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The Kondo model was introduced to describe the behavior
of impurities of transition metal ions (e.g. Mn) in simple met-
als (e.g. Cu). It was observed that the impurity ion acquires a
local magnetic moment which interacts non-trivially with the
host conduction electrons. More recently, similar models have
also been used to describe small quantum dots coupled to mo-
bile electrons in leads. The importance of the Kondo model
in condensed matter physics rests on its central role in the de-
velopment of our understanding of the consequences of strong

interactions in metals.

I. RESONANT LEVEL MODEL
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FIG. 1. Resonant level model of free electrons: conduction electrons
Co hybridize with a localized d, state with amplitude w. The cq,
move on a d > 1 dimensional lattice, although only one dimension

is shown.

We begin by a simple model of non-interacting electrons on

a lattice with a single impurity (see Fig. 1)
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The ¢y, are the conduction electrons with dispersion ¢y in a
perfect lattice. They scatter off an additional impurity atom
at the origin of spatial co-ordinates, and the electron on the im-
purity atom is represented by d,. The scattering is represented
by the tunneling matrix element w between the impurity atom

and the lattice site at the origin, with

~—

1
Con = —— Cka - 2
" (



w w w w
L 2 L > L L
d k; d ko d
w w w w
@ @ > L @
k d k; d p

FIG. 2. Feynman diagrams for G44 and the conduction electrons.

This is a model of non-interacting electrons, and despite the
lack of translational invariance, it is not difficult to solve it
exactly. We can sum all the Feynman diagrams in powers of
w, as shown in Fig. 2, and obtain the Green’s function of the

d electron
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where d(¢) is the single spin density of states of the conduction
electrons. We approximate the density of states by its value of
the Fermi level, d(0), and absorb the real part of the integral
over ¢ into a renormalization of £;. Then we obtain the final

answer
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where
I = rw?d(0) . (5)

The density of electronic states on the d site is now seen to be
Lorentzian of width I’

1 .
pa(w) = —;Im Gaa(w +in)
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This is the resonant level: the d electron is mostly on the d site
with energy 4, but it has a lifetime of 1/T"; as it can ‘decay’
by coherent tunneling into the conduction band. The quotes
around decay, indicate that this is not an incoherent decay in-

volving exchange of energy with other electrons, and the single
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particle eigenstates of Hgp s are infinitely long lived, albeit on
plane waves.

We can also obtain the conduction electron Green’s function,
which is now not diagonal in k:

' B Ok.p w? Glaq(iwy)
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With these expressions, we can establish a nice result for the
change in the electron density due to the presence of the d level,
which is reminiscent of the Luttinger relation for a Fermi liquid.
In the present context, this relation is often called the Friedel
sum rule, when expressed in terms of the phase shift of the
scattering of the conduction electrons from the impurity; the
connection to the Luttinger relation will be further explored in
Section V B. The change in the electron density (with a factor
of 2 for spin) is

= 2/ 2—zd—ln (G aaliw)] €0
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The expression (8) is exact, and does not rely on the ‘flat den-

sity of states’ approximations used to obtain (4). In terms of
(4) we have

2 1 [€a

Ope=1— ;tan ! [F] (9)

The right hand side of (9) is 1/7 times the scattering phase shift

of the conduction electrons at the Fermi level [1]. As expected,

the density varies from dp. = 2, when the d level is far below

the Fermi level, to dp. = 0, when the d level is far above the
Fermi level.

Unlike the case of the Fermi liquid, notice now that Im G';; ()

does not vanish as z — 0, but equals the non-zero constant I.
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This is a consequence of the lack of translational invariance,
not the breakdown of the quasiparticle concept. The width of
the resonant level, I', signifies a coherent mixing of the local-
ized d level state with the continuum of conduction electron
states. It is not a measure of the scattering of quasiparticles
which exchange energy, which we considered in the chapter
on Fermi liquids. So in disordered systems, we have to use
more complicated correlators to deduce the lifetime of the true

quasiparticles, which are not momentum eigenstates.

For subsequent considerations when we include the effect
of interactions, it is useful to characterize the system by
its response to a uniform applied Zeeman field coupling as
—hY . S., where S; is the electron spin operator on the site
t. We characterize the response by the local spin susceptibility
Xi = (Si)/h. For a system without an impurity (or far from
the impurity, when present), this spin susceptibility can be
computed just like the compressibility, and we obtain the Pauli
susceptibility of a metal, yp (which is the spin susceptibility
per unit volume)

Xp = @ (10)

With an impurity, we are interested in the behavior of y; in the
vicinity of the impurity. In the ‘flat density of states’ approxi-
mation, which was made between (3) and (4), the response on
the d site is dominated entirely by the response to the local
field: then we can then easily compute the impurity suscepti-

bility on the d site as

1 .
Ximp = _5 Z [Gdd(lwn)]Z

T
T (2412 (11)

At resonance, i.e. for a d level which is at the Fermi level
(¢4 = 0) and I" small, the susceptibility Ximp ~ 1/I is greatly

enhanced over other sites.



II. ADDING INTERACTIONS

Now we add interactions to Hgpy. It is not difficult to argue
that interactions in the conduction band will not do much, and
merely renormalize the bare conducting electrons to electron-
like quasiparticles with a modified dispersion. However, inter-
actions on the impurity site can have a strong effect, and we
will only include those. In the applications to quantum dots,
this is the analog of including the ‘Coulomb blockade” on the
quantum dot. In this manner, we obtain the Hamiltonian of
the Anderson model

Ha = Hipy + Ugdldid]d, . (12)

In the context of the perturbation theory in U, it is easy to
see from diagrammatic perturbation expansion in Fig. 2 that
the relationship between the conduction electron and d electron
Green’s function in (7) still applies—we simply have to replace
the d Green’s function by a renormalized Green’s function in-
cluding all interactions. These interactions modify the form of

the d electron Green’s function from (3) to

1

[Gdd(iwn)]il = iwn — &qd — Edd(iwn) — V Z

2
iwLw—’ ek (13)
Here ¥ 44(iw,,) is the only change from the presence of the in-
teraction Uy. We can also apply the analysis from the previous
chapter on Fermi liquid theory to conclude that this change
does not modify the Friedel sum rule in (8). This follows here
from the relation

> dw . d .
/Oo %Gdd(zw)@Edd(zw) = 0, (14)

which follows because of the continued existence of the Luttinger-
Ward functional.

The task for the remainder of this chapter is to understand
the behavior of 44 as a function of temperature and frequency
for large Uy, and deduce consequences for other physical ob-
servables. A first guess would be to simply compute 44(w)

in a perturbative expansion in powers of Uy, and hope that

6



the result applies also for large Uy, as it did for Fermi liquid
theory, albeit with possibly large renormalizations of various
parameters. In fact, this hope is realized. However, it took
some time for the condensed matter community to appreciate
this, and much new physics emerged from understanding the
intricate structure of the crossover to large Uy in this analysis.
An important part of the new physics is the emergence of a
new energy scale, the Kondo temperature Tk, which can be
much smaller than all other energy scales, when U, is large.
For T <« Tk, we do indeed the realize Fermi liquid behavior of
a non-interacting resonant level model, but with strong renor-
malizations. And for Ty < T < Ef, we have ‘local moment’
physics that we will describe shortly.

The analysis for large U, proceeds most naturally by per-
forming a canonical transformation to an effective Hamiltonian
acting on the low energy subspace. This will turn out to be the
Kondo Hamiltonian. Let us examine the spectrum on the d
level, in the limit that |4 and U; are much larger than w.

Then there are 4 possible states on the d level, with energies

0) = E=0
d0) = E=¢
d0) = E=2,+U,. (15)

The non-trivial situation arises when ¢; < 0, 2e4 + Uy. In this
case, the d level is doubly degenerate, and has either a spin up
or a spin down electron, and other states on the d site have a
much larger energy. So we can replace the d site by a S = 1/2
spin, and by a ‘Schrieffer-Wolff transformation’, we obtain the

celebrated Kondo impurity model, sketched in Fig. 3

Oa
Hyi = E 5kCLaCka + JxSq - céaTﬁcw (16)
k

Here S;isa S = 1/2 spin operator acting on the 2 states di |0},
di |0) on the d site, and recall (2) for the conduction electron
operator on the impurity site c¢o,. So Hg describes the conduc-
tion electrons interacting with a .S = 1/2 spin with an exchange

interaction Jg, which is antiferromagnetic, as in the Hubbard
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FIG. 3. Kondo impurity model: conduction electrons ¢, with a spin

Sy with exchange interactions Jg .

model, the Kondo exchange interaction is antiferromagnetic.

1 1
J = 2uw? . 17
K v (_5d+5d+Ud> ( )

Its value is

Note that for ¢4 < 0,2¢4 + Uy, both energy denominators are
large and positive. If we take the limit of 2 sites that we con-
sidered for the Hubbard model, this reduces to the familiar ex-
pression J = 4t?/U. The Schrieffer-Wolff transformation also
generates an additional potential scattering term ~ w?/Uy for

the conduction electrons which we have dropped in (16).

III. RENORMALIZATION THEORY

As a first step towards understanding the large Uy limit, we
can perform a perturbation expansion of Hy in powers of Jg.
As we will see below, such an expansion leads to correlators
which have a logarithmic dependence upon external frequency
(at T'= 0). This naturally suggests an application of the renor-
malization group, which allows us to resum the logarithmically
singular terms. From such an analysis we find that system
becomes strongly coupled below an energy scale T, which is
non-zero even for very small Jx; an estimate of Tk will appear
below. The perturbative expansion in Jx fails for temperatures
T < Tk, and this strong coupling regime will be addressed sys-
tematically in Section IV by another method.

Generating a perturbation expansion in powers of Jg is not
entirely straightforward because the d spins are now no longer
free fermions, and there is no Wick’s theorem for the correla-
tions of the spin operators. However, it is nevertheless possible

to use diagrammatic methods by using the Schwinger fermion
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FIG. 4. Renormalization of the Kondo exchange coupling Jg. The
full line is the spinon f,, while the dashed line is the conduction

electron.

decomposition of the spin operator along with a unit fermion
constraint: )

Saq = §flﬂaﬁfﬁ c fife=1 (18)
Remarkably, for the case of single spin, it is possible to impose
the constraint in (18) exactly, diagram-by-diagram, using the
Abrikosov method. This method involves imposing a chemical
potential —\ on the Schwinger fermions, and taking the A — oo
limit to impose the single fermion constraint. So we consider

the Hamiltonian, generalizing (16),

lo o8
Hic = ecura + Mifa + T (F525) - (cha T c0s)
k

2
(19)
The constraint in (18) is implemented by computing <(9 fi fa> N < fi fa> N
where O is any observable, and taking the limit A — oco. In
practice, this is straightforward to implement, and usually in-
volves omitting graphs in which the f, flow both forward and
backward in time. Note also that we are now representing the
impurity spin by a single fermionic spinon f,. This is not the
same as the original d fermion because it obeys the constraint
in (18).
The key physics of the Kondo model becomes evident upon

considering the renormalization of the Jgx coupling to second
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order in J%. This is given by the 2 graphs in Fig. 4. The first
graph in Fig. 4 evaluates to

1
Z/QW (12 — ey ) (iw —ie + i — )

0(—¢x)
2 V W — i€+ e — A

while the second evaluates to

1
Z/27r (19 — ex) (iw + 1 —iQ — \)
9( €k)
= 21
2 Vzk:zw+ze—5k—>\’ (21)

We should take the frequency of the incoming spinon to be just

above threshhold i.e. with iw — A small. We can also set the
frequency of the external conduction electron to zero, €. Then
the integral over k leads to a logarithmic dependence upon
the external frequency of the spinon. We can treat this using
the renormalization group, by only integrating out high energy
conduction electrons. In the simplest model, we assume a flat
band density of states that extends for |ex < D, where 2D is
the bandwith. In the RG computation, we only integrate out
the highest energy electrons with D — éD < |ex| < D. Then
the sum of (20) and (21) evaluates to a renormalization of the

exchange coupling

J? 1
J K E - 292
k= Jx + — v - ( )
D—§D<|ex|<D

Performing the k integral, and writing 6D = Dd{, we obtain
the ‘poor man’s’” RG flow

A
drl

This flow is sketched in Fig. 5. For the ferromagnetic Kondo

=d(0)J% + O(J}3) . (23)

problem, Jx < 0, the RG flow is towards Jx = 0: in this case
the impurity spin is essentially decoupled from the conduction
electrons, and its coupling to the conduction electrons can be
treated perturbatively. However, our interest here is the anti-

ferromagnetic case with Jx > 0, in which case (23) informs us
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FIG. 5. Flow of the RG equation (23). For ferromagnetic exchange,
Jrx < 0, the flow is to the fixed point at Jxg = 0. For antiferro-
magnetic exchange, Jx > 0, the flow is towards strong coupling,

JK—>OO.

that Jg increases without bound under the RG flow, no mat-
ter how small the initial positive value of Jy. Specifically, the

integral of (23) is

1
~ 1/Jk(0) — d(0)¢

Jrc(€) (24)
If we now start with a very small positive bare value Jx (¢ = 0),
we see from (24) that the renormalized exchange is of order
unity at £ = ¢* ~ 1/(d(0)Jk); equivalently, when De=¢ ~ Ty,

where Tk is the Kondo temperature

1

Ty ~ Dexp <_JKT(O)> . (25)

From the point of view of the Kondo Hamiltonian, the expres-
sion for Tk is non-perturbative, given its singular dependence
upon Jg. However, one should note that this expression is ul-
timately non-singular at small U, as Uy ~ 1/Jk: this is a hint
that the low energy physics is actually adiabatically connected
to the free resonant level model, albeit with strong renormal-
izations, as we will now discuss. But first, it should be noted
that the flow of Jg to infinity predicted by (23) is not a reli-
able prediction of the present analysis because we cannot trust
(23) when Jx becomes large—it was obtained in a perturbative
expansion in Jg. Computations by Wilson using a numerical
renormalization group scheme showed that the flow is indeed to
Jx — 00, and the predictions of (23) are qualitatively correct.

Given this flow to large Jg, we can understand the quali-
tative fate of the model by examining the ground state of Hg
in the limit of large Jx. In this limit, the energy is minimized

if the impurity spin Sy locks into a spin singlet with a single
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conduction electron at the site 0. No other electron can occupy
this site, and therefore we can describe the remaining electrons

by the renormalized free electron Hamiltonian

Hp = Z 6kCLaCka + Vocgac()a (26)
k,a

and take the limit V[ — oo to prevent any other electrons from
occupying the impurity site. As Hp is free electron like, it is
not difficult to take this limit using scattering theory, and we
obtain an effective Fermi liquid description of the scattering
states. Indeed, the remarkable conclusion is that in the strong
coupling limit at T" < T, the Kondo model reduces to a model
of non-interacting electrons qualitatively similar to the resonant
level model of Section I.

We can use this interpretation to deduce some important
features of the T" dependence of the impurity spin susceptibility
Ximp, introduced towards the end of Section I. At temperatures
T > Tk, the perturbation theory in Jg is reliable, and so at
leading order, the impurity susceptibility is given by the Curie
susceptibility of an isolated spin 1/2

1
Ximp = E y TK LT K Ud . (27)

For T' <« Tk, we expect a mapping to the resonant level model,
which has a finite impurity susceptibility ~ 1/I", as obtained
in (11). This Ximp is determined by the width of the resonant
level T', and a natural guess is that the width of the Kondo

‘resonance’ (as it is known) should be Tk. So we have
1
Ximp ™~ 77 < TK7 (28)
Tk

where the co-efficient depends upon the precise definition of
Tx. We can combine (27) and (28) into a crossover function

between the two limiting regimes

iy = % B(T/Ty). (29)

An important implication of the Kondo RG flow is that the

crossover function ®(7) is a universal function for Jx < D,

determined by the renormalization group flow of the Kondo
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model from Jx =0 to Jx = 00. At T > 1, we have ® — 1 so
that we have the susceptibility of a free moment. For T < 1
we have ®(T) ~ T so that Yiup is finite.

Similar universal crossovers apply to other observables of a

Kondo impurity in a metal.

IV. LARGE N THEORY

This section describes a method which can yield explicit
results for crossover functions such as those in (29). This is
obtained by generalizing the SU(2) spin symmetry of the Kondo
model to SU(N), and examining the large N limit. It yields
the correct qualitative behavior both at low and high 7', and
the crossover between these limits. And as will see below in
Section V, the large N is also a powerful tool in examining the
Kondo lattice model.

First, we realize the spin Sy by the spinon f, in (18). In this
section, we will implement the constraint in (18) by a Lagrange
multiplier in the path integral, in contrast to the Abrikosov
method in Section III.

To enable the generalization to SU(NN), we first write the
SU(2) model in a manner which does not involve the Pauli

matrices. We use the identity
0w Oy = 2(5015(5/3,y — 5045575 (30)

to write the Kondo interaction as

%Sd'cgwawwoa = —JTK (flcoa) (C(T)ﬁfﬁ) - {TK (f1fa) (C(T)ﬁcoﬁ)

(37)
After using the constraint in (18), the second term in (31) is just
a shift in the local chemical potential, and we will ignore it from
now on. The generalization to SU(V) is now straightforward:
the indices a, 5 = 1... N, and the constraint is

N

flla=" (32)

As we will see below, to obtain a suitable large N saddle point,

we also need to replace Ji /2 by Jx/N.
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We can now write the path integral for the Kondo model

B
Zy = /DfaDckaD)\ exp (—/ dr (Lo —I—El])
0

0 o . N
L= (g +er) o+ 11 (4 00) £ rY
JK i
L= =55 (Fleoa) (chats) (33)
The large N theory is obtained by decoupling the Kondo
exchange term by a Hubbard-Stratonovich field P(7). Then

we obtain

B
Zi = /D)\DPDfaDcka exp (—/ dr [Lo + EQ]>
0

_ NP
==

Before proceeding, we notice an important property of Zg:

Lg — Pflcon — Pc), fa (34)

it is invariant under an emergent U(1) gauge symmetry, under
which

fo = faT

P — P9
¢

A=A — —.
- or

This gauge symmetry is not so crucial in the Kondo model, as

(35)

it is always possible to work in a convenient fixed gauge, but it
will play a crucial role when we consider the Kondo lattice in
Section V.

We return to taking the large N limit of Zx. In the form
(34), the action is quadratic in the fermions, and so we can
integrate them out. As all the fermions have N components,
this will yield an effective action for P and A which has a N
prefactor. Consequently, the large N limit is obtained by re-
placing P and A by their saddle-point values. We go ahead and
do this and replace P by P, and i\ by A (we are anticipating
here that the saddle-point value of A is purely imaginary. Then
the problem reduces to the following free fermion Hamiltonian

7 NIPE

K JK - Ff(icﬂa - F*C&yfa + Z EkCLaCka
k

IV (36)
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Our remaining task is to find the ground state energy of H,
and demand that it is stationary with respect to variations in
P and X. The latter task is simplified by the Feynman-Hellman

theorem: in any eigenstate |G) of H we have

o — OH
(G| = (G 516) (37)
and so 7
= Jx /
P = (chofa) (38)

Similarly, the corresponding equation for \ is

1 1
~ ey =35. (39)

We can evaluate these expectation values from the Green’s
functions of H g, which are the same as those of the resonant

level model, Hgpps in (1). As in (4), we have

Crslieon) = iwp — A+ ZlTpsgn(wn) (40)
where
I'p = 7| P]?d(0), (41)
and —
Groy = —Giylicon) § ; an;_gk : (42)

For the frequency summations required for (38) and (39), we

employ the spectral representation

| <40 Ay (Q)
G n) = — : 43
srtiwn) = [~ T (43)
where r
Ap(Q) = L 44
)= G (44
is the Lorentzian spectral density of the f level. Then (38)
becomes
—  JgP [*dQ —1
P=— —A(Q T
v ..« g )zk: ;(zwn—gk)(wn—m
— [ dQ2 — f(Q
_ JP / C 4@ / dsd(e)%. (45)
oo T -
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Similarly, (39) is

 df 1
— A f(Q) == 4
| Sasere) - ; (46)

We now have to determine the saddle point values of P and
A by solving (45) and (46). Fortunately, the solution of (46) is
simple

A=0, (47)

because then we pick up exactly half of the Lorentzian spectral
density. So the renormalized f level is exactly at the Fermi
level i.e. it is exactly resonant (this is sometimes called the
Abrikosov-Suhl or Kondo resonance). The value of P is deter-
mined by (45), which is the analog here of the BCS equation
which determined the gap parameter. We first evaluate the

integral of € in the limit of a flat density of states at 7' =0

[aa LIy [ 1200

e b Q_:
:M@PnD;QwﬂbﬂﬂngtgH
~ d(0) In %' | (48)

when || ~T'p < D. So (45) yields

1 © Q)
- [ Cam|2
Tred(0) [mn-f(>n9

:ﬂn(%%) (49)

So, we have our main result: the value of P is determined by
(41) from the width of the Kondo resonance, which is

a

1
I'p=Dexp|———— |, 50
consistent with the estimate of the Kondo temperature in (25).
We can now compute other physical properties in the large N
expansion, and it is natural that they will be determined by

the exponentially low energy scale I'p in (50).
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FIG. 6. Anderson lattice model: conduction band electrons ¢, and

d-band electrons d, with band-mixing hybridization w. Two elec-

trons on the same site of the d band repel with energy Uyg.

V. THE KONDO LATTICE

The Kondo lattice is the preferred model to describe the
physics of a number of intermetallic compounds. These com-
pounds contain a transition metal or a rare-earth metal with
a localized orbital with a strong local Coulomb interactions
which prefer a net magnetic moment on each site. This mo-
ment then interactions with the mobile conduction electrons
arising from the lighter elements. The key difference from the
previous chapter is that the moments are not isolated impu-
rity sites, but arranged periodically in a perfect lattice. So the
Bloch crystal momentum will be a good quantum number to
describe the electronic states, including those associated with
the moments on the electronic sites.

We begin by generalizing the interacting resonant level
model, i.e. the Anderson model in (12), to the Anderson
lattice model sketched in Fig. 6. The resonant d site is now
replaced by a lattice of d sites, each of which mix with the
conduction electrons ¢, with the hybridization w, and there is

an on-site repulsion U, on every d site:
Hyp = Z [EkCLaCka + 5ﬁd1T<adka} + Z [—w (djacz‘a + C;'radia)

Kk i
+U,dldid! d, ¢] (51)

Note that we neglect the weaker interactions on the c¢ sites.
As the two bands mix, only the total number of electrons is
conserved, and we denote the total density per unit cell as
1+ pe, with 0 < p. < 1.

We will be interested in the large U, limit, with the chemical

17



D)
D)
D)
D)

Co <« density p.

YT

FIG. 7. Kondo lattice model: conduction electrons ¢, coupled to

S =1/2 spins S.

potential chosen so that there is exactly one electron in every d
site. Then, we can perform the Schrieffer-Wolff transformation

n (51), following the same procedure as Section I, and hence
obtain the lattice generalization of the Kondo impurity model
in (16). This Kondo lattice model is sketched in Fig. 7. The
Kondo lattice Hamiltonian is expressed in terms of S = 1/2

spins S; on each d site:
f JK t
HKL = zk: €k Ci 0, Cka + 7 Z Sz *CiqOapCip - (52)

The Schrieffer-Wolff transformation will also generate an ex-
change interaction between the d sites, but we defer consid-
eration of the resulting Kondo-Heisenberg model. As the d
sites have electron density which is exactly unity, the density

of conduction electrons is now p., as shown in Fig. 7.

We will apply the large N method to the Kondo lattice
model in (52), and find that the Kondo impurity model has a
natural and simple generalization to the lattice. Kondo screen-
ing applies also to the lattice model, and we obtain a ‘heavy
Fermi liquid’ (HFL) state involving both the conduction elec-
trons and the local moments. The Friedel sum rule of the
Kondo impurity model now maps to a Luttinger theorem for
the HFL, and this shows that the volume enclosed by the Fermi
surfaces counts all electrons: the conduction electrons and the
local moments, for a total density of 14 p.. The narrow Kondo
resonance width translates, as we shall see, to a large renor-

malized mass at this large Fermi surface.
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A. The heavy Fermi liquid

We proceed with an analysis of (52) using the large N ap-
proach of Section I'V. The initial steps are exactly the same: we
represent the spin by constrained fermionic spinons f;,, now
with an additional site label. We impose the constraint by a
Lagrange multiplier A\;(7) on each site, and decouple the Kondo
interaction by a Hubbard-Stratonovich field P;(7) on each site.
Finally, we reduce the theory to its large N saddle point, where
the Lagrange multiplier is replaced by a site-independent value
i\i(T) = ), and also for Pi(7) = P. Then the large N saddle
point is replaced by a saddle-point Kondo lattice Hamiltonian
of free fermions generalizing (36) is (V' now is the number of

lattice sites)

— NV|PJ? — —
Hygp = JL | + Z [_Pfliacka — P} fia + €kCLaCka]
K
NV
+ )\kaafka (5?))

The most important dlfference from the impurity model is that
the f spinons have now acquired a momentum label, and the
Hamiltonian is diagonal in momentum. The saddle point equa-
tions determining the values of X and P are now (replacing (38)
and (39))

P = 2 (i) 54)
5= va (Fiaia) - (55)

It is easy to compute the Green’s functions of H x; by sum-
ming diagrams order-by-order in P, as shown in Fig. 8 (com-
pare Fig. 2 for the resonant level model). We will find it con-

venient to write them in the following form

el |P|?

[Gee(k,iw,)] " = iw, — ex — - — (56)

Wy, — A

, —P
ch(k, an) = ,——Gcc(k Z(JJn) (57)
(twn, — A)

1 P?

Gk, iwn) = - b G kiw) 69

iwp — A (iw, — )2
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FIG. 8. Feynman diagrams for G.. and Gyy. All lines carry the

same momentum and frequency.

These equations correspond to (40) and (42) for the resonant
level model. We now insert Gy, in the saddle-point equation
(54), and obtain

P T -P
—_— = = — — . 59
JKk VI; (iwy, — ex)(iw, — A) — | PJ? (59)

To evaluate the frequency summation, we notice that the de-
nominator in (59) has poles at the energies z = Ej° where

1/2

2EF = e+ A% [(ex — A)? + 4| P[] (60)

These are, of course, the single particle eigenenergies of H .
Evaluating the frequency summation in (59), we obtain (com-
pare to (45))

P P E.) — f(EF
Jk V4 El — E
We will work under conditions in which the total density of
the conduction electrons per site p. < 1. We will see below
in our consideration of the Luttinger theorem that under this
condition we can have E," > 0 for all k, while E_ < 0 for some
finite domain of k: this will be the portion of the Brillouin
zone inside the Fermi surface (see Fig. 9). Then at T'= 0, (61)
reduces to

o(—Ep)

= —1911/2
< [(ex— 2+ 4[PF]

P P (62)
Jk V
Similarly, from (55), we obtain at 7" = 0 (compare to (46))

I 1 1 €k — A -
=) - 0(—E;
2TV 2 1+[<ek—X>2+4|T3|2}”2>( L
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FIG. 9. Schematic band structures in the FL. and FL* phases. In
(a), we show the conduction electron band ey, and the decoupled
f band at zero energy; the conduction electron states with energy
ex < 0 are occupied and have density p., while the f band is half-
filled. The HFL state is obtained when the mixing between the
bands is non-zero (given by P in (69)), and the f band is shifted by
A in (67). This results in the bands shown in (b). Only the lower
band in (b) is occupied, up to the wavevector kg, for a total density
of 1+ p.. The values of kr in (a) and (b) are the same, with the
value of ¢, specified by (70).

We have to solve (62) and (63) to obtain the values of the
saddle-point parameters, A and P. We will examine the nature
of the solution more carefully below after consideration of the
Luttinger theorem. However, we can already notice an impor-
tant point: the Kondo logarithmic divergence as P — 0, found
in (48) for the Kondo impurity model, is also present in the
Kondo lattice model. This is clear from (62), which has a loga-
rithmic divergence at P = 0 when the conduction band crosses
the f level i.e. when e = A, provided the density of conduc-
tion electron states is finite at the Fermi level. This means that
no matter how small we make Jg, we can have a solution with
a non-zero P; this is also the lowest energy solution, and so we
obtain a heavy Fermi liquid. We will see in the next section

that a minimum energy solution with P = 0 becomes possible
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once we allow the f moments to interact directly with each
other.

B. Luttinger relation

In this initial application of the Luttinger relation at N =
0o, we follow the same route as in the Kondo impurity problem.
From the expressions in (56), (58) it is easy to explicitly verify
that

Gee(k, iw,)+Gp(k, iw,) = ii In [(iwy, — ex)(iw, — A) — |PJ?]

Ow
(64)
Proceeding as earlier, we obtain the Luttinger constraint
2 _
pet =1 0(-Ey) (65)
k

The unity on the left hand side is the density of the f electrons,
and recall that p. is the density of conducting electrons. So
clearly, the f electrons are included in the volume enclosed by

the Fermi surface F,_ = 0, and we have a large Fermi surface.

C. Solution of saddle point equations

We now present an analytic solution of the saddle point
equations (62), (63), (65) in the limit of small P, for the case of
a flat band density of states d(¢) = (1/V) >, d(e —ex) =~ d(0);
the structure of the solution was sketched in Fig. 9.

The Fermi surface is present at E,_ = 0, and from (59) this
translates to e = |P|?/A. From (65), we therefore deduce that
the limits of the summation over k in (62), (63), (65) are

Cpetl PP |P|?

— < < — 66
2d(0) T % SRR (66)

We can now evaluate (63) in the limit P — 0, and obtain the

value of \
A = 2d(0)|P|? (67)

(In contrast, recall that for the Kondo impurity model, we had

A = 0.) We now see from the upper limit in (66) that the Fermi
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surface is at e, = 1/(2d(0)) when P is small, but non-zero, as
shown in Fig. 9. This should be contrasted from the Fermi sur-
face location e, = 0 for a decoupled conduction electron band.
This increase in ¢y is precisely that needed to accomodate the
1/2 electron per site per spin component associated with the f
fermions i.e. we have a large Fermi surface.

We can now obtain the value of P by evaluating (59) to

logarithmic accuracy

1 —

—— = 2d(0)In(D/[P]), (68)
JK

where D is an energy of order the bandwidth. So P is expo-

nentially small,

|P| ~ Dexp (—W) , (69)

the same as the estimate for the Kondo impurity model in the
argument of the exponent.

Finally, let us examine the structure of the conduction elec-
tron Green’s function near the Fermi level. We expand the

expression for G, in (56) for small w,, and obtain

A
Gee(k,iw,) =~ 1 , (70)
wy, — 4 {51( — —Qd(O)}
where
Z =12d(0)PJ*. (71)

So there is an exponentially small quasiparticle residue Z, and
a quasiparticle effective mass m* = m/Z which is exponen-
tially large. Notice also the shift in the Fermi energy in (70),
illustrated in Fig. 9. These are characteristic properties of the
heavy Fermi liquid (HFL).
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VI. FL* IN THE KONDO LATTICE

So far, a key feature of our discussions of the Kondo impu-
rity model and the Kondo lattice model has been the singular
nature of the limit Jx — 0. Even for very small Jg, we have
found that the P = 0 state is unstable to the turning on of an
exponentially small P. In a renormalization group language,
this is the statement that an infinitesimal Jx is a marginally
relevant perturbation to the Jx = 0 fixed point. The P # 0
state was then found to be a renormalized Fermi liquid, with
well-defined quasiparticles obeying the Friedel sum rule for the
Kondo impurity model; for the Kondo lattice model, the qusi-
particles possess a Luttinger volume Fermi surface which counts
the spins as electrons.

We will now turn on a direct interaction between the Kondo
spins, and find a situation in which the Jx = 0 fixed point is
stable, and we obtain a novel stable state with P = 0, and no
broken symmetry.

We will consider the Kondo-Heisenberg model with Hamil-
tonian

HKHZHKL+JZSi'Sj, (72)
(ig)

where Hg was specified in (52), and we now have an antifer-
romagnet exchange interaction, J, between nearest-neighbor
sites, as is generated from a Schrieffer-Wolff transformation of
the Anderson lattice model in (51). We can proceed with a
1/N expansion for Hg g by combining the treatment above for
the Kondo model Hy,, with that for the U(1) spin liquid. This
implies that in addition to the decoupling field P;(7) used to
obtain (53), we will have the analogs of the decoupling fields
Qij(T) between the d sites. This leads to the following new

terms in the Lagrangian

2
Lo=Y" {% Quflfe— il (73)
(i)

where @);; is the link Hubbard-Stratonovich field between the
d sites. A crucial role will now be played by the emergent U(1)

gauge symmetry, which combines the Kondo gauge symmetry
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of (35) with that of the spin liquid gauge symmetry:

fioz — fiaewi(T)
P, — pl,eicbz'(T)
Ai = Ni — 070(7)
Qij — Qijefi(@(f)*(bj(f)) _ (74)

This transformation leaves the full Lagrangian invariant for a
gauge transformation ¢;(7) which can have an arbitrary de-
pendence on 7 and lattice site 7. Note that the phase of Q);;
transforms just like the vector potential of a U(1) gauge field.

So if we write
Qij = |Qis| exp(iay;), (75)
then
ai; = aij + ¢5(1) — (7 ; (76)

In the continuum limit the transformation of A is precisely
the analog of the vector potential of the Maxwell theory, while
that of A is that of the scalar potential. So a;; and A; together
realize an emergent, lattice U(1) gauge field. For the a;; to
an independent propagating degree of freedom, we do need to
expand about a saddle point in which the saddle point values
of |Q;;] is non-zero: we will assume that is the case in the
remaining discussion.

Given the identification of a;; and \; with a U(1) gauge field,
the other fields in (74) are easily seen to be matter fields which
are charged under emergent the U(1) gauge symmetry. The f;,
are fermionic spinons that carry a unit gauge charge, and the
P; are bosons which also carry a unit gauge charge.

All the saddle points we have considered so far had
Pr=P#0 , HFL. (77)

With our new-found identification of P as a gauge-charge bo-
son, we see that any phase of matter satisfying (77) is a Higgs
phase of the emergent U(1) gauge field, with P the Higgs con-
densate. The fluctuations of the gauge fields are quenched by

this Higgs condensate, and they become overdamped modes in
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the particle-hole continuum. This is why we did not have to
seriously consider the U(1) gauge field in our analyses so far.

This section considers the possibility of a new saddle point
in which

P=P=0 , FL*. (78)

Now, in the language of gauge theories, the U(1) gauge sym-
metry is unbroken, and there is no Higgs condensate. It is
essential to account for the fluctuations of the gauge field in a
proper description of such a phase.

Let us examine the possibilities for the saddle point in the
context of the mean-field Hamiltonian. Now the Hamiltonian

is generalized to

_ NV|P|? = 5
o= 2 5 [P~ P
K
k
N3;VIQ? NV Fogt
+ 57 — A\ 5 +;5kfkafka) (79>

where 3 is the number of nearest-neighbors of each lattice site,
we have assumed a spatially uniform saddle point value of |Q;]

equal to Q, and the dispersion of the f fermions is given by

3
el =X— Z e (80)
=1

with e, vectors connecting nearest neighbor sites. The saddle
point equations (54), (55) are supplemented by an additional

equation for @

3
Q= Nsv gzlelkea <fkafk“> ' (81)

The equations (54), (55), (81) can now be solved for the val-
ues of \, @, and P. In the light of (77), (78), we pay particular
attention to the equation of P. This can be written in the form

(61), with the quasiparticle dispersions now given by
172
OB = g +ef + [(gk el aPp| . (82)

As we are interested in the possibility of a solution like (78),
let us take the P — 0 limit of (61) which can be written as

€k

<
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Now, the crucial point is the summation on k in (83) is finite for
a generic dispersion ei like that in (80). In the case Q = 0 that
we considered in Section V A, the f band is dispersionless, and
then the summation on k in (83) is logarithmically divergent
(see (61)). With @ # 0, and the summation finite, the only
solution possible for (83) for small Jx is P = 0. Specifically,
a fractionalized Fermi liquid (FL*) phase is obtained for Jx <
Jre with

1 :1Zf(5k)_f(€k)' (84)

The reader should notice a similarity to the ‘Stoner criterion’
for spin density waves, with an inverse interaction strength on
the left hand side, and a fermionic susceptibility on the right
hand side.

We conclude with a brief statement of the physical proper-
ties of the FL* phase. With P = 0, the conduction electrons
are decoupled from the Kondo spins at mean field level. From
(56), the conduction electron Green’s function is

Gk, iw,) = L (85)
Wy, — €k
In comparison to (70), there is no shift of 1/(2d(0)) in the
Fermi energy to accommodate the f electrons, and so we have
a small Fermi surface, as shown in Fig. 9(a). There is also no
corresponding renormalization of the mass of the conduction
electrons.

The f spinons are decoupled from the conduction electrons,
and form an independent U(1) spin liquid at mean field level.
Beyond mean-field, the spinons will interact with the emergent
U(1) gauge field, and this has interesting consequences for the
spin spectrum of the spin liquid. There will also be fluctuations
of the hybridization boson P, about P = 0, and this will lead
to some modification of the spinon spectrum from the presence
of the conduction electrons. However, this coupling does not
lead to a disappearance of the fractionalized spinon excitations,
which are stabilized by their charges under the emergent U(1)
gauge field.
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VII. EMERGENT GAUGE FIELDS AND GENERAL-
IZED LUTTINGER RELATIONS

We saw in Section V B that the large N theory of the HFL
phase yielded a ‘large’ Fermi surface corresponding to a density
of 1+ p. electrons. Similarly in Section VI, the large N theory
of the FL* phase yielded a ‘small’ Fermi surface of conduction
electrons alone, corresponding to a density of p.. In this section
we will show that the results hold to all orders in 1/N, and
also describe the connection to the discussion of the Luttinger
relation.

From the point of view of the Anderson lattice Hamiltonian
n (51), the large Fermi surface appears to be the only possible
answer for all values of U;. In general, the Anderson lattice
Hamiltonian will lead to a 2 x 2 matrix Green’s function, at all
orders in perturbation theory in Uy:

Wy, — €k w

G (k, iw,) = ( . d) ~S(k,iw,)  (36)

w Wy, — €y

where the self energy 3 is also a 2 x 2 matrix. There is only one
global U(1) symmetry associated with electron number in (51),
and so the Luttinger relation must compute the total density
1+ p.. We can relate the total density to the size of the Fermi
surface by the multiband identity:

Tr G(k,iw) = @% In [det G (k, iw)]—iTr |G(k, iw)a%z(k, iw)

(87)
Then an analysis analogous to that for the single band model
leads to a constraint of 1 4 p. on the total size of one or more
Fermi surfaces.

This analysis of the Anderson lattice model appears to leave
no room for the small Fermi surface of the FL* phase. However,
it must be kept in mind that the above analysis is perturbative
in U, even though it holds to all orders in U.

To understand the FL* phase, we have to turn to the Kondo
lattice model (72), and understand its U(1) symmetries more
carefully. The Kondo lattice model has a global U(1) symme-

try of electron number of conservation which counts only the
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Symmetry f ¢ P

U(1) 01 -1
U(1)gauge 10 1
U(1) diag 11 0

TABLE I. Symmetry charges

conduction electrons. However it has an additional Ugyygee(1)
symmetry specified by (74), associated with fixed electron num-
ber on each d site. So the total symmetry of the Kondo lattice
model is U(1) X Ugauge(1). The fate of this enlarged symmetry
is distinct in the two phases:

() HFL phase: the U(1)xUgauge(1) symmetry is broken to a
diagonal U(1)giae symmetry by the condensation of the Higgs
boson P. Recall that P ~ ¢! f,, and so P carries charges of
both U(1) and U(1)gauge, associated with charges of ¢! and f.
However the condensation of P leaves U(1)giag unbroken, under

which ¢ and f have the same charge
Udiag Cq — Caei¢d7 fa — fozei(bd (88>

We summarize the nature of these symmetries in Table I. We
can only deduce a Luttinger relation for the unbroken U(1)giag
symmetry, which counts the number of both ¢ and f fermions.
In this manner, we obtain the large Fermi surface of the HFL
phase, as already obtained in the Anderson lattice model.

(74) FL* phase: the U(1)XUguyge(1) remains unbroken. Now
there should be 2 separate Luttinger relations associated with
these 2 symmetries. Only the ¢ fermions carry the global U(1)
charge, and so the usual Luttinger arguments imply a small
Fermi surface, as we discuss further below. The Luttinger re-
lations also apply to Ugauge(1), and lead to constraints on the
spinon excitation structure of the spin liquid [2, 3].

Finally, a few further comments on the stability of the small
Fermi surface, and the Luttinger (i.e. Luttinger*) relation that
applies in the FL* phase. We can compute the conduction
electron’s Green’s function in a 1/N expansion of the gauge

theory about the Q = 0 saddle point, and results can be written
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as

1
k,i = )
GCC( ’an) 7:UJn — €&k — Ecc(ka wn) (89>

As long as we are expanding about the = 0 saddle point, it
is not difficulty to see that the self energy in (85) is obtained

from a Luttinger-Ward functional, and so satisfies
* dw 0
— Gk, iw) —Xc(k,iw) = 0. 90
D[ g Culiiony Sulici) (90)

Then, proceeding in the usual route, we obtain the Luttinger*

relation

pe= 1 3 0(-<) (91)

with e} = ex + Ye.(k,0); contrast this to the usual Luttinger

relation in (65) for the large Fermi surface.

It is also interesting to compare the conduction electron
Green’s function in (85) with that in (56). We can consider
the f electron contribution in (56), equal to |P|?/(iw, — ),
as a conduction electron ‘self energy’: this self energy diverges
at zero frequency for A = 0, leading to zeros of the Green’s
function which have been the focus of some attention in the
literature[4-12]. We see from our treatment that such zeros
are resolved [13] in two possible ways:

(i) In the HFL phase with P # 0, we have A non-zero, and
given by A = 2d(0)|P|? in (67). It is this non-zero A which
leads to the shift in the apparent Fermi surface €, = 0 to the
actual large Fermi surface g, = |P|?/), as in (70).

(7i) In the FL* phase with P = 0 this apparently divergent
contribution to the self energy is absent, and the actual self
energy, which is ¥, in (89), can be obtained from a Luttinger-
Ward functional. Now there is a stable small Fermi surface at
ex = 0 (with 1/N fluctuation corrections, at €j = 0) obeying
the Luttinger* relation in (91).
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