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Take away message :

*Firstmotivated" conjectures " and "

CRG ! (ites)
* Next he gave a proof of CRG using bound on chaos

.

* After that he started checking which interaction

satisfies this CRG ? That needs a full classification of
5-matrix .

It was done with gradation in momenta .

* One can do another classification at the Lagrangian
level with derivative gradation , which has one to one

correspondence with S - matrix list .

* These two classifications are indeed isomorphic .

* Result : If any 5- matrix violates
'

CRG
'

then the

Cortes ponding Lagrangian is disallowed
.

For Df 6 , only Einstein term survives ! 2137



Mani
1. Classification of Lagrangians

(Plythestic Counting)
2. Enumeration of Bare Module

3. Time Ordering in chaos Bound
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Classification of Lagrangian
(Plythestic Counting)
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Ad_eÉM :

L = 'zx_2- 1-2×2 + if it - ÑY .

It = apstapgtaftaf
Vac : It to> = 0107--0-107=0

States : lXB.rDE@Btjnlo7lXf.m> = @ B+ )maÉ 107

Partition for : E. (a) = TrxH= 1 + (xtÑtx3t . - . ) + (xtxZtx3+ . - -7

Vac bosons fermions

= !¥g x=éB

A very well known result .
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Atrick-tocalculatethesame-r.NO
te : This trick is exclusive to free theory .

* The spectrum is generated by action of all the creation operators
on the vac

, 107 .

* These operators commute and act independently .

* It is convenient to compute the partition fn over
"

single letters
"

i.e.

on the state with a single particle .

Named as
"

s-ingle-ktepE.ME
"

zoo

* Useful to compute it for bosons and fermions separately .
(denoted by 2-BED and Zflx) )

& In our example only one bosonic and one fermionic creation
operator .

2-Ge) = 2-Bae ) + Zfcx)
ZB (N) = Tr

bosonic letters
✗
"

= ✗

ZF (K) = Trferm ionic letters
NH = ✗
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* The partition fr over bosonic multi particle states is obtained by ,

2-BED = x →÷ I ZB.tk) i Zptr) = ✗→(11-2)=-2, Ftse)

Full partition 2. = ZBZ, = ltx-y.se(matches with previous
calculation)

@I )n(aT⇒m m -0,1 n=0i1,2
ZB correspond to sum over#states obtained by acting with

any no . of bosonic creation operators .

ZF correspond to state with no fermion and a single fermion .

* If theory has multiple types of creation operators , single letter
partition fn÷ would have more terms

.

* To compute the full partition fe
.

replace the single letter to
multiparticle and then take the product .

Called as
"

Plethystic exponentiation
"

i.e.PE .
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Definition :

PE [ foe ;)] = exp[ 2¥
,

In f- Gein) ] ; PE~ffcni5-exp-L-n-E.fi#fGeiD]
↳ xn

Then ,

%Btr) = PE [ 2-Bae)] , ZFCK, f) = PE~ [2-1--12,1-1]
,

I = ZB'Zf

check : ZpfD=PE[a] = exp [ ⇐ ¥ ] = exp f- log (ta)] = ÷
I. foe)=PE~[a] = exp [- ⇐ I-II ] = exp [ log (Hr)) = Ita

.

⇒ Z : ZBZF =
1+1 2-Btr) -- N
1-N

Advantag.es?-
2-else) = se

* one can calculate it individually for each fields ,
then multiply it later to get the file partition fig .
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Vsethistrickforcrlobalsymmetry:
consider

, 1=1-21%12 - 1-zlxif-iv-iiti-VT.it; i = 1 . . .
N

Symmetry : 5012N) .

Corresponding interacting theory ( preserving SUSY )

1=1-21%12 - 1213¥12 + ix. Ii - ??÷;EY;
* free theory : W = trip

.

Using our new trick , the free theory has
,

2N bosonic creation operators apt
,
;

and 2N fermionic creation operators aft;
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This means ,

2-Btr) = 2N x ZF (a) = 2N x Note
,

Zpfkn)= 2N sen⇒ PE [2ND = exp [ ÷ ¥" ] = ¥2m
ÑE [2N if = exp [-É?← 2N an] = 11 + se)2N

⇒ Zoe) = (LIF )
"

This matches with the expected
answer

.

Sometimes it is convenient to keep track of chemical potentials
other than the fugacity .

Now we will calculate,

I Ge , ai) = Tr xHaiJi i = 1
, .

. .IN

Ji:É 10137



* Boson transform in fundamental rep# of 5012N) .

⇒ 2-Bcx ,ai ) = a (ai + at
,
+ . . . + aµtaµ ) = a ✗fund (ai)

✗
fund
(ai ) : character of the fundamental rep? .

ZBCN) = PE [ 2-Bohai )] = e×p[§=
,

h-ZBCxh.at ))
so

= exp -1¥
,
# Caitlyn + -

. . + a ,i + Inn )]
= exp f- hog ( 1- na , ) - log 4- ¥) - - . - . - logo - sean)

- log a- 4am)]
N

ZB (n) = IT1-
i=l ( 1- xai) ( 1- ÷) 11/37



Similarly ,

and Ze Ge ,ai) = a Cata
,

+ - - - tan tan)
N

Zflxiai) =ÑÉ-zflmaiD=¥
,

( itnai) ( it ÷)

⇒ nail :# ¥::¥:¥→
Check : if ai =L fi then

, Zoe , ai
-

- 1) = (1T¥]
"

we can computeAdvantageofkeepingtrackotcartanchar9.es#
partition fry over states

with a given report of global symmetry . This uses orthogonality

fwy §Ñdai_ Oca;) Xp (ai) Xpilai ) = ERR '
i=1 217 i ai

N : rank of the group .

IWI : cardinality of the associated Weyl group .

Ola:) : Van -der- Monde determinant. 12137



projecliypauE-aini.sc
, projection onto states with given rep? ,

Zoe,ai) / p
= fwy § Ñ dai-ocaiJZ.fr,ai) Xp (ai)f- I 217 i ai

Particularly to project to the singlet, we have to use

the following reduced formula , with ✗
singlet

=L

Z trail ,
= Fw, §

Ñ dai-ocaiiz.cn,a ;)
f- 1 217 i ai

f-

Reference : A very good review for this plylhestic counting
used to calculate SUSY Index is

,

2006
.
13630 ,

A. Gadde
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I-mpkmenta-imofthistrick-O-mgoaI.vewill count no . of independent local Lagrangian s
* quartic in Q
• graded by no . of derivatives .
* upto equation of motion

. 229=0 .

The space of such operators for scalars is spanned by ,

2min, . . -2m19 ,
for 1=0,1 , . . . . Subjected to 2µW9=0 .

This has so (D) symmetry with only bosons . So
, we will directly

write the answer from previous study that ,

is (n , a;) = To x°a¥ =

? 1- = thai)

?¥i( 1-nai) 4-Nai)
This answer is not exactly correct . Two reasons ,

* Previous calculation was done for 501210) symmetry i. e. when
D. is even . For odd D formula changes a bit but not
significantly . 14137



* such operators are generated by acting with an arbitrary no . of
derivatives on 22g , so their partition fr

.
.

is
,

x2 ID Ge , ai)
we need to subtract this part an°d^Ée"g%t,%%⑧#
is (Rai) = ( 1-x2) Doe , ai)

Till now we kept track of cartons of so (D) bcz . we will eventually
need to project polynomials built out of scalar letters to the space
of SO (D) singlets below .

Now we will construct all possible Lagrangian and then we will

subtract out the total derivatives .

M¥Hehparhfun±m :

É this"'ve , a) = exp [ É
,

¥ is cnn.at)]
k=1

is (nai) : K- letter partition fn÷ Note
,
is" = is
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4- letter partition fry
.

:

is" (ma ) = Iq [ is
"
Cn,a) + Gisela,a) is tie?a7t3is4x?a7t8istr,a) istr?a3)t6isGeYaY]

⇐

This includes operators which are total derivative and they should be
excluded

.

Totalderivativee-u.in:

In CFT language , this means we only wa!?%imay)
scalar quartic operators .

Assuming $ null states , if the character of conformal primary is
Pen, a) then the character over its entire multiple is given
by Pln ,a) Dtr,a) . -

since,ÉÉds÷É
"

contribution coming from the tower of
derivatives .

So
,
the final answer i.e- polynomials of 219 , modulo total

derivatives is given by

is" (Ba)/☐ (n ,a) 16137



This gives counts for all indexed structures
.

To project onto
so (D) scalars / singlets we need to integrate over the Cartan

chemical potentials .

☐µ
In,ai)I? (n) : = § IT daihlai) pcn.ATi=l

This integral is hard to do analytically but numerical integration
easily generalizes to

dimerscalarpartitionf.at
> 4 D D=1-

-

(1-✗4) ( 1-✗G)
D= 3 (1+29) D

D= 2 ( 1- ✗G) D

This counts both parity even and odd
.

Thesingleklterpartitionfn.forscalarcanbethonghtofaf.sc
n
,ai) = It n ✗☐

+ x2 ✗☒ + x3X,⇒ + .
- - -

to

represent spin 1
"

spin 2 s¥in3
of SO (D)

Xp (ai) is the character of rep? R of SOLD)
.

17/37



Plythestic for Photon :---

Basista : act derivatives on Fµv

subject to 2mFµv=O . Equation of motion .

2[pFµv]=0 Bianchi Identity .

and (2M2µ)Fg✗=0 photon has null momenta

Fmv :
, 2[pFµy : ③ 2pFµv : Lt

,
- . - . .

one derivative on Fµv :

-É④☒=☒⑦⑤
↳ Equation of motion .=o

↳ This is the Bianchi identity =o
18/37



Action of another derivative :

É☐=]→④☒É§④☐④☐ .
:

w

o ÷
. . .

! ↳
jugal 1=0( ↳

w

Bitanchi 2MFµv=0
To
:[2,23=0

It can be shown that the only photon structure that survives
are ,

☐_Ñ
tÉÑ : there can be only one derivative antisymmetric
with polarization , others have to be sym . since [2,23=0
and we get,

ivtx, a) = se ✗ 1- x2 Xp] + x3 ✗☒ + . . - .
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First term is Fmv has one derivative ⇒ se

2nd term is @Fg, + 2gFµ, +2>Fqu) has 2 derivatives ⇒ x2

:

all of them has coefficient 1 Since there are only one structure

at each derivative order .

* These are precisely the reports of vector spherical harmonics .

Now we will do this ivcn.at sum , XR,④Rz=XR,'*
Til now we know ,

is Ghai) = 1 + n ✗ ☐
+ x2 ✗

☒
+ x3 ✗

☒
+ XGX

,#
+ . - -

ivcx , ai) = ✗④ + x2 ✗
☒
+ x3Xy + x4X,,⇐ + . - -

mai- (1- x2) D ca ,ai) t④_☐=☐④D-①•=_
Note , is Ghai) (NX☐) = (se ✗ ☐) (1 + n ✗ ☐

+ x2 ✗
☐
+ is ✗

☒
+ x4X

,#
+ . . -)

= n✗ ☐
+x2✗☒t# +se4rx_i-r.tn2tx3Xotx4Xgtze5X@t.r - .

+ x2 ✗ the} ✗
☒
+ x4X☐→ + . - i - 20/37



first line : traceless symmetrised product .
2nd line : taking the trace .

3rd line : antisymmetric product .

⇒ is Chai) (xX☐ ) = ( is (nai)- 1) + x2 is Ghai) + xivcx,ai)

=) Iucn,ai) =£[ sell -22)X☐ - ( 1- x4)] Doe,ai) + In .

Note , ✗
☐
cant easily calculated from Taylorpnsion of istxai) .

-
I R ,Rµv=0

For graviton , constraints are
,

⇒ *i. Irma.
:ÉÉi%

-

2MRµvap=0 EOM

↳ Ricci scalar =o↳
Ricci tensor =o↳

Weyl tensor -
a similar procedure gives , on - shell

x2 it CR,ai) = [sell -22)(1tX☐) - x( 1-✗4)X☐]D(n , a;) + x2④txX☐
- - =

-
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* Now we have the
"

single letter partition fig
"

. for scalar ,

photon and graviton .

* Next we have to calculate the 4- letter partition
fry

.

.

0 Then deride by a factor to subtract the total
derivative terms .

* After that integrate over the Harr measure to
project to singlets i.e. to construct scalar

Lagrangian s .

µ , man , ,www.g.mn, an,

}
the results are shown in 3rd lecture

.

pyreisxty.to 22137



Partition fig for photon is
,

D=1--dimension
- photonpartitionf-n.CI-✗4)G-xD
d> 10 x4 (2+321-2×4)⑧
D= 9 sell (2+3×2+224)@ -25 (a miscount ? !)
i ÷{

D= z x4(itx2+n5- ✗6) D

Pletnystic counting proceded in three

Step 1 : computed the partition fee built out of g. letters [Gauge
in"]+ On-shell

step 2 : subtracted the total derivatives by division of ID of step 1 .

Step 3 : Integrate step 2 Over SOCD) to isolate SOLD] singlets .

In D= 9 step 2 has a mistake in assuming that there is no
null state . But this is wrong and

= * ÉAÉAÉAÉ is an identically conserved current .

⇒=O ( has total 5 am's)
⇒ we need to subtract④ from the answer.
- o- 23/37



This gives a way to count and list all possible 4-pt interactions
graded with derivative .

Enumeration of Bare Module

Similarly one can count no . of S -matrix structure constructed from
Maldemstam variables

.
The authors have shown a very explicit

one - to - one urination b/w these two lists .
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Here we will roughly state how the s -matrix are constructed
.

You have seen this in previous lecture .

scalarsi.ffn.ae
.
of only momenta . i.e.( s ,t) Utt 1-5=0

Parity odd 5-matrix are given by Earp Pimpin times fat]
.

Note
,
it is only valid in D= 3 .

You have seen
, 5%2×02,2 = 53

212×02%2 keeps 4. t.nl invariant .

So
,
S3 is the only non-trivial part.

Action of S3 on polynomial of (SA) is best realised as

permutation of (sit
,
u) subjected to tt+

↳µ,



SIIvariantmbmn.EE#m-antisymdegree-
0 I

1 Stttu
,

2s- t- u ,
2T - S - u

no ~ S not

z sz+tz+u?st+tu+# zszp-uz.ztzsz.uawww.zyu.gg .

3 3 sym 3 mixed It truths -stitch
- us?

It is useful to count all polynomials by their rep.IS into

a partition fig .

2- (x) := Trx
"
= ÷g .

( Ignoring the constraint
stttu :o)

0 : momentum homogeneity .

Étk) i-Zno-sym-ztxPZ~y.sn.fr)= to 2-Gip -1-122-(202-62) 1-1-32-63)

(using multi
- letter partition #)
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£2m (a) =Z~CD-Z%CD-I.at#v-RZ~.pCn)--Inp(m)x2m
nR(m) : no of Sz rep? of

m type R at degree m.

Till now we have not removed the condition stttu --0
.

That can be done very easily .
We also did it before .

polynomials we don't want have the form

f- (sit) ✗ (Stttu)

which has partition#ÉÉp(x) which should be subtracted

⇒ Zp (n) = (1-22)%12 (a)
Here zp.cn) denotes the partition fig over polynomials in the

rep? R with the constraint stt+u=o .
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Using these
,
similar way one can calculate the following

partition fess

21s (x) =D , Zgacn)= n°0 , 32µW =(x2+x4)D

D=(÷
check Zig (n) = f- zcnjs + Izzcn) 2- (x2) +1-32-123)
where 2- in)=¥

⇒ Zyla)=(tx7[÷÷z+÷¥⇒-+3¥]
= b-¥2-12¥ -131%+54) ( Hrw )

= ¥%6J ) =@
28137



Anotherway, :

Is rep.ru. polynomials ooze
, (s2tt2+u2)mStu)

"

ÉtebyÑi t

single letter
"
another single letter

-2 = ✗
4

2-(g) = ✗
6

Z
,
= PEGGED = ÷g Zz : PEEZGD]=÷g

⇒ Total partition fry
.

. 2,5-2,22=4*1%5
1A rep?. polynomials are of the form ,

ttu+uttt2u) ( s2+t2+u3m(stun

(since only one structure)
⇒ z±=w
:
"

etc .

÷o÷÷%
.



Enumerationofphotonbaremoduki.huhave seen decomposition of photon polarizations
into parallel and perpendicular to the scattering plane .

The stabilizer group of the scattering process is SOLD -3) .

Under SOCD - 3) , the polarization of photon takes value in
the space f = ( stor )

scatter & ↳ Vector under SOLD-3)
.

So
,

4- photon scattering space is
,

(s⑦v)④4 /
212×0272

i. e. projected to 212×0212 .

A very well known formula for this projection is
,

* tezxzz
,

=P
"
-0-31525×0 Ns)

(previously proved in a very sophisticated way .)
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A-physicsiproofofsotlzzxz.z-p4-o-3ls.ae/ONf?o--7
Consider a

'

single particle partition f÷
'

.

Trp (Fai
" ) = Flit -1daL

"

Ii> = 2- (ai)

Now consider a
'

two identical particle partition fig
'

,

Decompose Tinto two parts 5h5 and off .

Tree ( Fla?i ) = -2 Ci , izKTmamJm) (1+1%22) ii. iz> = Z4ai)z+Z(ai7_
Tray (Tai = ÉKqaI)-PiT=Z4ai)z→la

i
, iz

where we have used the fact,

{ iiizl ( guaman ) Paz, Iiib> = { iiizl-mam-mlizip-oii.is { it Tlmlañmlii
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Next consider
,
the Hilbert space 5 of four distinguishable

particles ,

Trgxoa ( I. aim ) = I < iiziziul-mam-mliiiziz.in> = 2-9am)
i. iziziu

Now we want to project to 212×0222 ,

⇒ Trp④ 41
,,④z,
(Earth ) = [ ( iiizizinltmam (1+42143)+12,34121+74321=1 / iiyiziu)

iiiz
ii. in

= 4-[ f. iiiziziuloi / iii. i> in> + (iiziziula-liziiiuiigi.is
iziutfiiizir.in/aJ1iziui,iz)tfiiiziziu/aJ1iyiziziD)

1st term : -24 (a) we checked .

2nd term : I 8iizoiziyfiiizllay-li.is) = 2-264
iiziziu

3rd term : I diiizoriziy . . . . . = ZZ(a)
iiziziy 32/37



⇒ ¥041
, ,④z ,
(afi) =

Z-4ai-32-4aiy-zyaij-zf-4ail-3.la?)-)x(z4ai)-zZlai4-)
w un

Trpxouloi) Trsz, _rµg(aTÑ
⇒ TY④4µ④z,(Fai

" )=Trg④u(Fai
") - 3-hgyt.la?i)Trayl7aiY

so
,
the partition f÷ matches exactly in both sides of

#" |zz④z,z = f④
"
- 354×0^25
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Time Ordering in chaos Bound
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Bound on Chaos: Review

• Statement: Out of time order thermal four-point function in a

large N theory cannot grow faster with time than e
2⇡t

� where � is
the inverse temperature of the ensemble.

• In Appendix A of the same paper, the authors explained that, in
the special case of conformal large N field theories, their bound
also constrains the growth of ordinary time-ordered correlators in
the Regge limit on the Causally Regge sheet.

• Large N CFT in Euclidean ) ‘angular quantization’ (i.e., angular
coordinate ✓ is Euclidean time and radial coordinate r is space) )
✓ is periodic with periodicity 2⇡. ) The theory in this
quantization is e↵ectively thermal with � = 2⇡.

56/44
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Bound on Chaos: Review

• In the angular quantization the path integral computes,

Gnorm =
hO1O4O2O3i

hO2O1ihO4O3i

(ordered in ✓)

Operators r ✓
O3 1 0
O2 x (< 1) i(⌧ � i✏)
O4 1 ⇡
O1 x ⇡ + i(⌧ � i✏)

• Gnorm have a simple representation in the quantization of the
same theory in usual Minkowski time (in the plane R1,1 obtained
by starting with the plane R2 and performing the usual analytic
continuation to go to R1,1)
• Operators O2 and O1 which are both inserted at Rindler time
⌧ � i✏ are respectively inserted at Minkowski time

tM = ±x sinh(⌧ � i✏) ' ±x sinh ⌧ ⌥ i✏ =) O2 > O1

for O3&O4, tM = 0 =) O2 > (O4&O3) > O1

• Reason: Euclidean (xE , tE ) ⌘ (rcos✓, r sin ✓) &
tM = �i tE = �i r sin ✓

57/44
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Bound on Chaos

• In Minkowski space, the normalized correlator takes the form,

Gnorm =
hB(⌧)O2(x , x)B�1(⌧)O4(�1,�1)O3(1, 1)B(⌧)O1(�x ,�x)B�1(⌧)i

hB(⌧)O2(x , x)B�1(⌧)B(⌧)O1(�x ,�x)B�1(⌧)ihO4(�1,�1)O3(1, 1)i

B(⌧): boost operator by rapidity ⌧ .
• Operator Om with weight under boost �m follows

B(⌧)O2(x , x)B
�1(⌧) = e�2⌧O2(xe

�⌧ , xe⌧ )

B(⌧)O1(�x ,�x)B�1(⌧) = e�1⌧O1(�xe�⌧ ,�xe⌧ )

The normalized four point function simplifies to,

Gnorm =
hO2(xe�⌧ , xe⌧ )O4(�1,�1)O3(1, 1)O1(�xe�⌧ ,�xe⌧ )i

hO2(xe�⌧ , xe⌧ )O1(�xe�⌧ ,�xe⌧ )ihO4(�1,�1)O3(1, 1)i

Note: For large enough ⌧ it is in Causally Regge sheet and

� = 4e�⌧

58/44
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'

÷÷÷÷;÷¥É⇒Ein :

na : occupation no .

I 12 e-
BK F-

✗
Ea : energy of level

a

{ no}
[ unconstrained sum ]

= IT I e- P" Ed = -1L ¥pE)✗ {na}

F-
✗
= tw(✗+ E) a- a Then ,
a

=n¥¥¥ = e- In toga
- e- PEN )

= e
É

,

:-(e- BE)
"
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