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1. INTRODUCTION 

On the program it says this is a keynote speech--and I don't  know 
what a keynote speech is. I do not intend in any way to suggest what should 
be in this meeting as a keynote of the subjects or anything like that. I have 
my own things to say and to talk about and there's no implication that 
anybody needs to talk about the same thing or anything like it. So what I 
want to talk about is what Mike Dertouzos suggested that nobody would 
talk about. I want to talk about the problem of simulating physics with 
computers and I mean that in a specific way which I am going to explain. 
The reason for doing this is something that I learned about from Ed 
Fredkin, and my entire interest in the subject has been inspired by him. It 
has to do with learning something about the possibilities of computers, and 
also something about possibilities in physics. If we suppose that we know all 
the physical laws perfectly, of course we don't  have to pay any attention to 
computers. It's interesting anyway to entertain oneself with the idea that 
we've got something to learn about physical laws; and if I take a relaxed 
view here (after all I 'm here and not at home) I'll admit that we don't  
understand everything. 

The first question is, What kind of computer are we going to use to 
simulate physics? Computer theory has been developed to a point where it 
realizes that it doesn't make any difference; when you get to a universal 
computer, it doesn't matter how it's manufactured, how it's actually made. 
Therefore my question is, Can physics be simulated by a universal com- 
puter? I would like to have the elements of this computer locally intercon- 
nected, and therefore sort of think about cellular automata as an example 
(but I don't  want to force it). But I do want something involved with the 
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wh e n  the  n e ig h b o rs  h a ve  va lue s  s~, s ;, . . . .  whe re  j,  k e tc . a re  p o in ts  in  the  
n e ig h b o rh o o d  o f i. As  j m o ve s  fa r fro m  i, m b e c o m e s  e ve r le s s  s e n s itive  to  
s ' j.  At e a c h  c h a n g e  the  s ta te  a t a  p a rtic u la r p o in t i will m o ve  fro m  w h a t  it 
wa s  to  a  s ta te  s  with  a  p ro b a b ility m th a t d e p e n d s  o n ly u p o n  the  s ta te s  o f 
the  n e ig h b o rh o o d  (which  m a y b e  s o  d e fin e d  a s  to  inc lude  the  p o in t i its e lf).  
Th is  g ive s  the  p ro b a b ility o f m a k in g  a  tra ns ition .  It ' s  the  s a m e  a s  in  a  
ce llu la r a u to m a to n ; on ly, in s te a d  o f its  be ing  de fin ite , it 's  a  p ro b a b ility.  Te ll 
m e  the  e n viro n m e n t,  a n d  I'll te ll yo u  the  p ro b a b ility a fte r a  n e xt m o m e n t  o f 
tim e  th a t th is  p o in t is  a t s ta te  s . An d  th a t's  the  wa y it's  go ing  to  work,  o ka y?  
S o  yo u  ge t a  m a th e m a tic a l e q u a tio n  o f th is  kin d  o f fo rm. 

No w I e xp lic itly go  to  the  que s tion  o f h o w we  c a n  s im u la te  with  a  
c o m p u t e r - - a  un ive rs a l a u to m a to n  o r s o m e th in g -- th e  q u a n tu m -m e c lia n J c a l 
e ffe c ts . (Th e  us ua l fo rm u la tio n  is  th a t q u a n tu m  m e c h a n ic s  h a s  s o m e  s o r t  o f 
a  d iffe re n tia l e q u a tio n  fo r a  fu n c tio n  ~k.) If yo u  h a ve  a  s ingle  pa rtic le ,  q, is  a  
fu n c tio n  o f x a n d  t, a n d  this  d iffe re n tia l e q u a tio n  cou ld  b e  s im u la te d  ju s t  
like  m y p ro b a b ilis tic  e q u a tio n  wa s  be fo re .  Th a t  wou ld  b e  a ll righ t a n d  o n e  
h a s  s e e n  p e o p le  m a ke  little  c o m p u te rs  which  s imu la te  the  S c h r6 e d in g e r 
e q u a tio n  fo r a  s ingle  pa rtic le . Bu t the  fu ll d e s c rip tio n  o f q u a n tu m  m e c h a n ic s  
fo r a  la rge  s ys te m  with  R pa rtic le s  is  g ive n  b y a  fu n c tio n  q~(x I, x 2 . . . . .  x n ,  t)  
wh ich  we  ca ll the  a m p litu d e  to  find  the  pa rtic le s  x I . . . . .  xR, a n d  th e re fo re ,  
b e c a u s e  it h a s  to o  m a n y va ria b le s ,  it cannot be  s im ula te d  with  a  n o r m a l 
c o m p u te r with  a  n u m b e r o f e le m e n ts  p ro p o rtio n a l to  R o r p ro p o r t io n a l to  
N. We  h a d  the  s a m e  troub le s  with  the  p ro b a b ility in  c la s s ica l phys ics .  An d  
the re fo re ,  the  p ro b le m  is , h o w c a n  we  s imu la te  the  q u a n tu m  m e c h a n ic s ?  
Th e re  a re  two  wa ys  th a t we  c a n  go  a b o u t it. We  c a n  g ive  u p  o n  o u r ru le  
a b o u t wh a t the  c o m p u te r wa s , we  c a n  s a y: Le t the  c o m p u te r its e lf b e  b u ilt  
o f q u a n tu m  m e c h a n ic a l e le m e n ts  wh ich  o b e y q u a n tu m  m e c h a n ic a l la ws .  O r 
we  c a n  tu rn  the  o th e r wa y a n d  s a y: Le t the  c o m p u te r s till b e  the  s a m e  k in d  
th a t we  th o u g h t o f b e fo re - - a  logica l, un ive rs a l a u to m a to n ; c a n  we  im ita te  
th is  s itua tion?  An d  I' m  go ing  to  s e p a ra te  m y ta lk he re , fo r it b ra n c h e s  in to  
two  pa rts .  

4. Q U AN T U M C O MP U T E R S - - U N IVE R S AL Q UANTUM 
S IMU LAT O R S  

Th e  firs t b ra n c h ,  o n e  yo u  m ig h t ca ll a  s id e -re m a rk,  is , C a n  yo u  d o  it 
with  a  ne w kin d  o f c o m p u t e r - - a  q u a n tu m  c o m p u te r?  (I'11 c o m e  b a c k to  the  
o th e r b ra n c h  in  a  m o m e n t. ) No w it tu rn s  ou t,  a s  fa r a s  I c a n  te ll, th a t y o u  
c a n  s imu la te  th is  with  a  q u a n tu m  s ys te m, with  q u a n tu m  c o m p u te r e le me xa ts . 
It ' s  n o t a  Tu rin g  ma ch ine ,  b u t a  m a c h in e  o f a  d iffe re n t kind . If we  d is re g a rd  
the  c o n tin u ity o f s p a c e  a n d  m a ke  it d is cre te , a n d  s o  on, a s  a n  a p p ro xim a t io n  
(th e  s a m e  wa y a s  we  a llowe d  ours e lve s  in  the  c la s s ica l ca s e ), it doe s  s e e m  to  
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Th e re  wou ld  b e  a n  o p e ra to r a  which  annihilates  if the  p o in t is  o c c u p ie d  
- - it  cha nge s  it to  unoccup ie d .  Th e re  is  a  con juga te  o p e ra to r a * which  d o e s  
the  oppos ite : if it's  unoccup ie d , it occupie s  it. The re 's  a n o th e r o p e ra to r  n 
ca lle d  the  number to  a s k, Is  s ome th ing  the re ?  Th e  little  ma trice s  te ll y o u  
wh a t the y do. If it's  the re , n ge ts  a  one  a nd  le a ve s  it a lone , if it's  no t th e re ,  
n o th in g  ha ppe ns .  Th a t's  ma the ma tica lly e qu iva le n t to  the  p ro d u c t o f th e  
o th e r two, a s  a  m a tte r o f fa ct. An d  the n  the re 's  the  ide n tity,  ~, wh ich  we  
a lwa ys  ha ve  to  p u t in  the re  to  comple te  o u r m a th e m a tic s --it  d o e s n 't d o  a  
d a m n  th ing! 

By the  wa y, o n  the  righ t-ha nd  s ide  o f the  a bove  fo rmula s  the  s a m e  
o p e ra to rs  a re  writte n  in te rms  o f ma trice s  tha t mos t phys ic is ts  find  m o r e  
conve n ie n t,  be ca us e  the y a re  He rmitia n ,  a nd  tha t s e e ms  to  ma ke  it e a s ie r fo r 
the m. Th e y ha ve  in ve n te d  a n o th e r s e t o f ma trice s , the  P a uli o ma trice s : 

1 °) o:(0  01) o_(0  i -i)0 
An d  the s e  a re  ca lle d  s p in --s p in  o n e -h a lf--s o  s ome time s  pe op le  s a y yo u ' r e  
ta lking  a b o u t a  s p in -one -ha lf la ttice . 

Th e  q u e s tio n  is , if we  wro te  a  Ha m ilto n ia n  which  invo lve d  o n ly th e s e  
ope ra to rs ,  loca lly coup le d  to  c o rre s p o n d in g  ope ra to rs  o n  the  o th e r s p a c e -tim e  
po in ts ,  c o u ld  we  imita te  e ve ry q u a n tu m  me cha n ica l s ys te m which is  d is c re te  
a n d  ha s  a  fin ite  n u m b e r o f de gre e s  o f fre e dom?  I know, a lmos t c e rta in ly,  
th a t we  c o u ld  do  tha t fo r a ny q u a n tu m  me cha n ica l s ys te m which  in vo lve s  
Bos e  pa rtic le s . I'm  n o t s ure  whe the r Fe rmi pa rtic le s  cou ld  be  de s c ribe d  b y 
s uch  a  s ys te m. S o I le a ve  tha t ope n . We ll, tha t's  a n  e xa mple  o f wha t I m e a n t  
b y a  ge ne ra l q u a n tu m  me cha n ica l s imula tor. I'm  no t s ure  tha t it's  s u ffic ie n t,  
be ca us e  I'm  n o t s u re  tha t it ta ke s  ca re  o f F e rm i pa rtic le s . 

5. CAN Q UANTUM S YS TE MS  BE P R O BABILIS TIC ALLY 
S IMULATE D BY A C LAS S IC AL C O MP UTE R ?  

No w the  n e xt que s tion  tha t I would  like  to  b ring  up  is , o f cours e , th e  
in te re s ting  one , i.e ., Ca n  a  q u a n tu m  s ys te m be  proba bilis tica Uy s imu la te d  b y 
a  cla s s ica l (p roba bilis tic ,  I'd  a s s ume ) un ive rs a l c o m p u te r?  In  o th e r wo rd s ,  a  
c o m p u te r which  will g ive  the  s a me  p roba b ilitie s  a s  the  q u a n tu m  s ys te m  
doe s . If yo u  ta ke  the  c o m p u te r to  be  the  cla s s ica l kind  I've  de s c ribe d  s o  fa r ,  
(n o t the  q u a n tu m  kind  de s c ribe d  in  the  la s t s e c tion) a n d  the re 're  n o  c h a n g e s  
in  a n y la ws , a n d  the re 's  n o  hocus -pocus , the  a ns we r is  ce rta in ly, No ! Th is  is  
ca lle d  the  h idde n -va ria b le  p rob le m: it is  impos s ib le  to  re p re s e n t the  re s u lts  
o f q u a n tu m  me cha n ic s  with  a  cla s s ica l un ive rs a l de vice . To  le a rn  a  little  b it  
a b o u t it, I s a y le t us  try to  p u t the  q u a n tu m  e qua tions  in  a  fo rm  a s  c lo s e  a s  
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Can we formulate bosonic quantum field theories  
using quantum spin-half particles (qubits) as building block?



Goal: Construct a lattice Hamiltonian with “n-qubits” on each lattice site, 
which yields the QFT in the continuum limit.

[�(x),⇡(y)] = i�x ,y
<latexit sha1_base64="IafZ7sJyCg8KSDd2zEfWvY5Mza4="></latexit>

Challenge: Bosons usually require an infinite dimensional Hilbert space 
per lattice site due to the canonical commutation relation:

n-qubits: 2n dimensional Hilbert space on each lattice site.

Recent advances in quantum computation suggests that some day in 
the future answer to such a question could become important. 

Is this “local” infinity in the Hilbert space dimension necessary?



Two Ideas to make progress

Qubit Truncation Qubit Regularization 
Begin with a traditional lattice 
Hamiltonian, truncate the Hilbert 
space at every lattice site to 
construct a n-qubit Hamiltonian.

Explore the space of n-qubit 
Hamiltonians to reach the 
correct continuum limit.

Condensed Matter Physics 
point of view.Particle Physics point of view.

continuum limit: 
<latexit sha1_base64="LYagftlwmgEu0u6FoLTSF5cM7jE="></latexit>

a ! 0
<latexit sha1_base64="jbsoZCkejcQ49PPRt3OKZkeOQGo="></latexit>n ! 1, continuum limit: 

<latexit sha1_base64="LYagftlwmgEu0u6FoLTSF5cM7jE="></latexit>

a ! 0



Simplest approach!

Usually no guarantee that you are studying the QFT of interest in 
the continuum limit, unless “n” becomes large!

Truncate our “favorite” lattice Hamiltonian to an n-qubit space.

Qubit Truncation

Universal QuantitiesLocal Lattice Quantities

Important to distinguish between

Easy to check! Important to compute
<latexit sha1_base64="LYagftlwmgEu0u6FoLTSF5cM7jE="></latexit>

a ! 0
<latexit sha1_base64="jbsoZCkejcQ49PPRt3OKZkeOQGo="></latexit>n ! 1,



Many QFTs are being formulated and studied using Qubit-Truncation,

Jordan, Lee, Preskill, … : Scalar Fields

Jansen, Kaplan, Kclo, Raychoudhary, Stryker, …. : Gauge Fields

Alexandru, Bedaque, Lamm,….: Discrete subgroups

Banuls, Jansen, Meurice, … : Tensor Networks

There is some evidence of exponential convergence as “n” becomes 
large for local lattice quantities. 

Important to check if this is true also for universal quantities.
see for example Paulsen et. al., 2008.09252



Qubit Regularization of QFTs

Important: Can we recover the continuum limit with a finite value of “n”?

Original QFT

Regularize UV 
on the lattice

Continuum limit 
(Traditional Regularization)

Regularize the local 
lattice Hilbert space for 
quantum computation

Continuum limit 
(n-Qubit Regularization)

View the truncation of the Hilbert space per lattice site as a new 
type of regularization for quantum computation.

H. Singh and S.C., PRD 100, 054505 (2019).



“relevant directions,” 
“renormalizable couplings”

critical surface, 
“irrelevant directions,” 
“non-renormalizable couplings”

space of all microscopic 
lattice models

QFT
(fixed point) 

Traditional model
Quantum Critical Point

Yes if we can find the correct quantum critical point!

n-qubit re
gularizartio

n

Quantum Critical Point



D-Theory

The D-theory is a type of qubit regularization. 
Brower, SC, Riederer and Wiese NPB 693,149 (2004)

In D-theory we allow for an extra dimension, which naturally allows for 
the number of qubits to grow, if necessary.

Asymptotically free theories are typically reproduced by making “n” 
large, but things again converge exponentially fast in some models.

Beard, Pepe, Riederer and Wiese PRL 94, 010603 (2006) 

Can we reproduce asymptotic freedom even with “n” finite and fixed?



O(3) scalar QFT
Traditional Model: Lagrangian Approach

S = � 1

2g

X

x ,↵

~�x · ~�x+↵

<latexit sha1_base64="yL+Uv+7ItMAsyhLFt7vIcWPiaSg="></latexit>

~�x · ~�x = 1
<latexit sha1_base64="G/+yVWnIpYBEJxjj1VoyzL5Uwo0="></latexit>

constraint:

<latexit sha1_base64="AVapYY0qXZht1kuMOY4GUT+j+Io="></latexit>x is a point in d+1 dimensional Euclidean lattice

Hamiltonian Approach: Model of “rotors”

H =
g

2

X

x

~Lx · ~Lx +
1

2g

X

x ,j

~�x · ~�x+j

<latexit sha1_base64="YPxtgKWaTTWQWZqzLKoC9VS/w0A="></latexit>

conjugate variables: 
<latexit sha1_base64="29pHnjMsJnBOZruKBuM3CNM/3HI="></latexit>

~�x , ~Lx

<latexit sha1_base64="AVapYY0qXZht1kuMOY4GUT+j+Io="></latexit>x is a point in d dimensional spatial lattice



QFT emerges at the quantum critical point.

Phase diagram:

g = 0
<latexit sha1_base64="sfjMgQEmc5tSbNPKw7uW8MFGHac="></latexit>

g = 1
<latexit sha1_base64="C5DXYhd1si2YxmHS1ZYaL3VZdtY="></latexit>

massive broken

Wilson-Fisher (d=2) / Gaussian (d=3)

continuum limit

g = 1
<latexit sha1_base64="C5DXYhd1si2YxmHS1ZYaL3VZdtY="></latexit>

g = 0
<latexit sha1_base64="sfjMgQEmc5tSbNPKw7uW8MFGHac="></latexit>massive

continuum limit
asymptotically free theory(d=1)



Qubit Truncation

Hilbert space per lattice site of the traditional model:

1X

`=0

X̀

m=�`

| `,m ih `,m | = I
<latexit sha1_base64="ImmeJFj2r5QQeWMh1xieOl/gtuw="></latexit>

“momentum basis”“position basis”

<latexit sha1_base64="GcSF1vRaDZYgaFg7wOIXQL4voF0="></latexit>Z
d⌦ |✓,'ih✓,'| = I

Complete basis:

Minimal truncation:
singlet triplet

` = 0
<latexit sha1_base64="rx/NVmF4V99PLsmAGPdBrpWlaWU="></latexit>

` = 1
<latexit sha1_base64="rqeYqy3CzJyROkqwD0bqGVbFjOQ="></latexit>

<latexit sha1_base64="b/qKqkSMrwxfAxN7SRVyOIhUWrg="></latexit>

|` = 1,mi,m = 0,±1
<latexit sha1_base64="nz/0EIG1yflAMMAaXiN8Ya4Gwp4="></latexit>

|` = 0,m = 0i

Two cubits per lattice site (n=2):
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I. INTRODUCTION

A quantitative understanding of quantum field theories pose
unique computational challenges that we must overcome in
order to be able to truly understand nature at a fundamen-
tal level [1, 2]. Currently, our understanding of these quan-
tum many body theories is mainly limited to perturbation the-
ory, and in a few cases involving equilibrium thermal aver-
ages, when sign problems can be solved quantum Monte Carlo
methods can become useful. However, in the vast number
of cases involving non-equilibrium processes and in partic-
ular when theories are strongly coupled the available com-
putational approaches are severely limited. One particularly
promising approach to overcome the computational bottle-
neck that has emerged as a possibility recently is quantum
computation [3]. Universal quantum computers with tens of
qubits already exist and it is very likely that more advanced
ones will begin to appear over the next decade. Anticipating
this possibility, the literature on approaches and algorithms for
using quantum computers to understand quantum many body
systems and quantum field theories has exploded in the recent
years [4–11].

A quantum field operator acts on a local Hilbert space at
every spatial site. While a fermionic field operator acts on a
local two dimensional Hilbert space, bosonic operators (that
describe scalar and gauge fields) are traditionally formulated
with an infinite dimensional Hilbert space even on a single
lattice site. The D-theory approach to quantum field theories
shows how one can formulate a variety of quantum field the-
ories containing both scalar and gauge fields also using lo-
cal finite dimensional Hilbert spaces while preserving all the
symmetries of the theory [12, 13]. Recently concrete realiza-
tions on quantum computers and simulators have also been
proposed [14]. Other ways of truncating the Hilbert space
while approximately preserving the symmetries are also being
explored in simple quantum field theories like the Schwinger
model [15–20].

In the D-theory approach one important way to restore the
infinite dimensional Hilbert space at every site, especially in
the presence of scalar and gauge fields, is the principle of di-
mensional reduction [21–23]. Thus, in order to study a d + 1
dimensional Euclidean quantum field theory one begins with a
d+1 dimensional quantum Hamiltonian which naturally leads
to a d+ 2 dimensional Euclidean quantum field theory. How-
ever, due to the principle of dimensional reduction one obtains

the d + 1 dimensional quantum field theory. In this work we
explore if dimensional reduction is always necessary. For ex-
ample, one may be able to use renormalization group ideas to
reach the fixed point that describes the relavant quantum field
theory. If this is possible, one may be able to construct a qubit
Hamiltonian directly in d dimensions to study a d+ 1 dimen-
sional Euclidean quantum field theory. We consider the O(3)
model to provide evidence for this possibility.

II. THE MODEL

Our model is constructed with two qubits ( or equivalently
a four dimensional Hilbert space ) per lattice site. It will be
convenient for us to choose the singlet |s, rir and the triplet
|m, ri, m = 0,±1 to label the four orthonormal basis states
the site r. The singlet will act like the Fock vacuum while the
triplets will carry the O(3) charge. The Hamiltonian of our
model is defined as a sum of two terms,

H = H1 +H2 (1)

where H1 is a sum over single site operators and H2 is a sum
over nearest neighbor operators. More explicitly,

H1 =
X

r

⇣
JtH

t

r � µHµ

r

⌘
, (2)

where Ht

r is a projection operator into the |mi states on the
site r,

Ht

r =
X

m

|m, rihm, r| (3)

and Hµ

r is the chemical potential term that enhances the |m =
1, ri states and is given by

Hµ

r =
X

m

m |m, rihm, r| (4)

On the other hand

H2 = �
X

hr,r0i

⇣
JhH

h

r,r0 + JpH
p

r,i

⌘
, (5)

where Hh

r,i and Hp

r,i are nearest neighbor bond opertors on the
link connecting the site r and r+ î where i = 1, 2.., d are the

A qubit realization of the O(3) sigma model

Hersh Singh and Shailesh Chandrasekharan1

1Department of Physics, Box 90305, Duke University, Durham, NC 27708, USA

We formulate the O(3) sigma model using two qubit per lattice site. We first show that the two dimensional
qubit Hamiltonian has a quantum critical point where the well known scale invariant physics of the three di-
mensional Wilson-Fisher fixed point is reproduced. We then provide evidence that asymptotic freedom of the
two dimensional O(3) model emerges in the one dimensional qubit model. Finally we show that free massive
bosons arise in the three dimensional qubit model.

PACS numbers: 71.10.Fd,02.70.Ss,11.30.Rd,05.30.Rt

I. INTRODUCTION

A quantitative understanding of quantum field theories pose
unique computational challenges that we must overcome in
order to be able to truly understand nature at a fundamen-
tal level [1, 2]. Currently, our understanding of these quan-
tum many body theories is mainly limited to perturbation the-
ory, and in a few cases involving equilibrium thermal aver-
ages, when sign problems can be solved quantum Monte Carlo
methods can become useful. However, in the vast number
of cases involving non-equilibrium processes and in partic-
ular when theories are strongly coupled the available com-
putational approaches are severely limited. One particularly
promising approach to overcome the computational bottle-
neck that has emerged as a possibility recently is quantum
computation [3]. Universal quantum computers with tens of
qubits already exist and it is very likely that more advanced
ones will begin to appear over the next decade. Anticipating
this possibility, the literature on approaches and algorithms for
using quantum computers to understand quantum many body
systems and quantum field theories has exploded in the recent
years [4–11].

A quantum field operator acts on a local Hilbert space at
every spatial site. While a fermionic field operator acts on a
local two dimensional Hilbert space, bosonic operators (that
describe scalar and gauge fields) are traditionally formulated
with an infinite dimensional Hilbert space even on a single
lattice site. The D-theory approach to quantum field theories
shows how one can formulate a variety of quantum field the-
ories containing both scalar and gauge fields also using lo-
cal finite dimensional Hilbert spaces while preserving all the
symmetries of the theory [12, 13]. Recently concrete realiza-
tions on quantum computers and simulators have also been
proposed [14]. Other ways of truncating the Hilbert space
while approximately preserving the symmetries are also being
explored in simple quantum field theories like the Schwinger
model [15–20].

In the D-theory approach one important way to restore the
infinite dimensional Hilbert space at every site, especially in
the presence of scalar and gauge fields, is the principle of di-
mensional reduction [21–23]. Thus, in order to study a d + 1
dimensional Euclidean quantum field theory one begins with a
d+1 dimensional quantum Hamiltonian which naturally leads
to a d+ 2 dimensional Euclidean quantum field theory. How-
ever, due to the principle of dimensional reduction one obtains

the d + 1 dimensional quantum field theory. In this work we
explore if dimensional reduction is always necessary. For ex-
ample, one may be able to use renormalization group ideas to
reach the fixed point that describes the relavant quantum field
theory. If this is possible, one may be able to construct a qubit
Hamiltonian directly in d dimensions to study a d+ 1 dimen-
sional Euclidean quantum field theory. We consider the O(3)
model to provide evidence for this possibility.

II. THE MODEL

Our model is constructed with two qubits ( or equivalently
a four dimensional Hilbert space ) per lattice site. It will be
convenient for us to choose the singlet |s, rir and the triplet
|m, ri, m = 0,±1 to label the four orthonormal basis states
the site r. The singlet will act like the Fock vacuum while the
triplets will carry the O(3) charge. The Hamiltonian of our
model is defined as a sum of two terms,

H = H1 +H2 (1)

where H1 is a sum over single site operators and H2 is a sum
over nearest neighbor operators. More explicitly,

H1 =
X

r

⇣
JtH

t

r � µHµ

r

⌘
, (2)

where Ht

r is a projection operator into the |mi states on the
site r,

Ht

r =
X

m

|m, rihm, r| (3)

and Hµ

r is the chemical potential term that enhances the |m =
1, ri states and is given by

Hµ

r =
X

m

m |m, rihm, r| (4)

On the other hand

H2 = �
X

hr,r0i

⇣
JhH

h

r,r0 + JpH
p

r,i

⌘
, (5)

where Hh

r,i and Hp

r,i are nearest neighbor bond opertors on the
link connecting the site r and r+ î where i = 1, 2.., d are the
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Qubit Regularization of the WF fixed point:

Two qubits per lattice site:
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2-Qubit Model: Loop Gas
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We can evaluate the trace in the singlet triplet representation
by inserting the complete set of states after every insertion of
the bond operator since it can be off diagonoal. This then
leads to a worldline configuration depicting the motion of
m = 0,±1 type particles in a Fock vacuum (s sites).

FIG. 2. Illustration of a worldline configuration in one spatial dimen-
sion. The sites with circles depict the Fock vacuum (singlets)

For convenience we also discretize time into LT equal parts
with temporal extent " (that is, "LT = �) and map the world-
line configuration on a space-time lattice. The partition func-
tion then takes the form

Z =
X

[s,m]

Y

hiji

Whiji (11)

where [s,m] [HS: Why this notation?] is a lattice worldline con-
figuration and Whiji are weights associated with all space-
time bonds hiji. The configuration [s,m] is made up of vac-
uum sites where no particles are moving and sites where one
particle of the type m = 0,±1 is moving. Thus, configu-
rations are made up of empty sites (vacuum) or world lines
(of particles) that form loops. Figure 2 is an illustration of
a worldline configuration in 1 + 1 dimensions. Particle world
lines are shown with lines on the bonds connecting lattice sites
and vacuum sites are depicted as sites with filled circles. Each
particle worldline is a loop, that may be directed (depicting
m = ±1 particles) or undirected (depicting m = 0 type par-
ticles). A temporal bond that contains a m = +1 (m = �1)
particle worldline moving through it is depicted by an arrow
pointing in the positive (negative) time direction. The weights
Whiji can be computed by looking at the configuration on the
bond hiji. If the bond hiji is empty, i.e., does not contain a

particle world line, then Whiji = 1, otherwise it depends on
whether the bond is along a spatial direction or a temporal di-
rection. For convenience we define three weights Ws = "J ,
Wt = e�"Jt and Wµ = emµ". If the bond contains a particle
worldline but is along the spatial direction then Whiji = Ws,
but if it is along the temporal direction then Whiji = WtWµ.
The latter term also depends on the m-charge of the particle
on the temporal bond.

FIG. 3. Illustration of a worldline configuration in one spatial dimen-
sion. The sites with circles depict the Fock vacuum (singlets)

In order to study the physics of our model and establish
that we do indeed reproduce the expected physics of the O(3)
sigma model we focus on four observables.

1. The first is the average density of vacuum sites v which
we define as

v =
1

Z
Tr

⇣ 1

Ld
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r

P s

r e
��H

⌘
(12)

In the space-time lattice formulation this turns out to be
just the denisity of vacuum sites and easily computed in
each [s,m] configuration.

2. The second observable is the average m-charge defined
as

hQi =
1

Z
Tr

⇣X

r

Qre
��H

⌘
. (13)

In each worldline configuration the m-charge Qr is a
conserved quantity and does not change in time and can
be easily computed. When µ = 0 we expect hQi = 0
due to the SO(3) symmetry. However, as µ increases
hQi will increase and cross 0.5 at a critical coupling
µc. In the massive phase when �, L ! 1 this critical
coupling gives the mass of the O(3) particles.

3. The third observable is the superfluid density ⇢s defined
as the O(3) conserved current susceptibility. One can
compute it using the conserved charge Qw along one of
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We can evaluate the trace in the singlet triplet representation
by inserting the complete set of states after every insertion of
the bond operator since it can be off diagonoal. This then
leads to a worldline configuration depicting the motion of
m = 0,±1 type particles in a Fock vacuum (s sites).

FIG. 2. Illustration of a worldline configuration in one spatial dimen-
sion. The sites with circles depict the Fock vacuum (singlets)

For convenience we also discretize time into LT equal parts
with temporal extent " (that is, "LT = �) and map the world-
line configuration on a space-time lattice. The partition func-
tion then takes the form

Z =
X

[s,m]

Y

hiji

Whiji (11)

where [s,m] [HS: Why this notation?] is a lattice worldline con-
figuration and Whiji are weights associated with all space-
time bonds hiji. The configuration [s,m] is made up of vac-
uum sites where no particles are moving and sites where one
particle of the type m = 0,±1 is moving. Thus, configu-
rations are made up of empty sites (vacuum) or world lines
(of particles) that form loops. Figure 2 is an illustration of
a worldline configuration in 1 + 1 dimensions. Particle world
lines are shown with lines on the bonds connecting lattice sites
and vacuum sites are depicted as sites with filled circles. Each
particle worldline is a loop, that may be directed (depicting
m = ±1 particles) or undirected (depicting m = 0 type par-
ticles). A temporal bond that contains a m = +1 (m = �1)
particle worldline moving through it is depicted by an arrow
pointing in the positive (negative) time direction. The weights
Whiji can be computed by looking at the configuration on the
bond hiji. If the bond hiji is empty, i.e., does not contain a

particle world line, then Whiji = 1, otherwise it depends on
whether the bond is along a spatial direction or a temporal di-
rection. For convenience we define three weights Ws = "J ,
Wt = e�"Jt and Wµ = emµ". If the bond contains a particle
worldline but is along the spatial direction then Whiji = Ws,
but if it is along the temporal direction then Whiji = WtWµ.
The latter term also depends on the m-charge of the particle
on the temporal bond.

FIG. 3. Illustration of a worldline configuration in one spatial dimen-
sion. The sites with circles depict the Fock vacuum (singlets)

In order to study the physics of our model and establish
that we do indeed reproduce the expected physics of the O(3)
sigma model we focus on four observables.

1. The first is the average density of vacuum sites v which
we define as

v =
1

Z
Tr

⇣ 1

Ld

X

r

P s

r e
��H

⌘
(12)

In the space-time lattice formulation this turns out to be
just the denisity of vacuum sites and easily computed in
each [s,m] configuration.

2. The second observable is the average m-charge defined
as

hQi =
1

Z
Tr

⇣X

r

Qre
��H

⌘
. (13)

In each worldline configuration the m-charge Qr is a
conserved quantity and does not change in time and can
be easily computed. When µ = 0 we expect hQi = 0
due to the SO(3) symmetry. However, as µ increases
hQi will increase and cross 0.5 at a critical coupling
µc. In the massive phase when �, L ! 1 this critical
coupling gives the mass of the O(3) particles.

3. The third observable is the superfluid density ⇢s defined
as the O(3) conserved current susceptibility. One can
compute it using the conserved charge Qw along one of

"
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lattice rotations. Thus, by setting " = 1 and exp(�"Jt) = "J
we are guaranteed that the quantum critical point obtained by
tuning J will indeed be relativistically invariant. We refer to
this as the relativistic limit of our qubit model.

From the perspective of a qubit formulation of quantum
field theories on a quantum computer, we are more interested
in the Hamiltonian limit where " vanishes. As stated above,
in this limit there is no symmetry between space and time and
it is more difficult to argue that we will recover relativistic in-
variance near the quantum critical point. However, given that
our model has a quantum critical point in the relativistic limit
it very likely that this critical point survives in the Hamiltonian
limit. We can in principle formulate an algorithm directly in
the time continuum limit (" ! 0) and study this limit by set-
ting J = 1 and varying � = Jt/J . However, for convenience
in this work we choose " = 0.1 in our computations and refer
to them as the Hamiltonian limit results.

FIG. 3. Illustration of a worldline configuration in one spatial dimen-
sion. The sites with circles depict the Fock vacuum (singlets)

V. OBSERVABLES

In order to study the physics of our model and establish
that we do indeed reproduce the expected physics of the O(3)
sigma model we focus on four observables.

1. The first is the average density of vacuum sites v which
we define as

v =
1

Z
Tr

⇣ 1

Ld

X

r

P s

r e
��H

⌘
(13)

In the space-time lattice formulation this turns out to be
just the denisity of vacuum sites and easily computed in
each [s,m] configuration.

2. The second observable is the average m-charge defined
as

hQi =
1

Z
Tr

⇣X

r

Qre
��H

⌘
. (14)

In each worldline configuration the m-charge Qr is a
conserved quantity and does not change in time and can
be easily computed. When µ = 0 we expect hQi = 0
due to the SO(3) symmetry. However, as µ increases
hQi will increase and cross 0.5 at a critical coupling
µc. In the massive phase when �, L ! 1 this critical
coupling gives the mass of the O(3) particles.

3. The third observable is the superfluid density ⇢s defined
as the O(3) conserved current susceptibility. One can
compute it using the conserved charge Qw along one of
the spatial directions for every worldline configuration,
using the formula

⇢s =
1

Ld�2�
hQ2

w
i, (15)

where the average is computed in the worldline formu-
lation.

4. Our final observable is the susceptibility of the two
point correlation function involving the creation and an-
nihilation of particles. This is given by

� =
1

ZLd

X

r,r0

Z
�

0
dt Tr

⇣
e�(��t)Har,me�tHa†r0,m

⌘

(16)

where a†r,m = |m, rihs, r| and ar,m = |s, rihm, r|.
Computing � is straight forward in the worldline ap-
proach using the worm algorithm since the worm up-
dates sample configurations with a creation and anni-
hilation event. One such configuration is illustrated in
Fig. 3.

VI. THE O(3) MODEL

The |mi (m = 0,±1) states transform in the fundamental
representation of O(3). We will show that our model has a
critical point at some � = �c, which we show to lie in the
O(3) universality class for d = 2, and the Gaussian [HS: is that
the correct word?] universality class for d = 3, as expected for
the continuum O(3) sigma model.

We study our qubit model in both the Relativistic and
Hamiltonian limits in d = 3 and 2 to show that we reproduce
the results expected from traditional models near the quantum
critical points.

A. d = 2

In d = 2 the main result to show is that we can reproduce
the physics of the Wilson-Fisher fixed point. This implies that
in the relativistic limit, near the quantum critical point we ex-
pect

⇢sL = f((J � Jc)L
1/⌫), (17)

�/L2�⌘ = g((J � Jc)L
1/⌫), (18)
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†
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FIG. 6. Results for the O(2) qubit model. Plots of ⇢sLd�1 and �/L
2�⌘ as a function of (J � Jc)L

1/⌫ (in the relativistic limit) and as a
function of (�� �c)L

1/⌫ (for the Hamiltonian limit) in d = 2, 3 dimensions. The black line shows a combined fit in each case assuming that
f(x) and g(x) in Eq. (21) can be approximated by a polynomial up to fourth order.

(1� �/�c)L
1/⌫
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" = 0.1

critical scaling

�L2�⌘ ⇠ f
�
(1� �/�c)L

1/⌫
�
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⌫ = 0.7113(11), ⌘ = 0.0378(6)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Pelisetto and Vicari Phys. Repts. (2002)

Results in the traditional model:
⌫ = 0.693(15), ⌘ = 0.038(26)
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Fit values in the qubit model:
�c = 4.81695(37)
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H. Singh and S.C., PRD 100, 054505 (2019).



Can we recover the Asymptotically free QFT with n=2?

Bruckmann, Jansen, Kuhn 
PRD 99, (2019) 074501.

Not with the qubit 
truncation approach.

What about with qubit 
regularization?

Buser, et. al., 2012.02153
Yes we can!

5

combination of (�, lmax, N) for several bond dimensions
D 2 [80, 160] and extrapolating to the limit D ! 1 (see
Appendix B for details on the extrapolation procedure).

In Fig. 1 we show the extrapolated results for the
ground-state energy density aE0/N for various values of
lmax and N . In general, we observe that the errors due to
the finite bond dimension in our simulation are negligible
and there is almost no dependence on the system size, as
the values for aE0/N for N = 40, 80 and 120 are essen-
tially identical. For the simplest nontrivial truncation,
lmax = 1, we see that the ground-state energy density
notably di↵ers from those obtained for larger values. In
contrast, there is hardly any di↵erence between the val-
ues obtained with lmax � 2, only for larger values of �
the results for lmax = 2 deviate slightly from those for
lmax = 3, 4.
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FIG. 1. Ground-state energy density as a function of � for
lmax = 1 (a), lmax = 2 (b), lmax = 3 (c), and lmax = 4 (d)
and system sizes N = 40 (blue dots), N = 80 (red trian-
gles) and N = 120 (green squares). The error bars from the
extrapolation in D are smaller than the markers.

While the ground-state energy density is fairly insen-
sitive to the truncation and does not show strong finite-
size e↵ects, the situation is noticeably di↵erent for the
energy gap. Figure 2 reveals that there is a significant
di↵erence between results for di↵erent truncations with
lmax  3, and only for the largest two values of lmax our
results are in agreement. Although finite-size e↵ects are
small for lmax = 1, 2, we see from Figs. 2(a) and 2(b)
that our numerical values for the gap in those cases are
not compatible with the asymptotic scaling predicted by
Eq. (6). These data rather seem to approach a constant
value as the slope decreases with increasing values for �.
On the contrary, for lmax = 3, 4 there are much stronger
finite-size e↵ects. While for all our system sizes the data
seem to enter the asymptotic scaling around � ⇡ 1.2 [66],
the ones for N = 40, 80 eventually start to deviate from
the theoretical prediction around � = 1.4. Only for our
largest system size, N = 120, we recover the asymptotic
scaling up to the largest value of � = 1.8 we study, as
can be seen in Figs. 2(c) and 2(d). In addition, we ob-

serve that in this case our error bars are growing as the
value of � increases. This is a direct consequence of the
asymptotic scaling: since the gap closes exponentially
with increasing � and we use the same range of D values
in all our simulations, the MPS approximations we ob-
tain are becoming progressively worse. Nonetheless, the
errors are reasonably small up to � = 1.6 and we reliably
recover the asymptotic scaling between 1.2  �  1.6.
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FIG. 2. Mass gap as a function of inverse coupling for lmax = 1
(a), lmax = 2 (b), lmax = 3 (c), and lmax = 4 (d) and system
sizes N = 40 (blue dots), N = 80 (red triangles) and N = 120
(green squares). The solid purple line shows the theoretical
prediction for the asymptotic scaling of the gap according to
Eq. (6).

B. Scaling of the entanglement entropy towards
the continuum limit

Taking advantage of the fact the we have easy access
to the entanglement entropy in the ground state, we can
also explore its scaling towards the continuum limit. Our
results for the gap show that only for our largest system
size the finite-size e↵ects are small enough that we re-
cover the asymptotic scaling regime over such a large
range of values for �. Hence, for the following we focus
on N = 120 and study the half-chain entropy and its
scaling as we approach the continuum limit. Our results
are shown in Fig. 3. For lmax = 3, 4 we clearly observe
an almost linear scaling for large �, as predicted in lead-

l=0,1 
(2-qubits)

l=0,1,2 
(4-qubits)

l=0,1,2,3 
(4-qubits) l=0,1,2,3,4

Asymptotically free Fixed Point



The Challenge of Asymptotic Freedom

Find the quantum critical point with a marginal coupling  
that captures the physical scales  

from the infrared (IR) to the ultraviolet (UV) correctly!

lattice spacing 
scale 

 (n-qubits)
physical 

UV length scales
physical 

IR length scale 
(mass gap)

<< <<

How can we study the various physical scales quantitatively?

Physics at all scales in this region are universal



Luscher, Wiesz and Wolff, Nucl.Phys.B 359 (1991) 221-243.

Universal Step Scaling Function

Define a dimensionless coupling through a finite size mass scale
<latexit sha1_base64="HRZcfSKou7rLtRFUb/Iri9kv1q0="></latexit>

u(L) = m(L) L
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u(sL) = �(s, u(L))

In an asymptotically free theory
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lim
u!1

�(s, u) = s u

Asymptotic form:Can compute it in perturbation theory:
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�(s, u)

Step Scaling function 
(universal)
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G (r, t) = h~�(r, t) ~�(0, 0)i
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Z
dd r dt G (r, t) e ip·r+i!t
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� = G̃0,0
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F = G̃2⇡/L,0
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⇠(L) =
1

2 sin(⇡/L)

r
�

F
� 1

We can also use correlation length instead of the mass gap.

Caracciolo, Edwards and Sokal,  
PRL 75, 1891 (1995).

Correlation length using the 
second moment definition is 
easy to compute
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u(2L)
<latexit sha1_base64="H9zN13+3eYV/fmDXaoH2gNwJjLE="></latexit>

=
2u

�(2, u)

Plot
<latexit sha1_base64="mUSHhsaJwB0fh71im7+WqH9tRHg="></latexit>

⇠(2L)

⇠(L)

<latexit sha1_base64="vssqhVFSD+VJXlEiA1u9JDWImr0="></latexit>

⇠(L)

L
vs.



0 0.2 0.4 0.6 0.8 1
j(L)/L

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

j(
2L
)/j
(L
)

Traditional

UV scales 
(perturbative)

IR scale

Intermediate   scale

SSF for the traditional O(3) model

Caracciolo, Edwards and Sokal,  
PRL 75, 1891 (1995).



Assuming the quantum critical point in the qubit model is 
relativistic, one has to tune inverse temperature β for every L so 
that <latexit sha1_base64="c81epRkO9iT/7ys0uAAwN7BTU6M="></latexit>

F = Ft

In a Hamiltonian approach this symmetry is lost.
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Ft = G̃0,2⇡/�
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F = G̃2⇡/L,0
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F 6= Ft

Sometimes we can take the “Lagrangian limit” and construct 
qubit space-time lattice models that have an in-built space-time 
rotation symmetry!

Lagrangian vs. Hamiltonian

Traditional Model is in the Lagrangian approach. 

Symmetric under space-time rotations!



Example: 2-Qubit Loop Gas
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by
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We can evaluate the trace in the singlet triplet representation
by inserting the complete set of states after every insertion of
the bond operator since it can be off diagonoal. This then
leads to a worldline configuration depicting the motion of
m = 0,±1 type particles in a Fock vacuum (s sites).

FIG. 2. Illustration of a worldline configuration in one spatial dimen-
sion. The sites with circles depict the Fock vacuum (singlets)

For convenience we also discretize time into LT equal parts
with temporal extent " (that is, "LT = �) and map the world-
line configuration on a space-time lattice. The partition func-
tion then takes the form

Z =
X

[s,m]

Y

hiji

Whiji (11)

where [s,m] [HS: Why this notation?] is a lattice worldline con-
figuration and Whiji are weights associated with all space-
time bonds hiji. The configuration [s,m] is made up of vac-
uum sites where no particles are moving and sites where one
particle of the type m = 0,±1 is moving. Thus, configu-
rations are made up of empty sites (vacuum) or world lines
(of particles) that form loops. Figure 2 is an illustration of
a worldline configuration in 1 + 1 dimensions. Particle world
lines are shown with lines on the bonds connecting lattice sites
and vacuum sites are depicted as sites with filled circles. Each
particle worldline is a loop, that may be directed (depicting
m = ±1 particles) or undirected (depicting m = 0 type par-
ticles). A temporal bond that contains a m = +1 (m = �1)
particle worldline moving through it is depicted by an arrow
pointing in the positive (negative) time direction. The weights
Whiji can be computed by looking at the configuration on the
bond hiji. If the bond hiji is empty, i.e., does not contain a

particle world line, then Whiji = 1, otherwise it depends on
whether the bond is along a spatial direction or a temporal di-
rection. For convenience we define three weights Ws = "J ,
Wt = e�"Jt and Wµ = emµ". If the bond contains a particle
worldline but is along the spatial direction then Whiji = Ws,
but if it is along the temporal direction then Whiji = WtWµ.
The latter term also depends on the m-charge of the particle
on the temporal bond.

FIG. 3. Illustration of a worldline configuration in one spatial dimen-
sion. The sites with circles depict the Fock vacuum (singlets)

In order to study the physics of our model and establish
that we do indeed reproduce the expected physics of the O(3)
sigma model we focus on four observables.

1. The first is the average density of vacuum sites v which
we define as

v =
1

Z
Tr

⇣ 1

Ld

X

r

P s

r e
��H

⌘
(12)

In the space-time lattice formulation this turns out to be
just the denisity of vacuum sites and easily computed in
each [s,m] configuration.

2. The second observable is the average m-charge defined
as

hQi =
1

Z
Tr

⇣X

r

Qre
��H

⌘
. (13)

In each worldline configuration the m-charge Qr is a
conserved quantity and does not change in time and can
be easily computed. When µ = 0 we expect hQi = 0
due to the SO(3) symmetry. However, as µ increases
hQi will increase and cross 0.5 at a critical coupling
µc. In the massive phase when �, L ! 1 this critical
coupling gives the mass of the O(3) particles.

3. The third observable is the superfluid density ⇢s defined
as the O(3) conserved current susceptibility. One can
compute it using the conserved charge Qw along one of

"
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s = "Jp
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2-Qubit loop gas with an additional coupling

<latexit sha1_base64="UynibDYmnG2yFRuvJt4GwQ2Z2v0="></latexit>

W

<latexit sha1_base64="aZ5vLoLLGDk1feEwb5pldon7E4I="></latexit>

W⇥

The symmetries of the model do not change!



Method: Worldline Monte Carlo Lattice sizes: L= 24,…,512

SSF for the 2-qubit loop gas

Results: some (not-so-successful) attempts
Naive attempt: use the qubit models that worked in �d and �d

• Add diagonal bonds as well
• ⇠(L)/L saturates =) Low-energy EFT with a finite cuto�, but not a continuum QFT
• Neidermeyer, Wol� (����) studied a similar model

�� / ��

we could not 
access the UV limit 
with these models!



Exploring more 2-Qubit Models

Phase A: Ground state dominated by spin-singlets, 
while spin triplet excitations are massive.

Phase B: Spin triplets dominate and form a ferromagnet.

Phase C: Local spin triplets form spin singlet dimers on bonds 
and break translation invariance spontaneously.

Phase D: Local spin triplets form a massive topological 
phase, called Haldane phase!

Phase E: critical phase where long distance physics is described 
by a k=1 SU(3) WZW model.

Goal: Explore quantum critical points connected to phase A

main phase 
of interest



General 2-qubit model: “quantum spin-half ladders”.

qubit-1

qubit-2

x x+1

<latexit sha1_base64="R3KIqM4/OO9Y2PYngshI7n1LU5M="></latexit>

H =
X

(x ,a),(y ,b)

J(x ,a),(y ,b) S
a
x · Sb

y



Computing the correlation length
<latexit sha1_base64="1noRrNNRbxqTcTpZLPj22VwHuSY="></latexit>

Gk,! =
1

Z

Z
dt

X

x

Tr
⇣
O(x , t) O(0, 0)e��H

⌘
e i2⇡kx/L+i2⇡!t/�

<latexit sha1_base64="5TpNOMj+TByDoaOI64lExVqgRNs="></latexit>

� = G0,0, F = G1,0,Ft = G0,1

<latexit sha1_base64="c81epRkO9iT/7ys0uAAwN7BTU6M="></latexit>

F = FtWe tune β and L so that we obtain
<latexit sha1_base64="QkutngrKsx8nCgCJY1PsZUHT/+0="></latexit>

⇠(L) =
1

2 sin(⇡/L)

r
�

F
� 1



<latexit sha1_base64="ukV1Qxfm0atVH4qTJSgHwVxSMII="></latexit>

H =
X

x

J1 Sx ,1 · Sx ,1 + J2 Sx ,2 · Sx ,2 + Jp Sx ,1 · Sx ,2

x x+1

qubit-1

qubit-2

J1

J2

Jp Jp

<latexit sha1_base64="rgVON7eAs9zc0GLeAxsBeem5v3E="></latexit>

Jp ! 0

Quantum Critical Point:

Symmetric Ladder:
<latexit sha1_base64="5JOjIZymvQNBaboda8XC6rQwbvI="></latexit>

J1 = J2 = 1
<latexit sha1_base64="oIsa/cbWAvnlkBOK9lEcM2+bbuM="></latexit>

J1 = 1, J2 = 0.5

Assymmetric Ladder:

Spin-Ladders

<latexit sha1_base64="ZJ16mJgQdkE2Ccibhx6KdSeQlmo="></latexit>

Jp 6= 0

Mass gap generated when
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Tuning β as a function of L to obtain
<latexit sha1_base64="c81epRkO9iT/7ys0uAAwN7BTU6M="></latexit>

F = Ft
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Step scaling function



<latexit sha1_base64="GinEH8TgKppt/Ak4qQW/XvfGKrI="></latexit>

H =
X

x

J Sx ,1 · Sx ,1 + Sx ,1 · Sx ,2

Quantum Critical Point: 
<latexit sha1_base64="SglW/vq5p5EMKXa/3ayoDbBttWA="></latexit>

J ! 1

Heisenberg-Comb

qubit-1

qubit-2

x x+1
J J J J J

Jp = 1



Tuning β as a function of L to obtain
<latexit sha1_base64="c81epRkO9iT/7ys0uAAwN7BTU6M="></latexit>

F = Ft
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Results: Heisenberg comb

Indeed, the step scaling function is reproduced for L > Lmin(J)!
�� / ��

Lattice 
sizes: L=24,

Step scaling function



Results: Heisenberg comb

Indeed, the step scaling function is reproduced for L > Lmin(J)!
�� / ��

Observations:

For L < Lmin we do 
not see scaling

Lmin grows with J

Lmin is the UV scale

Infinite L correlation length
<latexit sha1_base64="gMncG+29TmzmICU5it9ENOAMz2w="></latexit>

lim
L!1

⇠(L) = ⇠1



Here we showed that we can reproduce continuum two-dimensional 
O(3) non-linear sigma models with just 2-qubits! 

Question: What is the smallest number of qubits per lattice site 
necessary to reproduce the original QFT?

Qubit Regularization is a useful idea in the study of QFTs using 
quantum computation. 

Conclusions

The d-theory approach is a subset of the more general idea of 
qubit regularization.

Asymptotic freedom can also be reproduced!


