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The NRGIT setup

(X , L) be an irreducible normal Û-variety

Zmin :=

{
x ∈ X

x is a C∗-fixed point and
C∗ acts on L∗|x with min weight

}
Xmin := {x ∈ X | lim

t→0
t · x ∈ Zmin} (t ∈ Gm ⊆ Û)

the Bialynicki-Birula stratum.

Theorem [B.,Doran, Hawes, Kirwan ’16)] If StabU(x) = 1 for x ∈ Zmin and the
linearisation is well-adapted then

1 X//e Û is projective hence A(X )Û is finitely generated and X//e Û = Proj(A(X )Û)

2 (Hilbert -Mumford) X s,Û = X ss,Û =
⋂

u∈U uX s,λ(C∗) = Xmin \ UZmin.
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GIT blow-ups

Reductive case
If Gx ⊆ X ss is closed (i.e x is polystable) then StabG (x) is reductive. Hence the
maximal dimensional stabiliser in X ss is reductive.

Let
X ss,d = {x ∈ X ss | dim StabG (x) = d}

and dmax = max{d | X ss,d 6= ∅}.
Blow up X ss along X ss,dmax to get X̃ . Theorem: d̃max < dmax (that is, dmax is a
ranking function).

We repeat this process until we obtain an iterated blow-up X̃ → X such that
X̃ ss = X̃ s .

Non-reductive case The picture is less clear..

Recall p : Xmin → Zmin is the Û-invariant morphism x 7→ lim
t→0

t∈λ(C∗)

t · x .

Zd
min := {z ∈ Zmin | dim StabU(z) = d} and X d

min = {x ∈ Xmin | dim StabU(z) =
d}

dim StabU(x) 6 dim StabU(p(x)) and hence UZdmax
min ⊆ X dmax

min ⊆ p−1(Zdmax
min )

U · Zmax = Û · Zmax is a closed subscheme of the BB stratum Xmin

Candidates for blow-up center: UZdmax
min , X dmax

min , maybe with scheme structure?

For H = U o R more candidates.
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t→0

t∈λ(C∗)

t · x .

Zd
min := {z ∈ Zmin | dim StabU(z) = d} and X d

min = {x ∈ Xmin | dim StabU(z) =
d}

dim StabU(x) 6 dim StabU(p(x)) and hence UZdmax
min ⊆ X dmax

min ⊆ p−1(Zdmax
min )
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U · Zmax = Û · Zmax is a closed subscheme of the BB stratum Xmin

Candidates for blow-up center: UZdmax
min , X dmax

min , maybe with scheme structure?

For H = U o R more candidates.

Gergely Bérczi Aarhus University Non-reductive moment maps and cohomology of quotients



GIT blow-ups

Reductive case
If Gx ⊆ X ss is closed (i.e x is polystable) then StabG (x) is reductive. Hence the
maximal dimensional stabiliser in X ss is reductive.

Let
X ss,d = {x ∈ X ss | dim StabG (x) = d}

and dmax = max{d | X ss,d 6= ∅}.
Blow up X ss along X ss,dmax to get X̃ . Theorem: d̃max < dmax (that is, dmax is a
ranking function).

We repeat this process until we obtain an iterated blow-up X̃ → X such that
X̃ ss = X̃ s .

Non-reductive case The picture is less clear..

Recall p : Xmin → Zmin is the Û-invariant morphism x 7→ lim
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Toy examples: why candidate blow-ups do not work?

Example 1 Blowing up at X dmax
min does not work

H =


t1 u2 u3

0 t2 0
0 0 t3

 : t1, t2, t3 ∈ C∗, u1, u2 ∈ C

 ⊂ GL(3,C)

acts on the space of projectivized 3× n matrices X = P(r1, r2, r3)

λ(C∗) =


t2 0 0

0 t1 0
0 0 t−3

 ∣∣∣∣∣∣ t ∈ C


so Zmin = P(0, 0, r3), and dmax(Zmin) = 0, dmax(Xmin) = 1.
X 1

min = {[M] : rank(r2, r3) = 1 (r1 is arbitrary)}
UZmin = {[M] : rank(r1, r3) = 1, r2 = 0, r3 6= 0}
Blow-up at X 1

min:

X̂ =

{
([M], [N]) ∈ P(Mat3xn)× P(Mat1xn)

∣∣∣∣ N = r⊥2 (r3) if rank(r2, r3) = 2
N ∈ r⊥2 if rank(r2, r3) = 1

}
.

h · ([M], [N]) = ([hM], [N]) for h ∈ H

and hence the action on the blow-up space is the same as on the original, we do
not gain anything by blowing-up this way:

d̂max(X̂min) = dmax(X ) = 1
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Why candidate blow-ups do not work?

Example 2 Blowing up at UZdmax
min does not work.

H = Û =



t 0 s v
0 t v 0
0 0 1 0
0 0 0 1

 : t ∈ C∗, s, v ∈ C

 ⊂ GL(4,C) acts on the space

of projectivized 4× n matrices X = P(r1, r2, r3, r4)

Zmin = {r1 = r2 = 0} ⊃ Zdmax
min = {r1 = r2 = r3 = 0}

and dmax = 1 where

StabU(y) =



1 0 s 0
0 1 0 0
0 0 1 0
0 0 0 1

 : s ∈ C

 ⊂ U for y ∈ Z1
min

We blow up at

UZdmax
min = {[r1, r2, r3, r4]T : r2 = r3 = 0, rank(r1, r4) = 1}

Take the point (z, z̃) where

z =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 ∈ ZU′
min and z̃ =

0 0 0 0
0 0 0 0
0 0 0 ξ

 ,
where the latter matrix represents a point over z. Check: StabU(z, z̃) = U′.
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Non-reductive blow-up process

Theorem (B-Kirwan, 2025) For iterated blow-ups along UZdmax
min the lexicographic

pair (dmax, dim(UZdmax
min )) is a delayed Lyapunov (ranking) function for non-reductive

GIT blow-ups, with delay 3. Hence blowing-up terminates.
This means that:

1 We blow up along UZdmax
min iteratively.

2 After each blow-up either dmax decreases
3 or if dmax = d̃max then after at most 3 iterations dim(UZdmax

min ) < dim(UZ̃dmax
min ).

4 Terminal states:
codim(UZ dmax

min ≤ 1 then Z dmax
min = Zmin and the quotient is Zmin

dmax = 0 hence s = ss.
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min iteratively.

2 After each blow-up either dmax decreases
3 or if dmax = d̃max then after at most 3 iterations dim(UZdmax
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Moment maps

Let (X , ω) be a symplectic manifold, and let K be a compact Lie group acting on
(X , ω).

A moment map is a map µ : X → k∗, smooth and K -equivariant, such
that

d〈µ, a〉 = iaxω for all x ∈ X , a ∈ k

where 〈µ, a〉 : M → R is the pairing and ax = d
dt

exp(ta)x is infinitesimal action
of a ∈ k on X .

If a complex projective variety X ⊂ Pn is acted on by G = KC via a
representation ρ : G → GL(n + 1,C) such that ρ(K) ⊂ U(n + 1) and ω = ωFS is
the Fubini-Study Kähler form, then the K -action on X is Hamiltonian with
moment map

µ([x0 : · · · : xn]).a =
x ρ∗(a) x>

2πi ‖x‖2

for all a ∈ k and x = (x0, . . . , xn).

Fix a ∈ k. The component

µa : X → R given by x 7→ µ(x) · a

is a Hamiltonian function of the vector field x 7→ ax on X induced by a.
If X is Kähler then ω(ξ, ax ) = g(ξ, iax ) hence the gradient flow of µa is given by

gradµa(x) = iax
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Reductive symplectic reduction

Theorem (Kirwan) Let G = KC act on X as detailed above.

(a) X ss = {x ∈ X | Gx ∩ µ−1(0) 6= ∅}
(b) X s = {x ∈ X | Gx ∩ µ−1(0)reg 6= ∅} where

µ−1(0)reg = {x ∈ µ−1(0) | dµ(x) : TxX → T0k∗ = k∗ is surjective}.
(c) The inclusions

µ−1(0) ↪→ X ss, µ−1(0)reg ↪→ X s,

induce homeomorphisms

µ−1(0)/K ∼= X//G , µ−1(0)reg/K ∼= X s/G .

Sketch of proof
(a)+(b) Key observations:

f = ||µ||2 of the moment map µ : X → k∗ as a Morse-Bott function on X , where
|| · || is the norm induced from a fixed K -invariant inner product on k, used to
identify k∗ with k.
open stratum of the corresponding Morse stratification (which retracts
K -equivariantly onto the zero level set µ−1(0)), coincides with the GIT
semistable locus X ss,G for the linear action of G on X .
gradµa(x) = iax , so components of the gradient flow sit in G -orbits, and hence
for x ∈ X ss the orbit Gx intersects the minimal critical set µ−1(0), and for x in
other Morse strata it flows to other critical sets.
Moreover: the Morse stratification coincide the GIT stratification.

(c) We use the gradient trick.
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The reductive gradient trick

Theorem (Gradient trick) Let X be a smooth manifold acted on by a Lie group H.

let f : X → R, Y ⊆ f −1(0) ⊂ X be a union of finitely many compact connected
components

let a ∈ Lie(H) and df (ax ) > 0 holds for all x ∈ Y (f increases along the vector
field generated by a)

If y ∈ Y and exp(ta)y ∈ Y for some t ∈ R, then t = 0.
Apply this: f (x) = µ(x) · a with a ∈ k. Then df (−iax ) = ω(ax , iax ) = g(ax , ax ) > 0.
We get

1 If x ∈ µ−1(0) and g ∈ G , then gx ∈ µ−1(0) if and only if gx ∈ Kx , i.e.,
g ∈ K StabG (x).

2 Moreover, µ−1(0)reg is a (G ,K)-slice, i.e., Gµ−1(0)reg is open in X and

Gµ−1(0)reg ∼= (G × µ−1(0)reg)/K diffeomorphically,

where k · (g , x) = (gk−1, kx) for k ∈ K , g ∈ G , and x ∈ X .

Theorem (Kirwan) f = ||µ||2 : X → R is a Morse function, and Morse stratification=
GIT stratification. The stratification is equivariantly perfect, hence Morse-equalities
combined with Kirwan surjectivity gives formula for cohomology of X//G .
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Moment maps for complex group actions

Y be a complex manifold acted on by complex reductive G holomorphically.

G = KC for some maximal compact subgroup K , and g = k⊗R C.
k∗ = HomR(k,R) = {ξ ∈ g∗ | ξ(k) ⊂ R} ⊂ g∗ = HomC(g,C) = k∗ ⊗R C.

we can define the complex moment map as µG : Y
µ(K,ω)−−−−→ k∗ ↪→ g∗. Not

G -equivariant, we can fix.
Observations:

ω is K -invariant Kähler form then g∗ω is K ′-invariant where K ′ = g−1Kg .
If µK : Y → k∗ is a moment map for (Y , ω) then µK ′ = Ad∗(g−1) ◦ µK ◦ g is a
moment map for the K ′-action on (Y , g∗ω).

Definition
1 A G -equivariant Kähler structure on Y is a G -orbit Ω in

{(K , ω) ∈ KG ×K -ahler(Y ) | ω is K -invariant}

where KG is the set of maximal compact subgroups of G and K -ahler(Y ) is the
set of Kähler structures on Y that are compatible with the fixed complex
structure on Y .

2 The Ω-moment map for G acting on Y is a smooth G -equivariant map

m = mΩ,Y ,G : Ω× Y → g∗

such that for each (K , ω) ∈ Ω, the map

x 7→ m((K , ω), x)

is the composition

Y
µ(K,ω)−−−−→ k∗ ↪→ g∗,
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Moment maps for non-reductive complex groups
Kähler set-up

Suppose X ⊂ Y where Y is a compact Kähler manifold and X is a closed complex
submanifold.
Suppose H = U o R acts on X , where U is graded by a 1-parameter subgroup
λ : C∗ → Z(R), and G = KC is a reductive group acting on Y , with H ≤ G .
Without loss of generality, R = QC where Q = K ∩ R = K ∩ H, since unipotent
groups have no non-trivial compact subgroups.

Definition The moment map µH
(K ,ω)

is (essentially) the composition

X ↪→ Y
µ(K,ω)−−−−→ k∗ ↪→ g∗ → h∗

which can be modified up to a central element (i.e., a rational character). Here

k∗ = HomR(k,R) = {ξ ∈ g∗ | ξ(k) ⊂ R} ⊂ g∗ = HomC(g,C) = k∗ ⊗R C.

Algebraic set-up X ⊂ Y = Pn with a linear H-action on X via a homomorphism
ρ : H ↪→ GL(n + 1,C), K = U(n + 1) and a maximal compact subgroup Q ⊂ H

containing the circle λ(S1) 6 Û preserves the standard U(n + 1)-invariant
hermitian inner product 〈 , 〉 on Cn+1, ω is the Fubini-Study form on Pn.

µH(K ,ω)([x]) · a =
1

2πi ||x ||2
x̄Tρ∗(a)x ∈ C for all a ∈ H

where · denotes the natural pairing between Lie(H)∗ and Lie(H).

Re(µH(K ,ω)([x])·a) =
1

4πi ||x ||2
x̄T (ρ∗(a)−ρ∗(a)

T
)x , Im(.) =

1
4πi ||x ||2

x̄T (ρ∗(a)+ρ∗(a)
T

)x ,
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containing the circle λ(S1) 6 Û preserves the standard U(n + 1)-invariant
hermitian inner product 〈 , 〉 on Cn+1, ω is the Fubini-Study form on Pn.

µH(K ,ω)([x]) · a =
1

2πi ||x ||2
x̄Tρ∗(a)x ∈ C for all a ∈ H

where · denotes the natural pairing between Lie(H)∗ and Lie(H).

Re(µH(K ,ω)([x])·a) =
1

4πi ||x ||2
x̄T (ρ∗(a)−ρ∗(a)

T
)x , Im(.) =

1
4πi ||x ||2

x̄T (ρ∗(a)+ρ∗(a)
T

)x ,

Gergely Bérczi Aarhus University Non-reductive moment maps and cohomology of quotients



Moment maps for non-reductive complex groups
Kähler set-up

Suppose X ⊂ Y where Y is a compact Kähler manifold and X is a closed complex
submanifold.
Suppose H = U o R acts on X , where U is graded by a 1-parameter subgroup
λ : C∗ → Z(R), and G = KC is a reductive group acting on Y , with H ≤ G .
Without loss of generality, R = QC where Q = K ∩ R = K ∩ H, since unipotent
groups have no non-trivial compact subgroups.

Definition The moment map µH
(K ,ω)

is (essentially) the composition

X ↪→ Y
µ(K,ω)−−−−→ k∗ ↪→ g∗ → h∗

which can be modified up to a central element (i.e., a rational character). Here

k∗ = HomR(k,R) = {ξ ∈ g∗ | ξ(k) ⊂ R} ⊂ g∗ = HomC(g,C) = k∗ ⊗R C.

Algebraic set-up X ⊂ Y = Pn with a linear H-action on X via a homomorphism
ρ : H ↪→ GL(n + 1,C), K = U(n + 1) and a maximal compact subgroup Q ⊂ H
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Non-reductive symplectic reduction

Let X be a projective variety endowed with a linear action of the positively graded Û
with respect to some ample line bundle L. Assume (s=ss) condition of the Û-Theorem
holds (otherwise we blow-up!).

The embedding X ⊂ P(⊕∞i=1H
0(L⊗i )) = P(V ) gives a canonical linearisation

Û ⊂ GL(V ) and a canonical Û-moment map µÛ = µGL ◦ π : X → Lie(Û).
Theorem [Symplectic reduction for NRGIT quotients, B-Kirwan ’19]

µ−1
Û

(0) ⊂ X ss,Û = X s,Û .

The embedding Ûµ−1
Û

(0) ↪→ X s,Û induces a homeomorphism

µ−1
Û

(0)/S1 ' X//Û

Theorem (Non-reductive gradient trick) Assume f : X → R, Y ⊆ f −1(0) ⊂ X be a
union of finitely many compact connected components, and g : X → R is smooth
maps with minimum value βmin on X . Assume a ∈ Lie(H) and β > βmin are such that

dg(ax ) > 0 for all x ∈ Y ∩ f −1([βmin, β]) and

df (ax ) > 0 for all x ∈ f −1((βmin, β]).

If y , exp(ta)y ∈ Y ∩ f −1((βmin, β]) then t = 0.
Apply this with g(x) = µH

(K ,ω)
(x) · a and f (x) = µ

λ(C∗)
(K ,ω)

(x) · a.
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(0) ↪→ X s,Û induces a homeomorphism

µ−1
Û
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Cohomology of non-reductive quotients I

Theorem (B-Kirwan, ’19) Same set-up as before.

Xmin = X s,Û ∪ UZmin

This is an equivariantly perfect stratification giving us a simple expression of the
Poincaré series of the GIT quotient as

Pt(X//Û) = PS1
t (X ss,Û) = PS1

t (XC∗
min)(1− t2d ) = Pt(X

C∗
min)

1− t2d

1− t2

where d = dim(X )− dim(U)− dim(Zmin(X )).

Idea of proof: Suppose that Û-semistability coincides with Û-stability. Then
1 the U-sweep UZmin(X ) = ÛZmin(X ) is a closed subvariety of X 0

min;
2 the equivariant Euler class of the normal bundle to UZmin(X ) in X 0

min is not a
zero divisor in H∗

S1 (UZmin(X )).
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Pt(X//Û) = PS1
t (X ss,Û) = PS1
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Pt(X//Û) = PS1
t (X ss,Û) = PS1
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1 the U-sweep UZmin(X ) = ÛZmin(X ) is a closed subvariety of X 0

min;
2 the equivariant Euler class of the normal bundle to UZmin(X ) in X 0

min is not a
zero divisor in H∗

S1 (UZmin(X )).

Gergely Bérczi Aarhus University Non-reductive moment maps and cohomology of quotients



Example

Two points and a line in P2

Let X = (P2)2 × (P2)∗ acted on by Û =

 t a b
0 t2 c
0 0 t3


We represent:

points in P2 by column vectors, with the action of a matrix A given by
pre-multiplication by A;
lines

L(a,b,c) = {[x : y : z] ∈ P2|ax + by + cz = 0}
by row vectors (a, b, c) and the action of A is given by post-multiplication by A−1.
The weights of the action of the maximal torus T of B on X lie in an irregular
hexagon (which is their convex hull) in the dual of the Lie algebra of the maximal
compact subgroup of T .

λ : C∗ → T , λ(t) = (t, t2, t3) gives positively graded extension Û = C∗ oU. The
minimal weight corresponds to the T -fixed point

XC∗
min = zmin = ([0, 0, 1], [0, 0, 1], L(1,0,0))

The stabiliser in U of zmin is trivial, and the closure of its U-orbit is

Uzmin = {(p, q, L) ∈ X |p = q ∈ L},

Xmin = {([x1, y1, z1], [x2, y2, z2], L(a,b,c)) ∈ X |z1 6= 0 6= z2, a 6= 0}

Û-Theorem: X ss,Û = Xmin \ Uzmin = Xmin \ Uzmin has a projective geometric
quotient X//Û = (Xmin \ Uzmin)/Û when the linearisation is twisted by a rational
character χ/c in the interior of the hexagon near to the T -weight for zmin.
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X = (P2)2 × (P2)∗ acted on by Û =

 t a b
0 t2 c
0 0 t3


XC∗

min = ([0, 0, 1], [0, 0, 1], L(1,0,0))

Xmin = {([x1, y1, z1], [x2, y2, z2], L(a,b,c)) ∈ X |z1 6= 0 6= z2, a 6= 0}

X ss,Û = Xmin \ UXC∗
min

Betti numbers: Pt(X//Û) = Pt(Zmin) 1−t2d

1−t2 = 1−t4

1−t2 = 1 + t2 + t4.
Note: this way we can also describe Hodge numbers of the quotient.
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Cohomology of non-reductive quotients II: Intersection pairings

Reductive abelianisation: The following diagram of Shaun Martin relates X//G and
X//TC through a fibering and an inclusion:

µ−1
K (0)/T

� �
⊕
α∈∆− Lα

//

vert(π)'⊕
α∈∆+ Lα

��

µ−1
T (0)/T = X//TC

X//G = µ−1
K (0)/K Lα = µ−1

T (0)×T Cα → X//TC

(1)

Classical results:

(SM,’00) H∗(X//G ,Q) ' H∗(X//T,Q)W

ann(e) where ann(e) = {c ∈ H∗(X//T ,Q)W |c ∪ e = 0}.

(SM,’00)
∫
X//G

a = 1
|W |

∫
X//T

ã ∪ e for any a ∈ H∗(X//G) with lift ã ∈ H∗(X//T ).

(JK,’02) Residue formula of Jefffey-Kirwan for
∫
X//T

a

Non-reductive case:

µ−1
K (0)/S1 � � j //

π

��

µ−1
Û

(0)/S1 = X//Û
� � i // µ−1

S1 (0)/S1 = X//C∗

µ−1
K (0)/K = X//G

(2)

The description of the corresponding normal bundles is similar using the line bundles
corresponding to the roots of U.
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(JK,’02) Residue formula of Jefffey-Kirwan for
∫
X//T

a

Non-reductive case:

µ−1
K (0)/S1 � � j //

π

��

µ−1
Û
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Cohomology of non-reductive quotients II: Intersection pairings

Theorem (B-Kirwan ’19)
There is a natural ring isomorphism

H∗(X//Û,Q) '
H∗(X//C∗,Q)

ann(e(Vu)

where e(Vu) ∈ H∗(X//C∗) is the Euler class of the bundle Vu and

ann(e(Vu)) = {c ∈ H∗(X//C∗,Q)|c ∪ e(Vu) = 0}

is the annihilator ideal.

Given a cohomology class a ∈ H∗(X//Û), then there is a lift ã ∈ H∗(X//C∗) of
a ∈ H∗(X//Û) if a = i∗ã. ∫

X//Û
a =

∫
X//C∗

ã ∪ e(Vu),

For any Chern polynomial φ(V ) ∈ C[c1(V ), c2(V ), . . .] whose degree is the
dimension of X//Û we have∫

X//Û
φ(V ) = nC∗Resz=∞

∫
Zmin

i∗Zmin
(φ(V ) ∪ e(Vu))dz

eT (NZmin
)
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X//Û
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H∗(X//Û,Q) '
H∗(X//C∗,Q)

ann(e(Vu)

where e(Vu) ∈ H∗(X//C∗) is the Euler class of the bundle Vu and

ann(e(Vu)) = {c ∈ H∗(X//C∗,Q)|c ∪ e(Vu) = 0}

is the annihilator ideal.
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