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» If @ has real coefficients and is not a multiple of a form with
rational coefficients and is indefinite and non-degenerate, then
the Oppenheim conjecture proposes that the set of values is
dense in R as (xi, ..., xp) runs over Z", provided that n > 3.
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Quadratic forms representing 0

» Let Q(x1,...,xs) = D ajxiX; be a quadratic form with
1<ij<n
integer coefficients and assume (xq, ..., xp) € Z".

» Questions about integer representations by quadratic forms
have a long history. There is an abundance of results.

» A famous theorem by Meyer states that if n > 5 and Q is
indefinite and non-degenerate, then Q represents 0
non-trivially.

» If @ has real coefficients and is not a multiple of a form with
rational coefficients and is indefinite and non-degenerate, then
the Oppenheim conjecture proposes that the set of values is
dense in R as (xi, ..., xp) runs over Z", provided that n > 3.

» This was famously proved by Margulis using ergodic theory.
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» It is also interesting to investigate non-trivial representations
of 0in Z/qZ.

P Here one is mainly interested in small non-zero solutions
(X1 +eey Xn)-

» So the question becomes: Given a modulus g, how large does
one need to choose N to guarantee the existence of non-zero
solutions of the congruence

Q(x1, ..., xn) =0 mod q

with max{|x1|, ..., |xn|} < N? Moreover, how do the solutions
distribute?
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It is also interesting to investigate non-trivial representations

of 0in Z/qZ.

Here one is mainly interested in small non-zero solutions

(X1 +eey Xn)-

So the question becomes: Given a modulus g, how large does
one need to choose N to guarantee the existence of non-zero
solutions of the congruence

Q(x1, ..., xn) =0 mod q

with max{|x1|, ..., |xn|} < N? Moreover, how do the solutions
distribute?

These problems have received a lot of attention as well.
Particularly interesting is the case when n = 3.
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» Schinzel, Schlickewei and Schmidt [1]: There is a non-zero
solution (x1,x2, x3) € Z3 such that

max{|x1|, |x2|, |x3|} = O(g*3), where the O-constant is
absolute.
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Some history of the problem

» Schinzel, Schlickewei and Schmidt [1]: There is a non-zero
solution (x1,x2, x3) € Z3 such that
max{|xt|, |x2|, |xs|} = O(q?/3), where the O-constant is
absolute.

» Heath-Brown [4]: The exponent 2/3 can be replaced by
3/5+¢if (det Q,q) =1 and g odd and square-free.

» Cochrane [4]: If Q is fixed, then 2/3 can be replaced by 1/2.

» Hakimi [1]: He focused on prime power moduli g = p" and

made progress on quadratic forms with a large number k of
variables.
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» My PhD student Anup Haldar and | [1] recently studied the
asymptotic behavior of small solutions of diagonal quadratic
congruences

a1x12 + a2x22 + a3x32 =0mod g

with (x1x2x3,q) = 1 if g = p" is a power of a fixed odd prime
p. We also assumed (ayapas, p) = 1.
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Our work
» My PhD student Anup Haldar and | [1] recently studied the

asymptotic behavior of small solutions of diagonal quadratic
congruences

a1x12 + a2X22 + a3x§ =0mod g

" is a power of a fixed odd prime

with (x1x2x3,q) =1if g=p
p. We also assumed (ayapas, p) = 1.

As pointed out by Heath-Brown [4], the existence of non-zero
solutions < g7 for all odd moduli follows if one has
established it for all square-free odd moduli: If g = g3q1 with
g1 square-free and Q(xi, x2, x3) = 0 mod gy, then

Q(gox1, gox2, gox3) = 0 mod g. However, if we restrict
ourselves to solutions satisfying (x1x2x3, g) = 1, then this
argument does not work any longer since qq is itself a power

of pif g=p".
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Theorem

Let € > 0 be fixed, p > 5 be a fixed prime and a3, ap, a3 be fixed
integers which are coprime to p. Let ® : R — R>q be a Schwartz
class function. Set q := p". Then as n — oo, we have an
asymptotic formula of the form

S e(pelp)e(R)~e0r o

(x1,x2,x3)€Z3
(x1x2x3,p)=1
a1X12+a2X22+a3x3250 mod g

provided that N > q'/2t<,
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In the above theorem,

(p—sp(oa, a2,03))(p — 1)
p2

Cp = Cpou, a2, 03) :=

and

—Q1 —1 X — Qo
o) =2 (258 )+ (F52) 4 (F52).

Moreover, we have the following:

Theorem

Let the conditions in Theorem 1 be kept except that oy, ap, a3 are
no longer fixed but allowed to vary with n. Then the asymptotic
formula above holds if N > q'1/18+<
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Corollary

Let € > 0 be fixed and p > 5 be a fixed prime. Set q := p". For
a1, g, a3 let m(ay, an,as; q) be the smallest value of
max{|x1|, |x2|, |x3|} such that (xixox3,p) =1 and (x1,x2,x3) is a
solution of the congruence in question. Then:

(i) If a1, ap, a3 are fixed and satisfy (aianas, p) =1, then, as
n — 0o, we have

i 1/2+e
m(alv @2, 3, q) <<0¢17a27a37p75 q / :

(i) As n — oo, we have

, 11/18+¢
max m(a1, a2,03;q9) <pe q /18+e
a1,a2,a3 mod q

(1azas,p)=1
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» Quantitative versions of the Oppenheim conjecture establish
the existence of solutions (xi, ..., x,) of

|Q(X1,y ..oy Xn) — 0| <6

for max{|xi|, ..., |xn|} < N(J). A particular case is that of
o = 0 (good approximations of zero).
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[2] using a variant of the circle method.
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Connection with the Oppenheim conjecture

» Quantitative versions of the Oppenheim conjecture establish
the existence of solutions (xi, ..., xp) of

|Q(X1,y ..oy Xn) — 0| <6

for max{|xi|, ..., |xa|} < N(J). A particular case is that of
o = 0 (good approximations of zero).

» A quantitative version of the Oppenheim conjecture was
established for ¢ = 0 and n =5 by Davenport and Heilbronn
[2] using a variant of the circle method.

» Our results may be viewed as p-adic versions of these results:
We seek to find solutions (xi, ..., xp) of |Q(x1,...,xn)|p < 0 for
max{|xi|, ..., |xn|} < N(J).
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» In this case, our congruence takes the form

x2 + x5 = x5 mod q.
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P A particular case is when aj,ap =1 and a3 = —1.

» In this case, our congruence takes the form
x2 + x5 = x5 mod q.

» This is the case of Pythagorean triples modulo prime powers.

» If max{|x1|, |x2|, |x2|} < N < /q/2, then these are ordinary
Pythagorean triples, i.e.

x12 +x22 = xg.

In this case, we have a different asymptotic of the form
~ D,Nlog N.
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Pythagorean triples modulo prime powers

P A particular case is when aj,ap =1 and a3 = —1.

» In this case, our congruence takes the form
x2 + x5 = x5 mod q.

» This is the case of Pythagorean triples modulo prime powers.

» If max{|x1|, |x2|, |x2|} < N < /q/2, then these are ordinary
Pythagorean triples, i.e.

x12 +x22 = Xg.

In this case, we have a different asymptotic of the form
~ D,Nlog N.

P It is best to illustrate our method by looking at this particular
case. In fact, we worked out this case first (see [2]).
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» Our congruence resembles the equation
X2 4 X3 — x§ =0

of a circle in homogeneous coordinates. Indeed, every solution
(x1,x2,x3) € Z3 with (x1x2x3, p) = 1 of this congruence
comes from a solution of the above circle equation in the
p-adic integers. This can be seen by a Hensel type argument.
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Parametrization of points

» Our congruence resembles the equation
E4+x3—x3=0

of a circle in homogeneous coordinates. Indeed, every solution
(x1, %0, x3) € Z3 with (x1x2x3, p) = 1 of this congruence
comes from a solution of the above circle equation in the
p-adic integers. This can be seen by a Hensel type argument.

» In affine coordinates, the circle equation takes the form

vi4+y3i—1=0.
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Parametrization of points

» Using a well-known parametrization of K-rational points of
the unit circle (in this case, take K := Q,) , the solutions
(y1,y2) with (y1y2, p) = 1 of the congruence

y2+y2—1=0modp"
are parametrized in the form

1—¢2 2t

=iy T iig tmodp”

1

with
ged (¢(1 — £2)(1+t%),p) = 1.

Here 1/(1+ t?) is a multiplicative inverse of 1+ t> modulo p”.
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Rewriting the quantity in question

» We now rewrite the quantity in question in the form

(XZ ¢ <X3> 2

X1 X2
> e(y)e(R):
n N N
Y1,y2 mod p x1=x3y1 mod p
(y1y2,p)=1
yitys—

n
Xp=x3y2 mod p
1=0 mod p"
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Rewriting the quantity in question

> We now rewrite the quantity in question in the form

_ X3 X1 X2
r= X oey) ¥ > o))
(X37P):1 y1,y2 mod p” x1=x3y1 mod p"
(y1y2,p)=1 xo=x3y> mod p"

yl2 +y227150 mod p”

> At this stage, we recall the Poisson summation formula

> w(m) =3 (n),

meZ nez

where W is a Schwartz class function and W its Fourier
transform.
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Double Poisson summation

» We now perform double Poisson summation in the sums over
xp and x3 and use our above parametrization to get

=20, 2 2 (5) (%)

(X3 p =1 (kl,k2)€Z2
Z . (X kl(l — t2)+2k2t>
p" 3 2 )
t mod p” 1+t

(t(1=1?)(1+£2),p)=1

where ey(z) := e277/9.
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Double Poisson summation

> We now perform double Poisson summation in the sums over
x» and x3 and use our above parametrization to get

Ly el 3 s()e(4)-

n n
(x3,p)= (k1,k2)€Z2 p p
ki(1 — t?) + 2kot
Z €pn | X3 - 1+ t2 ?
t mod p”

(t(1=1?)(1+£2),p)=1

. p2miz
where ey(z) := €27/
» Nicely, we now have a complete exponential sum to modulus
p" as inner-most sum. This can be evaluated completely using

a general theorem by Cochrane and Ziyong [1] on complete
exponential sums with rational functions.
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Main term contribution

» We decompose T into

T = T0+U,

where Tg is the main term contribution of (ki, k2) = (0,0).
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Main term contribution

» We decompose T into

T=Ty+ U,
where Ty is the main term contribution of (ki, k2) = (0,0)
> It is easy to prove that
A3 N3
To=(0)"-Cp- F (1+0(1))

as n — oQ.
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A dual problem

» It remains to bound the error term U, the contribution of all
pairs (kl, kg) ;é (0,0)
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A dual problem

» It remains to bound the error term U, the contribution of all
pairs (ki, k2) # (0,0).

» | omit a whole chunk of technical details. After evaluating the
said complete exponential sum over t and performing another
Poisson summation in x3, we are down to the following bound.

N3 n—2
NS 2
U < z%p > 1+ 0-(1),
r=

(h,h,k)eZ?
(hhh,p)=1
‘/1|,‘/2|,‘/3|§L,
1—i—l22EI32 mod p"— "1

where

L. = pn—r+naN—1
ri= .
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» Now if L, < /p"~r=1/2, then the congruence

12+ 12 = /2 mod p"t

above can be replaced by the equation
Z+iz=1

i.e., (h,hk, k) is an ordinary Pythagorean triple. Certainly, this
is the case if N > p"/2t2m and n is large enough. Hence, in
this case, we have

N3 = r/2

(h,h,k)eZ?
(hhkk,p)=1
‘I1|72‘I2|72‘l3|§Lr
RE=P2
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Completion of the proof

» It is known that the number of Pythagorean triples of height
< L is bounded by < Llog L.
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Completion of the proof

>

It is known that the number of Pythagorean triples of height
< L is bounded by < Llog L.
> As a result, we obtain

N2
Uk

N2
e N e
/2 p qi72 aq
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Completion of the proof

» It is known that the number of Pythagorean triples of height
< L is bounded by < Llog L.

P> As a result, we obtain
N2 N2
U< /2 P 472 g
» This is dominated by the main term of size
N3 ONB
To < —=—
p" q

if N> q'/2t2¢ which completes the proof.
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> Now we want to investigate general congruences.
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General congruences
> Now we want to investigate general congruences.
> Let p > 5 be a prime and g = p"”. We denote the quantity in
question as

X1 X2 X3
Tasanan(®, N, 0) = 2 *(3)ew)e @)
(x1,%2,%3)EZ3
(x1x2x3,p)=1
a1x?+axZ+azxa=0 mod q
In particular, letting x[_1,1) be the characteristic function of
the interval [—1, 1], we have

ZO&LCYLOG(X[—LI]v N, q) = Z 1,

[xa], %, [x3| <N
a1X12+a2X22+a3x33£0 mod g
(x1x2x3,9)=1

which we denote by Y4, a,.a5(N, ).
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General congruences

» Generalizing the above method, we arrive at a formula of the
form

N3
zal,az,%((bv N, q) :¢(0)3 ) CP(O‘L az, a3) ' F ) (1 + 0(1))+

N3 n—2 .
0 (W ZP /22517527/33(Lra qr) + Oa(]-)> )
r=0

where
Ly:=p "q""*N7!, g, :=p g,

B1 = a3, =03, f3i=aias.
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General congruences
» Generalizing the above method, we arrive at a formula of the
form

N3
zal,az,%((bv N, q) :¢(0)3 ) CP(O‘L az, a3) ' F ) (1 + 0(1))+

N3 n—2 .
0 (W ZP /zzﬁlﬁzﬁa(Lra qr) + Oa(l)> )
r=0

where
Ly:=p "q""*N7!, g, :=p g,
p1:=azaz, [2:=aaz, fB3:=aiq.
» Now our task is to bound from above the quantity

Zﬁhﬁzaﬁ:i(Lr’ qf')
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Upper bound for the dual problem

> If o, ap, a3 are fixed, a similar argument as before leads to
an asymptotic if N > g/2te.
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Upper bound for the dual problem

> If o, ap, a3 are fixed, a similar argument as before leads to
an asymptotic if N > g/2te.

» If oy, ap, a3 are allowed to vary with n, then this argument
fails. We will see in the following what we can do in this case
of arbitrary a1, as, as.
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Upper bound for the dual problem

> If o, ap, a3 are fixed, a similar argument as before leads to
an asymptotic if N > g/2te.
» If oy, ap, a3 are allowed to vary with n, then this argument

fails. We will see in the following what we can do in this case
of arbitrary a1, oz, as.

P It is relatively easy to obtain the bound
61.8,,8 (M, q) < M3/t

if M < g1/27¢, leading to an asymptotic if N > g2/3¢.
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LUpper bound for the dual problem

Upper bound for the dual problem

> If o, ap, a3 are fixed, a similar argument as before leads to
an asymptotic if N > g/2te.

» If oy, ap, a3 are allowed to vary with n, then this argument
fails. We will see in the following what we can do in this case
of arbitrary a1, oz, as.

P It is relatively easy to obtain the bound

Zﬁl,ﬁ2,53(M7 q) < M3/2 e

if M < g1/27¢, leading to an asymptotic if N > g2/3¢.

» Our goal is to beat the exponent 3/2 above. We shall avoid
technical details but just sketch the idea of our method.



Small solutions of quadratic congruences
I—Upper bound for the dual problem

Upper bound for the dual problem

» The method depends on the Diophantine properties of the
fractions (51/33/q and (2/33/q, where (33 is a multiplicative
inverse modulo q.
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Upper bound for the dual problem

» The method depends on the Diophantine properties of the
fractions (133/q and $3233/q, where 33 is a multiplicative
inverse modulo q.

> We may write our congruence in the form

ﬁ;@xf + ﬁg@xg = —x32 mod q.
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LUpper bound for the dual problem

Upper bound for the dual problem

>

The method depends on the Diophantine properties of the
fractions 3133/q and (3233/q, where 33 is a multiplicative
inverse modulo q.

We may write our congruence in the form

B1B3xi + B2B3x3 = —x5 mod q.

If both fractions $31/33/q and B2/33/q have good rational
approximations by rational numbers a;/r; and ay/r» with
small denominators r; and r», then we can make the previous
argument work, turning from a congruence to an equation of
the form

fylxlz + 'yzx22 =kq—n r2x32
with 1, 72, k and rir» small compared to g and M. For every
choice of x3 and k, the number of solutions to the equation
(x1,x2) is bounded by O(M*®).
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Upper bound for the dual problem

» In the complementary case, 3;33 with i =1 or 2 does not
have good approximation by a rational number a/r with small
denominator. In this case, we use the Cauchy-Schwarz
inequality to reduce the problem to counting solutions (A, B)
of the linear congruence AS;3 = B mod q in a certain box.
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Upper bound for the dual problem

» In the complementary case, 333 with i = 1 or 2 does not
have good approximation by a rational number a/r with small
denominator. In this case, we use the Cauchy-Schwarz
inequality to reduce the problem to counting solutions (A, B)
of the linear congruence AB3;#3 = B mod q in a certain box.

P Precisely, we obtain

81,6:,8:(M, q)2 K M| X,,8,(M, q) + M Z 1
0<|Al,|B|<2M?

BiB3A=B mod q
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Upper bound for the dual problem

» Using an earlier result by my PhD student Dwaipayan
Mazumder and myself we have a bound of the form

M3 M2 MP
> 1«:(———%———+———+1)(HWﬂ5
o s q q r
<|A}|B|<2M
Bif3A=B mod ¢

q r
Since r is not small, we obtain a saving over the trivial bound
< M2,

@E=f+o(%)
r
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Upper bound for the dual problem

» Combining both cases, we obtain a bound of the form

M5/2
Zﬁ17ﬁzﬁ3(Mv q) < (

qi/2

MO/5
+ W + M> q°
if M < g'/27¢. Note that this beats the bound <« M3/2+¢
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Upper bound for the dual problem

» Combining both cases, we obtain a bound of the form
5/2 p\f9/5
1>
X5.6.8(M, q) < e + g +M)q

if M < g'/27¢. Note that this beats the bound < M3/2+¢

» This leads to an asymptotic if N > gl1/18+¢,
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Upper bound for the dual problem

>

Combining both cases, we obtain a bound of the form

M5/2 p9/5
ZB1,ﬂ2,,33(M7 q) < <ql/2 + W +M)| g

if M < g'/27¢. Note that this beats the bound <« M3/2+=,

This leads to an asymptotic if N > gt1/18+¢,

A further improvement may be possible by using the circle
method (with Kloosterman refinement) to count solutions
(x1, %2, x3, k) of the equation

1xE +72x3 + nrxi = kq.

Recall that |x;| < M. The k-range is small compared to M
but of significant size. This is subject of current work.
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Upper bound for the dual problem

» This leads us to representations by (not necessarily definite)
ternary quadratic forms. Ultimately, we encounter Salie sums,
which can be evaluated explicitly. These evaluations contain
terms of the form e(hx/c), where x is a solution of a
quadratic congruence x?> = D mod c. Here h is relatively
small. Non-trivial estimates for averages over D and c lead to
a saving. Work by Duke, Friedlander and lwaniec [3] obtains a
saving for fixed D when averaging over the modulus c.
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Upper bound for the dual problem

» This leads us to representations by (not necessarily definite)
ternary quadratic forms. Ultimately, we encounter Salie sums,
which can be evaluated explicitly. These evaluations contain
terms of the form e(hx/c), where x is a solution of a
quadratic congruence x?> = D mod c. Here h is relatively
small. Non-trivial estimates for averages over D and c lead to
a saving. Work by Duke, Friedlander and lwaniec [3] obtains a
saving for fixed D when averaging over the modulus c.

» Note the interesting paper “"Small representations by indefinite
ternary quadratic forms” by Friedlander and Iwaniec [4], in
which they apply results from the afore-mentioned paper [3].
In [4], Friedlander and Iwaniec count small solutions
(x1, x2, x3) of the equation

x4+ x3 —x3 =D.
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Merge our method with Heath-Brown's to treat general
moduli.

Extend the results to general ternary quadratic forms.
Treat the case n > 3 along similar lines.

For Pythagorean triples, investigate what happens in the
transition range between two asymptotic formulas around the
point N = g1/2.
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- Open problems

Open problems

v

Improve the exponent 11/18.

Merge our method with Heath-Brown's to treat general
moduli.

Extend the results to general ternary quadratic forms.
Treat the case n > 3 along similar lines.

For Pythagorean triples, investigate what happens in the
transition range between two asymptotic formulas around the
point N = g1/2.

Consider inhomogeneous congruences.

Consider higher degree congruences.
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