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What if the structure group is non-reductive (e.g., a parabolic subgroup)?
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Extensions of vector bundles

Extensions of vector bundles
0—& —&—E —0

e Equivalent to holomorphic P-bundles, where

e ow\ (L o L W
P= <0 L2> = (0 L2> % <0 12> < GLa(©)

(i-e., P is a maximal parabolic subgroup of GL,(C)).

e Holomorphic structures:

5 g, @
O = o
B ( 0 6E2>
— where & € Q%1 (X, Hom(F2, E1)) — such that
=2 =2 =2 =
aEZO < BEI =0, 8E2:03J’Id BHom(E%El)(I):O.

e Gauge group:

Yp = (ng X gla) X QO(X’ Hom(Fy, E1)).
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We have an analogue of the Hermitian—Einstein equation,

| —imIy 0
ARy = ( 0 —mIQ) '

or equivalently (for 7 := 72 — 71)

N
rk(El) ) I A(Fhl —PAD*) = —im]y
<~

rk(E) A(Fpy — ®* A ®) = —ima]s

AFy, —itmp = —i <

13 — =*
5, Opmh =0 OHom(E,, )P =0

e There is a moment map interpretation.

e Bradlow—Garcia-Prada (1995) and Daskalopoulos—Uhlenbeck—Wentworth (1995)
propose some stability conditions (depending on a parameter «) and prove a
Hitchin—Kobayashi correspondence when o =7 =7 — 71 > 0.




Holomorphic structures and reductions to a Levi subgroup

e H =L x U: connected complex linear algebraic group,




Holomorphic structures and reductions to a Levi subgroup

e H =L x U: connected complex linear algebraic group,

e X: complex compact n-dimensional manifold,




Holomorphic structures and reductions to a Levi subgroup

e H =L x U: connected complex linear algebraic group,

e X: complex compact n-dimensional manifold,

e Ery — X: holomorphic H-bundle over X,




Holomorphic structures and reductions to a Levi subgroup

e H =L x U: connected complex linear algebraic group,
e X: complex compact n-dimensional manifold,

e Ery — X: holomorphic H-bundle over X,

Definition (Almost holomorphic structures on a principal bundle)

Let w : Eyy — X a smooth principal H-bundle. An (almost) holomorphic struc-
ture on Fg — X is an (almost) complex structure J on Ey which makes the
projection 7w and the H-action (pseudo)holomorphic.




Holomorphic structures and reductions to a Levi subgroup

e H =L x U: connected complex linear algebraic group,
e X: complex compact n-dimensional manifold,

e Ery — X: holomorphic H-bundle over X,

Definition (Almost holomorphic structures on a principal bundle)

Let w : Eyy — X a smooth principal H-bundle. An (almost) holomorphic struc-
ture on Fg — X is an (almost) complex structure J on Ey which makes the
projection 7w and the H-action (pseudo)holomorphic.

e FE; C Ep: smooth L-reduction of the structure group of Fp.




Holomorphic structures and reductions to a Levi subgroup

e H =L x U: connected complex linear algebraic group,
e X: complex compact n-dimensional manifold,

e Ery — X: holomorphic H-bundle over X,

Definition (Almost holomorphic structures on a principal bundle)

Let w : Eyy — X a smooth principal H-bundle. An (almost) holomorphic struc-
ture on Fg — X is an (almost) complex structure J on Ey which makes the
projection 7w and the H-action (pseudo)holomorphic.

e FE; C Ep: smooth L-reduction of the structure group of Fp.
Note that Ey, = Ey /U and that U is contractible. Hence

Eg 2 Ep xU

as smooth manifolds.




Holomorphic structures and reductions to a Levi subgroup

e H =L x U: connected complex linear algebraic group,
e X: complex compact n-dimensional manifold,

e Ery — X: holomorphic H-bundle over X,

Definition (Almost holomorphic structures on a principal bundle)

Let w : Eyy — X a smooth principal H-bundle. An (almost) holomorphic struc-
ture on Fg — X is an (almost) complex structure J on Ey which makes the
projection 7w and the H-action (pseudo)holomorphic.

e FE; C Ep: smooth L-reduction of the structure group of Fp.
Note that Ey, = Ey /U and that U is contractible. Hence

Eg 2 Ep xU

as smooth manifolds.

Gy = Gy, x F(EL(U))




Holomorphic structures and reductions to a Levi subgroup

Let J be an (almost) holomorphic structure in Eg — X. Since Ef, & Eg /U, it has
an induced (almost) holomorphic structure J.




Holomorphic structures and reductions to a Levi subgroup

Let J be an (almost) holomorphic structure in Eg — X. Since Ef, & Eg /U, it has
an induced (almost) holomorphic structure J.

Theorem (Garcia-Prada—RC, 2

For all (e,u) € Er, x U(Z Eg),

T\ s 0
(o) _2JU,u(ru)*,1q)e JU,u ’

where
0,1 ~
o €0y (Er,u) 2 Q% (X, Er(w),
e Jy complex structure in U,
e 1y : U — U right-multiplication by u.

Moreover, J is integrable if and only if J is integrable and

- 1
9,2~ 52, %] =0.




Holomorphic structures and reductions to a Levi subgroup

Let J be an (almost) holomorphic structure in Eg — X. Since Ef, & Eg /U, it has
an induced (almost) holomorphic structure J.

Theorem (Garcia-Prada—RC, 2

For all (e,u) € Er, x U(Z Eg),

T\ s 0
(o) _2JU,u(ru)*,1q)e JU,u ’

where
0,1 ~
o €0y (Er,u) 2 Q% (X, Er(w),
e Jy complex structure in U,
e 1y : U — U right-multiplication by u.

Moreover, J is integrable if and only if J is integrable and

- 1
9,2~ 52, %] =0.

Remark (Deformation of complex structures)

J can be understood as a deformation of the complex structure J® Jy in Ep, x U.
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The gauge group ¥y acts on holomorphic structures in Fx by conjugation.

Let g = (g, f) € Yy =% x T'(EL(U)). The previous action induces

e an action of ¥z on holomorphic structure in Ej, by
g-Ji=g-J,
e an action of ¥z on Q%1 (X, Er(u)) by
(9 ®)g(e) = 0(F)e(@n,e) ™" + Adg(e) - PelGue) ™"
for all e € Ef,.

Using Grothendieck’s non abelian cohomology, the fibre of the map

isomorphism classes of - isomorphism classes of
holomorphic structures on Eg holomorphic structures on Ep,

is identified with
HY(X,EL(U))/H°(X, EL(L)).

e Alternatively, this also follows from the previous proposition using a non-
abelian Dolbeault resolution due to Onishchik (1967).
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Chern—Singer correspondence (Singer, 1959)
There is a one-to-one correspondence between holomorphic structures in Eg and

gfll(‘l :={B € gk : Fg’z = 0}.
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Let P be a parabolic subgroup of G, and assume Eg is a smooth G-extension of
structure group of a P-bundle Ep (with £ € I'(Eq/P) the extension).

Definition/Lemma

There exists an operator dg on I'(Eg/P) induced by B € d;{fl such that

dp€ =0 < ¢ is holomorphic

There is a one-to-one correspondence between holomorphic structures in Ep and

{BewK:Fp?=0and 9p5=0}.

e This result gives one possible generalization of the Chern—Singer correspon-
dence to holomorphic P-bundles.

e We can use the characterization of holomorphic structures for bundles with an
L-reduction to give another generalization of the Chern—Singer correspondence.
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e Q=PNK =LnNK maximal compact subgroup of P,
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= 1
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Denote by 7 the C-antilinear involution associated to ¢ < g and ¢ : E, C Eg.

*B=A—-7(®)—®
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e (X,w) compact n-dimensional Kahler manifold,
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Non-central Hermitian Yang—Mills equation

AFp = c¢
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Definition (Uniqueness)

We say that the Question above has a unique solution if given gi,g2 € ¥p such
that
AFy,.p = AFy,.B = c¢,

there exists q € ¥ such that g1 = qgo.

o By Chern—Weil theory, the values of the parameter ¢ are restricted (but not
fixed, we have free parameters).
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Consider the space of connections &k .
e It has a natural ¥k -action.
e It is symplectic, with symplectic form

n

Wy ::/ A(a/\b)w—'7
x n!

where a,b € Tp#/i and (- A -) combines the usual wedge product on the form
part with an invariant inner product in €.

e It has a complex structure Jo, given by —J% ® id under the identification
Tk = QN (X, Ex(8) = QO(X, T*X ® Ex (8)).

~ (W, Jop) is infinite-dimensional and Kdhler, and so is (pill(’l,wd, Joz).

Theorem (Atiyah-Bott, 1982; Donaldson, 1985-1987)

The action of ¥k on ,527}1{’1 is Hamiltonian, with moment map

por Tt — QX Ex (b))
B+ AFB
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Let
AN (€) = {B € ok : F§* = 0 and dp¢ = 0}.

Corollary

The moduli space of solutions to the non-central Hermitian Yang—Mills equation is

o) nar (e
(“w( £) N ( ))/gQ.

It is a subset (possibly with singularities) of the symplectic reduction
-1
c
Moy ( 3 )/%g’

which is a symplectic reduction in a non-central orbit.
e This gives a symplectic interpretation of the equation.
e The moduli space u;; (ce)/%q has more general solutions (e.g., extensions

0—&& —E—E —0 or 0— & —E&—& —0).

e More generally, a priori it includes solutions coming from a parabolic P and
its opposite parabolic subgroups P~ with respect to a fixed Levi subgroup L.

e On some instances, it may include more “exotic” solutions (work in progress!).
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We digress to study the space of K-invariant Kéhler structures in G/P, where
e (G is a connected complex reductive Lie group,

e P is a parabolic subgroup of G (we assume that it is the standard parabolic
subgroup associated to a choice of simple roots A C A of g¥),

e K C G is a maximal compact subgroup, and
e (Q C P is a maximal compact subgroup such that Q = PN K.
Note that G/P = K/Q, so G/P admits a natural transitive K-action.

Proposition

There is a bijection between K-invariant Kéahler structures in G/P and

iH, :ZiZTaHa,

acA

such that 7o, > 0 for all « € A — where H, is the root vector associated to a.

The Kahler forms w,;, correspond to the Kirillov—Kostant—Soriau symplectic forms
under the duality induced by the Killing form in g°.

Hence the K-action on (G/P,wy) is Hamiltonian, with moment map

py K/Q — ¢
9Q — —Ady(iHy).
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Hermitian Yang—Mills—Higgs equation

AFp +pn(§) =¢

This is a particular instance of a very general equation for pairs introduced by
Mundet i Riera (2000).
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e The equation is ¥ -invariant. This motivates the following

Definition (Uniqueness)

We say that the Question above has a unique solution if given g1,g2 € Y5 such
that
AFQI'B + lu”’l(gl : 5) = Ang-B +/‘L’H(g2 . g) = é:

there exists k € ¥k such that g1 = kga.

e By Chern—Weil theory, the value of the parameter ¢ is fized.

e Mundet i Riera (2000) also gives a symplectic interpretation of the equations.
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Assume that iH, = iZaeA TaHa with 7 > 0 for all @ € A C A. Under the
inclusion map Q°(X, Eg(q)) C Q°(X, Ex (%)), iHy — —pun(E).

Let (B,§) € @k x I'(Eg/P) such that Fg’Q =0and dp& = 0.

Proposition (Garcia-Prada—RC, 2026)

The following statements are equivalent.
(1) There exists g’ € ¥p such that

AFg’~B = Cg.
(2) There exists g € 9 such that
APy + (g - €) = &
Moreover, the solution to (1) is unique if and only if the solution to (2) is unique.

UPSHOT: Existence (and uniqueness) is equivalent for both equations!
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e (X,w) compact n-dimensional Kahler manifold,
e Ep — X holomorphic P-bundle,
e [ < P a Levi subgroup of P, and U < P the unipotent radical,

e K maximal compact subgroup of G, and Q = PN K = LN K maximal compact
subgroup of P and L,

Er C Ep and Eg C Ef, smooth reductions,

7 antilinear involution such that g™ = ¢,
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Coupled Hermitian Yang—Mills—Hodge pairs

DATA:
e P a parabolic subgroup of a complex connected reductive group G,
e (X,w) compact n-dimensional Kahler manifold,
e Ep — X holomorphic P-bundle,
e [ < P a Levi subgroup of P, and U < P the unipotent radical,

e K maximal compact subgroup of G, and Q = PN K = LN K maximal compact
subgroup of P and L,

e 7, C Ep and Eg C Ey, smooth reductions,
e 7 antilinear involution such that g™ = ¢,
e ¢ € 3(q) an element in the centre of the Lie algebra of Q.

UNKNOWNS:
e A€ o such that F® =0,

o &€ Q% (EL,u) = Q0 (X, By (1)) such that 94 — 1[®, @] = 0.

Coupled Hermitian Yang—Mills—Hodge equations

A(Fa+m[®,7(@)]) =c

Oy ® + iy [@, 7(D)] = 0.
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Coupled Hermitian Yang—Mills—Hodge pairs

Question (Existence problem)

For which pairs (A, ®) as above is there a pair (g, f) € 91, x I'(EL(U)) such that

A(Fpatmlg:(f-@),7@G (f-@)]) =c

Tg.a (§-(F-®)) +idmulg - (f- ®),7(g- (f - @))] =07

e Recall that ¥p =2 9, x I'(EL(U)).
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e Recall that ¥p =2 9, x I'(EL(U)).
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e The equations are %g-invariant. This motivates the following
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Coupled Hermitian Yang—Mills—Hodge pairs

Question (Existence problem)

For which pairs (A, ®) as above is there a pair (g, f) € 91, x I'(EL(U)) such that

A(Fpatmlg:(f-@),7@G (f-@)]) =c

*

Fpa (9 (f-®) +iAmulg - (f- @), 7(g- (f - @))] =07

e Recall that ¥p =2 9, x I'(EL(U)).
e The conditions Fg’z =0and 04® — $[®,®] = 0 are ¢, x ['(EL (U))-invariant.

e The equations are %g-invariant. This motivates the following

Definition (Uniqueness)

We say that the Question above has a unique solution if given (41, f1), (92, f2) €
91, x T(EL(U)) such that (g1 - A,g1 - (f1 - ®)) and (g2 - A, g2 - (f2 - ®)) are both
solutions to the coupled Hermitian Yang—Mills—Hodge equations, then there exists
q € 9g such that g1 = qg2 and f1 = fa.
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Coupled Hermitian Yang—Mills—Hodge pairs

Question (Existence problem)

For which pairs (A, ®) as above is there a pair (g, f) € 91, x I'(EL(U)) such that

A(Fpatmlg:(f-@),7@G (f-@)]) =c

*

Fpa (9 (f-®) +iAmulg - (f- @), 7(g- (f - @))] =07

e Recall that ¥p =2 9, x I'(EL(U)).
e The conditions Fg’z =0and 04® — $[®,®] = 0 are ¢, x ['(EL (U))-invariant.

e The equations are %g-invariant. This motivates the following

Definition (Uniqueness)

We say that the Question above has a unique solution if given (41, f1), (92, f2) €
91, x T(EL(U)) such that (g1 - A,g1 - (f1 - ®)) and (g2 - A, g2 - (f2 - ®)) are both
solutions to the coupled Hermitian Yang—Mills—Hodge equations, then there exists
q € 9g such that g1 = qg2 and f1 = fa.

o By Chern—Weil theory, the value of the parameter c is restricted, but not fixed
(we have free parameters).
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e Ex C Eg smooth K-reduction;
and let
e (B,§) € /i x I(Eg/P) such that Fiy?> = 0 and 95€ = 0,
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Equivalence with non-central Hermitian Yang—Mills equation

We fix the extra data
e Eg — X a G-extension of structure group of Ep,
e £ € I'(Eq/P) the associated smooth section,
e Ex C Eg smooth K-reduction;
and let
e (B,§) € /i x I(Eg/P) such that Fiy?> = 0 and 95€ = 0,
e (A, ®) such that Fy* = and 94® — 1[®,®] =0

both corresponding to the holomorphic structure in Ep — X.

Proposition (Garcia-Prada—RC, 2026)

The following statements are equivalent.
(1) There exists g € ¥p such that

AFy.p = ce.
(2) There exists (g, f) € 9. x I'(EL(U)) & 9p such that

A(Fpat+mlg-(f-@),7@(f-®)]) =c

Fgoa (8- (F- @) +iAmulg- (F- @), 7(3- (F- @) = 0.

Moreover, the solution to (1) is unique if and only if the solution to (2) is unique.
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)-moment maps and coupled Hermitian Yang—Mills—Hodge

Let
1,1 0,2 —= 1

”Q{Q Z = {(A,fb) tFy®=0and 049 — 5[@,@] =0,.

o 7' 7 is in bijection with /21 (¢) = {B € a : F¥? = 0and 05¢ = 0}
“Q ] K YK g B )
hence it is an infinite-dimensional Kahler submanifold of (dll('l,wd, Jez).

e Let Qg be the ¥g-equivariant Kéhler structure in dll(’l given by the ¥g-orbit
of (Y, wer)-
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Let
1,1 0,2 —= 1

,QfQ Z = {(A,<I>) tFy®=0and 049 — 5[@,@] =0,.

o 7' 7 is in bijection with /21 (¢) = {B € a : F¥? = 0and 05¢ = 0}
“Q ] K YK g B )
hence it is an infinite-dimensional Kahler submanifold of (dll('l,wd, Jez).

e Let Qg be the ¥g-equivariant Kéhler structure in dll(’l given by the ¥g-orbit

of (Y, wer)-
o Let  the ¥p-equivariant Kahler structure in dé’lZ induced by Qg .
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)-moment maps and coupled Hermitian Yang—Mills—Hodge

Let
—= 1
Ay 7= {(A, ®): F3? =0and 4@ — (@ = o} .

. (;z{é’lZ is in bijection with {dllgl(f) ={B € ¥k : Fg’2 = 0 and 9g€ = 0},
hence it is an infinite-dimensional Kahler submanifold of (dll('l,wd, Jez).
e Let Qg be the ¥g-equivariant Kéhler structure in dll(’l given by the ¥g-orbit

of (Y, wer)-
o Let  the ¥p-equivariant Kahler structure in Jafé’lZ induced by Qg .

Theorem (Garcia-Prada—RC, 2026)
The holomorphic action of ¥p = ¢, x I'(EL(U)) on szQl’lZ is Hamiltonian, with an
Q-moment map given by

m:Qx @y Z — Lie(9) & Lie(T'(EL (U)))
G, war, A, ®) — (A (Fa + m[®,7(D)]) , 04 ® + iAmu[@, 7(®))).

ucture group
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)-moment maps and coupled Hermitian Yang—Mills—Hodge

Let
1,1 0,2 —= 1

,Q{Q Z = {(A,<I>) tFy®=0and 049 — 5[@,@] =0,.

o 7' 7 is in bijection with /21 (¢) = {B € a : F¥? = 0and 05¢ = 0}
“Q ] K YK g B )
hence it is an infinite-dimensional Kahler submanifold of (dll(’l,wd, Jez).

e Let Qg be the ¥g-equivariant Kéhler structure in ﬂfll(’l given by the ¥g-orbit

of (Y, wer)-
o Let  the ¥p-equivariant Kahler structure in Jafé’lZ induced by Qg .

Theorem (Garcia-Prada—RC, 2026)
The holomorphic action of ¥p = ¢, x I'(EL(U)) on szQl’lZ is Hamiltonian, with an
Q-moment map given by

m:Qx @y Z — Lie(9) & Lie(T'(EL (U)))
G, war, A, ®) — (A (Fa + m[®,7(D)]) , 04 ® + iAmu[@, 7(®))).

e We thus have a “moment map” interpretation of the equations (in particular,
of the generalization of the harmonicity equation).

i and parabolic

CMAT-UCM, Madrid



)-moment maps and coupled Hermitian Yang—Mills—Hodge

Let
—= 1
Ay 7= {(A, ®): F3? =0and 4@ — (@ = o} .

. (;zfé’lZ is in bijection with {dllgl(f) ={B € ¥k : Fg’2 = 0 and 9g€ = 0},
hence it is an infinite-dimensional Kahler submanifold of (dll(’l,wd, Jez).
e Let Qg be the ¥g-equivariant Kéhler structure in ﬂfll(’l given by the ¥g-orbit

of (Y, wer)-
o Let  the ¥p-equivariant Kahler structure in Jafé’lZ induced by Qg .

Theorem (Garcia-Prada—RC, 2026)
The holomorphic action of ¥p = ¢, x I'(EL(U)) on szQl’lZ is Hamiltonian, with an
Q-moment map given by

m:Qx @y Z — Lie(9) & Lie(T'(EL (U)))
G, war, A, ®) — (A (Fa + m[®,7(D)]) , 04 ® + iAmu[@, 7(®))).

e We thus have a “moment map” interpretation of the equations (in particular,
of the generalization of the harmonicity equation).

e This gives a natural non-reductive generalization of the moment map of Atiyah—
Bott-Donaldson.
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Meromorphic reductions and degree of principal bundles

Let G be a connected reductive Lie group, (X, w) a connected compact n-dimensional
Kéahler manifold and Eg — X a holomorphic G-bundle.

Definition

A meromorphic P-reduction o of Eg (where P < G parabolic subgroup) is a
meromorphic section of Eg/P — X.

~ there exists a maximal open subset Xo C X with codim¢ (X \ Xo) > 2 such that
S HO(X(),EG/P).

Given an antidominant character x of p, there exists a positive integer n such that
nx exponentiates to X, (a character in P).

Given P < G a parabolic subgroup of G, 0 meromorphic P-reduction and x an-
tidominant character in p,

1
deg(Eg)(a,x) := — deg(Ep Xz, C).




Meromorphic reductions and degree of principal bundles

Let G be a connected reductive Lie group, (X, w) a connected compact n-dimensional
Kéahler manifold and Eg — X a holomorphic G-bundle.

Definition

A meromorphic P-reduction o of Eg (where P < G parabolic subgroup) is a
meromorphic section of Eg/P — X.

~ there exists a maximal open subset Xo C X with codim¢ (X \ Xo) > 2 such that
S HO(X(),EG/P).

Given an antidominant character x of p, there exists a positive integer n such that
nx exponentiates to X, (a character in P).

Given P < G a parabolic subgroup of G, 0 meromorphic P-reduction and x an-
tidominant character in p,

1
deg(Eg)(a,x) := — deg(Ep Xz, C).

Alternatively,




Stability, semistability and polystability conditions

Let £ € H°(X, Eq/P) a holomorphic P-reduction of Eg, and ¢ € 3(q).




Stability, semistability and polystability conditions

Let £ € H°(X, Eq/P) a holomorphic P-reduction of Eg, and ¢ € 3(q).

The holomorphic bundle Eg is

e (&, c)-stable (resp., (&, c)-semistable) if for every parabolic subgroup P’ of G
such that P’ C P, every meromorphic reduction o and every antidominant

character x in p’ we have
deg(Eg)(o,x) — ix(c) >0

(resp., deg(Eg)(o, x) — ix(c) = 0).
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Stability, semistability and polystability conditions

Let £ € H°(X, Eq/P) a holomorphic P-reduction of Eg, and ¢ € 3(q).

The holomorphic bundle Eg is

e (&, c)-stable (resp., (&, c)-semistable) if for every parabolic subgroup P’ of G
such that P’ C P, every meromorphic reduction o and every antidominant
character x in p’ we have

deg(Eg)(a, x) —ix(c) >0

(resp., deg(Eq) (o, x) — ix(c) = 0).

e (&, c)-polystable if it is semistable and for all P’ parabolic subgroups of G such
that P/ C P, all P/-meromorphic reductions o and all strictly antidominant
characters x of p’ such that

deg(Eg)(o, x) — ix(c) = 0,

the meromorphic P’-reduction is induced by a holomorphic reduction of struc-
ture group Ej: C Eg to a Levi subgroup L’ of P’ over all of X.
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Stability, semistability and polystability conditions

Let £ € H°(X, Eq/P) a holomorphic P-reduction of Eg, and ¢ € 3(q).

The holomorphic bundle Eg is

e (&, c)-stable (resp., (&, c)-semistable) if for every parabolic subgroup P’ of G
such that P’ C P, every meromorphic reduction o and every antidominant
character x in p’ we have

deg(Eg)(a, x) —ix(c) >0

(resp., deg(Eq) (o, x) — ix(c) = 0).

e (&, c)-polystable if it is semistable and for all P’ parabolic subgroups of G such
that P/ C P, all P/-meromorphic reductions o and all strictly antidominant
characters x of p’ such that

deg(Eg)(o, x) — ix(c) = 0,

the meromorphic P’-reduction is induced by a holomorphic reduction of struc-
ture group Ej: C Eg to a Levi subgroup L’ of P’ over all of X.

Remarks

e Liibke-Teleman (2006) propose equivalent stability conditions for (Eg,§).
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Stability, semistability and polystability conditions

Let £ € H°(X, Eq/P) a holomorphic P-reduction of Eg, and ¢ € 3(q).

The holomorphic bundle Eg is
e (&, c)-stable (resp., (&, c)-semistable) if for every parabolic subgroup P’ of G
such that P’ C P, every meromorphic reduction o and every antidominant
character x in p’ we have
deg(Eg)(o,x) — ix(c) >0

(resp., deg(Eq)(o, x) — ix(c) > 0).

e (&, c)-polystable if it is semistable and for all P’ parabolic subgroups of G such
that P/ C P, all P/-meromorphic reductions o and all strictly antidominant
characters x of p’ such that

deg(Eg)(o,x) — ix(c) =0,

the meromorphic P’-reduction is induced by a holomorphic reduction of struc-
ture group Ej: C Eg to a Levi subgroup L’ of P’ over all of X.

Remarks

e Liibke-Teleman (2006) propose equivalent stability conditions for (Eg,§).
e The stability conditions can be restated in terms of the P-bundle Ep directly.
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Hitchin—Kobayashi correspondences

e Liibke-Teleman (2006) prove a Hitchin—Kobayashi correspondence for (Eg, &)
and the Hermitian Yang—Mills—Higgs equation (cf. Mundet i Riera (2000)).
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As a consequence,

Hitchin—Kobayashi correspondence I (Garcia-Prada—RC, 2026)

Let B € @k such that Fg’2 =0 and 555 = 0. There exists a gauge
transformation g € ¥p such that

AFg.B = C¢

if and only if Eq is (€, ¢)-polystable. Furthermore, if E¢ is (&, ¢)-stable, then the
solution is unique.




Hitchin—Kobayashi correspondences

e Liibke-Teleman (2006) prove a Hitchin—Kobayashi correspondence for (Eg, &)
and the Hermitian Yang—Mills—Higgs equation (cf. Mundet i Riera (2000)).

As a consequence,

Hitchin—Kobayashi correspondence I (Garcia-Prada—RC, 2026)

Let B € @k such that Fg’2 =0 and 555 = 0. There exists a gauge
transformation g € ¥p such that

AFg.B = C¢

if and only if Eq is (€, ¢)-polystable. Furthermore, if E¢ is (&, ¢)-stable, then the
solution is unique.

Hitchin—Kobayashi correspondence II (Garcia-Prada—RC, 2026)

Let (A, ®) be a Chern—Singer pair. There exists a pair (g, f) € 91 x I'(Eg/P)
such that

A(Fpa+mlg (f-@),75 (f-@)]) =c

EE'A (g(fq))) +zA7ru[§(f‘I’)v7'(§(f<I>))] =0

if and only if Ep is c-polystable. Furthermore, if Ep is c-stable then the solution
is unique.
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Thank you for your attention!




