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Algebraic groups

Central problem of geometry/topology/physics: classification of objects.

Moduli problem is about grouping mathematical objects in equivalence classes given
by a symmetry group.
Moduli spaces in algebraic geometry are often constructed as quotients of algebraic
varieties by actions of linear algebraic groups. We work over C.
Observation: A linear algebraic group G is a semi-direct product of a unipotent
group U (called unipotent radical of G) by a reductive group R:

G = U o R.

Unipotent group: (u − 1)n = 0 for u ∈ U, n >> 0. Think of group of strictly
upper triangular matrices.

Complex reductive group: G = KC is the complexification of a maximal
compact subgroup K of G . That is,

Lie(KC) ∼= Lie(K)⊗R C.

E.g. K = U(n) and KC = GL(n) or K = SU(n) and KC = SL(n).
Alternative definition: G is reductive ⇔ every representation of G is the direct
sum of irreducibles.
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Examples

(1) Automorphism group of complex projective space Pn = (Cn+1 \ {0})/C∗ is
PGL(n + 1), which is reductive.

(2) Automorphism group of the weighted projective plane
P(1, 1, 2) = (C3 \ {0})/C∗, where C∗ acts on C3 with weights 1,1 and 2, is

Aut(P(1, 1, 2)) ∼= R n U

where

R ∼= GL(2)×C∗ C∗ ∼= GL(2) reductive

U ∼= (C+)3 unipotent acting via

(x , y , z) 7→ (x , y , z + λx2 + µxy + νy2) for (λ, µ, ν) ∈ C3.

Aut(P(1, 1, 2)2) =


ν

Sym2GL(2) µ
λ

0 0 0 1


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Mumford’s reductive GIT

G complex reductive group acting on projective variety X .
We require a linearisation of the action: an ample line bundle L on X resulting
X ⊂ Pn and a lift of the action to L given by a representation ρ : G → GL(n+ 1)).

X  A(X ) = C[x0, . . . , xn]/IX
| =

⊕∞
k=0 H

0(X , L⊗k )
|

⋃
|

↓
X//G ⇐ A(X )G = C[y0, . . . , ym]/IG

algebra of invariants

G reductive, so A(X )G is finitely generated and X//G = Proj(A(X )G ) is a
projective variety.
X ss ⊂ X is the domain of the rational map (locus where at least one invariant is
non-zero)

X −− → X//G = Proj(A(X )G ) proj variety⋃
||

semistable X ss onto−→ X//G⋃ ⋃
stable X s −→ X s/G geometric quotient

Topologically: X//G = X ss/ ∼ where x ∼ y ⇔ Gx ∩ Gy ∩ X ss 6= ∅.
As a set: X//G = {closed orbits of G on X}.
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Hilbert–Mumford criteria for (semi)stability

Question: Can we describe which points of X ⊆ Pn are stable and which are
semistable for the G -action without having to know the invariant ring A(X )G ?

Answer: Hilbert-Mumford numerical criterion. This is source of effectiveness of
reductive GIT.
Let T = (C∗)r be a maximal torus of G , choose homogeneous coordinates on Pn so
that T acts diagonally with weights α0, . . . , αn ∈ Lie(T )∗, that is

[x0 : . . . : xn] 7→ [tα0x0 : . . . : tαnxn] for some αi ∈ Cr .

Then x = [x0 : · · · : xn] ∈ X is semistable (respectively stable) for the action of T
iff 0 lies in (respectively lies in the interior of) the convex hull in Lie(T )∗ of the set

{αj : xj 6= 0}.

Moreover x is semistable (respectively stable) for the action of G iff gx is
semistable (respectively stable) for the action of T for every g ∈ G :

X ss,G = ∩g∈GgX ss,T
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What if G is not reductive?

Question: Let H = U o R. Can we define a sensible ‘quotient’ variety X//H when
H 6= R? If so, can we understand it geometrically?

Let A(X ) =
⊕∞

k=0 H
0(X , L⊗k ) again. This is f.g algebra.

Problems:
1 A(X )H is not necessarily finitely generated (Nagata 1957) so Proj(A(X )H) is not

a projective variety. In fact H is reductive if and only if A(X )H is finitely
generated for all X .

2 Even if A(X )H fin. gen. the quotient map q : X ss → Proj(A(X )H) is not
necessarily surjective, the image is just constructible.

3 Topology of unipotent actions is problematic: Unipotent orbits cannot necessarily
be separated with invariants.

Example: C+ = {
(

1 t
0 1

)
: t ∈ C} acts on X = Sym2C2. Let

x0 = y2, x1 = xy , x2 = x2 be basis of X . Then A(X )C
+
= C[x0, x2

1 − x0x2] and
the orbit space looks like:

The pairs of lines {x0 = 0, x1 = ±a} for any given a 6= 0 are not distinguished.
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What if G is not reductive?

Question: Let H = U o R. Can we define a sensible ‘quotient’ variety X//H when
H 6= R? If so, can we understand it geometrically?
Let A(X ) =

⊕∞
k=0 H

0(X , L⊗k ) again. This is f.g algebra.
Problems:

1 A(X )H is not necessarily finitely generated (Nagata 1957) so Proj(A(X )H) is not
a projective variety. In fact H is reductive if and only if A(X )H is finitely
generated for all X .

2 Even if A(X )H fin. gen. the quotient map q : X ss → Proj(A(X )H) is not
necessarily surjective, the image is just constructible.

3 Topology of unipotent actions is problematic: Unipotent orbits cannot necessarily
be separated with invariants.
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One can define open subsets X s (stable points) and X ss (semistable points) with a
geometric quotient X s → X s/H and an enveloping quotient X ss → X//H s.t.

X 99K X//H not projective, constructible
∪ //e
X ss → X//H not surjective
∪ ∪
X s → X s/H

If H is finitely generated then X//H = Proj(A(X )H) and
No topological description of X//H and no Hilbert-Mumford criterion.
Here

X ss =
⋃

f∈I ss
Xf and X s =

⋃
f∈I s

Xf ,

where I ss = {f ∈ A(X )H |A(X )H
(f )

is f.g.}

I s =

f ∈ Inss

∣∣∣∣∣∣∣∣
the action of H on Xf is closed with all stabilizers finite
groups, and the restriction of the U-enveloping quotient map
φU : Xf → Spec((A(X )H)(f )) is a principal U-bundle for
the U-action on Xf

 .

The enveloping quotient is defined as

φ : X ss → X//eH =
⋃

f∈I ss
Spec((A(X )H)(f )) ⊆ Proj(A(X )H),
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Graded algebraic groups

Definition

U (unipotent) group is graded if ∃ λ : C∗ → Aut(U) with the weights of the C∗
action on Lie(U) all positive. This defines the group extension

Û = U o C∗ with (u, t) · (u′, t′) = (u · λ(t)(u′), tt′)

We say that H = U o R is graded if there is a central C∗ ⊂ R such that

Û = U o C∗ ⊂ H is graded

In most applications the acting non-reductive group is graded.
1) Moduli spaces of toric hypersurfaces

Aut(P(1, 1, 2)) = R n U where R = GL(2) and U = (C+)3

(x , y , z) 7→ (x , y , z + λx2 + µxy + νy2) for (λ, µ, ν) ∈ (C+)3

Aut(P(1, 1, 2)) =


ν

Sym2GL(2) µ
λ

0 0 0 1


The central one-parameter subgroup C∗ =


t2

t2

t2

0 0 0 1

 of R ∼= GL(2) acts

on Lie(U) with weight 2.
Application: K-stability: For certain hypersurfaces K-stability = NRGIT stability
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Reparametrisation groups

2) Reparametrisation groups
Jk (1, n) = {k-jets of germs of holomorphic maps (C, 0)→ (Cn, 0)} =
= {(f ′, f ′′, . . . , f (k)) : f ′ 6= 0}

Jk (1, 1) is the group of k-jets of germs of biholomorphisms of (C, 0). Jk (1, 1)
acts on Jk (1, n) via reparametrisation:

f (z) = zf ′(0) + z2
2! f
′′(0) + . . . + zk

k! f
(k)(0) ∈ Jk (1, n) and

ϕ(z) = α1z + α2z
2 + . . . + αkz

k ∈ Jk (1, 1)
Then

f ◦ ϕ(z) = (f ′(0)α1)z + (f ′(0)α2 +
f ′′(0)

2!
α

2
1)z

2 + . . .

= (f ′, . . . , f (k)/k!) ·


α1 α2 α3 . . . αk

0 α2
1 2α1α2 . . . 2α1αk−1 + . . .

0 0 α3
1 . . . 3α2

1αk−2 + . . .
0 0 0 . . . ·
· · · . . . αk

1

 = C∗ o Uk

Applications This group plays a central role in many applications:

Enumerative geometry of Hilbert schemes of points: tautological intersection
theory, curve counting

Global singularity theory: Thom polynomials and multisingularity locus of maps

Hyperbolicity questions and in particular the Kobayashi and Green-Griffiths-Lang
conjecture

Jet and arc spaces, Igusa zeta function and the Monodromy Conjecture
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Enumerative geometry of Hilbert schemes of points: tautological intersection
theory, curve counting

Global singularity theory: Thom polynomials and multisingularity locus of maps

Hyperbolicity questions and in particular the Kobayashi and Green-Griffiths-Lang
conjecture

Jet and arc spaces, Igusa zeta function and the Monodromy Conjecture
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GIT unstable locus

3) GIT stratification Given a linear G -action, X has a stratification X =
⊔
β∈B Sβ

into locally closed subsets Sβ indexed by

B = {β ∈ t+ is the closest point to 0 of the convex hull of some subset of the weights}

S0 = X ss

For each β ∈ B the closure of Sβ is contained in
⋃
γ>β Sγ

Sβ ∼= G ×Pβ
Y ss
β where Pβ = {g ∈ G | limt→0 β(t)gβ(t−1) exists } is parabolic

subgroup and

Yβ = {[x0 : . . . : xn] ∈ X |xi = 0 if αi ·β < ||β|| and xi 6= 0 for some αi ·β = ||β||2}

and Y ss
β is the semistable set of Y β for the action of the Levi subgroup of Pβ

with respect to a twisted linearisation.
Applications Construction of moduli of unstable objects: Quotient of Sβ by G is thje
quotient of Y β by the parabolic subgroup Pβ , which is a positively graded group.
4) Regular subgroups of reductive groups: Let G be a complex reductive group. A
subgroup H ⊂ G is called regular if H is normalised by a maximal torus of G

HS =

∗ 0 • 0
∗ 0 •
∗ 0
∗

=



∗ 0 a 0
∗ 0 b
∗ 0
∗

 : a, b ∈ k, ∗ ∈ k∗

 ⊂ GL4(k). (1)

Application: Algebraic statistics, MLE estimation of Gaussian graphical group models.
Popov-Pommerening conjecture (1970): for any affine HS -variety X the algebra of
invariants k[X ]HS is finitely generated.
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Non-reductive GIT: the construction

Let U be a graded unipotent lin. alg. group and Û = U o C∗. Let X be an
irreducible normal Û-variety and L→ X an very ample linearisation of the Û
action.

Zmin :=

{
x ∈ X

x is a C∗-fixed point and
C∗ acts on L∗|x with min weight

}
Xmin := {x ∈ X | limt→0 t · x ∈ Zmin} (t ∈ Gm ⊆ Û) the Bialynicki-Birula
stratum.

Theorem [B.,Doran, Hawes, Kirwan ’16)] Let L→ X be an irreducible normal
Û-variety with ample linearisation L. Assume

(s=ss) x ∈ Zmin ⇒ StabU(x) = 1

(or more generally dimStabU(x) = miny∈X dim StabU(y)) Twist the linearisation by a
character χ : Û → C∗ of Û/U such that 0 lies in the lowest bounded chamber for the
C∗ action on X . Then

1 the ring A(X )Û of Û-invariants is finitely generated, so X//e Û = Proj(A(X )Û)

2 X ss,Û = X s,Û and X//Û = X s,Û/Û is a geometric quotient of X s,Û by Û.

3 (Hilbert-Mumford criterion) X s,Û = X ss,Û =
⋂

u∈U uX s,λ(C∗) = Xmin \ UZmin.
Remarks

Theorem works for graded linear groups in general.
Nice VGIT picture for H = U o R action when R contains higher dimensional
grading torus, that is, the grading C∗ can be moved inside R.
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stratum.

Theorem [B.,Doran, Hawes, Kirwan ’16)] Let L→ X be an irreducible normal
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action.

Zmin :=

{
x ∈ X

x is a C∗-fixed point and
C∗ acts on L∗|x with min weight

}
Xmin := {x ∈ X | limt→0 t · x ∈ Zmin} (t ∈ Gm ⊆ Û) the Bialynicki-Birula
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character χ : Û → C∗ of Û/U such that 0 lies in the lowest bounded chamber for the
C∗ action on X . Then
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action.

Zmin :=

{
x ∈ X

x is a C∗-fixed point and
C∗ acts on L∗|x with min weight

}
Xmin := {x ∈ X | limt→0 t · x ∈ Zmin} (t ∈ Gm ⊆ Û) the Bialynicki-Birula
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action.

Zmin :=

{
x ∈ X

x is a C∗-fixed point and
C∗ acts on L∗|x with min weight

}
Xmin := {x ∈ X | limt→0 t · x ∈ Zmin} (t ∈ Gm ⊆ Û) the Bialynicki-Birula
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C∗ acts on L∗|x with min weight

}
Xmin := {x ∈ X | limt→0 t · x ∈ Zmin} (t ∈ Gm ⊆ Û) the Bialynicki-Birula
stratum.

Theorem [B.,Doran, Hawes, Kirwan ’16)] Let L→ X be an irreducible normal
Û-variety with ample linearisation L. Assume

(s=ss) x ∈ Zmin ⇒ StabU(x) = 1

(or more generally dim StabU(x) = miny∈X dim StabU(y)) Twist the linearisation by a
character χ : Û → C∗ of Û/U such that 0 lies in the lowest bounded chamber for the
C∗ action on X . Then

1 the ring A(X )Û of Û-invariants is finitely generated, so X//e Û = Proj(A(X )Û)

2 X ss,Û = X s,Û and X//Û = X s,Û/Û is a geometric quotient of X s,Û by Û.

3 (Hilbert-Mumford criterion) X s,Û = X ss,Û =
⋂

u∈U uX s,λ(C∗) = Xmin \ UZmin.
Remarks

Theorem works for graded linear groups in general.
Nice VGIT picture for H = U o R action when R contains higher dimensional
grading torus, that is, the grading C∗ can be moved inside R.

Gergely Bérczi Aarhus University Non-reductive group actions and quotients



Non-reductive GIT: the construction

Let U be a graded unipotent lin. alg. group and Û = U o C∗. Let X be an
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Û-variety with ample linearisation L. Assume

(s=ss) x ∈ Zmin ⇒ StabU(x) = 1

(or more generally dim StabU(x) = miny∈X dim StabU(y)) Twist the linearisation by a
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Hilbert’s 14 vs NRGIT

Nagata counterexample: 

1 t1 0 0 · · · 0 0
0 1 0 0 · · · 0 0
0 0 1 t2 · · · 0 0
0 0 0 1 · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · 1 t16
0 0 0 0 · · · 0 1



ti =
13∑

m=1

bimum, with B ∈ Mat13x16 suff. generic

NRGIT Theorem: 

t15ε t1 0 0 · · · 0 0
0 t14ε 0 0 · · · 0 0
0 0 t13ε t2 · · · 0 0
0 0 0 t12ε · · · 0 0
...

...
...

...
. . .

...
...

0 0 0 0 · · · tε t16
0 0 0 0 · · · 0 t−ε


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Main steps of proof

1 Show that X s,Û ⊆ Xmin \ UZmin

2 Show that Xmin ⊆ X s,U To prove this, show that

{x ∈ Xmin | StabU(p(x)) = {e}} ⊆ X s,U

by induction on dim(U). Reduce to the case where Û = C+ o C∗.
3 Then one can deduce that

p : Xmin → Zmin(X ) induces p : Xmin/U → Zmin(X )

which is λ(C∗)-invariant, and has affine fibers FZ over z ∈ Zmin(X ) acts on each
FZ with positive weights. Hence Xmin \ UZmin ⊆ X s,Û .

4 Thus, we have
p : (Xmin \ UZmin)/Û → Zmin(X )

with weighted projective spaces as fibers. The source of this map is projective,
hence the invariants are finitely generated and X//e Û = .(Xmin \ UZmin)/Û.
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What happens if s 6= ss?

Reductive case
If Gx ⊆ X ss is closed (i.e x is polystable) then StabG (x) is reductive. Hence the
maximal dimensional stabiliser in X ss is reductive.

Let
X ss,d = {x ∈ X ss | dim StabG (x) = d}

and dmax = max{d | X ss,d 6= ∅}.
Blow up X ss along X ss,dmax to get X̃ . Theorem: d̃max < dmax.

We repeat this process until we obtain an iterated blow-up X̃ → X such that
X̃ ss = X̃ s .

Non-reductive case The picture is not so shiny and simple.

Recall p : Xmin → Zmin is the Û-invariant morphism x 7→ lim t→0
t∈λ(C∗)

t · x .

Let

Zd
min = {z ∈ Zmin | dimStabU(z) = d} and X d

min = {x ∈ Xmin | dimStabU(z) = d}

dimStabU(x) 6 dim StabU(p(x)) and hence UZdmax
min ⊆ X dmax

min ⊆ p−1(Zdmax
min )

U · Zmax = Û · Zmax is a closed subscheme of the BB stratum Xmin and

Candidates for blow-up center: UZdmax
min , X dmax

min , maybe with scheme structure?

For H = U o R more candidates.
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Recall p : Xmin → Zmin is the Û-invariant morphism x 7→ lim t→0
t∈λ(C∗)

t · x .

Let

Zd
min = {z ∈ Zmin | dim StabU(z) = d} and X d

min = {x ∈ Xmin | dim StabU(z) = d}

dim StabU(x) 6 dim StabU(p(x)) and hence UZdmax
min ⊆ X dmax

min ⊆ p−1(Zdmax
min )
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Toy examples: why candidate blow-ups do not work?

Example 1 Blowing up at X dmax
min does not work

H =


t1 u2 u3

0 t2 0
0 0 t3

 : t1, t2, t3 ∈ C∗, u1, u2 ∈ C

 ⊂ GL(3,C)

acts on the space of projectivized 3× n matrices X = P(r1, r2, r3)

λ(C∗) =


t2 0 0

0 t1 0
0 0 t−3

 ∣∣∣∣∣∣ t ∈ C


so Zmin = P(0, 0, r3), and dmax(Zmin) = 0, dmax(Xmin) = 1.
X 1
min = {[M] : rank(r2, r3) = 1 (r1 is arbitrary)}

UZmin = {[M] : rank(r1, r3) = 1, r2 = 0, r3 6= 0}
Blow-up at X 1

min:

X̂ =

{
([M], [N]) ∈ P(Mat3xn)× P(Mat1xn)

∣∣∣∣ N = r⊥2 (r3) if rank(r2, r3) = 2
N ∈ r⊥2 if rank(r2, r3) = 1

}
.

h · ([M], [N]) = ([hM], [N]) for h ∈ H

and hence the action on the blow-up space is the same as on the original, we do
not gain anything by blowing-up this way:

d̂max(X̂min) = dmax(X ) = 1
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Why candidate blow-ups do not work?

Example 2 Blowing up at UZdmax
min does not work.

H = Û =



t 0 s v
0 t v 0
0 0 1 0
0 0 0 1

 : t ∈ C∗, s, v ∈ C

 ⊂ GL(4,C) acts on the space

of projectivized 4× n matrices X = P(r1, r2, r3, r4)

Zmin = {r1 = r2 = 0} ⊃ Zdmax
min = {r1 = r2 = r3 = 0}

and dmax = 1 where

StabU(y) =



1 0 s 0
0 1 0 0
0 0 1 0
0 0 0 1

 : s ∈ C

 ⊂ U for y ∈ Z1
min

We blow up at

UZdmax
min = {[r1, r2, r3, r4]T : r2 = r3 = 0, rank(r1, r4) = 1}

Take the point (z, z̃) where

z =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 ∈ ZU′
min and z̃ =

0 0 0 0
0 0 0 0
0 0 0 ξ

 ,
where the latter matrix represents a point over z. Check: StabU(z, z̃) = U′.
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Theorem (B-Kirwan, 2025) For iterated blow-up along UZdmax
min the lexicographic pair

(dmax, dim(UZdmax
min )) is a delayed Lyapunov (ranking) function for non-reductive GIT

blow-ups, with delay 3. Hence blowing-up terminates.

Thank you for your attention.
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