,) on C™1, w is the Fubini-Study form on P".

1

—— —xTp(a)x eCrorallac H
27il|x]||2

'u‘z-IK,w)([X]) ra=
where - denotes the natural pairing between Lie(H)* and Lie(H).

Re(ufk ., ([x])-2) T (pe(a)—ps(a) )x,Im(.) = X7 (pu(a)+pe(a) )

= 4ni||x|2 47| |x||2
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Non-reductive symplectic reduction

Let X be a projective variety endowed with a linear action of the positively graded 0
with respect to some ample line bundle L. Assume (s=ss) condition of the U-Theorem
holds (otherwise we blow-up!).
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Non-reductive symplectic reduction

Let X be a projective variety endowed with a linear action of the positively graded 0
with respect to some ample line bundle L. Assume (s=ss) condition of the U-Theorem

holds (otherwise we blow-up!). .
The embedding X C P(9%2, HO(L®")) = P(V) gives a canonical linearisation

0 ¢ GL(V) and a canonical U-moment map py =peLom: X — Lie(0).

Non-reductive moment maps and cohomology of quotients
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Non-reductive symplectic reduction

Let X be a projective variety endowed with a linear action of the positively graded 0
with respect to some ample line bundle L. Assume (s=ss) condition of the U-Theorem

holds (otherwise we blow-up!). .

The embedding X C P(9%2, HO(L®")) = P(V) gives a canonical linearisation
0 ¢ GL(V) and a canonical U-moment map pp=peLom: X — Lie(0).
Theorem [Symplectic reduction for NRGIT quotients, B-Kirwan "19]

o 1ugt(0) € x50 = x50,
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Non-reductive symplectic reduction

Let X be a projective variety endowed with a linear action of the positively graded 0
with respect to some ample line bundle L. Assume (s=ss) condition of the U-Theorem

holds (otherwise we blow-up!). .
The embedding X C P(9%2, HO(L®")) = P(V) gives a canonical linearisation

0 ¢ GL(V) and a canonical U-moment map pp=peLom: X — Lie(0).
Theorem [Symplectic reduction for NRGIT quotients, B-Kirwan "19]

o 1ugt(0) € x50 = x50,

o The embedding U,ual(O) < x50 induces a homeomorphism

1g(0)/St = X//0
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Non-reductive symplectic reduction

Let X be a projective variety endowed with a linear action of the positively graded 0
with respect to some ample line bundle L. Assume (s=ss) condition of the U-Theorem
holds (otherwise we blow-up!).

The embedding X C P(9%2, HO(L®")) = P(V) gives a canonical linearisation

0 ¢ GL(V) and a canonical U-moment map pp=peLom: X — Lie(0).

Theorem [Symplectic reduction for NRGIT quotients, B-Kirwan "19]

o 151(0) € X520 = x50,
o The embedding U,ual(O) < x50 induces a homeomorphism
HpH0)/St = X//0
Theorem (Non-reductive gradient trick) Assume f : X = R, Y C f~1(0) C X be a

union of finitely many compact connected components, and g : X — R is smooth
maps with minimum value B, on X. Assume a € Lie(H) and 8 > Bmin are such that
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Non-reductive symplectic reduction

Let X be a projective variety endowed with a linear action of the positively graded 0
with respect to some ample line bundle L. Assume (s=ss) condition of the U-Theorem
holds (otherwise we blow-up!). .
The embedding X C P(9%2, HO(L®")) = P(V) gives a canonical linearisation
0 ¢ GL(V) and a canonical U-moment map pp=peLom: X — Lie(0).
Theorem [Symplectic reduction for NRGIT quotients, B-Kirwan "19]

o 1ugt(0) € x50 = x50,

o The embedding U,ual(O) < x50 induces a homeomorphism

1g(0)/St = X//0

Theorem (Non-reductive gradient trick) Assume f : X = R, Y C f~1(0) C X be a
union of finitely many compact connected components, and g : X — R is smooth
maps with minimum value B, on X. Assume a € Lie(H) and 8 > Bmin are such that

e dg(ax) > 0 for all x € Y N f~1([Bmin, B]) and
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Non-reductive symplectic reduction

Let X be a projective variety endowed with a linear action of the positively graded 0
with respect to some ample line bundle L. Assume (s=ss) condition of the U-Theorem
holds (otherwise we blow-up!). .
The embedding X C P(9%2, HO(L®")) = P(V) gives a canonical linearisation
0 ¢ GL(V) and a canonical U-moment map pp=peLom: X — Lie(0).
Theorem [Symplectic reduction for NRGIT quotients, B-Kirwan "19]

o 1ugt(0) € x50 = x50,

o The embedding U,ual(O) < x50 induces a homeomorphism

1g(0)/St = X//0

Theorem (Non-reductive gradient trick) Assume f : X = R, Y C f~1(0) C X be a
union of finitely many compact connected components, and g : X — R is smooth
maps with minimum value B, on X. Assume a € Lie(H) and 8 > Bmin are such that

e dg(ax) > 0 for all x € Y N f~1([Bmin, B]) and
e df(ax) > 0 for all x € F~1((Bmin, B])-
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Non-reductive symplectic reduction

Let X be a projective variety endowed with a linear action of the positively graded 0
with respect to some ample line bundle L. Assume (s=ss) condition of the U-Theorem
holds (otherwise we blow-up!).

The embedding X C P(9%2, HO(L®")) = P(V) gives a canonical linearisation

0 ¢ GL(V) and a canonical U-moment map pp=peLom: X — Lie(0).
Theorem [Symplectic reduction for NRGIT quotients, B-Kirwan "19]

o 1ugt(0) € x50 = x50,

o The embedding U,ual(O) < x50 induces a homeomorphism

1g(0)/St = X//0

Theorem (Non-reductive gradient trick) Assume f : X = R, Y C f~1(0) C X be a
union of finitely many compact connected components, and g : X — R is smooth
maps with minimum value B, on X. Assume a € Lie(H) and 8 > Bmin are such that

e dg(ax) > 0 for all x € Y N f~1([Bmin, B]) and
e df(ax) > 0 for all x € F~1((Bmin, B])-
If y,exp(ta)y € Y N f_l((IBminaﬁ]) then t = 0.
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Non-reductive symplectic reduction

Let X be a projective variety endowed with a linear action of the positively graded 0
with respect to some ample line bundle L. Assume (s=ss) condition of the U-Theorem
holds (otherwise we blow-up!). .
The embedding X C P(9%2, HO(L®")) = P(V) gives a canonical linearisation
0 ¢ GL(V) and a canonical U-moment map pp=peLom: X — Lie(0).
Theorem [Symplectic reduction for NRGIT quotients, B-Kirwan "19]

o 1ugt(0) € x50 = x50,

o The embedding U,ual(O) < x50 induces a homeomorphism

1g(0)/St = X//0

Theorem (Non-reductive gradient trick) Assume f : X = R, Y C f~1(0) C X be a
union of finitely many compact connected components, and g : X — R is smooth
maps with minimum value B, on X. Assume a € Lie(H) and 8 > Bmin are such that

e dg(ax) > 0 for all x € Y N f~1([Bmin, B]) and
e df(ax) > 0 for all x € f~X((Bmin, A])-
If y,exp(ta)y € Y N f~1((Bmin, B]) then t = 0.
Apply this with g(x) = ,LL(IK7W)(X) -aand f(x) = ;L(A,((C*)(x) - a.

W)
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Cohomology of non-reductive quotients |

Theorem (B-Kirwan, '19) Same set-up as before.
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Cohomology of non-reductive quotients |

Theorem (B-Kirwan, '19) Same set-up as before.

° Xmin = XS’U U UZmin
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Cohomology of non-reductive quotients |

Theorem (B-Kirwan, '19) Same set-up as before.
0 Xuin = XU U UZeyin
@ This is an equivariantly perfect stratification giving us a simple expression of the
Poincaré series of the GIT quotient as
1—t?d
1—1t2

Pe(X//0) = PE(x*0) = PP (XS ) (1 — £29) = Pi(XC)

min min

where d = dim(X) — dim(U) — dim(Zmin(X)).
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Cohomology of non-reductive quotients |

Theorem (B-Kirwan, '19) Same set-up as before.
0 Xuin = XU U UZeyin
@ This is an equivariantly perfect stratification giving us a simple expression of the
Poincaré series of the GIT quotient as
1—t?d
1—1t2

Pe(X//0) = PE(x*0) = PP (XS ) (1 — £29) = Pi(XC)

min min

where d = dim(X) — dim(U) — dim(Zmin(X)).
Idea of proof: Suppose that U—semistability coincides with U—stability. Then
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Cohomology of non-reductive quotients |

Theorem (B-Kirwan, '19) Same set-up as before.
0 Xuin = XU U UZeyin
@ This is an equivariantly perfect stratification giving us a simple expression of the
Poincaré series of the GIT quotient as
1—t?d
1—1t2

Pe(X//0) = PE(x*0) = PP (XS ) (1 — £29) = Pi(XC)

min min

where d = dim(X) — dim(U) — dim(Zmin(X)).
Idea of proof: Suppose that U—semistability coincides with U—stability. Then
Q the U-sweep UZyin(X) = UZmin(X) is a closed subvariety of X©

min’
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Cohomology of non-reductive quotients |

Theorem (B-Kirwan, '19) Same set-up as before.
0 Xuin = XU U UZeyin
@ This is an equivariantly perfect stratification giving us a simple expression of the
Poincaré series of the GIT quotient as
1—t?d
1—1t2

Pe(X//0) = PE(x*0) = PP (XS ) (1 — £29) = Pi(XC)

where d = dim(X) — dim(U) — dim(Zmin(X)).
Idea of proof: Suppose that U—semistability coincides with U—stability. Then
Q the U-sweep UZyin(X) = UZmin(X) is a closed subvariety of X©

@ the equivariant Euler class of the normal bundle to UZpin(X) in X°

min 1S NOt a
zero divisor in HZ; (UZpin (X))
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Two points and a line in P2

t a b
o Let X = (P2)2 x (P2)* actedonby U= | 0 # ¢
0o o0 ¢

@ We represent:
o points in P? by column vectors, with the action of a matrix A given by
pre-multiplication by A;
o lines
L ={lx:y:2] € P?|ax + by + ¢z = 0}

by row vectors (a, b, c) and the action of A is given by post-multiplication by A™2.

o The weights of the action of the maximal torus T of B on X lie in an irregular
hexagon (which is their convex hull) in the dual of the Lie algebra of the maximal
compact subgroup of T.

e \:C* — T,\(t) = (t, t?, t3) gives positively graded extension 0=C*xU. The
minimal weight corresponds to the T-fixed point

XC* = Zmin = ([07 07 1]7 [07 07 1]7 L(l,O,O))

min
@ The stabiliser in U of zy;, is trivial, and the closure of its U-orbit is
Uzpin = {(p,q,L) € X|p=q € L},
Xinin = {([x1, y1, 21], [x2, ¥2, 22], L(a,b,c)) € X|z1 # 0 # 22,2 # 0}

o U-Theorem: XU = Xmin \ UZmin = Xmin \ Uzmin has a projective geometric
quotient X //U = (Xmin \ Uzmin)/ U when the linearisation is twisted by a rational
character x/c in the interior of the hexagon near to the T-weight for zy,.

Gergely Bérczi Aarhus University Non-reductive moment maps and cohomology of quotients



t a b
X = (P2)2 x (P2)* actedonby U= | 0 ¢
o o

° X(C* = ([07 0, 1]7 [0» 0, 1]’ L(l,O,O))

o Xiin = {(Ix1, 1, 21], [x2, y2, z2], L(a,b,c)) € X|z1 #0 # 22,2 # 0}
o X=:0 = X\ UXE,

min
Betti numbers: P;(X//U) = Pt(Zmin)lftZd S

1—¢2 1—t
Note: this way we can also describe Hodge numbers of the quotient.
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Cohomology of non-reductive quotients Il: Intersection pairings

Reductive abelianisation: The following diagram of Shaun Martin relates X //G and
X // T through a fibering and an inclusion:

éBaEA* La
1t (0)/ Te—"———— u7*(0)/T = X// Tc (1)

ivcrt(w)~@aeA+ Loy

X//G = ui*(0)/K Lo = p7(0) X7 Ca = X//Tc
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Cohomology of non-reductive quotients Il: Intersection pairings

Reductive abelianisation: The following diagram of Shaun Martin relates X //G and
X // T through a fibering and an inclusion:

éBaEA* La
1t (0)/ Te—"———— u7*(0)/T = X// Tc (1)
ivcrt(w)~@aeA+ Loy

X//G = ui*(0)/K Lo = p7(0) X7 Ca = X//Tc

Classical results:

o (SM,'00) H*(X//G,Q) ~ H-OUTOY | here ann(e) = {c € H*(X//T,Q)"|cUe = 0}.

ann(e)
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Cohomology of non-reductive quotients Il: Intersection pairings

Reductive abelianisation: The following diagram of Shaun Martin relates X //G and
X // T through a fibering and an inclusion:

_ ®aen— La _
P H(0)/ Te————— u7*(0)/T = X//Tc (1)
ivcrt(w)~@aeA+La
X//G = p0)/K Lo = p71(0) x7 Co — X//Tc
Classical results:

o (SM,'00) H*(X//G,Q) ~ H-OUTOY | here ann(e) = {c € H*(X//T,Q)"|cUe = 0}.

ann(e)

© (SM,00) [y, ¢ @ = 1y Jx, /78U e for any a € H*(X//G) with lift &€ H*(X//T).
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Cohomology of non-reductive quotients Il: Intersection pairings

Reductive abelianisation: The following diagram of Shaun Martin relates X //G and
X // T through a fibering and an inclusion:

éBaEA* La
1t (0)/ Te—"———— u7*(0)/T = X// Tc (1)

ivcrt(w)~@aeA+ Loy

X//G = p0)/K Lo = p71(0) x7 Co — X//Tc
Classical results:

@ (SM,'00) H*(X//G,Q) ~ % where ann(e) = {c € H*(X//T,Q)"|cUe = 0}.

@ (SM,’00) fX//G a= ﬁ fx//T 3Ue for any a € H*(X//G) with lift 5 € H*(X//T).
@ (JK,'02) Residue formula of Jefffey-Kirwan for fX//T a
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Cohomology of non-reductive quotients Il: Intersection pairings

Reductive abelianisation: The following diagram of Shaun Martin relates X //G and
X // T through a fibering and an inclusion:

éBaEA* La
1t (0)/ Te—"———— u7*(0)/T = X// Tc (1)

ivcrt(w)~@aeA+ Loy

X//G = p0)/K Lo = p71(0) x7 Co — X//Tc
Classical results:

@ (SM,'00) H*(X//G,Q) ~ % where ann(e) = {c € H*(X//T,Q)"|cUe = 0}.

@ (SM,’00) fX//G a= ﬁ fx//T 3Ue for any a € H*(X//G) with lift 5 € H*(X//T).
@ (JK,'02) Residue formula of Jefffey-Kirwan for fX//T a

Non-reductive case:

1t (0)/S*—L > 52 (0)/S*

l,,

nt(0)/K = X//G

X/ 0 pGH(0)/S* = X//C* (2)

The description of the corresponding normal bundles is similar using the line bundles
corresponding to the roots of U.
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Cohomology of non-reductive quotients Il: Intersection pairings

Theorem (B-Kirwan '19)

@ There is a natural ring isomorphism

oy i o HYX//C,Q)

H(x)/0.0) = T2

where e(Vy) € H*(X//C*) is the Euler class of the bundle V; and
ann(e(Vy)) = {c € H*(X//C*,Q)|c U e(Vy) = 0}

is the annihilator ideal.
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Cohomology of non-reductive quotients Il: Intersection pairings

Theorem (B-Kirwan '19)

@ There is a natural ring isomorphism

N H*(X//C*

H (X//0,Q) ~ %

where e(Vy) € H*(X//C*) is the Euler class of the bundle V; and
ann(e(Vy)) = {c € H*(X//C*,Q)|c U e(Vy) = 0}

is the annihilator ideal.

o Given a cohomology class a € H*(X// (), then there is a lift 5 € H*(X //C*) of
ae H*(X//0)if a=i*4.
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Cohomology of non-reductive quotients Il: Intersection pairings

Theorem (B-Kirwan '19)

@ There is a natural ring isomorphism

H*(X//C*,Q)

H*(X//U7 Q) ~ ann(e(Vy)

where e(Vy) € H*(X//C*) is the Euler class of the bundle V; and
ann(e(Vu)) = {c € H*(X//C*,Q)|c U e(Vu) = 0}

is the annihilator ideal.

o Given a cohomology class a € H*(X// (), then there is a lift 5 € H*(X //C*) of
ae H*(X//0)if a=i*4.

@ For any Chern polynomial ¢(V) € C[c1(V), c2(V),...] whose degree is the
dimension of X //U we have

V) Vu))d
/ (b( V) = nc~Resz= oo/ ¢( 2 E( )) :
X//0 Zinin Nz
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